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Abstract— We discuss the fundamental aspects of how
discrete impurities could be physically modeled under
the framework of the Drift-Diffusion (DD) simulations. The
detailed physical interpretations of potential fluctuations,
impurity-limited mobility, and an appropriate modeling to
represent the discrete nature of impurities are explained.
The present analyses are validated by DD simulations with
various types of discrete impurity models. The traditional
mobility model which reproduces the experimental mobility
at various impurity densities could be used in our long-
range discrete impurity model, whereas localized impurity
models in which impurity charge is spatially localized at
each impurity site induce unphysical polarization fields
in semiconductor substrate and are unable to predict the
correct mobility.

Index Terms— random dopant fluctuation (RDF), discrete
impurity, hydrodynamic limit, Drift-Diffusion simulation,
Coulomb interaction

I. INTRODUCTION

The pursuit of scaling merit of silicon-based electron de-
vices is being under progress in nano-meter regimes and, as
a result, the role of device simulation gets more and more
important to predict reliable device characteristics [1]. Among
the issues related to device simulations, reliable predictions of
random dopant fluctuations (RDFs) are of critical importance
because they are a dominant factor that prevents further minia-
turization of silicon-based electron devices [2]. In the past
few decades, intensive simulation studies on RDFs have been
carried out by the DD simulation scheme [3]–[10]. However,
an introduction of discrete impurities into DD simulations
has some ambiguity: Since the RDFs result from the discrete
nature of impurities, it is critically dependent on how discrete
impurities are represented in the DD simulations. We have
recently revisited this problem to clarify the physics behind
RDFs in the DD simulation scheme [11], [12].

A key to understand the physics of RDFs lies in the fact
that ionized impurities are not completely screened by free
carriers during device operation and it is an unscreened part
of the impurity potential that shows up as potential fluctuations
responsible to the variabilities in device characteristics [12].
Hence, the potential fluctuations could be identified as the
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“long-range” part of the impurity potential whose wavelength
is greater than the screening length. On the other hand, the
short-range part of the impurity potential should be explicitly
excluded from the Poisson equation to avoid the double-count
in both the Poisson and current-continuity equations.

However, there is still ambiguity in the usage of a traditional
mobility model under discrete impurities [11], in which the
electron mobility is parametrized as a function of impurity
density to reproduce the experimental mobility in bulk. For
example, the concept of mobility clearly breaks down near
threshold at very low temperature where the current is domi-
nated by percolation paths. In decano-scale devices, the mean-
free-path of carriers is comparable to or even larger than the
characteristic length over which potential and density change
so that local equilibrium, and hence hydrodynamic approxima-
tion, breaks down. Although the concept of mobility inherently
has a limitation to describe the correct transport characteristics,
the device properties are dominated by electrostatics.

Nevertheless, the usage of improper mobility in DD simu-
lations leads to unphysical device characteristics, as we shall
demonstrate in the present paper. This results from the fact that
the impurity density used to extract the value of mobility from
the mobility model is not clear because impurity density is
either spatially localized or artificially spread in the substrate,
depending on the discrete impurity model employed in the
simulations [13]. In the present paper, we address this issue
and show that the mobility could be directly evaluated with the
impurity density in our discrete impurity model. Our claims
are then justified by performing the DD simulations under
various types of impurity models.

II. DISCRETE IMPURITY IN DRIFT-DIFFUSION
SIMULATION

A. Interpretation of Potential Fluctuations

Firstly, we would like to stress that the equations in the DD
simulations are derived from the Boltzmann transport equa-
tion under local equilibrium approximation (hydrodynamic
limit) [14], [15] and, thus, the physical quantities such as po-
tential, density, and current density are expressed as continuous
and smooth functions of position. This is equivalent to saying
that the spatial resolution is limited by a mean-free-path of
dominant scattering in the substrate [6], [7].

To represent the discrete nature of impurity, we assume, for
simplicity, that each impurity is represented by a point charge.
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Then, the “microscopic” impurity density is expanded by the
Fourier series as

Nmicro
imp (r) =

m

∆V
+

m∑
i=1

1

∆V

∑
k̸=0

eik·(r−Ri), (1)

where m is the number of impurities included in a small vol-
ume ∆V around the position r, and Ri is the position vector
of the i-th impurity. The first term is the impurity density
corresponding to the zero-Fourier component and the second
represents the density fluctuations due to the discrete nature
of impurities. Notice that the macroscopic impurity density
N̄imp, denoted as the “jellium” impurity density hereafter,
is given by averaging Nmicro

imp (r) over all possible impurity
configurations in ∆V . Hence, N̄imp (= m/∆V ) becomes
identical to the zero-Fourier component of Nmicro

imp (r). This
implies that all non-zero Fourier components of the impurity
potential are regarded as scattering potential in the traditional
DD simulations and taken into account through the mobility
model implemented in the current-continuity equation. How-
ever, the impurity-limited mobility is, in most cases, evaluated
by Yukawa’s screened Coulomb potential and only the Fourier
components whose wavelength is smaller than the screening
length are treated as scattering potential. The rest of the non-
zero Fourier components, denoted as the long-range part of
the impurity potential, is assumed to be screened by carriers
and, thus, completely ignored in DD simulations.

The above scenario, however, holds true only if the equi-
librium condition along with the overall charge neutrality is
fulfilled. Near threshold voltages in MOSFETs, the channel
region is depleted and the assumption of “complete screening”
breaks down, and, hence, the long-range part of the impurity
potential shows up as potential fluctuations. To represent
the discrete nature of impurities, we need to introduce this
unmasked part of the impurity potential explicitly into the
Poisson equation. The short-range part of the impurity po-
tential must be excluded from the Poisson equation to avoid
the double-count in both the Poisson and current-continuity
equations, although other length scales such as mean-free-path
and mean separation of impurities are also involved in taking
account of the details of scattering process.

B. Discrete Impurity Model for Drift-Diffusion Simulations

We notice that the long-range part of the impurity potential
is identical (except its charge polarity) to the potential induced
by excess carriers around impurities for screening. Therefore,
if each impurity charge is spread in space and represented in
accordance with the induced carrier density in the Poisson
equation, the impurity charge density exactly cancels with
that of induced carriers and the resulting electrostatic potential
under equilibrium reduces to that of the jellium impurity. In the
subthreshold regimes, on the other hand, an unscreened part
of the impurity potential shows up as potential fluctuations.
The impurity density is then derived by employing the linear
approximation for screening and calculated by

ρlong (q) = −εsq
2

(
1

ε (q)
− 1

)
ϕbare (q) , (2)

where εs is the static dielectric constant of the semiconductor
substrate, ϕbare (q) is the bare Coulomb potential of an
impurity, and ε (q) is the (relative) dielectric function. The
inverse Fourier transform of Eq. (2) is the impurity density in
real space and referred to the (long-range) discrete impurity
model. The details are presented in Ref. [12].

As a simple example, the discrete impurity model in bulk
where boundary and interface of the semiconductor substrate
are ignored is easily derived [11]. The result is given by

ρlong (r) = e
qc

2

4π

e−qcr

r
, (3)

where qc is the inverse of the screening length. This is
the discrete impurity density applicable to bulk structures.
The electrostatic potential induced by Eq. (3) becomes the
difference between the bare impurity potential and the Yukawa
(scattering) potential. This is exactly what we have intended
for the discrete impurity model consistent with the framework
of the DD simulation. Notice that the electrostatic potential is
“numerically” evaluated through DD simulations once each
localized impurity is represented by the discrete impurity
model such as Eq. (3) in the Poisson equation.

The present approach could be applied to more complicated
structures where discrete impurities reside in nano-scale device
structures so that the substrate is surrounded by boundary
and/or interface. For such cases, the long-range part of the
impurity potential is obtained by the charge density of the
screening carriers (with opposite sign) under the influence
of boundary and/or interface. The bare Coulomb potential of
an impurity near interface is calculated by Green’s function
with appropriate boundary conditions and, thus, the discrete
impurity density consistent with the device geometry is easily
obtained from Eq. (2). The discrete impurity density near
the gate-oxide interface has been studied along this line in
Refs. [12], [16].

C. Interpretation of Mobility under Discrete Impurities
Since the impurity density artificially spreads in space in the

discrete impurity model, it is not clear which impurity density
should be referred to in evaluating mobility from the mobility
model implemented in the current-continuity equation. To
clarify this point, we first recall that the electrostatic potential
appeared in the current-continuity equation corresponds to
the long-range part of the impurity potential. Therefore, the
drift velocity is driven by this long-range potential modula-
tions. This is physically reasonable because drift velocity is
an “average” velocity of electrons, in contrast with thermal
velocity of individual electrons, and the long-range part of
the Coulomb potential is indeed responsible to induce such
collective behaviors of electrons. In other words, a clear
distinction between the drift and thermal velocities is critical
and to exclude the short-range part of the impurity potential
from the Poisson equation is inevitable.

Another point is that the scattering time τn included in
electron mobility, µn = eτn/m, is also an “average” quantity.
In the regime of high impurity densities (≥ 1018 cm−3)
with which we are mainly concerned in nanoscale devices,
the Coulomb interaction, namely, impurity scattering and
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TABLE I
IMPURITY’S MEAN-SEPARATION, SCREENING LENGTH AND

LONG-RANGE POTENTIAL FLUCTUATIONS
N̄imp (cm−3) rms (nm) λc (nm) e∆ϕ (meV)

1017 13.4 12.9 9.45
1018 6.20 3.89 31.4
1019 2.88 1.30 93.9
1020 1.34 1.02 120

electron-electron scattering, dominates [17], [18]. Then, τn
is averaged over the electron distribution function (weighted
with energy) and over all possible configurations of impurities.
The latter average results from an implicit assumption in
impurity scattering that impurities are randomly distributed
in the substrate. Therefore, the inverse of τn obtained from
Fermi’s golden rule is averaged over impurity configurations
and the squared amplitude of the transition matrix becomes
simply proportional to the “jellium” impurity density N̄imp;⟨

|V (q)|2
⟩
=

∫
∆V

d3R1

∆V
· · · d

3Rm

∆V∣∣∣∣∣ 1

∆V

∫
d3r e−iq·r

m∑
i=1

(−e)ϕshort (r−Ri)

∣∣∣∣∣
2

=
N̄imp

∆V

∣∣eϕshort (q)
∣∣2, (4)

where ϕshort (r−Ri) is the short-range (scattering) potential
due to the i-th impurity at Ri and ϕshort (q) is its Fourier
transform. Hence, an explicit information of impurity position
is lost (under the Born approximation) and the exact location
of impurities in τn (and, thus, in µn) becomes irrelevant under
the framework of the DD simulation. This implies that τn
(or µn) is meaningful over the volume comparable to the
mean-free-path of impurity scattering, which is roughly equal
to impurity’s mean-separation [19]. Since impurity’s mean-
separation is comparable to the screening length as shown in
Table I, the impurity density in our discrete impurity model
could be safely used to extract the value of mobility from
the traditional mobility model. We should point out, however,
that this accidental similarity between the screening length and
mean-separation of impurities is true only for bulk Si. In the
cases of III-V compound semiconductors or low-dimensional
structures, this similarity breaks down and, strictly speaking,
the usage of “mobility” in DD simulations becomes more
questionable in such cases.

We would like to stress that this argument makes sense
only if the impurity potential is separated into the long- and
short-range parts so that only the short-range part of the
potential is treated as scattering potential and excluded from
the Poisson equation. Otherwise, the long-range part of the
impurity potential would overlap among impurities and the
scattering potential of each impurity could not be regarded
as identical and, thus, the last equality of Eq. (4) breaks
down. In other words, the exact location of impurities matters
only for the long-range part of the impurity potential in the
Poisson equation and is irrelevant for the short-range scattering
potential in the current-continuity equation.

D. Fluctuation-Dissipation Theorem under Discrete
Impurities

In the present discrete impurity model, the “long-range”
potential modulation shows up explicitly in the subthreshold
regimes with a small drain voltage and the carrier density is
locally modulated around impurities. Therefore, under quasi-
equilibrium, the “local” diffusion current induced by such
density modulation needs to be balanced by the “local” drift
current induced by potential modulation around impurities.
This is one of the physical contexts of the fluctuation-
dissipation theorem [20]. The electrostatic potential under the
discrete impurities is then separated into two terms;

ϕ (r) = ϕ̄+ δϕ (r) , (5)

where ϕ̄ is the electrostatic potential caused by the jellium
impurity and δϕ (r) is the “long-range” potential modulation
associated with discrete impurities. Notice that ϕ̄ is identical to
the potential induced by the zero Fourier component of the mi-
croscopic impurity density Nmicro

imp (r). Strictly speaking, ϕ̄ is
also dependent of position through the spatial variation of the
jellium impurity density N̄imp. Its variation is, however, very
gradual compared with that of δϕ (r) and could be ignored
in the present arguments. According to statistical mechanics,
the (classical) electron density under quasi-equilibrium of
the linear response regimes is modulated in accordance with
Eq. (5), namely,

n (r) = nϕ=0e
eϕ(r)
kBT ≈ n̄

[
1 +

e

kBT
δϕ (r)

]
≡ n̄+ δn (r) , (6)

where n̄ = nϕ=0 exp
(
eϕ̄/kBT

)
, kB is the Boltzmann con-

stant, T is temperature, and δn (r) is the density modulation
associated with δϕ (r); δn = en̄δϕ/kBT . Here, we have used
the linear approximation such that the density modulation is
proportional to the potential modulation. This is consistent
with the Thomas-Fermi approximation employed in construct-
ing the discrete impurity model.

The diffusion current density induced by the local density
modulation δn (r) is then given by

Jlocal
n,D (r) ≈ eDnn̄

e

kBT

∂δϕ (r)

∂r
. (7)

Notice that this is justified because δϕ represents the “long-
range” potential modulation, which is longer than a screening
length, and hence, a mean-free-path. Under quasi-equilibrium,
Einstein’s relation (the fluctuation-dissipation theorem), Dn =
(kBT/e)µn, must hold. Hence, Jlocal

n,D (r) induced by δn (r)
becomes identical (except its sign) to the local drift current
density Jlocal

n,µ (r) induced by δϕ (r);

Jlocal
n,D (r) = −en̄µn

(
−∂δϕ (r)

∂r

)
= −Jlocal

n,µ (r) . (8)

Therefore, the local diffusion current is exactly balanced with
the local drift current under quasi-equilibrium, even when
impurities are represented as discrete in the Poisson equation.
Furthermore, Eq. (8) clearly indicates that the value of µn

should be interpreted as the one under the average electron
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Fig. 1. Schematic drawing of the resistor structure employed in DD
simulations. The discrete donor impurities are randomly distributed in
the substrate and represented by solid dots. The colored (grey) regions
near the contacts represent the jellium impurity regions.

density n̄ or, equivalently, N̄imp. This justifies the use of the
impurity density spread in space to extract the value of µn

from the impurity-density dependent mobility model in the
current-continuity equation.

This argument breaks down when the “short-range” part of
the impurity potential is also included in δϕ (r) in Eq. (5)
by localizing the impurity charge at each impurity site. In that
case, δn (r) in Eq. (6) becomes unrealistically large at impurity
sites. This implies that electrons are trapped by impurities
and cannot represent free carriers. As a result, the balance
between the diffusion and drift currents associated with local
modulations in density and potential is broken. In other words,
the concept of mobility and, hence, Einstein’s relation break
down at the length-scale shorter than a mean-free-path. This
leads to an artificial threshold voltage shift in MOSFETs,
as observed in early ‘atomistic’ DD simulations with point
charge impurities [3]–[5], because the impurity density in
the semiconductor substrate is effectively lowered due to the
carriers trapped by deep impurity potentials [7].

III. SIMULATION RESULTS AND DISCUSSION

A. Device Structure and Impurity Localized Models
We employ a simple resistor structure for DD simulations,

as shown in Fig. 1, in which the discrete donor impurities
are randomly distributed in silicon substrate and represented
by solid dots. The grey regions at the endpoints with the
length of 20 or 10 nm represent the jellium impurity regions
where the continuous impurity density is assumed. Inserting
the jellium regions in the substrate is required in the cases of
localized impurity models (as will be defined below) to avoid
potential discontinuity taking place at the contacts where the
fixed boundary condition is applied [3], [4]. Although this kind
of problem does not arise in our discrete impurity model, the
same device structure including the jellium regions is used for
all impurity models to make fair comparisons. The average
impurity density is assumed to be N̄imp = 1018, 1019 or
1020 cm−3. The length of the resistor is L = 440 nm with
the mesh spacing of a = 1 nm for N̄imp = 1018 cm−3 and
L = 120 nm with a = 0.5 nm for N̄imp = 1019, 1020 cm−3.
The cross-sectional area is S = 20× 20 nm2. The length and
cross-sectional area are intentionally made large so that the
effects associated with the interface (boundary) and quantum
confinement are insignificant.

In order to represent the discrete nature of impurities in
DD simulations, we employ, in addition to the present discrete

impurity model given by Eq. (3) (referred to the long-range
model in the present section), the following three localized
impurity models,
(1) Exponential localized model;

ρlocalY (r) =
e

4πa2
e−r/a

r
, (9)

(2) Gaussian localized model;

ρlocalG (r) =
e

(2πa2)
3/2

e−
r2

2a2 , (10)

(3) NGP (Nearest-Grid-Point) localized model;

ρlocalNGP (r) =
e

a3
θ
(a
2
− |x|

)
θ
(a
2
− |y|

)
θ
(a
2
− |z|

)
. (11)

Here, a is the mesh-spacing employed in DD simulations.
Hence, an impurity charge in the above formulas is localized
in the region comparable to a and the localization is strongest
in the NGP localized model. Notice that Eqs. (3) and (9) have
the same functional form. However, qc is fixed at the screening
length in Eq. (3), whereas a in Eq. (9) is, of course, dependent
of the mesh used in DD simulations.

B. Drift-Diffusion Simulation Results
Fig. 2 shows the electrostatic potential, electron mobility,

and electron density along the x-axis obtained from the DD
simulations under a specific impurity configuration in the
resistor (L = 120 nm) with N̄imp = 1019 cm−3. The
four different impurity models, namely, the long-range model
and three localized models defined above, are employed.
The electron mobility is locally evaluated from the impurity-
density dependent mobility model and, thus, simply reflects
the local impurity density in each discrete impurity model.
The horizontal dotted lines represent the values obtained from
the DD simulations under the jellium impurity. The shaded
regions at both endpoints are the jellium impurity regions.

The electrostatic potential is, of course, more spiky as the
impurity density is more localized in space. However, the mag-
nitude of the potential fluctuations induced by the long-range
model is much smaller than that estimated from the long-range
part of the bare impurity potential: The potential fluctuations
due to the long-range part of the bare impurity potential are
listed in Table I. This observation clearly demonstrates that the
long-range part of the impurity potential is mostly screened
by carriers and that the short-range part of the impurity
potential is properly excluded from the Poisson equation in
the long-range model. The electron mobilities in the localized
models are much larger than that in the long-range model. In
particular, the electron mobility in the NGP localized model
is given by the phonon-limited mobility (∼ 1400 cm2/V·s) in
most regions and the average mobility tends to be much larger
than that in the jellium impurity. Furthermore, the overall
electron density in the NGP localized model is greatly reduced
in the discrete impurity region, compared with that in the
(shaded) jellium regions. This is because electrons are trapped
at impurity sites by deep impurity potential and the substrate
impurity density is effectively lowered.

We have carried out about one hundred DD simulations
by varying the impurity configurations in the resistors and
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Fig. 2. (a) Electrostatic potential, (b) electron mobility, and (c) electron
density along the x-axis obtained from the DD simulations with four
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The horizontal dotted lines represent the values obtained from the DD
simulations under the jellium impurity and the shaded regions at both
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confirmed that the above results are quite universal no mat-
ter how impurities are configured. The average mobility is
calculated by two different methods: The current-voltage (I-
V) characteristics from DD simulations are used to find the
resistance R and mobilities are calculated from the formula,
µn = L/(en̄SR). Then, they are averaged over all impurity
configurations. The calculation results are shown in Fig. 3
(denoted by “From I-V”) for N̄imp = 1019 and 1020 cm−3.
In the other method, the local mobilities extracted from the
impurity-density dependent mobility model (as done in Fig. 2)
are averaged over both position and impurity configurations
(denoted by “From mobility model”). The horizontal dotted
lines in Fig. 3 represent the values under the jellium impurity.
It is clear that the average mobilities obtained from the two
methods are very close to each other in the long-range model
and similar to the value under the jellium impurity. On the
other hand, the localized models overestimate the average
mobility, and the mobilities obtained from the two methods
are quite different. Since the localized models strongly depend
on the mesh-size employed in DD simulations, the present
results for the localized impurity models are even optimistic
because of relatively large mesh-size employed (a = 0.5
nm). Nevertheless, the NGP localized model yields the largest
mobility among the localized models and the discrepancy of
the average mobilities obtained from the two different methods
is very large, as indicated by arrows in Fig. 3.

This discrepancy in average mobility for the NGP localized
model is explained as follows. Fig. 4 shows the internal
potential and polarization charge density along the resistor for
N̄imp = 1019 and 1020 cm−3. Here, the internal potential
at position x is defined by ϕav

int (x) = ϕav
V (x) − ϕav

V=0 (x) −
∆V (x), where ϕav

V (x) is the potential averaged over impurity
configurations when the voltage V is applied and ϕav

V=0 (x)
is the one when no voltage is applied. ∆V (x) (= xV/L)
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is the potential increment at x due to V . Therefore, ϕav
int (x)

represents the potential obtained by eliminating all external
and fluctuating potentials associated with discrete impurities
and, thus, should be zero over the resistor in the ideal case.
We find that ϕav

int (x) is nearly zero in the long-range model,
whereas very strong polarization charges, obtained from the
second derivative of ϕav

int (x), arise at the boundaries between
discrete and jellium impurity regions in the NGP localized
model. This is due to the discontinuity of mobility at the
boundaries: In the discrete impurity region, electron mobil-
ity in the NGP localized model is nearly phonon-limited,
whereas in the (shaded) jellium regions it suddenly drops
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Fig. 5. Electron mobility in Si obtained from the DD simulations with
the long-range model and the NGP localized model as a function of
impurity density. The solid line represents the curve of the impurity-
density dependent mobility model fitted to the experimental mobilities.

to the impurity-limited mobility, as shown in Fig. 2. As a
result, electrons are accumulated or depleted at the boundaries
between the two regions and a strong polarization field arises
against the external electric field. The current in the NGP
localized models is then reduced compared with that under
the jellium impurity, and so is the average mobility.

The polarization field found in Fig. 4 is, of course, an
artifact and this finding supports our claims that the usage of
the localized impurity models to extract the value of mobility
from the traditional mobility model is inconsistent with the
framework of the DD simulation. On the other hand, the long-
range impurity model leads to similar mobilities to those from
the jellium impurity. This is confirmed from Fig. 5, in which
electron mobilities obtained from the DD simulations with the
long-range model and the NGP localized model are plotted as a
function of impurity density. The mobilities evaluated from the
I-V characteristics are used. The solid line shows the mobility
of the impurity-density dependent mobility model fitted to the
experimental results. The long-range model indeed reproduces
the correct mobility at any impurity densities, whereas the
NGP localized model largely overestimates the mobility.

IV. CONCLUSION

We have discussed the fundamental aspects of physical
modeling associated with discrete impurities under the frame-
work of the DD simulation scheme. The physical interpreta-
tions of the potential fluctuations, mobility, and an appropriate
discrete impurity model to represent the discrete nature of im-
purities in DD simulations have been theoretically discussed.
The present analysis has been validated in DD simulations by
showing that the traditional mobility model could be safely
used in our discrete impurity model, whereas the localized
impurity model induces an unphysical polarization field in the
substrate and is unable to reproduce the correct mobility.
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