




Abstract

COMPUTER-AIDED ESTIMATION OF PLASTIC

PROPERTIES USING INSTRUMENTED INDENTATION

TESTS

Chen Ta-Te

For structure materials, tensile and compression tests are standard methods for charac-

terizing mechanical properties based on the stress-strain curve because of the simple stress

state. However, these tests require considerable effort and time for specimen preparation and

conducting tests under various conditions. Instrumented indentation tests are an efficient ap-

proach for evaluating mechanical properties, such as effective elastic stiffness and hardness,

that require less effort for specimen preparation and provide multiple results from a sample.

Instrumented indentation’s non-destructive, high throughput, and multi-scale nature makes

it widely employed in material science and engineering.

In this thesis, the estimation method of plastic properties using instrumented indentation

has been proposed. The suitable constitutive model has been used to reproduce the defor-

mation behaviors of alloys, and both experimental and numerical approaches determined the

corresponding material constants. From the experimental results of instrumented indenta-

tion, the load – depth curves (i.e., the P–h curve), pile-up topography, rate-dependency, and

the curvature difference between two indentations at neighboring positions were utilized to

characterize the material properties. Numerical simulations estimated the response of mate-

rial constants on instrumented indentation, and the material parameters were determined by

gradient descent or data-driven method.
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The proposed method was validated for application to aluminum alloys and stainless

steel. Firstly, the estimation results using pile-up height and loading curvature of the P − h

curve show good agreement with experimental tensile results and existing approaches. The

neighboring indentation test was also used to determine the material constants, which offers

more accurate estimation results than only considering the single P − h curve and pile-up

height. But the linear hardening behavior of stainless steel cannot be represented by a simple

power-law hardening model; a new estimation method with the modified constitutive model

was proposed to improve the accuracy of the estimation results.

To further extend the application of the proposed estimation method, the instrumented

indentation results with different loading rates were used to determine the material constant

of a modified rate-dependent constitutive model. Finite element simulations using estimated

mechanical properties were compared with the corresponding experiments in compression

tests at the same temperature to validate the estimated material responses. The constitutive

model and determined material constants can reproduce the strain-rate-dependent material

behavior under various loading speeds in instrumented indentation tests; however, the load

level of computational simulations is lower than those of the experiments in the compression

tests. These results indicated that the local mechanical responses evaluated in the instru-

mented indentation tests were not consistent with the bulk responses in the compression

tests at high temperatures. The scale effect remarkably appears at high temperatures.

In summary, a new estimation method of plastic properties using instrumented indenta-

tion tests has been proposed. These methods can be widely applied to various alloys and

provide an efficient, high-throughput way for material database creation that is necessary

to accelerate material research and development. This study also shows the probability of

characterizing the high-temperature plasticity of alloys using instrumented indentation, but

further study is needed to solve the complex deformation mechanism and tremendous scale

effect at high temperature.
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Chapter 1

Introduction

1.1 Background

Material tests are essential to evaluate material properties, and efficient test methods are

required to establish a material database for the computer-aided framework to accelerate

material research and development. In structural materials, tensile and compression tests

are standard methods for evaluating mechanical properties such as elastic stiffness, yield

strength, and work-hardening. The stress-strain curve is measured as raw data. Although

a simple stress state can be assumed in these material tests, considerable effort is required

to prepare specimens and conduct the tests. In this context, the hardness test, in which the

resistance to the imposed plastic deformation is measured on the surface, has been utilized

as an efficient approach to estimate the mechanical properties in the industry. It can also be

used to evaluate small-scale mechanical properties by controlling a small load; that is, the

mechanical properties of a heterogeneous microstructure can be assessed 2),3),5). Using this

technology, a high-throughput evaluation of macroscopic mechanical properties has been

conducted to characterize the microscopic heterogeneity 6),7) and obtain massive material

data8).

The instrumented indentation test, the depth-sensing indentation test, extends the hard-

ness test9). The applied load and penetration depth is measured in the instrumented indenta-

1
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tion test. Based on the resulting relationship between load P and depth h (i.e. the P–h curve)

the elastic stiffness and hardness can be estimated 10). Compared with the uniaxial stress

state in tensile or compression tests, the instrumented indentation test produces an inhomo-

geneous stress state. So it isn’t easy to directly get the stress-strain curves corresponding to

the uniaxial tensile test from instrumented indentation test. Existing estimation methods and

their limits will be discussed in the section1.3.2.

This chapter will introduce the basic theory of metal plasticity, followed by strain-rate-

dependent plasticity. After that, the estimation method of elastic modulus and hardness

from instrumented indentation test will be discussed. And following with the introduction of

existing approaches to estimate the plastic properties and applications in the material science

and engineering field. Finally, the Purpose and objectives will be introduced.

1.2 Mechanical properties of alloys

For a typical ductile metal, the common stress σ and strain ε curve of the tensile test

are shown in Fig. 1.1. The specimen was first subjected to axial stress from 0 to σ0, then

unloaded back to an unstressed state and subsequently reloaded to higher stress σ1. The

stress-strain curve follows the path ABCDEF. The first stage of the tensile test, AB, shows

the linear elastic behavior of metals after the stress is greater than the initial yield point B,

the plastic deformation starts, and the slope of the curve changes immediately. When stress

unloading at C, an elastic relaxation like AB can be observed, and the difference between A

and D is the plastic strain εp caused by the plastic deformation from B to C. When reloading

from D to E, the linear elastic behavior can be observed without being affected by previous

plastic deformation. Beyond E, the plastic deformation starts again until the final stress F.

It is worth noting that the difference between unloading (CD) and reloading (DE) curves in

the actual tensile test will be much smaller than Fig. 1.1.

Some important phenomenological properties can be identified in the above-described

tensile test.
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Fig. 1.1 The schematic diagram of the typical stress-strain curve of ductile metals from the

uniaxial tensile test.

1. Like AB and DE, the range of stresses that the material behavior can be considered

purely elastic, called elastic domain.

2. When the stress is higher than the yield stress, plastic yielding (or plastic flow) with

plastic strain occurs.

3. After the plastic deformation, the yield stress increase, the difference between B and

E is called hardening.

Empirical stress-strain equations

In the theoretical treatment of the plasticity problem, it is beneficial to represent the true

stress-strain curve by a suitable empirical equation with material constants that can be fitted

to the experimental results. For example, the most straightforward power-law empirical

equation was proposed by Hollomon 11):
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σ = Cεn
p (1.1)

where C is a plastic coefficient, and n is the strain hardening exponent. The value of n usually

is less than 0.5. In this equation, the initial yield stress is not considered. The Ludwik 12)

equation is similar but with the initial yield stress term Y as follows.

σ = Y(1 + mεn
p) (1.2)

where m is constant, there are also have some well-used empirical equations with different

formats, like the Swift equation and Voce equation. The Swift equation is

σ = C(m + εp)n (1.3)

And the Voce equation is

σ = C(1 − me−nεp) (1.4)

The empirical stress-strain curves can be represented by those equations, like the examples

in Fig. 1.2, and the material constants can be fitted by the experimental results. The basic

theory of metal plasticity and the constitutive model used in this study will be discussed in

the section2.2.

1.3 Instrumented indentation test

From the industrial revolution, many raw materials, like iron, copper, wood, rubber, etc.,

are needed for mass production in various fields like agriculture, engineering, industry, etc.

The tremendous demand for steel made the mining industry grow fast, and a simple, fast,

and efficient material quality test method became necessary. In 1812, mineralogist Friedrich

Mohs 13) first developed the method to characterize the hardness of minerals by scratch-

ing the sample, but it could not give the exact value. The hardness testing by indentation

was first reported by William Wade 14) in 1856, a specified load was applied to a pyramid
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Fig. 1.2 The empirical stress-strain curve from (a) Ludwik equation (b) Voce equation.
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indenter, and the hardness was calculated from the size of the remained impression mark.

The indentation test had been widely used in industry due to the simplicity in the begin-

ning of twentieth-century and several indentation method had been established, like Brinell
15), Meyer 16), Vickers 17), Rockwell 12), Knoop 18), etc., in different scale and become a

standard method to estimate the mechanical properties19),20),21). Thanks to the recent devel-

opment of computer technology and sophisticated instruments, the indentation test extend

its application to micro and nano-scale, making it very powerful to characterize the multi-

scale mechanical properties at various conditions. The scientific study of the mechanism of

indentation tests was discussed by Hill 22), and Tabor 23) in the 1950s, which combined the

theoretical research and experimental approach to provide the deeper physical insight for the

understanding of the nature of deformation during indentation tests. I want to explain some

fundamental theories and the estimation method of elastic modulus and hardness using the

indentation test.

1.3.1 Estimation of elastic modulus and hardness

In instrumented indentation test, the displacement h and load P are continuously mon-

itored with high accuracy and acquiring rate, the typical load-displacement curve (i.e. the

P–h curve) is schematically shown in Fig. 1.3

During the instrumented indentation test, the indenter will be pushed into the sample

surface until a predetermined load Pmax or depth hmax, depending on the control mode, is

reached. After holding times at peak load (or depth) to eliminate the rate-dependent effect,

the indenter will withdraw from the sample, and the residual penetration depth h f is mea-

sured. From the unloading curve, the slope of the upper part is called the elastic contact

stiffness:

S =
dP
dh

(1.5)

In the instrumented indentation, the hardness of the material, which means the materials’

resistance to plastic flow, is defined as:
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Fig. 1.3 The typical load – depth curve of instrumented indentation.

H = P/Ap (1.6)

where Ap is the projected area of the indenter contact sample, in micro-and nano-scale, the

indented area becomes too small to observe using common optical microscopy, and it be-

comes a problem. However, a helpful method has been developed to calculate the indented

area from the P–h curve.

Oliver-Pharr analysis method

Oliver and Pharr proposed a method in the 1990s to calculate H and elastic modulus

E from the P–h curve without any need to measure the deform area with a microscope10)

directly. They assumed the unloading part of the P–h curve is purely elastic and follows the

power-law relation derived from the elastic contact theory:

P = β
(
h − h f

)m
(1.7)
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where β and m are empirically determined fitting constants. By combining Eq. (1.5) and

(1.7), the contact stiffness S at maximum depth hmax can be derived as:

S =
(
dP
dh

)
h=hmax

= βm
(
hmax − h f

)m−1
(1.8)

The next step is to determine the actual contact depth hc which is shown in fig. For pure

elastic contact and assuming the pile-up is negligible, the amount of sink-in hs is given by:

hs = ε
(Pmax

S

)
(1.9)

where ε is a constant depending on the geometry of the indenter 24). For Berkovich and

cube-corner indenter, the ε = 0.75. The geometry of a Berkovich indenter shown in Fig. 1.4

Fig. 1.4 Geometry of a triangular pyramidal indenter.

The contact depth hc then can be estimated by:

hc = hmax − hs = hmax − εPmax/S (1.10)

For an ideal Berkovich indenter, the projected area can be calculated as:
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Ap = 3
√

3 tan2 (α/2) h2
c = 24.56h2

c (1.11)

where α = 130.6◦. By combining with the Eq. (1.10) and calculated elastic stiffness S , the

hardness H = Pmax/Ap can be calculated.

But in the real world, the Berkovich indenter always with some blunted or defects from

manufacturing or testing, which caused a potential error of estimated results. Oliver and

Pharr provided a quite useful method to calibrate the indenter area by introducing area func-

tion Ap = f (hc) as:

Ap = f (hc) = 24.56h2
c +C1h1

c +C2h1/2
c +C3h1/4

c + ... (1.12)

The first term of the polynomial fit corresponds to the ideal Berkovich indenter. The remain-

ing terms can be fitted by using a standard sample, which the elastic modulus is known, like

fused quartz.

The elastic modulus can be calculated by:

S =
2

B
√
π

Er
√

Ap (1.13)

where B is a geometrical constant of indenter 24), for Berkovich indenter the B = 1.03425),

and Er is the reduced elastic modulus defined as:

1
Er
=

1 − ν2

E
+

1 − ν2
i

Ei
(1.14)

where E and ν are the elastic modulus and Poisson’s ratio of the sample and Ei and νi are the

elastic modulus and Poisson’s ratio of indenter. The reduced elastic moules Er is contributed

by elastic deformation of both sample and indenter during indentation, the Ei = 1140GPa

and νi = 0.07 for common used diamond indenter.

Hertz contact theory

H. Hertz 26) is the first to study the contact theory between two elastic samples, which is

very useful for quantifying the contact area and stress state between a rigid spherical indenter
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and the elastic sample surface. The radius of the contact area of the spherical indenter could

be defined as follows:

r3
c =

3
4

PRi

E∗
(1.15)

where P is the load, Ri is the radius of the tip, and E∗ is the reduced modulus. The Er can be

described as follows:

The relationship between load P and penetration depth h during pure elastic deformation

can be described as:

P =
4
3

E∗
√

Rih
3
2 (1.16)

Hertz’s contact theory is very useful to identify the elastic-plastic transition by fitting the

load-displacement curves of the indentation test.

Pile-up and sink-in phenomenon

One of the critical issues in instrumented indentation is the pile-up and sink-in phe-

nomenon. The schematic diagram of the pile-up and sink-in phenomenon is shown in Fig.

1.5. When the indenter is pressed into the sample surface, the materials around the indenter

will be drawn down or raised upward. Because of the pile-up and sink-in phenomenon, the

measured contact depth hc may not be accurate, since the depth is measured from the original

surface of the sample h. The pile-up behavior was investigated for various materials 27),28),25).

It depends on the elastoplastic properties, particularly the strain hardening exponent.

1.3.2 Estimation of plastic properties

In the previous section, we discuss the estimation method of elastic modulus and hardness

using the indentation test. Here we will talk about estimating plastic properties using the

indentation test.
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Fig. 1.5 Schematic diagram of pile-up and sink-in phenomenon.

Existing approaches

Various estimation approaches for the stress-strain relationship corresponding to the ten-

sile test have been proposed based on instrumented indentation tests. In this field, it is rec-

ognized that a unique stress-strain relationship cannot be estimated from the P–h curve of a

single indentation using a standard sharp indenter 29),30),31). In this context, a dual-indenter

approach spherical indenter approach was established. The dual-indenter approach 32),33),34)

using two sharp indenters with different apex angles enables us to determine a unique set of

material parameters in a simple constitutive model. But this method is found to be sensitive

to an experimental error during the change of indenters with different geometry35), and it

costs a lot of time to calibrate a new indenter. The spherical indentation approach 36),37),38),39)

is based on the nonlinear relationship between the indentation depth and cross-sectional area

of the indentation, which will be hugely affected by the pile-up and sink-in phenomenon.

Those approaches focus only on the P–h curves. But in this thesis, the topography of

the pile-up and the interaction between two neighboring indentations were considered to

determine the plastic properties.

1.3.3 Applications of instrumented indentation test

The non-destructive, multi-scale, high-throughput nature of instrumented indentation

tests attracts lots of attention to applying this technique to different materials and applica-
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tions. Some recent studies utilize instrumented indentation to characterize desired mechan-

ical properties. For example, the microscopic heterogeneity of materials is one of the most

critical issues in recent years6),5). Ruzic et al. 2) characterize the effect of Mo segregation

and distribution in Ti-Mo alloy on mechanical properties using nanoindentation. They found

that the Mo segregation had a significant impact on the mechanical properties as well as the

distribution of the ωiso phase within the grains. The high amount of ωiso-precipitates in the

Mo-lean regions caused the higher hardness and elastic modules value while the Mo-rich

region without ωiso-precipitates exhibited the lowest values shown in Fig. 1.6 .

Fig. 1.6 The EDS and IQ image of the sample and the indents made in regions with (1)

higher and (2) lower Mo contents within a single grain. 2)

The mechanical behavior of multilayer steel structures fabricated via wire and arc addi-

tive manufacturing (WAAM) has been investigated by Watanabe et al. 3) from a multiscale

perspective. The multimaterial WAAM approach can control the heterogeneous structure and

improve its mechanical properties by optimizing the process parameters. The microscale

heterogeneous mechanical properties of the duplex-phase multilayer steel structures were

characterized through micro-indentation in Fig. 1.7. Those results were then used to char-
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acterize the macro-scale deformation behavior of WAAM samples using the finite element

model.

Fig. 1.7 (a) Multilayer steel structures fabricated via WAAM. (b) Indentation hardness dis-

tributions of multilayer steel structures. (c) Microstructure around indentation ar-

eas in Case 2. 3)

The instrumented indentation is also used to characterize the complex deformation mech-

anisms 40). Man et al. 41),42) studied the effect of boundary or interface on activation and inter-

action of stress-induced martensitic transformation using nanoindentation. They found that

the P/h versus h plots show good potential to characterize the multi-deformation mechanism

during indentation, and the results indicated that martensitic transformation is significantly

retarded by boundaries. Retardation presumably depends on the character of boundaries due

to a constraint against volume expansion of the transformation from γ to α′ .

Those studies focus on the deformation behavior at room temperature. Still, instru-

mented indentation tests at elevated temperatures have also attracted considerable attention

to characterizing the temperature dependency of mechanical properties, which has the po-

tential for efficiently obtaining material databases for the research and development of heat-
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resistant materials. In this context, Chen et al. 7) applied nanoscopic instrumented inden-

tation tests at elevated temperatures to the high-throughput screening of alloy compositions

in AlFeCrNiMn high-entropy alloy systems. In particular, high-temperature nanoindenta-

tion equipment has been developed in recent years. Suzuki and Ohmura 43) first reported

high-temperature nanoindentation measurements up to 600°C on silicon samples. Ruzic et

al. 44),4) extended the maximum temperature to 800 °C under an inert atmosphere to investi-

gate the temperature-dependent deformation behavior of γ and γ′ single-phase nickel-based

superalloys. The elastic modulus and hardness of the γ phase in Fig. 1.8 decrease as the

temperature increases. In contrast, the γ′ phase demonstrates thermal stability up to 573 K,

indicating the γ′ phase domination for the high-temperature property in the dual-phase alloy.

1.4 Purpose and objectives

Instrumented indentation test is an efficient way to characterize the multi-scale mechani-

cal properties of materials at different conditions, like effective elastic stiffness and hardness.

But standard stress-strain curves corresponding to tensile test cannot be directly determined

from the indentation test results due to the non-uniform deformation behavior. Some estima-

tion methods have been proposed, but some issues like accuracy problems or experimental

limits still need to be solved.

This thesis proposed a new estimation method of plastic properties using instrumented

indentation test, and the details will be introduced in the following chapters.

In Chapter 2, the suitable experimental parameters for inverse estimation will be dis-

cussed. A new test method was proposed to estimate the plastic properties utilizing the

interaction between two indentations at neighboring positions called the neighboring inden-

tation method. Two different solution methods were used to determine the suitable material

constants of constitutive models from experimental results.

In Chapter 3, the proposed estimation methods were validated in application on alu-

minum alloys and stainless steel by different approaches. From the pile-up topography and

neighboring indentation test, the estimated material constants were validated by the experi-
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Fig. 1.8 The Load – displacement curves with SPM images on (a) γ and (b) γ′ sample at

873 K. The reduced elastic modulus (c) and hardness (d) at different temperatures

of the γ and γ′. 4)
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mental tensile test.

In Chapter 4, the proposed estimation methods were extended to characterize the strain-

rate-dependent deformation behavior of alloys. A rate-dependent constitutive model was

established, and the material constants were determined by the indentation results with dif-

ferent loading rates. This approach was validated on the application of aluminum alloy at

high temperatures.

In Chapter 5, the conclusion and future plan of the proposed estimation method will be

discussed.



Chapter 2

Estimation method of plastic properties

using instrumented indentation

2.1 Introduction

In this Chapter, the basic theory of metal plasticity and the constitutive models used in

this study were introduced. The suitable experimental parameters and indentation condi-

tions for inverse estimation were examined by numerical simulations. Two different solution

methods were used to determine the suitable material constants of constitutive models from

experimental results.

2.2 Constitutive model

2.2.1 Basic theory of metal plasticity

The object of the mathematical theory of plasticity is to provide continuum constitutive

models capable of describing (qualitatively and quantitatively) with sufficient accuracy the

phenomenological behaviour of materials that possess the characteristics discussed in section

1.2.

In the beginning, the stress – strain curve in Fig. 1.1 will be simplified to a ideal form

17
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in Fig. 2.1 where the difference between the CD and DE will be ignored. Following the

loading sequence discussed before, when the specimen is reloaded between D and E, the

equivalent stress – strain relationship can be expressed as:

σ∗ = E∗(ε∗ − ε∗p), (2.1)

where σ∗, ε∗, ε∗p, and E∗ is the von Mises stress norm, equivalent strain, equivalent plastic

strain, and equivalent Young’s modulus of the sample and the difference between total strain

and plastic strain ε∗ − ε∗p is fully reversible, which will be further discussed in the following.

Fig. 2.1 The idealized stress – strain curve from uniaxial tensile test.

Elasto-plastic decomposition

One of the chief hypothesis underlying the small strain theory of plasticity is the decom-

position of the equivalent total strain, ε∗, into the sum of an equivalent elastic strain ε∗e and

equivalent plastic strain ε∗p,
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ε∗ = ε∗e + ε
∗
p, (2.2)

where the equivalent elastic strain has been defined as

ε∗e = ε
∗ − ε∗p. (2.3)

The elastic uniaxial constitutive law

Following the above definition of elastic strain, the elastic constitutive law can be ex-

pressed as

σ∗ = E∗ε∗e (2.4)

which shows the stress – strain relationship in elastic state. The next step is to discuss the

plastic part, yield criterion and plastic flow rule.

The yield function and the yield criterion

To define the elastic domain, a yield function Φ is needed

Φ(σ∗, σy) = σ∗ − σy, (2.5)

and the elastic domain can be defined as the set

E = {σ∗|Φ(σ∗, σy) < 0}, (2.6)

or it can also be define as

σ∗ < σy (2.7)

It should be noted that the no stress level is allowed above the current yield stress. So, any

stress must satisfy the the following condition
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Φ(σ∗, σy) ≤ 0. (2.8)

and the yield criterion can be expressed by

If Φ(σ∗, σy) < 0 =⇒ ε̇p = 0, (2.9)

If Φ(σ∗, σy) = 0 =⇒

 ε̇p = 0 for elastic unloading,

ε̇p , 0 for plastic loading.
(2.10)

von Mises yield criteria

The most common yield criterion to describe the plastic yielding in metals was purposed

by von Mises45), plastic yielding begin when the J2 stress deviator invariant reaches a critical

value. The concept of stress invariant was purposed by Nayak and Zienkiewicz46)

J2 = R(α) (2.11)

where R is the critical value, which is a function of hardening internal variable α and J2 =

J2(s) is the invariant of the stress deviator, s, defined by

J2 ≡ −I2(s) =
1
2

tr[s2] =
1
2

s : s =
1
2
∥s∥2. (2.12)

the stress deviator is given by

s ≡ σ −
1
3

(trσ)I. (2.13)

where I is the identity tensor.From the definition of the von Mises criterion, the plastic yield-

ing will only be affected by the deviatoric stress and that means the von Mises criterion is

pressure-insensitive and isotropic.

An alternative definition of the von Mises yield function can be expressed as

Φ(σ) = q(σ) − σy (2.14)
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where σy ≡
√

3R is the uniaxial yield stress and

q(σ) ≡
√

3J2(s(σ)) (2.15)

is termed the von Mises effective or equivalent stress. The uniaxial and shear yield stresses

fir the von Mises criterion are related by

σy =
√

3τy (2.16)

Plastic flow rules

Equation (2.9) and (2.10) have defined plastic yield condition. Under plastic deformation,

the plastic strain rate can be represented as

ε̇p = γ̇sign[σ] (2.17)

where the scalar γ̇ is termed the plastic multiplier and is non-negative, and satisfies the com-

plementarity condition

Φγ̇ = 0. (2.18)

Those constitutive equations mean that when the stress state is in elastic domain,

Φ < 0 =⇒ γ̇ = 0 =⇒ ε̇p = 0, (2.19)

and the plastic deformation occur when the yield criterion is fulfilled

σ∗ = σy =⇒ Φ = 0 =⇒ γ̇ ≥ 0. (2.20)

So the constraints of the elastic-plastic model will be

Φ ≤ 0 γ̇ ≥ 0 γ̇Φ = 0. (2.21)
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The Prandtl-Reuss plasticity law is the flow rule obtained by taking the von Mises yield

function as the flow potential. The corresponding flow vector is given by

N ≡
∂Φ

∂σ
=
∂

∂σ

[ √
3J2(s)

]
=

√
3
2

s
∥s∥
, (2.22)

and the flow rule results in

ε̇p = γ̇

√
3
2

s
∥s∥

(2.23)

In the Prandtl-Reuss law, the N and σ are coaxial and Due to the pressure-insensitivity of

the von Mises yield function, the plastic flow vector is deviatoric. The Prandtl-Reuss rule

is usually employed in conjunction with the von Mises criterion and the resulting plasticity

model is referred to as the von Mises associative model or, simply, the von Mises model.

Hardening laws

The Hardening laws represent the evolution of yield stress with plastic strain in one-

dimensional problem discussed before. In two- and three-dimensional problem, the harden-

ing is represented by changing in the hardening thermodynamical force, A, during plastic

yielding. These changes may, in general, affect the size, shape and orientation of the yield

surface, defined by Φ(σ, A) .It will be said to be perfect plastic model if there is no hard-

ening behavior, which means the yield surface remain fixed during deformation and the

elasto-plastic modules Eep = 0. If the yield surface expand uniformly during deformation, it

called isotropic hardening which shows in Fig. 2.2.

In metal plasticity, the density of dislocations usually be considered as the hardening

internal variable that caused the isotropic resistance to plastic flow. To describe the isotropic

hardening behavior, there are two popular approaches, strain hardening and work hardening.

In the strain hardening model, the von Mises equivalent plastic strain

ε̄p ≡

∫ t

0

√
2
3
ε̇p : ε̇pdt =

∫ t

0

√
2
3
∥ε̇p∥dt. (2.24)

and the rate evolution form can be
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Fig. 2.2 The isotropic hardening behavior.

˙̄εp =

√
2
3
ε̇p : ε̇p =

√
2
3
∥ε̇p∥ (2.25)

2.2.2 Strain-rate-dependent plasticity

The elasto-plastic constitutive theories discussed in previous sections are rate-independent,

which means the deformation behavior is independent of the loading rate or time-scale in

considered problem. But the rate-dependent deformation behavior of real materials was

observed in some situation, like metals, polymers, and composites under some practical cir-

cumstances. The schematic diagram of different rate-dependent behavior is shown in Fig.

2.3. The typical stress – strain curves at high temperature with different strain-rate were

shown in Fig. 2.3 (a), it is clear that the elastic modulus are rate-independent while the

initial yield and hardening curve are strongly depend on strain-rate. In the deformation pro-

cessing of metal, the working temperature is higher than one-third of the melting point. The

deformation behavior is highly affected by process speed, and the rate-dependent plasticity

must be considered.

Another well-known time-dependent behaviors of material is creep, which shown in Fig.
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Fig. 2.3 The schematic diagram of strain-rate-dependent plasticity. (a)Strain-rate-

dependence. Tensile tests at different strain rates. (b) Creep. Plastic flow at con-

stant stress. (c) Relaxation. Stress decay at constant strain.
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2.3 (b). The curves of Fig. 2.3 (b) show the relationship between strains and time in tensile

tests where tensile specimens under different stress levels constantly during long periods of

time. At high and moderate stress state, the three states of strain rate changes can be ob-

served. In the first stage, also called primary creep, the strain-rate decrease rapidly and then

become steady-state creep, secondary creep, with constant strain rate. In third stage, tertiary

creep, the strain rate exponentially increases with time which is normally due to necking ,

cracks, or voids and leading to fracture. The prediction of creep behavior is crucial in some

cases, like the design and analysis of nuclear reactor, jet turbine engineer, and other impor-

tant components work under harsh environment. The stress relaxation shown in Fig. 2.3 (c),

which is the typical evolution of stress in a relaxation test, is also a important especially in

the design of pre-stressed load carrying components.

The strain-rate-dependent plasticity may be important in some situation, and the esti-

mation and prediction is a critical problem in design and process of materials. In order

to represent the rate-dependent material response, it is necessary to extend the constitutive

model to rate-dependent form.

For example, the rate-independent constitutive model discussed in previous section can

be extended to the rate-dependent form with similar format. The usual concept of an elastic

domain bounded by a yield surface in the rate-independent theory will remain valid in the

visco-plastic case. So the yield function and elastic domain will be

Φ(σ, σy) = q(s(σ)) − σy; q =

√
3
2

s : s (2.26)

E = {σ| Φ(σ, σy) < 0}, (2.27)

and the plastic flow rule will be

ε̇p = γ̇
∂Φ

∂σ
= γ̇

√
3
2

s
∥s∥

(2.28)
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γ̇ =


1
µ

[(
q
σy

)1/ϵ
− 1

]
if Φ(σ, σy) ≥ 0

0 if Φ(σ, σy) < 0
(2.29)

This von Mises-type visco-plastic constitutive model can reproduce the rate-dependent

behavior of materials and the examples of stress relaxation and strain-rate dependent stress

are shown in Fig. 2.4.

Fig. 2.4 The examples of visco-plasticity model. (a)Strain-rate-dependence. (b) stress Re-

laxation.
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2.2.3 Elasto-plastic constitutive model

An isotropic elasto-plastic constitutive model was employed in this study, which is char-

acterized by the St. Venant elasticity and metal plasticity based on the von Mises yield

criterion and power-law hardening. The isotropic elasticity includes the Young’s modulus E

and Poisson’s ratio ν. The equivalent stress–strain relationship can be described as follows:


σ∗ = E∗ε∗ if σ∗ < σY (elasticity)

σ∗ = K(ε∗)n if σ∗ = σY(elasto-plasticity),
(2.30)

where σ∗, ε∗, E∗, σY , K, and n are the von Mises stress norm, equivalent strain, equivalent

elastic modulus, yield stress, plastic coefficient, and work-hardening exponent, respectively.

The equivalent strain and equivalent elastic modulus are defined as follows:

ε∗ =

√
2
3

dev[ε] : dev[ε] =
σ∗

E∗
+ ξ and E∗ =

3E
2(1 + ν)

, (2.31)

where ε is the strain tensor and ξ = ε∗ − σ∗/E∗ is the equivalent plastic strain. In Equation

(2.30), the continuous condition of the stress and strain states at the initial yield stress σ0 is

written as

σ0 = K
(
σ0

E∗

)n
K = σ0

(
E∗

σ0

)
. (2.32)

From Equations (2.30) and (2.32), the yield strength σY is calculated as a solution to the

following equation:

σY = σ
1−n
0 (σY + E∗ξ)n , (2.33)

To consider the linear hardening behavior of the materials, the constitutive model can be

further modified by introducing the linear hardening coefficient H as follows:

σY = σ
1−n
0 (σY + E∗ξ)n

+ Hpξ, (2.34)

Thus, the constitutive model has five independent material parameters: E, ν, σ0, n, and H.

In this study, ν is assumed to be 0.3 because the Poisson’s ratio of alloys has an approximate
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value of 0.3 at room temperature 47).

2.2.4 Elasto-visco-plastic constitutive model

The isotropic elasto-plastic constitutive model purposed in previous section is rate in-

dependent, but rate-dependent plasticity may become dominant in some situation. So it is

necessary to extend the constitutive model to rate-dependent form.The elasticity was set as

strain-independent, whereas the plastic constitutive equation was defined in a strain-rate-

dependent format. Similar to the previous model, the equivalent stress – strain relationship

is expressed as follows:


σ∗ = E∗ε∗ if σ∗ < σY (elasticity)

σ∗ = K(ε∗)nΓ(ξ̇) if σ∗ = σY(elasto-visco-plasticity),
(2.35)

where Γ and ξ̇ are the strain-rate function and equivalent plastic strain rate, respectively. The

equivalent strain and equivalent elastic modulus are defined previously in Equation (2.31).

In this study, the strain-rate function was defined as

Γ(ξ̇) = (1 − α) + α
(
ξ̇

ξ̇0

)m

α ∈ [0, 1], (2.36)

where α,ξ̇0 and m are the viscoplastic ratio, reference strain rate, and strain-rate exponent,

respectively. Then, Equation (2.35) can be written as

σ∗ =

(
σ∗

E∗
+ ξ

)n {
(1 − α)K + αK

(
ξ̇

ξ̇0

)m}
=

(
σ∗

E∗
+ ξ

)n

{Kp + Kvpξ̇
m}, (2.37)

where Kp = (1 − α)K and Kvp = αKξ̇−m
0 . Thus, this constitutive model contains four strain-

rate-independent and two strain-rate-dependent material constants at a high temperature: E,

ν, Kp, n, Kvp, and m. The strain-rate-independent initial yield strength is formulated as

σY =
{
(E∗)−nKp

} 1
1−n . At a high temperature, α can be assumed to be equal to one, i.e.,

Kp ≡ 0. In the special case, a pure-elastic state does not exist.
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2.3 Determination of material constants

2.3.1 Determining suitable parameters for inverse estimation

Indentation experiments

Indentations were performed on one grain of the Al–0.1 at%Mg alloy to investigate the

experimental variation of the parameters. The sample was annealed at 400 °C in air for 1 h.

It was subjected to mechanical polishing, followed by electropolishing to remove the strain

induced by mechanical polishing. The average grain size was determined as 99.9 µm based

on the EBSD measurement. Indentations at a maximum load of 10 mN were performed at

50 µm intervals as shown in Fig. 2.5, using a Hysitron TI 950 TriboIndenter (Bruker) and

a diamond Berkovich indenter with an apex angle of 115°. The AFM measurements were

performed with the same Berkovich indenter and apparatus to measure the 3D shapes of the

indentation marks. The scanning force and rate were 2 µN and 20 µm/s, respectively. The

background of the indentation mark shapes was eliminated by subtracting a plain calculated

from all sides. Surface roughness of the sample was also measured using AFM. Its root mean

square value was 18.60 nm corresponding to approximately 2% of the maximum indentation

depth. The results of 17 indentations performed on one grain oriented along the ¡110¿ direc-

tion, the area enclosed by the dashed lines in Fig. 2.5, were used in the analysis involving

experimental variations to eliminate the orientation 48),49) and boundary effects 50),2). The

same indenter and experimental conditions were used in all measurements to eliminate other

effects such as tip irregularities and loading rates. The effects of these factors on pile-up

behavior have been discussed in previous studies 51).

Indentation simulation using finite element method

The indentation test was simulated using the commercial finite element method software,

ABAQUS ver. 6.14 for sensitivity analysis of the parameters influencing the elastoplastic

properties. Most previous studies used a conical indenter model instead of a Berkovich

indenter, assuming that both provide the same results 52), which is not actually true 53),54).
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Fig. 2.5 Electron backscatter diffraction map after indentation; 17 indentations on one grain

in the area enclosed by dashed lines were used for analyzing experimental varia-

tions. 1)

Moreover, the shape of the indentation mark was considered important in this study, which

is different with different shapes of indenters. Therefore, we used the Berkovich indenter

model. The analytical model consists of a y-symmetrical sample part and Berkovich in-

denter part, as shown in Fig. 2.6. The size of the sample part is 48.6×24.3×24.3 µm. It

has 15,358 nodes and 14,138 elements of an eight-node hexahedron element with reduced

integration and hourglass control (C3D8R). The mesh size was decreased in the region under-

neath the indenter, where the smallest size was 0.3 µm. The symmetrical boundary condition

was applied to the xz plane of the sample part, and its bottom was fixed. The Berkovich

indenter with an apex angle of 115° and a height of 1.5 µm was generated as a rigid body

assuming that the stiffness of the indenter is much higher than that of the sample and that

its deformation is negligible. The indentation was simulated by displacing the indenter by 1

µm (= hmax) in the z-direction in the loading step, followed by the unloading step in which

its position was restored. Frictionless contact was assumed between the indenter and sam-

ple, where the effect of friction on the indentation results is insignificant in the case of this

apex angle 55),33),56). As constitutive equations, Hooke’s law and Mises-type rate-independent

plasticity were used for elastic and plastic deformation, respectively. The Young’s modulus
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E, was set at 70 GPa, which is the Young’s modulus of aluminum 57). The initial yield stress

σY , and strain hardening exponent n, were parametrically varied in the ranges of 100–1000

MPa and 0–0.5, respectively. The Poisson’s ratio ν, was fixed as 0.3 in this study. ν ≈ 0.3

in most metals, for example, 0.31 for aluminum alloys and 0.33 for steel 47), and previous

studies 27),58) reported that ν is a minor factor. The analyses were also performed at E = 50

or 200 GPa because many common metals have E values in this range, for example, titanium

(E ≈106 GPa), copper (E ≈130 GPa), and steel (E ≈200 GPa).

Fig. 2.6 Analytical model of Berkovich indenter: a) perspective view, b) top view, and c)

side view. 1)

Experimental variations

Fig. 2.7 shows the load-displacement curve and indentation mark shape at the position

marked with “*” in Fig. 2.5. The maximum depth hmax was 0.980 µm. Four parameters

were extracted from the load-displacement curve: the coefficient of a parabolic curve during

loading, C, ratio of the plastic to the total work, Wp/Wt, indentation hardness Hit and contact

stiffness S . Wt and Wp were calculated by integrating the loading curve and subtracting
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the integral value of the unloading curve, We, from Wt (Wp = Wt − We), as shown in Fig.

2.7 (a). From the indentation mark shapes, two parameters were extracted: the maximum

height of the pile-up Zmax and horizontal distance between the positions at the maximum

and minimum heights ∆XY . These parameters of the indentation mark were normalized

using the maximum indentation depth hmax. In Fig. 2.7, C =10.4 GPa, Wp/Wt =0.0505,

Hit =0.414, S =436 mN/µm, Zmax/hmax =0.116, and ∆XY/hmax =3.44. Table 2.1 lists the

average values, standard deviations, and coefficients of variation (CVs) of the parameters χ,

calculated from the 17 indentation results. The CV was calculated by dividing the average

value by the standard deviation. A larger CV represents a wider variation in the experiments,

indicating low reliability. For the four parameters obtained from the load-displacement curve

and ∆XY/hmax, the CV was approximately 0.04, while it was larger for Zmax/hmax.

Table 2.1 Variation of parameters extracted from load-displacement curves and indentation

marks in experiment.1)

Parameters, χ Average value Standard deviation Coefficient of Variation, CV [-]

C 10.0 GPa 0.4 GPa 0.04

Wp/Wt 5.1 × 10−2 0.23 × 10−2 0.045

Hit 0.401 GPa 0.018 GPa 0.045

S 4.22 × 105µN/µm 0.18 × 105µN/µm 0.043

Zmax/hmax 0.129 0.012 0.092

∆XY/hmax 3.33 0.13 0.039

Sensitivity analysis

From the indentation simulation, we obtained the load-displacement curves and inden-

tation mark shapes, and then, extracted the parameters as discussed in Section 2.3.1 . Fig.

2.8 shows the variations of the indentation parameters with the initial yield stress σY and the

strain hardening exponent n at E = 70 GPa. Similar distributions were obtained regardless

of E except for ∆XY/hmax. C gradually increased with σY and n. The distribution indicates
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Fig. 2.7 Indentation result at position marked with “*” in Fig. 2.5: (a) load-displacement

curve, (b) indentation mark, and (c) cross section of indentation mark. 1)
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that the combinations of σY and n giving the same C exist indefinitely and a unique solution

for σY and n cannot be determined from one value of C. Wp/Wt and Hit have similar distri-

butions to C. Therefore, unique plastic properties cannot be obtained even if two parameters

among C, Wp/Wt, and Hit are used in the inverse estimation process. The contact stiffness S

showed the different distribution from C, Wp/Wt and Hit. It increased as σY and n decreased,

depending more strongly on n. Since the different distribution of the parameter provides the

candidate sets of σY and n, therefore, it is possible to determine a unique solution of plastic

properties with the indentation work and S , as Ogasawara et al. 59) proposed. S increases

with the contact size between the tip and sample according to S = (2/
√
π)
√

AEr
10). There-

fore, the increase in S indicates the occurrence of pile-up behavior. The distributions of the

parameters extracted from the indentation mark shapes were different from those of the pa-

rameters obtained from the P–h curve. Zmax/hmax strongly depended on n. It increased with

the decrease in n, and its rate of change was large at small n. This tendency agrees with the

results by Bolshakov and Pharr 27). ∆XY/hmax showed different distributions at different E

values, and its variation was not monotonic. The contour images of the equivalent plastic

strain are shown in Fig. 2.9. The distribution shape of the plastic strain does not signifi-

cantly change with the initial yield stress, while its amount increases with the decrease in

σY . On the other hand, the strain hardening exponent affects the distribution shape. The

plastic strain spread hemispherically at high n, while the distribution was shallow at low n

because the plastic strain was concentrated just beneath the indenter owing to the absence of

strain hardening. Therefore, the sample region extruded by the indenter appears as a pile up.

This is why Zmax/hmax shows a stronger dependency on n compared to σY . To qualitatively

evaluate the sensitivity of parameters χ obtained from the indentation results presented in

Table 2.1, its gradient |∆χ′| and angle θ in the distributions were defined. First, χ, σY , and n

were normalized using their average or maximum values as follows:

χ′ =
χ

χave
, σ′Y =

σY

σYmax
, and n′ =

n
nmax
, (2.38)

where the prime represents the normalized value, and the subscripts max and min repre-
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sent the maximum and minimum values in the range of the parametric study, for example,

σYmin and σYmax =100 and 1000 MPa, respectively. The gradient and its angle were calcu-

lated using Eqs. 2.39, 2.40, 2.41, and 2.42.

∆χ′

∆σ′Y
=
χ′|σYmax,nmin − χ

′|σYmin,nmin

σ′Ymax − σ
′
Ymin

, (2.39)

∆χ′

∆n′
=
χ′|σYmin,nmax − χ

′|σYmin,nmin

n′max − n′min
, (2.40)

|∆χ′| =

√(
∆χ′

∆σ′Y

)2

+

(
∆χ′

∆n′

)2

, (2.41)

and

θ = tan−1
(
∆χ′

∆n′
/
∆χ′

∆σ′Y

)
(2.42)

For example, in the case of C at E = 70 GPa,

∆C′

∆σ′Y
=

57.30 − 8.77
52.22

/
1000 − 100

1000
= 1.03

∆C′

∆n′
=

38.30 − 8.77
52.22

/
0.5 − 0

0.5
= 0.566

|∆χ′| =
√

1.032 + 0.5652 = 1.18

θ[◦] = tan−1 0.566
1.03

= 28.7

|∆χ′| and θ are listed in Table 2.2. C, Wp/Wt, and Hit have values similar to |∆χ′| and θ. It was

found that the parameters of the indentation mark shape have a larger |∆χ′| than that of the P–

h curve, indicating they are more sensitive to plastic properties. θ values of S , Zmax/hmax, and

∆XY/hmax are more than 15° higher than those of the other parameters, which means these

parameters have dependencies on plastic properties different from the other parameters. The
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tendencies of |∆χ′| and θ agree with the distribution in Fig. 2.8; therefore, the distributions

are successfully expressed using |∆χ′| and θ. The same tendencies were also obtained at

E =50 and 200 GPa.

Table 2.2 Sensitivity of parameters.1)

Parameters, χ |∆χ′| [-] θ[◦] |∆χ′|/CV [-]

C 1.18 28.7 27.7

Wp/Wt 1.20 31.6 26.3

Hit 1.16 27.8 26.2

S 0.467 56.3 11.0

Zmax/hmax 3.94 62.7 42.9

∆XY/hmax 0.557 66.0 14.3

Determination of parameters for inverse estimation

To determine the parameters for use in the inverse estimation of plastic properties, an

index |∆χ′|/CV was introduced. A parameter with large |∆χ′|/CV has higher sensitivity com-

pared to its experimental variation, and the estimated elastoplastic property has high preci-

sion. In contrast, when |∆χ′|/CV is small, the estimated plastic properties may be wrong

owing to experimental errors. The calculated |∆χ′|/CV is also listed in Table 2.2. C, Wp/Wt,

and Hit have similar values of |∆χ′|/CV and θ. C and Wp/Wt (or other ratios of the indentation

work) were used for inverse estimation in most previous studies employing the representative

strain technique. According to the present analysis, the same estimation result is obtained

no matter which parameter, C or Wp/Wt, is used in inverse estimation. Here, the |∆χ′|/CV

value of C is used as a criterion to judge whether a parameter is suitable for use in inverse

estimation. |∆χ′|/CV values of S was less than half that of C. The sensitivity of S is small

though its experimental variation is comparable to that of C and Wp/Wt, which implies that

an estimation result calculated from S has small accuracy. In the case of ∆XY/hmax, |∆χ′|/CV

was comparable to that of S at E =50 and 70 GPa, while it was larger than that of C at
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Fig. 2.8 Dependence of indentation parameters on initial yield stress σY and strain harden-

ing exponent n at E = 70 GPa: (a) C, (b) Wp/Wt, (c) Hit, (d) S , (e) Zmax/hmax, and

(f) ∆XY/hmax; color maps were constructed from the values at every plot where the

indentation simulation was performed. 1)
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Fig. 2.9 Contour images of equivalent plastic strain beneath indenter at E = 200 GPa: (a)

σY = 100 MPa, n = 0.5, (b) σY = 1000 MPa, n = 0.5, (c) σY = 100 MPa, n = 0.0,

and (d) σY = 1000 MPa, n = 0.0. 1)

E =200 GPa, resulting in an imprecise result at the low Young’s modulus. Zmax/hmax has a

larger |∆χ′|/CV than C despite its large CV because its sensitivity is high. Therefore, it is

evident that plastic properties are estimated with less error using Zmax/hmax. In addition, its

θ and distribution are different from those of C. Hence, Zmax/hmax was the parameter used

for inverse estimation in addition to C. It is expected that the estimation precision is higher

at smaller n because its rate of change was large. This concept was applied to most of the

metals as the same tendency was obtained at E =50 and 200 GPa.

2.3.2 Neighboring indentation test

The neighboring indentation method was proposed to estimate the plastic material prop-

erties based on the interaction effect between two indentations at neighboring positions.

Concept

In instrumented indentation tests or hardness tests for alloys, the influence region of the

residual stress and plastic deformation can be regarded as approximately two times larger
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than the size of the indentation impression. Typically, the spacing between the existing and

subsequent indentations is set to be large enough to avoid any interaction between them.

Following various standards of instrumented indentation testing 19),20),21), in a simple case

of two indentations of the same depth, the second indentation is generally performed at a

position that is located at a distance that is five times of the size of the indentation impression

away from the first indentation to avoid overlapping plastic strain zones. Phani and Oliver 60)

argued that the appropriate indentation spacing is over 10 times the indentation depth to avoid

the interaction between indentations for a measurement of elastic modulus and hardness

based on experiments and finite element simulations.

The effect of plastic deformation history is expected to result in work-hardening which

is a fundamental mechanical behavior in metal plasticity. Therefore, the proposed approach

makes active use of the interaction between the first and second indentations. In the ap-

proach, the second indentation is performed at a position neighboring the first one.In instru-

mented indentation for alloys, the load– depth curve shown in Fig. 2.10 is generally assumed

to be a quadratic function:

P = Ch2, (2.43)

where C is the loading curvature. As mentioned in the introduction, additional data on the

loading curvature are required to determine a unique set of material constants of the plastic

constitutive model, even for the simplest plastic constitutive model 29),30),31). In this study, the

loading curvature of the first indentation C1 and the difference of the curvatures C2 − C1 are

chosen as two response variables characterized by the plastic properties. In this approach, the

material constants corresponding to the experimental results of indentation curvatures are de-

termined from the response surfaces, which are prepared using high- throughput simulations

based on the finite element method as a material database in advance.
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Fig. 2.10 Load–depth curves of the instrumented indentation.

Finite element model

A three-dimensional finite element model was constructed for simulations of neighboring

indentation tests, as shown in Fig. 2.11, in which a mirror symmetrical boundary condition

was applied to the X − Y plane along the center of the object, and the vertical displacement

along the bottom of the finite element model was constrained. The finite element model

included 38,181 nodes and 35,994 eight-node hexahedral elements with reduced integration,

where the contact area between the indenter and sample was more finely discretized than the

other area. The Berkovich indenter was assumed to be a rigid body,and the friction between

the indenter and sample was not considered in this study. Simulations were per-formed

using displacement control at the top of the indenter and solved as quasi-static boundary

value problems with an implicit scheme.

Sensitivity analysis

Similar to section 2.3.1, the sensitivity analysis was necessary to find the suitable param-

eters in neighboring indentation to characterize the elasto-plastic properties. A parametric



41

Fig. 2.11 Finite element model of neighboring indentation method.
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study of 128 cases was conducted for materials with different combinations of elastoplastic

properties at E = 70 GPa and 200 GPa, respectively. initial yield strength σ0 was varied from

100 MPa to 800 MPa, strain hardening exponent n was varied from 0.05 to 0.4, Poisson’s

ratio was fixed at 0.3. Factors of two P − h curves obtained from neighboring indentation

were extracted to discuss its variation at each indentation parameter. Fig. 2.12 and Fig.

2.13 shows the variations of the curvature C, hardness H, stiffness S , ratio of the plastic

to the total work Wp/Wt, and the curvature difference between two curves be normalized

by equivalent Young’s modulus (C2 − C1)/E∗ with variable initial yield stress σ0 and strain

hardening exponent n at E = 70 and 200 GPa. Similar distributions can be observed in C, H,

and Wp/Wt, while the S and (C2 − C1)/E∗ show different tendency compare with previous

factors. A unique solution of material constants can not be obtained only from those similar

factors C, H, and Wp/Wt. For S and (C2 −C1)/E∗, S is related to the contact radius because

of the estimation method discussed in section 1.3.1, S = (2/B
√
π)Er

√
Ap, and it will devi-

ate from the the theoretically value due to pile-up or sink-in phenomenon, which means S

is not a suitable parameters for robust estimation method of plastic properties. Therefore,

(C2 − C1)/E∗ was determined as a parameter to characterize the elastoplastic properties of

materials. Those factors discussed above shows similar distribution at E = 70 and 200 GPa,

which means the determined experimental parameters can be used in various alloys.

Numerical examination of indentation conditions

In the proposed approach, the indentation conditions such as the position and depth of the

second indentation must be appropriately designed to robustly determine the plastic proper-

ties of various alloys. This is because the plastic deformation underneath the indentations

depends on both elastic and plastic material properties 60). In this part, the suitable condition

of the neighboring indentation method was numerically examined using finite element simu-

lations.A series of simulations were performed to investigate the suitable position and depth

of the second indentation, where the distance between the first and second indentations d and

the maximum depth of the second indentation h2 for the maximum depth of the first inden-
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Fig. 2.12 Variation of indentation parameters on initial yield stress σ0 and strain hardening

exponent n at E=70 GPa, (h2/h1, d/l) = (1.0, 1.2) : (a) C1, (b) C2, (c) H1, (d) H2,

(e) S 1, (f) S 2, (g) Wp1/Wt1, (h) Wp2/Wt2, (i) (C2 −C1)/E∗.
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Fig. 2.13 Variation of indentation parameters on initial yield stress σ0 and strain hardening

exponent n at E=200 GPa, (h2/h1, d/l) = (1.0, 1.2) : (a) C1, (b) C2, (c) H1, (d) H2,

(e) S 1, (f) S 2, (g) Wp1/Wt1, (h) Wp2/Wt2, (i) (C2 −C1)/E∗.
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tation h1 were examined. h1 was set to 1 µm for the simulations. The indentation spacing d

must be as small as possible, while the maximum depth of the second indentation h2 must be

as large as possible. Therefore, the following two cases were compared:

(d/l, h2/h1) =

 (1.2, 1.0) : case(i)

(1.5, 1.2) : case(ii)
(2.44)

where the spacing and depth were normalized to d = l and h2 = H1 by the horizontal

impression size l and the maximum depth of the first indentation h1 , respectively. Based on

the geometry of a triangular pyramidal indenter shown in Fig. 1.4, the impression size l was

calculated for a depth h1 as follows:

l = (tan θ1 + tan θ2)h1 = 6.51h1, (2.45)

where (θ1, θ2) = (77.0◦, 65.3◦) for the Berkovich indenter. In case (i), a second indentation

was per-formed at the same depth as that of the first indentation. In case (ii), the depth of

the second indentation was higher than that of the first indentation, but it was located farther

away than in case (i). It is noted that the spacings d were defined to be large enough to avoid

the effect of the surface deformation around the impression of the first indentation.

The response variables C1 and C2−C1 in the two cases of Equation (2.44) were calculated

in the range of σ0 ∈ [100MPa, 700MPa] and n ∈ [0.05, 0.35] for two Young’s modulus E =

70 GPa and 200 GPa, which are the moduli of aluminum alloy and steel, respectively. The

distributions of the response variables are shown in Fig. 2.14 and Fig. 2.15, where the

variables were normalized by the equivalent Young’s modulus E∗. Based on the calculated

mesh data (4 × 4), the response surfaces were drawn with a bilinear interpolation function.

The calculated points were indicated by dots in Fig. 2.14 and Fig. 2.15. In these finite

element analyses, 16 calculations were performed for each case. The process required 30

hours because the typical CPU time of a single simulation was approximately 2 hours.

The plastic strain distributions after the second indentation and load–displacement curves

of the two indentations are shown in Fig. 2.16 as representative results of finite element simu-

lations for the two sets of material constants at E = 70 GPa. The plastic strain was distributed
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Fig. 2.14 Numerical examination: Response surface of loading curvature in the case of E =

70 GPa.

Fig. 2.15 Numerical examination: Response surface of loading curvature in the case of E =

200 GPa.
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Fig. 2.16 Distribution of equivalent plastic strain under two indentations and its load-depth

curves at E = 70 GPa.
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without a blank in both simulations of case (i); in contrast, in case (ii), the distribution of

plastic strain was discontinuous or the overlapping area of plastic strain was very small. As

a result, the response variable C2−C1 is relatively small in case (ii). To obtain a unique solu-

tion with the neighboring indentation method, the important features of the response surfaces

are as follows:

• The response surface is smooth and has a large difference between the maximum and

minimum values.

• The two response surfaces have a different tendency.

From the above aspects, the case of (h2/h1, d/l) = (1.0, 1.2), in which the depths of the

two indentations were the same, is better for indentation conditions. Moreover, this case is

preferable for experiments because of the simple operation of the equipment.

2.4 Solution methods

From the instrumented indentation test, the experimental material response can be char-

acterized by the P–h curves, topography of indentation impression and C2 − C1. To deter-

mined the material constants from these results, various solution methods have been used in

this study.

2.4.1 Gradient descent method

To determine the material constants in the constitutive model, optimization algorithm is

needed to minimize the difference between the simulation and experimental results. Gradient

descent is a iterative optimization algorithm for finding the local minimum of a differentiable

function. The first step is to calculate the gradient of the function in initial point, and take

step in the opposite direction of the gradient (which is the direction of steepest descent of the

function) to the next point. And repeat this method until it reach a local minimum point.
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2.4.2 Data-driven method

Another way to determine the material constants from experimental results is to prepare

the response surface of material properties in the range we expected in advance. The response

surface can be consider as a material database, the experimental results can directly draw the

curves on the response surface and the intersection point is the determined constants. The

advantage of this method is that it can be prepared in advance and can be used in different

materials.

2.5 Summary

The suitable parameters for the inverse estimation from single instrumented indentation

test were examined and the curvature of the P − h curve and pile-up topography Zmax/hmax

were chosen. To utilize the interaction between two indentation in neighboring position,

neighboring indentation test was purposed and the suitable indentation condition (h2/h1, d/l) =

(1.0, 1.2) were numerically examined using finite element simulations. To determine the ma-

terial constants from those experimental results, gradient descent and data-driven method

were used. The validation of purposed method will be introduced in the following chapters.



Chapter 3

Validation of estimation methods of

plastic properties

3.1 Introduction

In this chapter, the purposed estimation methods of plastic properties using instrumented

indentation were validated for application to aluminum alloys and a stainless steel. In sec-

tion 3.2, the material databases were prepared following the experimental parameters and

indentation conditions determined in chapter 2. And the following instrumented indentation

tests were performed to determine the material constants in elasto-plastic constitutive model

in section 2.2.3. The estimation results based on single indentation with pile-up topography

and neighboring indentation test were compared with the experimental tensile test.

3.2 Response surface of indentation parameters

3.2.1 Response surface for neighboring indentation test

Following the numerical examination in section 2.3.2, the response surfaces similar to

those in Fig. 2.14 and Fig. 2.15 were recalculated based on the neighboring indentation

method to develop a material database to determine a set of material constants for the plastic

50
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constitutive model, in which the calculation mesh ( 8 × 8 ) was finer than those of the pre-

vious numerical examinations in section 2.3.2. The resulting response surfaces are shown in

Fig. 3.1 and Fig. 3.2. The process required approximately 120 hours to produce one set of

response surfaces. The database is applicable to the experimental data following the experi-

mental conditions (h2/h1, d/l) = (1.0, 1.2). Note that the maximum indentation depth h1 = h2

should be sufficiently large to eliminate potential errors, including those caused by the geo-

metrical error of the indenter, surface roughness of samples, and nanoscopic strengthening

mechanism.

Fig. 3.1 Response surface of loading curvature for E = 70 GPa.

The database produced for the neighboring indentation method was validated for appli-

cation to aluminum alloys and a stainless steel in section (3.3).

3.3 Comparison with tensile test

3.3.1 Estimated from pile-up topography

The elastoplastic properties of the aluminum alloy were estimated from a single inden-

tation result using the parameters obtained from the P–h curve, C, and the indentation mark

shape, Zmax/hmax. An indentation test was performed on the A5052 aluminum alloy polished
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Fig. 3.2 Response surface of loading curvature for E = 200 GPa.

in the same way as that described in Section 2.3.1 using DUH-211 (Shimadzu) with the 115°

Berkovich indenter. The maximum load and loading rate were 1000mN and 70.07 mN/s,

respectively. The shapes of the indentation marks were measured using a laser microscope

(Keyence). From the P–h curve and indentation mark shape, C and Zmax/hmax were calcu-

lated, respectively. A 100° Berkovich indenter was also used on the same sample for dual

indenter techniques. The numerical simulation of the indentation test was repeated for in-

verse estimation. The analytical model used was the same as described in Section 2.3.1. The

initial yield stress σY , and strain hardening exponent n, were optimized to reduce the resid-

ual error in calculating C and Zmax/hmax. The Levenberg–Marquardt method 61) was used to

solve the optimization problem. A tensile test was performed at a strain rate of 2.4× 10−4s−1

with AG-X (Shimadzu). The stress-strain curves estimated via inverse analysis and of the

tensile test are shown in Fig. 3.3. The estimated stress-strain curve agrees with the tensile

test result, while showing a higher initial yield stress of 214.2 MPa and lower strain harden-

ing exponent of 0.089. Fig. 3.3 also shows the inverse estimation results using the 115° and

100° indenters, where the dual indenter techniques 62),34) were used. The strain hardening

exponent was estimated as 0 with the latter technique. The single indenter technique using C

and Zmax/hmax provided similar results to the dual indenter technique. It was, therefore, con-

firmed that the inverse estimation using C and Zmax/hmax provides plastic properties similar
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to those obtained using the dual indentation techniques.

Fig. 3.3 Stress-strain curves of A5052 aluminum alloy obtained from tensile test and in-

verse estimation techniques. 1)

3.3.2 Estimated from neighboring indentation test

Experimental parameters

Instrumented indentation tests were performed at room temperature with a TI900 Tri-

boIndenter (Bruker, USA) using a Berkovich indenter for three samples: A5052 and A7204

aluminum alloys and SUS304 stainless steel. The composition of those samples are shown

in Table 3.1–3.3. Mechanical polishing with diamond and colloidal silica suspensions was

conducted on the sample surface, followed by electrical polishing to remove the residual

plastic strains. The mechanical polishing condition of both aluminum alloys and stainless

steel are shown in Table 3.4 and Table 3.5. Considering the maximum load of the equip-
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ment, the maximum indentation depths h1 = h2 were defined as 8.0, 7.5, and 5.3 µm for

A5052, A7204, and SUS304, respectively. Using Equation (2.45), the indentation spacings

were set up as 62.5, 58.6, and 41.4 µm for each sample, respectively. The loading and un-

loading rates of the indentation tests were fixed to 0.1 µm/sec. The neighboring indentation

tests were performed five times for each sample and the averaged values were used for the

estimation to reduce experimental errors.

Experimental results

The P–h curves and indentation impressions of A5052, A7204, and SUS304 are shown

in Fig. 3.4. The grain size of each sample was over 40 µm, and the neighboring indentation

tests were performed for a single or few grains with various crystallographic orientations. We

so confirmed that the effect of crystallographic anisotropy of the samples on the P–h curves

was small in these experiments. The averaged loading curvatures of the five neigh-boring

indentation tests and the deviations are shown in Table 3.6.

Table 3.1 Alloy composition of the aluminum ally A5052 [wt%].

Zn Mg Cr Cu Fe Si Mn

0.02 2.5 0.18 0.02 0.2 0.09 0.04

Table 3.2 Alloy composition of the aluminum ally A7204 [wt%].

Zn Mg Zr Cu Fe Si Ti

5.60 1.34 0.16 0.15 0.03 0.02 0.02
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Table 3.3 Alloy composition of the stainless steel SUS304 [wt%].

C Si Mn P S Ni Cr Co

0.06 0.24 1.12 0.037 0.025 10.08 18.14 0.18

Table 3.4 The mechanical polishing condition of aluminum alloys.
Polishing cloths Micron size [µm] Lubricant Load/pc [lb] RPM [Head/Base] Rotation direction Time

Gridning
Grit400 22.1 Water 3 60/250 clockwise 0:50

Grit600 14.5 Water 3 60/250 clockwise 0:30

Polishing

TriDent 9 MetaDi fluid 5 60/150 clockwise 5:00

VerduTex 3 MetaDi fluid 5 60/150 clockwise 4:00

MD-Nap Spray P 1 DP-Lubricant 5 60/150 clockwise 4:00

Final polishing ChemoMet MasterMet Water 5 60/100 counterclockwise 2:00

Table 3.5 The mechanical polishing condition of stainless steel.
Polishing cloths Micron size [µm] Lubricant Load/pc [lb] RPM [Head/Base] Rotation direction Time

Gridning
Grit320 34.3 Water 4 60/150 clockwise 1:00

Grit600 14.5 Water 4 60/150 clockwise 1:00

Polishing

TriDent 9 MetaDi fluid 5 60/150 clockwise 10:00

VerduTex 3 MetaDi fluid 5 60/150 clockwise 8:00

VerduTex 1 MetaDi fluid 5 60/150 clockwise 8:00

Final polishing ChemoMet MasterMet Water 5 60/150 counterclockwise 3:00

Table 3.6 Averaged loading curvatures and the deviations obtained from five neighboring

indentation tests.
Material C1 [GPa] C2 [GPa] C2 −C1

A5052 aluminum 20.49±0.6 21.42±0.46 0.935±0.466

A7204 aluminum 30.71±0.71 31.24±0.89 0.529±0.239

SUS304 stainless steel 54.03±2.52 56.85±2.93 2.825±1.822
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Fig. 3.4 Experimental results: Load–depth curves and indentation impressions of the neigh-

boring indentation test.



57

Estimation results using neighboring indentation test

The experimental values are presented with two curves in Fig. 3.1 and Fig. 3.2. The in-

tersection point indicated by a rhomboid mark is the corresponding material constant. Plastic

properties were determined from the set of the two figures, as shown in Table 3.7. The stress-

strain curves of the experimental data and estimation results including the previous approach

in section 3.3.1 are shown in Fig. 3.5. These results agree with the experimental results,

especially in aluminum alloys. The estimated and experimental yield stress and ultimate ten-

sile strength of the three samples are calculated and listed in Table 3.8. Although the yield

stress shows a higher difference between the estimated and experimental results, the ultimate

tensile strength shows better accuracy in all three samples. It may be caused by the large

equivalent plastic strain beneath the indenter, the estimated plastic properties are closer to

the real stress-strain relationship at finite strain region. The previous approach shows a more

accurate estimation in yield stress, which is due to the indentation parameters we chose to

estimate the plastic properties in this neighboring indentation method. In the neighboring

indentation method, the curvature difference between two indentations at the neighboring

position represented the work-hardening nature during the indentation, which is more sensi-

tive to the plastic properties at finite strain region rather than yield behavior. The power-law

hardening used in this study cannot follow the linear hardening behavior shown in Fig. 3.5

(b). Even so, the outline of the stress–strain curve is reproduced particularly in the finite

strain region. As described above, the neighboring indentation method was validated. In this

approach, by obtaining the load curvatures C1 and C2 under the above-mentioned conditions,

the stress-strain curve could be estimated from the response surfaces shown in Fig. 3.1 and

Fig. 3.2 in aluminum alloys and steels.
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Table 3.7 Material constants estimated by the neighboring indentation method.

Material σ0 [MPa] n

A5052 aluminum 142.3 0.187

A7204 aluminum 338.3 0.08

SUS304 stainless steel 317.3 0.215

Fig. 3.5 Stress–strain curves estimated by the neighboring indentation method.
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Table 3.8 The yield stress and ultimate tensile strength of estimation and experimental

stress-strain curves.
Material Exp. Est. Difference

YS [MPa] UTS [MPa] YS [MPa] UTS [MPa] YS [%] UTS [%]

A5052 205.81 261.55 165.97 261.82 19.43 0.05

A7204 345.33 395.95 341.09 394.99 1.23 0.24

SUS304 485.56 691.08 411.36 729.8 15.36 5.62

3.3.3 Estimation using modified constitutive model

Experimental parameters

The Instrumented indentation tests were performed with TI950 TriboIndener (Bruker,

USA) high-load module using a Berkovich indenter. The SUS304 stainless steel sample

surface was prepared by mechanical polishing followed by electrical polishing to remove the

residual plastic strains. The displacement-control mode was used as a simulation condition.

The maximum indentation depth hmax was defined as 5.3 µm due to the load limit of the

equipment. The loading and unloading rates were set as 0.1 µm/sec. The instrumented

indentation tests were performed twelve times, and the averaged values were used to reduce

experimental errors. The pile-up topography of the indentation impression was measured by

the scanning probe microscope in TI950 TriboIndener.

Experimental results

The load-depth curve and indentation impression of SUS304 stainless steel is shown in

Fig. 3.6. The curvature C of the loading curve and the pile-up height Zmax of indentation

impression were calculated from the experimental results; the average value and deviations

of the twelve indentation tests are shown in Table 3.9. From these results, the material

constants in the constitutive model were determined in section3.3.3.



60

Fig. 3.6 Experimental results: (a) load-depth curve, (b) scanning probe microscope image

of indentation impression.

Table 3.9 Averaged loading curvatures, pile-up heights, and the deviations obtained from

twelve indentation tests.
Material C [GPa] Zmax/hmax

SUS304 stainless steel 57.63±2.31 0.155±0.025

Determination of material constants

First, the response surface of indentation parameters using linear (n = 0) and power-law

hardening (Hp = 0) model was estimated by finite element simulations. The material con-

stants in both models were determined based on the experimental results of the indentation

test shown in the previous section. After that, the critical plastic strain ξcr and critical lin-

ear hardening coefficient Hcr
p were defined by the estimation results at both models. The

response surface of indentation parameters at Hp = Hcr
p were then extracted from the three-

dimensional material database to determine the material constants, and the estimated result

was compared with the experimental tensile test.

In case Hp = 0

At Hp = 0, the constitutive model can be simplified as follows

σY = σ
1−n
0 (σY + E∗ξ)n , (3.1)
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Fig. 3.7 Response surface of (a) normalized loading curvature, (b) normalized pile-up

height of indentation impression at Hp = 0.

which is the power-law hardening model.The response variables C/E∗ and Zmax/hmax were

calculated in the range of σ0 ∈ [50MPa, 550MPa] and n ∈ [0.0, 0.4] for Young’s modulus

E = 200GPa. The distributions of the response variables at Hp = 0 are shown in Fig.

3.7. Based on the calculated mesh data (6 × 5), the response surfaces were drawn with a

bilinear interpolation function. The calculated points were indicated by dots in Fig. 3.7. The

experimental values are presented with two curves in Fig. 3.7, and the intersection point

indicated by a rhomboid mark is the corresponding material constant.

In case n = 0

At n = 0, the constitutive model can be simplified as follows

σY = σ0 + Hpξ, (3.2)

which is the linear hardening model.The response surface of C/E∗ and Zmax/hmax calculated

in the range ofσ0 ∈ [50MPa, 650MPa] and Hp ∈ [0, 2500] for Young’s modulus E = 200GPa

are shown in Fig. 3.8. The experimental values are presented with two curves in Fig. 3.8, and

a rhomboid mark indicates the intersection point is the corresponding material constant. The

estimated material constants and corresponding plastic properties at Hp = 0 and n = 0 are

shown in Table 3.10 and Fig. 3.9 (b). By considering both simple constitutive models, the
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Table 3.10 The estimated material constants at each case.
Cases σ0 [MPa] n Hp

Hp = 0 447.45 0.1433 0

n = 0 582.93 0 1295.3

Hp = Hcr
p 540.9 0.0444 915.78

Fig. 3.8 Response surface of (a) normalized loading curvature, (b) normalized pile-up

height of indentation impression at n = 0.

deformation behavior of real alloy should lay between the linear and power-law hardening

curves as in Fig. 3.9 (a). The estimated results should be adjusted between the linear and

power-law hardening curves to get more accurate estimation results.

Determination of ξcr and Hcr
p

To adjust the estimation results between two hardening models, the material constants at

Hp = 0 and n = 0 were used to determine the critical plastic strain ξcr. The material constants

at Hp = 0 and n = 0 were determined from the same indentation parameters, which means

this deformation behavior of estimated results should be identical at a specific plastic strain

state ξcr. From the estimation results of two hardening models, we define the plastic strain

of the intersection point between two curves as ξcr, the linear hardening coefficient of linear
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Fig. 3.9 Stress-strain curves estimated by instrumented indentation test: (a) schematic dia-

gram and (b) estimated results at Hp = 0 and n = 0.

hardening model HLinear
p and power-law hardening model HPower

p are defined as

Hp =
∂σ∗

∂ξ
|ξcr , (3.3)

and the critical linear hardening coefficient Hcr
p is defined as follows

Hcr
p =

HLinear
p + HPower

p

2
|ξcr . (3.4)

From Fig. 3.9 (b), the critical plastic strain was determined as ξcr = 0.24 and the corre-

sponding critical linear hardening coefficient Hcr
p = 915.78.

Determination of material constants

From the three-dimensional material database shown in Fig. 3.10 (a), the response sur-

face in the range ofσ0 ∈ [50MPa, 650MPa] and n ∈ [0.0, 0.4] at Hcr
p = 915.8 can be extracted

and shown in Fig. 3.10 (b) and (c). The experimental values are presented with two curves

in Fig. 3.10, and the intersection point indicated by a rhomboid mark is the corresponding

material constants shown in Table 3.10.
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Fig. 3.10 Response surface of (a) normalized loading curvature, (b) normalized pile-up

height of indentation impression at Hp = Hcr
p .

Estimation results using a modified constitutive model

The stress-strain curves of the experimental data and estimation results, including the

previous approach63), are shown in Fig. 3.11. The estimation results combining the linear

and power-law hardening model agree with experimental results, and the estimated harden-

ing behavior is more consistent than the previous approaches using the simple power-law

constitutive model. The calculated yield stress and ultimate tensile strength are shown in

Table 3.11. In this new estimation method, both the yield stress and the ultimate tensile

strength show more precise estimation compared with the previous approach, which shows

the estimation accuracy is hugely affected by the constitutive model. And the modified con-

stitutive model used in this method shows good expressiveness for the plastic properties of

high work-hardening alloy.

Table 3.11 The yield stress and ultimate tensile strength of estimation and experimental

stress-strain curves.
Material Exp. Est. Difference

YS [MPa] UTS [MPa] YS [MPa] UTS [MPa] YS [%] UTS [%]

Power-law hardening model 485.56 691.08 411.36 729.8 15.36 5.62

Modified constitutive model 485.56 691.08 559.57 701.8 5.44 1.56
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Fig. 3.11 Stress-strain curves estimated by instrumented indentation test at Hcr
p .

3.4 Summary

In this chapter, the estimation methods of plastic properties purposed by this study were

validated for application to aluminum alloys and a stainless steel. The experimental parame-

ters determined in chapter 2, C1, Zmax/hmax, and (C2−C1), were used to estimate the material

constants using instrumented indentation. Estimation results based on a single indentation

with pile-up topography shows good agreement with experimental tensile results. Compare

with the existing estimation method, dual indenter technique, this approach provide similar

estimation results but less experimental requirement.

Based on the neighboring indentation method, a material database comprising two re-

sponse surfaces for two material constants of a plastic constitutive model was developed for

aluminum alloys and steels using numerical simulations based on the finite element method.

Using the database, a set of material constants can be determined easily. The produced data-

base was validated by comparison with the corresponding experiments. These results agree

with the experimental results, especially in aluminum alloys. The power-law hardening used

in this study cannot follow the linear hardening behavior shown in Fig. 3.5 (b). To estimate

the linear hardening behavior, a new estimation method using modified constitutive model
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was proposed. The estimation results agrees with the experimental tensile test and represent

the hardening behavior more accurate than previous approaches.

Following the proposed concept, a material database can be generated for various alloys

with different Young’s moduli. Those approaches are practical because the experiment can

be performed using a single standard sharp indenter, and computational simulations can be

performed in advance. In addition, it is applicable to high-throughput experiments.



Chapter 4

Estimation of strain-rate-dependent

plastic properties

4.1 Introduction

In previous chapter, the estimation method at room temperature is based on the rate-

independent constitutive model. In this chapter, we developed an approach for estimation

of strain-rate-dependent plasticity based on the results of the high-temperature indentation

tests. Initially, the simple constitutive model used in previous approaches was extended to

a strain-rate-dependent format. Next, high-temperature indentation tests were performed

under different loading rates for an aluminum alloy specimen. Subsequently, the material

constants of the proposed constitutive model were determined to minimize the difference

between the experimental P–h curves and the curves obtained from their corresponding finite

element simulations. Lastly, the estimated mechanical properties were validated using a

compression test at the same temperature.

67
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4.2 Finite element modeling

The constitutive model in a strain-rate-dependent form was introduced in section 2.2.4

and the finite element model was defined for the following computational simulations of

high-temperature indentation tests.

4.2.1 Finite element model of the instrumented indentation test

A three-dimensional finite element model of a specimen and Berkovich indenter was con-

structed for the computational simulations of the instrumented indentation tests described in

Section 4.3.2, as shown in Fig. 4.1. A mirror symmetrical boundary condition was applied to

the X–Y plane along the center of the object, and the vertical displacement along the bottom

of the finite element model was constrained. The finite element model contains 15,358 nodes

and 14,138 eight-node hexahedral elements with reduced integration, in which the contact

area between the specimen and indenter was discretized more finely than the other areas.

The indenter was assumed to be a rigid body. The friction between the indenter and the sam-

ple was not considered in this study because the effect of friction on the indentation results

is insignificant in the case of Berkovich indenter 33). The friction effect was confirmed to

be minor in simulations of the instrumented indentation tests using the strain-rate-dependent

plasticity. A load was applied to the top of the indenter. Quasi-static boundary value prob-

lems were solved using the applied load control with an implicit scheme.

4.2.2 Finite element model of the compression test

An axisymmetric finite element model was constructed for the computational simula-

tions of the compression tests described in Section 4.3.2, as shown in Fig. 4.2. The finite

element model contained 990 nodes and 940 four-node quadrilateral and 4 three-node tri-

angular axisymmetric elements, where triangular elements were employed for the corners

of the specimen to avoid excessive distortion of the elements. The vertical displacement

along the bottom of the finite element model was constrained. Coulomb friction model was
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Fig. 4.1 Finite element model of the instrumented indentation test.

employed, and its coefficient was calibrated as 0.16 to reproduce the experimental barreling

deformation in the simulations. Simulations were performed using displacement control at

the top of the model and solved as quasi-static boundary value problems with an implicit

scheme.

4.3 Experiments

Experimental data were acquired to characterize and validate the strain-rate dependency

of the plastic properties, where the instrumented indentation and compression tests at high

temperature were performed at different test speeds.

4.3.1 Specimen

A wrought aluminum alloy with a grain size of approximately 200 µm was used in this

study. The alloy composition is shown in Table 3.2 with solution heat treatment at 475°C. A

melting temperature of a similar alloy (A7204) is 635 °C 64). For instrumented indentation

tests, mechanical polishing with diamond and colloidal silica suspensions was conducted on
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Fig. 4.2 Finite element model of the compression test.
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the sample surface, followed by electrical polishing to remove the residual plastic strains.

The mechanical polishing condition of aluminum alloy are shown in Table 3.4. The ma-

terial constants of the constitutive model at room temperature were determined under the

assumption of an independent strain-rate (α ≈ 0, m ≈ 0).

(E, ν, Kp, n) = (70GPa, 0.3, 353.4MPa, 0.08), (4.1)

that also can be determined from the instrumented indentation tests in previous chapter 63).

The work-hardening exponent was approximately zero.

4.3.2 Instrumented indentation tests at high temperatures

Instrumented indentation tests were performed at room temperature to 300 °C using a di-

amond Berkovich indenter with the TI 950 TriboIndenter and xSol High-Temperature Stage

(Bruker, Billerica, MA, USA). To prevent the degradation of the specimen surface and in-

denter tip, the sample surface was protected by an inert argon atmosphere. The following

experimental procedure for high-temperature indentation tests was established in our previ-

ous study 44). The indenter tip were passively preheated by approaching sample surface with

100µm gap and hold around 30 minutes for thermal equilibrium at each temperature. After

passively preheating the indenter tip at target temperature, the instrumented indentation tests

were performed for a maximum applied load of 1.5 N. The applied load was applied with

three different load rates, i.e., 0.1, 1.0, and 10 N/s, with the unloading rate set to 0.1 N/s for

each case after 10 s holding time at the maximum load. The indentation tests were performed

five times for each condition to ensure reproducibility. The impressions of high-temperature

indentation tests in loading rates of 0.1 and 10 N/s at 300 °C are shown in Fig. 4.3, which

were observed with a scanning electron microscopy (JSM-7001F, JEOL Ltd., Tokyo, Japan).

According to these figures, the indentation tests were performed without crack, and no signif-

icant difference between them was found in the impressions. The P − h curves of aluminum

alloy from room temperature to 300 °C are shown in Fig. 4.4. At room temperature, the

P − h curves shows rate-independent behavior. The rate-dependency increase with increas-



72

ing temperature, and obvious rate-dependent-plasticity was observed at 300 °C. The P − h

curves at 300 °C were used to determine the rate-dependent material constants of aluminum

alloy.

Fig. 4.3 Impression of high-temperature indentation in loading rates of 0.1 and 10 N/s.

4.3.3 Compression tests at high temperatures

For the validation of the estimated material response, compression tests of the aluminum

alloy were performed at three different test speeds (1.20, 0.12, and 0.06 mm/s; 0.10, 0.01, and

0.005/s in strain rate) in a chamber heated at 300 °C. Cylindrical samples (12 mm height,

8 mm diameter) corresponding to Fig. 4.2 were compressed in the axial direction under

displacement control using a precision Autograph AG-X Series universal tester (Shimadzu,

Kyoto, Japan). The sample surface was lubricated to minimize bulging deformation in these

tests. The aluminum samples after high temperature compression test were shown in Fig.

4.5.

4.4 Characterization of strain rate dependency

In this section, material constants of the strain-rate-dependent plasticity were determined

to minimize the difference between experiments and its computational simulations in high-
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Fig. 4.4 The P − h curves of aluminum alloy at room temperature to 300°C with different

load rates.



74

Fig. 4.5 The aluminum samples after high temperature compression test at 300°C with dif-

ferent test speeds (a) 1.2mm/s (b) 0.12mm/s (c) 0.06mm/s.
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temperature indentation tests. Moreover, the material response based on the constitutive

model and the determined material constants was validated in compression tests at the same

temperature.

4.4.1 Determination of material constants

The material constants were determined to minimize the difference in the P–h curves

between the experiments and the corresponding simulations for three loading speeds. In this

study, the elastic constants E and n at 300 °C were obtained from the literature 65) as 59 GPa

and 0.35, respectively. The work-hardening exponent n was assumed to be 0.08, which is

considered identical to that of the tensile test at room temperature for simplicity. Thus, the

optimization problem is defined as follows:

minimize[∆(Kp,Kvp,m)],

∆ :=
Ncase∑
i=1

 1

hexp,eh
i

(
|hexp,bh

i − hsim,bh
i | + |hexp,eh

i − hsim,eh
i |

) , (4.2)

where hexp,bh
i , hsim,bh

i , hexp,eh
i , and hsim,eh

i are the indentation depths at the beginning and end of

the holding process in the experimental and simulation results of the i-th case, respectively.

Ncase is the number of the loading rate cases. In this study, Ncase = 3, as specified in Section

4.3.2. ∆ is the difference between the experimental and simulated P–h curves. In the both

cases of α ∈ (0, 1) and α = 1, the sets of material constants were determined to solve

the optimization problem (Equation (4.2)) using the Levenberg–Marquardt method 61) as

follows:

α ∈ (1, 0) : (Kp,Kvp,m) = (17.4MPa, 115.5MPa, 0.2367),

α = 1 : (Kvp,m) = (120.0MPa, 0.160)
(4.3)

where ∆ was 0.0731 for α ∈ (0, 1) and 0.0784 for α = 1. For α ∈ (0, 1), the strain-rate-

independent- initial yield strength is calculated as σY = 8.48 MPa. Although the strength
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is non-negligible, the appropriate material constants can be found even in the case of α = 1

(under the constraint of Kp ≡ 0). The P–h curves obtained in the experiments and simulations

using the determined material constants are shown in Fig. 4.6. Additionally, the relation-

ship between the depth and time during the holding process at the maximum applied load

is shown in Fig. 4.7. The strain-rate-dependent deformation behavior in the instrumented

indentation tests was reproduced in computational simulations using the constitutive model

in both cases. But the unloading part shows a difference between the simulation and exper-

iment. The unloading curves in the experiment show the creep behavior still occurs even

in the unloading stage, which caused the curvature shape in unloading curves. The creep

behavior in the unloading stage cannot be well represented by the simulation, which may

be due to the experimental condition or the limitation of the constitutive model. From the

results of the finite element analyses in the case of α ∈ (0, 1), the distributions of Mises

stress and equivalent plastic strain at the beginning and end of the holding processes for the

loading rates of 0.1 and 10 N/s are shown in Fig. 4.8 and Fig. 4.9, respectively. At the be-

ginning of the holding process at the maximum applied load, the stress concentration around

the indenter tip was observed in the case of a high loading rate, whereas the stress distri-

bution was uniform in the case of a slow-loading rate due to the relaxation provided by the

strain-rate-dependent deformation during the loading process. In addition, the distributions

of an equivalent plastic strain before and after the holding process exhibit the evolution of

the equivalent plastic strain during the holding process, which is more prominent in the case

of a high loading rate.

4.4.2 Validation in compression tests

Using the constitutive model (Equation (2.37)) and determined material constants (Equa-

tion (4.3)), computational simulations of the compression tests at three test speeds (1.20,

0.12, and 0.06 mm/s) were performed. The friction coefficient 0.16 of the compression tests

simulation was determined by the surface morphology of the samples after compression tests

and simulations shown in Fig. 4.10.
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Fig. 4.6 Load–depth curves obtained in the experiments and simulations using the deter-

mined material constants. The dashed lines indicate the simulation results.

Fig. 4.7 Depth–time curves obtained in the experiments and simulations using the deter-

mined material constants. The dashed lines indicate the simulation results.
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Fig. 4.8 von Mises stress distribution at the beginning and end of the holding processes

in the computational simulations using the determined material constants for α ∈

(0, 1).

Fig. 4.9 Equivalent plastic strain distribution at the beginning and end of the holding pro-

cesses in the computational simulations using the determined material constants

for α ∈ (0, 1).
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Fig. 4.10 (a) The surface morphology of compression test simulations and (b) the samples

after compression tests (c) the relationship of friction coefficient and area ratio.
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The load–stroke curves obtained from the experiments and simulations at 300 °C are

shown in Fig. 4.11. The results indicate that the load levels of the simulations are less con-

sistent than those of the experiments, although the strain-rate-dependent material responses

were characterized in the computational simulations. In other words, the constitutive model

is applicable for reproducing the material behavior at high temperature; however, the material

responses evaluated in the instrumented indentation tests did not agree with those obtained

in the compression tests.

Fig. 4.11 Load–stroke curves in the experiments and simulations using the determined ma-

terial constants. The dashed lines indicate the simulation results.

The critical difference between the instrumented indentation test and bulk test is the scale

of the deformation domain. In the instrumented indentation tests, the influence region of the

residual stress and plastic deformation is estimated as smaller than a hemisphere with a ra-

dius of 500 µm as shown in Fig. 4.8 and Fig. 4.9; i.e., the evaluation domain contained a

few crystal grains. Therefore, the instrumented indentation tests were not carried out for a

polycrystal. This can be considered as an origin of the discrepancy. In fact, distinctive mate-

rial behaviors at high temperature such as grain boundary sliding were reported in aluminum

alloys 66),67). The microscopic heterogeneity does not have a significant effect at room tem-

perature 1),68),63); however, the discrepancy arises particularly at high temperature. The scale

and temperature effects require further investigations.
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4.5 Summary

A new estimation approach for strain-rate-dependent plasticity was developed based on

the instrumented indentation tests, where the material constants of the strain-rate-dependent

constitutive model were determined from the results of experiments and the corresponding

computational simulations at different test speeds. This approach can estimate the strain-

rate-dependency of the material response in high-temperature indentation tests; however,

the estimated mechanical properties were not consistent with the results of the compression

tests. The estimation of bulk properties using high-temperature indentation tests remain an

unsolved problem.

In this study, we focused on the material behavior of one alloy sample under the isother-

mal single condition. Through a systematic examination of various samples and thermal

conditions, the microstructure and temperature dependencies can also be characterized using

the proposed approach.



Chapter 5

Conclusions

In Chapter 1, the brief introduction of the mechanical properties of alloys and the instru-

mented indentation test has been discussed. Compared with the standard tensile/compression

test, instrumented indentation test shows excellent potential for the high-throughput evalua-

tion for the mechanical properties. The existing approaches using instrumented indentation

test to estimate the stress-strain relationship corresponding to the tensile test show some ex-

periment limitation and accuracy problems. To solve these problems, the purpose of this

thesis is to propose a new estimation method of plastic properties using instrumented inden-

tation test with a single indenter.

In Chapter 2, the estimation method of plastic properties using instrumented indentation

test has been discussed in detail. Following the basic theory of metal plasticity, the strain-

rate independent and dependent constitutive model used in this study has been proposed to

represent the plastic properties of alloys. In this chapter, two different estimation methods

were proposed to estimate the plastic properties of alloys using instrumented indentation

tests. First, the sensitivity of experimental parameters from a single indentation test result

was numerically examined. The pile-up height and curvature of the loading part of the p-h

curve were used to determine the material constants of the constitutive model. The finite

element model and the solution method used in this study have also been introduced in

this chapter. Second, the neighboring indentation test was proposed to estimate the plastic

82
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properties by utilizing the interaction between the two indentations at neighboring positions.

The neighboring indentation method’s suitable experimental parameters and conditions were

numerically examined. The curvature difference between the two indentations was used to

determine the material constants of the constitutive model. The next chapter will validate the

proposed methods for application to aluminum alloys and stainless steel.

In Chapter 3. Firstly, the estimation results using pile-up height and loading curvature

of the P − h curve show good agreement with experimental tensile results and existing ap-

proaches. The neighboring indentation test was also used to determine the material constants

that show more accurate estimation results than only considering the single P − h curve and

pile-up height. But the linear hardening behavior of stainless steel cannot be represented by

a simple power-law hardening model; a new estimation method with the modified constitu-

tive model was proposed to improve the accuracy of the estimation results. The modified

constitutive model and the estimation method’s detail have been discussed and show better

estimation results in yield stress and ultimate tensile strength.

In Chapter 4, the above approaches only consider strain-rate-independent plasticity. To

extend this estimation method to rate-dependent plasticity, the high temperature instrumented

indentation results with different loading rates were used to determine the material constant

of a modified rate-dependent constitutive model. This method was validated to aluminum

alloy at 300 °C, and the estimated material constants were compared with the compression

test at the same temperature. Although the modified constitutive model can represent the

rate-dependency of instrumented indentation results, the load level of the simulation is less

consistent than those of the experiments. However, the strain-rate-dependent material re-

sponses were characterized in the computational simulations. In other words, the constitutive

model is applicable for reproducing the material behavior at high temperatures; however, the

material responses evaluated in the instrumented indentation tests did not agree with those

obtained in the compression tests. The critical difference between the instrumented indenta-

tion test and the bulk test is the scale of the deformation domain. Specific material behaviors

at high temperatures such as grain boundary sliding or local softening were reported in alu-

minum alloys. The microscopic heterogeneity does not have a significant effect at room
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temperature; however, the discrepancy arises particularly at high temperatures. The scale

and temperature effects require further investigations.

In summary, the estimation methods of plastic properties using instrumented indentation

tests were proposed in this thesis. The suitable experimental parameters and indentation

conditions were experimentally and numerically examined. The proposed methods were

validated for application to aluminum alloys and stainless steel and showed good agree-

ment compared with the experimental tensile test results. These estimation methods are

suitable for high-throughput experiments due to the simple experimental conditions, and

the data-driven method can be used for various alloys with different deformation behavior.

These approaches can also be extended to characterize the strain-rate-dependent plasticity

by combining with the high-temperature indentation test. The high-temperature indentation

test results with different loading rates were used to determine the material constants in the

strain-rate-dependent constitutive model. The proposed method can characterize the strain-

rate-dependency in the high-temperature indentation, but the difference in the load level

caused by scale effects remains unsolved. This thesis shows the great potential of instru-

mented indentation tests as a high-throughput evaluation method of mechanical properties.

It is also suitable to characterize the heterogeneous properties in multi-scale. These methods

can be further extended by combining with the crystal plasticity finite element method to

characterize the transformation- / twinning- induced plasticity and the anisotropy of crystals.
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