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The concept of Horn functions has been widely investigated under different guises such as directed hyper-
graphs in graph theory and combinatorics [G. Ausiello et al., SIAM J. Comput. 15, 418–431 (1986; Zbl
0602.68056); G. Ausiello et al., CISM Courses Lect. 284, 125–157 (1984; Zbl 0571.68087)], as implication
systems in machine learning [M. Arias and J. L. Balcázar, Mach. Learn. 85, No. 3, 273–297 (2011; Zbl
1237.68106); Lect. Notes Comput. Sci. 5809, 156–170 (2009; Zbl 1262.68059)], database theory [W. W.
Armstrong, in: Inform. Processing 74, Proc. IFIP Congr. 74, Stockholm, 580–583 (1974; Zbl 0296.68038);
D. Maier, J. Assoc. Comput. Mach. 27, 664–674 (1980; Zbl 0466.68085)] where the set of all functional
dependencies defines a unique pure Horn function associated to the given database, and as lattices and
closure systems in algebra and concept lattice analysis [N. Caspard and B. Monjardet, Discrete Appl.
Math. 127, No. 2, 241–269 (2003; Zbl 1026.06008); Math. Sci. Hum. 95, 5–18 (1986)]. Horn functions
form a fundamental subclass of Boolean functions endowed with interesting structural and computa-
tional properties. The satisfiability problem is to be solved in linear time, while the equivalence of such
formulas is to be decided in polynomial time [W. F. Dowling and J. H. Gallier, J. Log. Program. 1,
267–284 (1984; Zbl 0593.68062)]. A key in relational database is a set of attributes, the values of which
determine uniquely the values of all other attributes.
A pure Horn function is called key Horn if the body of any of its implicates is a key of the function. Key
Horn functions are a generalization of hydra functions [R. H. Sloan et al., Theor. Comput. Sci. 658, Part
B, 417–428 (2017; Zbl 1357.68151)] where a 2-approximation algorithm was given while the minimization
remains NP-hard even in this special case [K. Bérczi et al., SIAM J. Comput. 51, No. 1, 116–138 (2022; Zbl
07488097)]. Finding a shortest conjunctive normal form of a given Horn function with respect to multiple
relevant measures (number of clauses, number of literals, etc.) is hard computationally [P. Kučera, Theor.
Comput. Sci. 658, Part B, 399–416 (2017; Zbl 1357.68150)]. The authors provided logarithmic factor
approximation algorithms for general key Horn functions with respect to the above mentioned measures
[P. L. Hammer and A. Kogan, Artif. Intell. 64, No. 1, 131–145 (1993; Zbl 0935.68105)].
This paper is concerned with the structure of the keys of a pure Horn function, being in particular
interested in finding Sperner hypergraphs B that form the set of minimal keys of a pure Horn function,
where B is called a unique key hypergraph, while the corresponding Horn function hB is called a unique
key Horn function.
The synopsis of the paper goes as follows.
§2 is concerned with definitions and notations.
§3 gives a characterization of unique key hypergraphs and unique key Horn functions, showing particularly
that cuts of a matroid form a unique key hypergraph.
§4 addresses the special case when every hyperedge has size two, showing that recognizing unique key
graphs is co-NP-complete. Subsequently several classes of graphs for which the recognition problem is to
be decided in polynomial time.
§5 provides an algorithm generating all minimal keys of a pure Horn function with polynomial delays,
which is to be used to generate all candidate keys of a relation improving results in [C. L. Lucchesi and S.
L. Osborn, J. Comput. Syst. Sci. 17, 270–279 (1978; Zbl 0395.68025); M. Hermann and B. Sertkaya, Lect.
Notes Comput. Sci. 4933, 158–168 (2008; Zbl 1131.68537)]. Furthermore, it is shown that the problem
of finding a minimum key of a pure Horn function and that of finding a minimum target set of a graph
are closely related. The algorithm can be used to generate all minimal target sets with polynomial delay
providing that the thresholds are bounded by a constant.

Reviewer: Hirokazu Nishimura (Tsukuba)

MSC:
68Qxx Theory of computing

Edited by FIZ Karlsruhe, the European Mathematical Society and the Heidelberg Academy of Sciences and Humanities
© 2022 FIZ Karlsruhe GmbH Page 1

https://zbmath.org/
https://zbmath.org/authors/?q=ai:berczi.kristof
https://zbmath.org/authors/?q=ai:boros.endre
https://zbmath.org/authors/?q=ai:cepek.ondrej
https://zbmath.org/authors/?q=ai:kucera.petr
https://zbmath.org/authors/?q=ai:makino.kazuhisa
https://zbmath.org/07540203
https://zbmath.org/07540203
https://zbmath.org/journals/?q=se:735
https://zbmath.org/?q=in:482944
https://zbmath.org/?q=an:0602.68056
https://zbmath.org/?q=an:0602.68056
https://zbmath.org/?q=an:0571.68087
https://zbmath.org/?q=an:1237.68106
https://zbmath.org/?q=an:1237.68106
https://zbmath.org/?q=an:1262.68059
https://zbmath.org/?q=an:0296.68038
https://zbmath.org/?q=an:0466.68085
https://zbmath.org/?q=an:1026.06008
https://zbmath.org/?q=an:0593.68062
https://zbmath.org/?q=an:1357.68151
https://zbmath.org/?q=an:07488097
https://zbmath.org/?q=an:07488097
https://zbmath.org/?q=an:1357.68150
https://zbmath.org/?q=an:0935.68105
https://zbmath.org/?q=an:0395.68025
https://zbmath.org/?q=an:1131.68537
https://zbmath.org/authors/?q=nishimura.hirokazu
https://zbmath.org/classification/?q=cc:68Qxx
https://www.fiz-karlsruhe.de/
http://www.euro-math-soc.eu/
https://www.hadw-bw.de/


Keywords:
minimal key; pure Horn function; Sperner hypergraph; target set selection

Full Text: DOI

References:
[1] Ausiello, G.; D’Atri, A.; Sacca, D., Minimal representation of directed hypergraphs, SIAM J. Comput., 15, 2, 418-431 (1986)

· Zbl 0602.68056
[2] Arias, M.; Balcázar, J. L., Canonical Horn representations and query learning, (International Conference on Algorithmic

Learning Theory (2009), Springer), 156-170 · Zbl 1262.68059
[3] Arias, M.; Balcázar, J. L., Construction and learnability of canonical Horn formulas, Mach. Learn., 85, 3, 273-297 (2011) ·

Zbl 1237.68106
[4] Armstrong, W. W., Dependency Structures of Database Relationships, Proc. IFIP, vol. 74, 580-583 (1974), North Holland:

North Holland Amsterdam
[5] Maier, D., Minimum covers in the relational database model, (Proceedings of the Eleventh Annual ACM Symposium on

Theory of Computing (1979), ACM), 330-337
[6] Caspard, N.; Monjardet, B., The lattices of closure systems, closure operators, and implicational systems on a finite set:

a survey, Ordinal and Symbolic Data Analysis (OSDA ’98). Ordinal and Symbolic Data Analysis (OSDA ’98), Univ. of
Massachusetts, Amherst, Sept. 28-30, 1998. Ordinal and Symbolic Data Analysis (OSDA ’98). Ordinal and Symbolic Data
Analysis (OSDA ’98), Univ. of Massachusetts, Amherst, Sept. 28-30, 1998, Discrete Appl. Math., 127, 2, 241-269 (2003) · Zbl
1026.06008

[7] Guigues, J.-L.; Duquenne, V., Familles minimales d’implications informatives résultant d’un tableau de données binaires,
Math. Sci. Hum., 95, 5-18 (1986)

[8] Dowling, W. F.; Gallier, J. H., Linear-time algorithms for testing the satisfiability of propositional Horn formulae, J. Log.
Program., 1, 3, 267-284 (1984) · Zbl 0593.68062

[9] Sloan, R. H.; Stasi, D.; Turán, G., Hydras: directed hypergraphs and Horn formulas, Theor. Comput. Sci., 658, 417-428 (2017)
· Zbl 1357.68151

[10] Hammer, P. L.; Kogan, A., Optimal compression of propositional Horn knowledge bases: complexity and approximation, Artif.
Intell., 64, 1, 131-145 (1993) · Zbl 0935.68105

[11] Kučera, P., Hydras: complexity on general graphs and a subclass of trees, Theor. Comput. Sci., 658, 399-416 (2014) · Zbl
1357.68150

[12] Bérczi, K.; Boros, E.; Cepek, O.; Kucera, P.; Makino, K., Approximating minimum representations of key horn functions,
SIAM J. Comput., 51, 1, 116-138 (2022) · Zbl 07488097

[13] Lucchesi, C. L.; Osborn, S. L., Candidate keys for relations, J. Comput. Syst. Sci., 17, 2, 270-279 (1978) · Zbl 0395.68025
[14] Hermann, M.; Sertkaya, B., On the complexity of computing generators of closed sets, (Medina, R.; Obiedkov, S., Formal

Concept Analysis (2008), Springer Berlin Heidelberg: Springer Berlin Heidelberg Berlin, Heidelberg), 158-168 · Zbl 1131.68537
[15] Seymour, P., On incomparable families of sets, Mathematica, 20, 208-209 (1973) · Zbl 0288.05002
[16] Hammer, P. L.; Kogan, A., Quasi-acyclic propositional Horn knowledge bases: optimal compression, IEEE Trans. Knowl.

Data Eng., 7, 5, 751-762 (1995)
[17] Adaricheva, K.; Italiano, G. F.; Büning, H. K.; Turán, G., Horn formulas, directed hypergraphs, lattices and closure systems:

Related formalisms and applications (2014)
[18] Nishimura, H.; Kuroda, S., A Lost Mathematician, Takeo Nakasawa: The Forgotten Father of Matroid Theory (2009), Springer

Science \& Business Media · Zbl 1163.01001
[19] Whitney, H., On the abstract properties of linear dependence, (Hassler Whitney Collected Papers (1992), Springer), 147-171
[20] Bertolazzi, P.; Sassano, A., An o(mn) algorithm for regular set-covering problems, Theor. Comput. Sci., 54, 2, 237-247 (1987)

· Zbl 0632.68068
[21] Crama, Y., Dualization of regular Boolean functions, Discrete Appl. Math., 16, 1, 79-85 (1987) · Zbl 0605.94011
[22] Makino, K.; Ibaraki, T., The maximum latency and identification of positive Boolean functions, SIAM J. Comput., 26, 5,

1363-1383 (1997) · Zbl 0884.06012
[23] Seymour, P., A note on hyperplane generation, J. Comb. Theory, Ser. A, 61, 1, 88-91 (1994) · Zbl 0803.05015
[24] Courcelle, B., The monadic second-order logic of graphs. I. Recognizable sets of finite graphs, Inf. Comput., 85, 1, 12-75 (1990)

· Zbl 0722.03008
[25] Courcelle, B.; Makowsky, J. A.; Rotics, U., Linear time solvable optimization problems on graphs of bounded clique-width,

Theory Comput. Syst., 33, 2, 125-150 (2000) · Zbl 1009.68102
[26] Balas, E.; Yu, C. S., On graphs with polynomially solvable maximum-weight clique problem, Networks, 19, 2, 247-253 (1989)

· Zbl 0661.05036
[27] Tsukiyama, S.; Ide, M.; Ariyoshi, H.; Shirakawa, I., A new algorithm for generating all the maximal independent sets, SIAM

J. Comput., 6, 3, 505-517 (1977) · Zbl 0364.05027
[28] Schwikowski, B.; Speckenmeyer, E., On enumerating all minimal solutions of feedback problems, Discrete Appl. Math., 117,

Edited by FIZ Karlsruhe, the European Mathematical Society and the Heidelberg Academy of Sciences and Humanities
© 2022 FIZ Karlsruhe GmbH Page 2

https://zbmath.org/?q=ut:minimal+key
https://zbmath.org/?q=ut:pure+Horn+function
https://zbmath.org/?q=ut:Sperner+hypergraph
https://zbmath.org/?q=ut:target+set+selection
https://dx.doi.org/10.1016/j.tcs.2022.04.022
https://zbmath.org/0602.68056
https://zbmath.org/1262.68059
https://zbmath.org/1237.68106
https://zbmath.org/1026.06008
https://zbmath.org/1026.06008
https://zbmath.org/0593.68062
https://zbmath.org/1357.68151
https://zbmath.org/0935.68105
https://zbmath.org/1357.68150
https://zbmath.org/1357.68150
https://zbmath.org/07488097
https://zbmath.org/0395.68025
https://zbmath.org/1131.68537
https://zbmath.org/0288.05002
https://zbmath.org/1163.01001
https://zbmath.org/0632.68068
https://zbmath.org/0605.94011
https://zbmath.org/0884.06012
https://zbmath.org/0803.05015
https://zbmath.org/0722.03008
https://zbmath.org/1009.68102
https://zbmath.org/0661.05036
https://zbmath.org/0364.05027
https://www.fiz-karlsruhe.de/
http://www.euro-math-soc.eu/
https://www.hadw-bw.de/


1, 253-265 (2002) · Zbl 1004.68122
[29] Boros, E.; Elbassioni, K.; Gurvich, V., Algorithms for generating minimal blockers of perfect matchings in bipartite graphs

and related problems, (Albers, S.; Radzik, T., Algorithms - ESA 2004 (2004), Springer Berlin Heidelberg: Springer Berlin
Heidelberg Berlin, Heidelberg), 122-133 · Zbl 1111.05303

[30] Boros, E.; Crama, Y.; Hammer, P. L., Polynomial-time inference of all valid implications for Horn and related formulae, Ann.
Math. Artif. Intell., 1, 1-4, 21-32 (1990) · Zbl 0878.68105

[31] Eiter, T.; Makino, K., On computing all abductive explanations from a propositional Horn theory, J. ACM, 54, 5, 24 (2007)
· Zbl 1312.68177

[32] Chen, N., On the approximability of influence in social networks, SIAM J. Discrete Math., 23, 3, 1400-1415 (2009) · Zbl
1203.68314

[33] Charikar, M.; Naamad, Y.; Wirth, A., On approximating target set selection, (Approximation, Randomization, and Com-
binatorial Optimization. Algorithms and Techniques (APPROX/RANDOM 2016) (2016), Schloss Dagstuhl-Leibniz-Zentrum
fuer Informatik) · Zbl 1398.68189

This reference list is based on information provided by the publisher or from digital mathematics libraries. Its items are heuristically
matched to zbMATH identifiers and may contain data conversion errors. It attempts to reflect the references listed in the original
paper as accurately as possible without claiming the completeness or perfect precision of the matching.

Edited by FIZ Karlsruhe, the European Mathematical Society and the Heidelberg Academy of Sciences and Humanities
© 2022 FIZ Karlsruhe GmbH Page 3

https://zbmath.org/1004.68122
https://zbmath.org/1111.05303
https://zbmath.org/0878.68105
https://zbmath.org/1312.68177
https://zbmath.org/1203.68314
https://zbmath.org/1203.68314
https://zbmath.org/1398.68189
https://www.fiz-karlsruhe.de/
http://www.euro-math-soc.eu/
https://www.hadw-bw.de/

