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1 Introduction

A common feature of high-dimensional data is that the data dimension is high,
however, the sample size is relatively low. We call such data “HDLSS” data.
The current work handles the classification problem in the HDLSS framework.
Suppose we have two independent populations, II;, i = 1,2, having a d-variate
distribution with unknown mean vector p; and unknown covariance matrix
X;. We do not specify any distributional function for I7;. We have independent
and identically distributed (i.i.d.) observations, @;1, ..., ®;,,, from each IT;. We
assume n; > 2. Let &y be an observation vector of an individual belonging to
one of the II;s. We assume o and x;;s are independent. Let N = n; +ny. We
consider the HDLSS context in which d — oo while N is fixed or N/d — 0 as
d, N — oo.

In the HDLSS context, Hall et al. (2005), Marron et al. (2007) and Qiao
et al. (2010) considered distance weighted classifiers. Hall et al. (2008), Chan
and Hall (2009) and Aoshima and Yata (2014) considered distance-based clas-
sifiers. Aoshima and Yata (2018b) considered a distance-based classifier based
on a data transformation technique. Aoshima and Yata (2011) and Aoshima
and Yata (2015) considered geometric classifiers based on a geometric rep-
resentation of HDLSS data. Aoshima and Yata (2018c) considered quadratic
classifiers in general and discussed an optimality of the classifiers under high-
dimension, non-sparse settings. On the other hand, Hall et al. (2005), Chan
and Hall (2009), Qiao and Zhang (2015) and Nakayama et al. (2017) investi-
gated asymptotic properties of the linear support vector machine (SVM) in the
HDLSS context. Huang (2017) investigated the SVM in the high-dimension,
large-sample-size context as d/N — ¢ > 0. Vapnik (2000), Scholkopf and
Smola (2002), Hall et al. (2005) and Qiao and Zhang (2015) investigated the
versatility of the SVM both for low-dimensional and high-dimensional data.
Hall et al. (2005), Chan and Hall (2009) and Qiao and Zhang (2015) showed
that the misclassification rates of the linear SVM tend to zero as d — oo under
certain strict conditions in the HDLSS context. Under mild conditions in the
HDLSS context, Nakayama et al. (2017) pointed out the strong inconsistency
of the linear SVM when n;s are imbalanced. Nakayama et al. (2017) gave
a bias-corrected linear SVM and showed its superiority to the linear SVM.
As long as we know, asymptotic properties of non-linear SVMs seem not to
have been sufficiently studied in the HDLSS context. In the current paper, we
investigate non-linear SVMs in the HDLSS context.

We introduce a high-dimensional geometric representation. Let us consider
the following condition for X;, ¢ = 1,2:

tr(X3)/tr(X;)* = 0 as d — oo. (1)

We note that the ratio, tr(X?)/tr(X;)?, is a measure of sphericity and (1) is
equivalent to “Apax(32;)/tr(X;) — 0 as d — 00”, where Apax(X;) denotes the
largest eigenvalue of X;. See Ahn et al. (2007) and Aoshima and Yata (2018b).
If we assume (1) and (A-ii) given in Sect. 3, we have that

lzo — p;]| = tr(Z:)2{1 4+ 0p(1)} as d — co when x € II;
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from the fact that Var(||zo — p,;]|?) = O{tr(X3)} when x¢ € II;, where || - ||
denotes the Euclidean norm. Thus, the centroid data concentrate near on the
surface of an expanding sphere with radius, tr(Z‘i)l/ 2, when the dimension
is large. See Hall et al. (2005) for the details of the geometric representa-
tion. We consider a toy example to see the geometric representation. We set
II; : Ng(p;, X)), i = 1,2, having ¥y = I; and Xy = 214, where I de-
notes the d-dimensional identity matrix. Note that (1) and (A-ii) are met.
Thus, for a large d, we expect that ||zg — p,||/d"/? ~ 1 when zy € II; and
|0 — o] /d*/? = 21/2 when xq € IT,. Independent pseudorandom 2000 obser-
vations of ||zg — ;|| /d*/? were generated when x € IT; for i = 1,2. In Fig. 1,
we gave histograms of ||@o—p,||/d"/? for &y € IT;,i = 1,2, when d = 16, 80,400
and 2000. We observed that ||@o — p;]|/d"/?s converge to tr(X;)Y/?/d*/? for
each case as d increases. In other words, &g concentrates on the surface of the
d-dimensional sphere with centre p; and radius tr(X;)/? as in Fig. 2. In this
paper, we focus on the geometric representation for high-dimensional classifi-
cation.

[Figs. 1 and 2 should be inserted here]

In Sect. 2, we consider non-linear SVMs in a general framework and study
their asymptotic properties in the HDLSS context. We show that non-linear
SVMs are heavily biased in the HDLSS context especially for imbalanced data.
In order to overcome such difficulties, we propose a bias-corrected SVM (BC-
SVM). In Sect. 3, we give asymptotic properties of the BC-SVM both for
the linear and Gaussian kernels. We show that the BC-SVM with the Gaus-
sian kernel draws information about heteroscedasticity thorough the geometric
representation of expanding two spheres having different radii, tr(X;)"/2s. In
Sect. 4, we show that the performance of the BC-SVM is influenced by the
scale parameter involved in the Gaussian kernel. We discuss a choice of the
scale parameter yielding a high performance. Finally, in Sect. 5, we examine
the performance of the BC-SVM with the Gaussian kernel for several choices
of the scale parameter by numerical simulations and actual data analyses.

2 SVM in HDLSS settings

In this section, we consider the SVM in a general framework. We give asymp-
totic properties of the SVM under the following divergence condition:

(D) d — oo either when N — oo as d — oo or N is fixed.

2.1 Setup of SVM

Since HDLSS data are mostly separable by a hyperplane, we first consider the
hard-margin SVM:

y(x) = w'¢(z) + 0, (2)
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where ¢(-) is a feature map, w is a weight vector and b is an intercept term.
Let us write that (z1,...,&n) = (T11,.- ., T1n,, T21,. .., Lon,). Let t; = —1
for j =1,...,n and t; = 1 for j = ny + 1,..., N. By differentiating the
Lagrangian formulation with respect to w and b, we obtain the following dual
form:

N | NN
Lie) =) a;— 3 DN aaytty k(@) (3)
j=1 j=1j=1
where k(zj,z;) = ¢(x;)T¢(z;) is a kernel function, @ = (a1, ..., an)T and

ajs are Lagrange multipliers such as w = Zjvzl aj;tip(x;). The optimization

problem can be transformed into the following: argmax L(a) subject to
(a3

; >0, j=1,...,N, and Zajtjzo. (4)

Let us write that

& = (G1,...,ay)T = argmax L(a) subject to (4).

[e2

Note that 71 d; = Z;V:nlﬂ ;. There exist some x;s satisfying that t;y(x;) =
1 (ie., &; # 0). Such ;s are called the support vector. Let S = {j|&; #0, j =
1,...,N} and Ng = #5S5, where #A denotes the number of elements in a set
A. The intercept term is given by b = Ngl jeslti—2jies Gyrtyk(m), @)}
Then, the classifier in (2) is given by

i(@) = ajtik(m,@;) +b. (5)
jes

One classifies xg into II; if §(zg) < 0 and into I otherwise. See Vapnik
(2000) for the details.

Let e(i) denote the error rate of misclassifying an individual from I7; into
the other class for ¢ = 1,2. We claim that a classifier has the consistency if

e(i) >0 as d— oo fori=1,2. (6)

In this paper, we mainly investigate the following typical kernels.

(I) The linear kernel: k(x;, ;) = «] x; and

(IT) The Gaussian kernel: k(zj,z;) = exp(—|lz; — z;||*/7),
where y(> 0) is a scale parameter. In addition, we discuss a choice of v in
Sect. 4. We examine the following kernels numerically.

(IIT) The polynomial kernel: k(x;,x;/) = (( + ] @;)" and

(IV) The Laplace kernel: k(x;,x;) = exp(—||z; — z;||1/£),
where ¢ >0, ¢ >0, 7 € N and || - ||; denotes the L;-norm.

We also investigate the soft-margin SVM in Sect. 6.
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2.2 Asymptotic properties of non-linear SVM

Let K be an N x N gram matrix with the (j,j') element k(x;, x; ). First, we
assume the following assumption under the divergence condition (D):

(A1) k(z1j,2157) = k1 +op(A) foralll <j<j <mny,
k(x1j,21;) = ko +op(A) forall 1 <j < ny,
k(xoj, @2j1) = k3 +op(A) forall1 <j < j < no,
k(x2j, @a;) = Kka +o0p(A) forall 1 < j < ny,
and k(x1j,x2;/) = k5 +op(A) forall 1 <j<ngand1<j <ny,

where A = k1 + k3 — 2k5 and ks are variables (which may depend on d)
such that A > 0, ko > k1 and k4 > K3.

Note that (A-i) is regarded as a convergence condition for the gram matrix
and A is a distance between the two populations. Also, note that x;s are
characteristic variables for each kernel in high-dimensional settings. They are
naturally obtained by high-dimensional asymptotics. For example, A = ||y —
Hall2, = 2, s = g2+ 66(Z0), ks = gl ia = lpagll? + tx()
and k5 = puf p, when k(-,-) is the linear kernel. See Sect. 3.1. Also, see Sects.
3.2 and 7 for the Gaussian and polynomial kernels, respectively.

Let m = Rz — kK1 and N2 = K4 — K3. ‘We note that k(.’l)ij, .’131']'/) = k(azij/, mij)
for all j # j' (i = 1,2). Then, under (A-i), we write that

Kidnym, + 771[n k5 s n
K/A~ 1,71 1 1,n2 A KA
/ < k5 ng.ny k3 g .ns + N2l n, / ( 0/4, say),

where J,, n, denotes the n; X ng matrix with all the elements 1. Let & =

(=1, =y, 0y g1, )T We note that 370 a; = Z;.V:m_H a; (=
@y, say) under (4). Then, it holds that

ny N
&TKya = Aaf+nlza? + 12 Z a?. (7)
j=1 j=ni+1

The second and third terms in (7) are regarded as a bias part. See Proposition
1. We have that L(a) = 20, — &" K&/2 under (4). Then, from (7) we claim
the following lemma.

Lemma 1 Under (4), (A-i) and (D), it holds that

A, 1/ & al
L(a) = 2a, — 5043 — 5(171 Za? + 12 z oz?) +op(Aa?).
j=1 j=n1+1
Note that
N

ni
. 2_ 2 . 2_ 2
min 7 E aj = agm/n1 and min 7 E aj = agnz/na
Jj=1 j=ni1+1
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when ap =+ = ap, = ay/ny and a1 = -+ = ay = ay/ne under (4). We
first consider the following condition under (D):

lim inf Ui
d—oo N,

>0 fori=1,2. (8)

Let A, = A+m1/n1+n2/n2. Note that 2a, — A,a?/2 = —A,(a, —2/A,)%/2+
2/A,. Then, in a way similar to Sect. 2 of Nakayama et al. (2017), it follows
from Lemma 1 that

2+o0p(1)
A,

A, (a* B 2+ OP(].)

- ) {1+ op(D) +

max L(a) = — 5

under (4), (8), (A-i) and (D), so that o, ~ 2/A,. Let &, = Z?;l &;. Note
that 320, L1 d; = ..
Proposition 1 Assume (A-i) and (8). It holds that

a, = (2/A){1 +op(1)},

n1 N
4 4
2 ~2
= gy 1 For() ond 32 6= {1 orD) )

j=1
under (D). We also assume

(A-i’) k(xo,xij) = K2i—1 +op(AQ) for all 1 < j < n; and k(xo, ;) = ks +
op(A) for all 1 < j < ny when xg € II; fori=1,2; i’ #1i.

It holds that under (D)

g(xo) = AA ((—1)i + % + 0p(1)> when xo € II; fori=1,2, (10)

where 6 =1 /ny — n2/na.

We note that “§/A” is a (normalized) bias term of the SVM. From Proposi-
tion 1, under (A-i) and (8), it holds that Z;‘il(é‘j — &y /n1)? = op{(n1A2)~1}
and 320 (G5 — G /na)? = 0p{(n2A2) 71}, so that

2
@j:An {1+0p(1)} forallj=1,...,ny;; and
x 101
2
&; = {1+0p(1)} forall j=n;+1,...,N (11)
A*TLQ

when d — oo while N is fixed. It should be noted that all the data points are
support vectors under (A-i) and (8) in the HDLSS context. Ahn and Marron
(2010) called this phenomenon the “data piling”.

Next, we consider the following condition instead of (8) under (D):

1% = o(1) fori=1,2. (12)
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It follows from Lemma 1 that

A
mgXL(a) =3 (a* -

2+o0p(1)
A

2+o0p(1)

)2{1 +op(} +

(13)

under (4), (12), (A-i) and (D), so that a, ~ 2/A.

Proposition 2 Assume (A-i) and (12). It holds that &, = (2/A){1+ op(1)}
under (D). Furthermore, we assume (A-i’). It holds that under (D)

§(xo) = (=1)" 4+ 0p(1)  when o € IT; fori=1,2. (14)

It should be noted that the data piling does not occur under (12). How-
ever, §(xo) has the consistency in the sense of (14). We consider the following
condition under (D):

Y Timsup 9
(C-i) limsup — < 1.

d—o0
Note that (C-i) is met under (12). From Proposition 1, “6/A” is a normalized
bias term of the SVM. From (10), if (C-i) is met, it holds that P{(—1)*j(xo) >
0} — 1 when x( € II; under (A-i), (A-i’) and (D). Thus we have the following
result.

Theorem 1 Under (A-i), (A-i’), (C-i) and (D), the SVM (5) holds the con-
sistency (6).

However, without (C-i), we have the following results.

Corollary 1 Under (A-i), (A-i’) and (D), the SVM (5) holds the following
properties:

e(l)=1+0(1) and e(2) =0(1) as d = (15)
e 0

if hdrggéfz > 1, and

e(l)=o0(1) and e(2) =1+ 0(1) as d = o0 (16)

)
if limsup — < —1.
f d—>oop A
Remark 1 For the linear SVM, Hall et al. (2005), Qiao and Zhang (2015)

and Nakayama et al. (2017) showed the consistency (6) and the results in
Corollary 1.

From Corollary 1, if |§] is larger than A, the SVM would give a bad per-
formance. When n;/n; — 0 for some ¢ (# i), |d| tends to become large. Such
an imbalanced data is called the “extremely imbalanced data”. In such cases,
the SVM brings the strong inconsistency property as “e(1) = 1+ o(1)” when
m =12, 4/n; = o(1) and ny is fixed but ne — oo. In order to overcome such
difficulties, we propose a bias-corrected SVM.
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2.3 Bias-corrected non-linear SVM

Let

g

L : w”,m” i w1]7ml] . .
Wz*z p—1 Zznlnz—l for:=1,2; and

Jj=1 j=1j'=1
ng i ni N2
Z(ZZ e ) 2y Y Mty
nn
i=1 “j=1j5'=1 j=145'=1 12

We consider estimating A and § as A=A, — i1 /n1 — 72 /N2 and 6= 1 /ng —
7ja/n2. We have the following lemma.

Lemma 2 Under (A-i) and (D) it holds that
AJA=1+o0p(1) and §/A, =6/A, +o0p(A/A,).

From Proposition 1 and Lemma 2, we give a bias-corrected SVM (BC-
SVM) as follows:

dnc(e0) = dlw0) — 4 (17)

*

One classifies @ into IT; if §pc(xg) < 0 and into ITs otherwise. We have the
following result.

Theorem 2 Under (A-i), (A-i’) and (D), the BC-SVM (17) holds the con-
sistency (6).

It should be noted that the BC-SVM (17) claims the consistency without
(C-i) even when [6/A] — oco.

For imbalanced cases, Benjamin and Nathalie (2010) proposed the boost-
ing SVM. There are several studies on SVMs in imbalanced cases. See He and
Garcia (2009) for the review. However, it should be noted that they are al-
gorithmic methods. On the other hand, the BC-SVM (17) can theoretically
ensure the accuracy and have the consistency property at a low computational
cost even for extremely imbalanced data.

Remark 2 Nakayama et al. (2017) gave a bias-corrected linear SVM. In this
paper, we generalize the concept of the BC-SVM to non-linear kernels.

2.4 Performance of the BC-SVM
We set II; : Ng(p;, X4), i@ = 1,2, having pu, = 0, X1 = clB(0.3‘i*j‘1/3)B
and Xy = cuB(0.4131"°) B, where B = diag[{0.5+1/(d+1)}/2,... {05+
d/(d+ 1)}*/2]. Note that tr(X;) = c;d for i = 1,2. We considered

Hy = (_1/57 1/57 _1/57 R _1/55 1/5)T (: Has Sa‘y)7

where the r-element is (—1)"/5 for r = 1,...,d.
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First, we considered the linear SVM (LSVM) and the Gaussian kernel
SVM (GSVM). We compared the performance of the bias-corrected LSVM
(BC-LSVM) and bias-corrected GSVM (BC-GSVM) with the above ones. See
(18) and (19) for the BC-LSVM and BC-GSVM. We set (n1,n2) = (20, 10),
d=2° s=5,...,12, and v = d/4 in the Gaussian kernel (IT). We considered
three cases:

(a) py = po and (cr,c2) = (1,1),
(b) g =0 and (cq,c2) = (0.9,1.1), and
(¢) g = p,, and (c1,c2) = (0.9,1.1).

Note that i, — P = d/25 for (a) and (c), [y — pll® = 0 for (b),
[tr(X1) — tr(X2)| = 0 for (a), and |tr(X;) — tr(X3)| = 0.2d for (b) and (c).
We repeated 2000 times to confirm if the classifier does (or does not) classify
xg € II; correctly and defined P;. = 0 (or 1) accordingly for each IT; (i = 1, 2).
We calculated the error rates, €(i) = 272,0:010 P;,-/2000, i = 1, 2. Also, we calcu-
lated the average error rate, € = {€(1)+¢€(2)}/2. Their standard deviations are
less than 0.0112 from the fact that Var{e(i)} = e(i){1 — e(¢)} /2000 < 1/8000.
In Fig. 3, we plotted €(1), €(2) and € for d = 2%, s =5,...,12.

[Fig. 3 should be inserted here]

We observed that the BC-SVMs give good performances as d increases
for (a) and (c). However, for (b), the error rate of the BC-LSVM is close to
0.5 because ||y — tho]] = 0. On the other hand, the BC-GSVM gave good
performances as d increases by drawing information about heteroscedasticity
thorough the geometric representation as in Figs. 1 and 2. For the LSVM and
GSVM, €(1) and €(2) became quite unbalanced as d increases. In particular,
the strong inconsistency (16) occured for the GSVM. This is because of the
bias in the GSVM. We give their theoretical backgrounds in Sect. 3.2.

Next, we considered (a) to (c) for (ny,ns) = (20, 10), d = 1024 (= 29) and
v=2% s=25,...,14 in (II). Similar to Fig. 3, we calculated the average error
rate € by 2000 replications and plotted the results in Fig. 4. We observed that
the BC-GSVM and GSVM are close to the BC-LSVM and LSVM, respectively,
as v increases for (a) and (c). We give their theoretical backgrounds in Sect.
3.3. For (b) and (c), the BC-GSVM gave better performances than the other
SVMs for several settings of v. We note that the performance of the BC-GSVM
(or GSVM) heavily depends on «. We discuss a choice of v in Sect. 4.

Finally, we compared the performance of the BC-SVM with SVM for ker-
nel functions (III) and (IV). We set (¢, r) = (d,2) in (III) and £ = d/4 in (IV).
We considered (a) to (c¢) for (ny,n2) = (20,10) and d = 2%, s = 5,...,12.
Similar to Fig. 3, we calculated the average error rate € by 2000 replications
and plotted the results in Fig. 5. We observed that the BC-SVM with (III)
or (IV) gives good performances compared to the SVMs for (a) and (c). On
the other hand, for (b) the BC-SVM with (IV) gave good performances as
d increases. This is probably because the kernel function (IV) can draw in-
formation about heteroscedasticity via the difference of X';s. We investigated
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their performances in other high-dimensional settings as well. In most cases,
the BC-SVM with (III) or (IV) gave better performances than the SVMs. We
investigate asymptotic properties of the BC-SVM with (III) in Sect. 7.

[Figs. 4 and 5 should be inserted here]

3 Asymptotic properties by kernel functions

In this section, we investigate asymptotic properties of the non-linear SVM
brought by kernel functions. We assume that limsup,_, .. [|i;]|?/d < oo and
tr(X;)/d € (0,00) as d — oo for i = 1,2. Here, for a function, f(-), “f(d) €
(0,00) as d — o00” implies liminfy, o f(d) > 0 and limsup,_, ., f(d) < oo.
Similar to Bai and Saranadasa (1996) and Aoshima and Yata (2014), we as-
sume the following assumption for II;s as necessary:

(A-ii) Let 245, j =1,...,n, beii.d. random p;-vectors having E(z;;) = 0 and
Var(zij) = Ipi for each i (: 1, 2) and some Di- Let Zi; = (Zilja ceay Zip,ij)T
whose components satisfy that limsup,_, . E(z?rj) < oo for all r and

Bz 75;) = B(25,)B(z};) =1 and  E(2irj2isj2itj %) = 0
for all » # s,t,u. Then, the observations, &;;s, from each II; (i = 1,2) are
given by x;; = I';jz45 +py, j=1,...,n;, where I'; is a d X p; matrix such
that 1—‘11—‘? = 21‘.

Note that z;.;s are i.i.d. as the standard normal distribution when the II;s

are Gaussian and I'; = 23/2. Thus, (A-ii) naturally holds when the II;s are
Gaussian. Another example satisfying (A-ii) is the case when the IT;s have a
skew normal distribution. See Remark S4.1 in Aoshima and Yata (2018a) for

the details.

3.1 Linear kernel

We consider the linear SVM (LSVM), that is, the classifier (5) has the kernel
function (I). We set k1 = ||pq?, k2 = ||puq]]? + tr(X1), k3 = [|ps]|?, k4 =
lol|? + tr(X2) and k5 = puf' p,y, so that

A=l — pol® (= Ay, say) and n; = tr(X;) (= (), say) fori=1,2.

We note that the LSVM is invariant to linear transformations on the data
set. Thus, in Sect. 3.1, we assume p, = 0 without loss of generality, so that
ks = ks = 0, kg = oy and Ay = [|py|?. In addition, we assume the
following condition under (D):

itr( X7
(i) M ED oy gor i 21,2,

2
Al
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Note that A%I)/tr(E?) = O(d) from the facts that limsup,_,., A /d < oo,
tr(X?) > tr(X;)?/d and tr(X;)/d € (0,00) as d — oo for i = 1,2. Thus, n; =
o(d) when (C-ii) is met. Under (1), (C-ii) holds when liminfy o A(py/d > 0
and n;s are fixed. We have the following result.

Lemma 3 Assume (A-ii) and (C-ii). Then, the assumptions (A-i) and (A-i’)
are met for the kernel function (I).

By combining Lemma 3 with Theorem 1 and Corollary 1, we have the
following results.

Corollary 2 For the LSVM, one can claim that

d(r
(6) holds if hmbup| ] <1, (15) holds if liminf ———+ CIEN 1, and
d—oo A1) d—oo A

31
(16) holds if limsup —— D«
d— o0 A

under (A-ii), (C-ii) and (D), where o1y = n1(1y/n1 — N2(1)/N2-

Nakayama et al. (2017) gave the results of Corollary 2 under slightly differ-
ent conditions. They provided the following bias correction of the linear SVM:
Let A*(I) = A([) + 7]1(1)/711 + 772(1)/712. Estimate A*(I) and 5(1) by

A*(I) = ||§1n1 —52712”2 and S(I) = tr(Slnl)/’l’Ll - tr(Sgnz)/ng,

where in, = 3252, @i /ni and Sin, = 305L, (T4 = Bin, ) (Tij = Tin, )" /(05— 1).
Note that E(A*(I)) = Ay and E(é(l)) = 0(1)- Let §(r)(zo) denote g(xo)
given by using the kernel function (I). Then, Nakayama et al. (2017) gave the
bias-corrected linear SVM (BC-LSVM) as

Ipcm (@o) = Gy (®o) — 1)/ Awry- (18)

One classifies g into Iy if yBC(I)(:BO) < 0 and into IT5 otherwise.

We note that A*(l and 5(1 are equivalent to A, and § when k(-, ) is the
linear kernel. From Lemma 3 and Theorem 2, we have the following result.

Corollary 3 Under (A-ii), (C-ii) and (D), the BC-LSVM holds the consis-
tency (6).

The BC-LSVM has the consistency property without (C-i). Chan and Hall
(2009) considered a different bias correction for the LSVM. Nakayama et al.
(2017) compared the BC-LSVM with the LSVM both in numerical simulations
and actual data analyses. They concluded that the BC-LSVM gives adequate
performances for HDLSS data even when n;s are quite unbalanced (i.e., ex-
tremely imbalanced data).
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3.2 Gaussian kernel

We consider the Gaussian kernel SVM (GSVM), that is, the classifier (5) has
the kernel function (II). We set k1 = exp{—2tr(X1)/v} (= K1(11), say), k3 =
exp{—2tr(X2)/v} (= ka1, say), ke = kg = 1, and k5 = exp[—{tr(X1) +
tI‘(EQ) + A(])}/’)/] (: Rs(I11)s say), so that

A =K1y + K31y — 26511y (= Ay, say) and
i =1 —exp (=2tr(X) /) (= miqr), say) fori=1,2.

We note that A;;y > 0 when py # py or tr(Xy) # tr(Xs). Let tr(Xnin) =
min;— o tr(3;) and ¢ = exp{—2tr(Xmin)/v}. We assume the following con-
dition under (D):

nitr(22) + Agpy {nate(Z2)}

min{'72 A%H) /'@[127 '72}

We note that (C-iii) is a convergence condition of the GSVM. Under (1), (C-iii)
holds when liminf;_, A(H) >0, liminfy o v/d > 0 and n;s are fixed. Note
that ¢ — 1 and yA( ) = 2A(n{1 +0(1)} as d — oo under d?/(vA(y)) = o(1)
as d — oo from the fact that “d®/(vA(;)) = o(1)” implies “d/y = o(1)”. Thus,
(C-iii) holds under (C-ii) and d?/(vA(r)) = o(1). See Sect. 3.3 for the relation
between the kernels (I) and (IT). We have the following result.

Lemma 4 Assume (A-ii) and (C-iii). Then, the assumptions (A-i) and (A-i’)
are met for the kernel function (II).

(C-iii)

=o(l) fori=1,2.

By combining Lemma 4 with Theorem 1 and Corollary 1, we have the
following results.

Corollary 4 For the GSVM, one can claim that

9] )
(6) holds if limsup M <1, (15) holds if lim inf 22 > 1, and
d—oo A1) d—oo A(rp)
)
(16) holds if limsup un -
d—oo A1)

under (A-ii), (C-iii) and (D), where d(rry = ni(1ry/n1 — N2(rr)/M2-
We denote 7; (i = 1,2) and A, for the kernel function (II) by Ni(rry and
A*(11)~ Here, 7); and A, are defined in Sect. 2.3. Let Ay = Aantman/ni+

No(rry/m2 and drry = frry/n1 — fa(rry/n2- Let Gy (xo) denote g(xg) given
by using the kernel function (II). Then, we give the bias-corrected GSVM
(BC-GSVM) as

ﬂBC(H)(wo) = @(11)(5’30) - S(II)/A*(II)- (19)

One classifies @ into II if Jpc(rr(xo) < 0 and into Iy otherwise. From
Theorem 2 and Lemma 4, we have the following result.
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Corollary 5 Under (A-ii), (C-iii) and (D), the BC-GSVM holds the consis-
tency (6).

The BC-GSVM has the consistency property without (C-i).
Now, we consider the following condition:
v/d € (0,00) as d— oco. (20)
Let
Ag = [tr(Xy) —tr(X2)], 01 =exp(—=A/v) and Oy = exp(—Ax/7).
Note that Ay = O(d) and
Agn /= (1—02)" +202(1 — 6). (21)

If one assumes that
liminf Ay /d > 0,
d— oo

it follows that liminfy , . A(7py > 0 under (20), so that (C-iii) holds as d — oo
while N is fixed under (1) and (20). Thus, the BC-GSVM has the consistency
(6) even when p; = py. On the other hand, the BC-LSVM (or the LSVM)
does not hold the consistency property when p; = p,. We emphasize that the
BC-GSVM (or the GSVM) draws information about heteroscedasticity via the
difference of tr(X;)s. The accuracy becomes higher as the difference grows. See
Fig. 3.

3.3 Relation between the linear kernel and Gaussian kernel

We consider the following conditions for v > 0:

d? Ay +A%/A
—0asd— oo, and (C-v) (1)—2/(1)
YA(r) ¥

Note that (C-iv) implies (C-v). By noting that 1) — 1 as d — oo under (C-iv),
it holds from (21) that under (C-iv)

Thus, the GSVM becomes close to the LSVM under (C-iv). In fact, we have
the following result.

Proposition 3 Under (A-ii), (C-ii), (C-iv) and (D), it holds that

(C-iv) — 0 as d — oo.

Gy (®o) = Gy (xo){1 +op(1)}  when xo € II; fori=1,2.

Hence, the GSVM is asymptotically equivalent to the LSVM when ~ sat-
isfies (C-iv). On the other hand, it holds from (21) that under (C-v)

YA =20 A {1+ o(1)}. (23)
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Proposition 4 Under (A-ii), (C-ii), (C-v) and (D), it holds that

(Am A
Ay Aary
when xy € II; fori=1,2.

)QBC(U)(%) = Jpc(r)(®o){l +op(1)}

Hence, the BC-GSVM is asymptotically equivalent to the BC-LSVM when
~ satisfies (C-v).

4 How to choose ~ in the Gaussian kernel

In this section, we discuss a choice of + in the Gaussian kernel function (II).

4.1 Behaviours of Ay for several settings of vy

We consider the following two conditions for Ay and Ax:

AE/A(I)—)O as d — oo, and (24)
d—o0

We first consider A(;;) under (24). From (21) it holds that A)/v =
1+ exp(—2Ax/v) 4+ o(1) under liminfg o Asx /v > 0 and (24), so that the
BC-GSVM (or GSVM) loses information about Ay. Thus, we do not consider
the case when liminfy .o, Ax /v > 0 under (24). Under (24) we consider the
following conditions for 7, A(;y and Ax:

Ax,/vy—0 asd — oo, and (26)
A(I)/’Y‘)O as d — oo. (27)

From (21) it holds that under (24) and (26)

YA/ = 27{1 — exp(=A/v)H1 + o(1)}.

On the other hand, it holds from (23) that under (24) and (27)

YA /Y =24 {1 +o(1)}

because (C-v) holds under (24) and (27). From Proposition 4 we note that
the BC-LSVM is asymptotically equivalent to the BC-GSVM under (24) and
(27). Also, note that v{1 — exp(—A4(;)/7)} < Ay for any v > 0. Then, from
the convergence condition (C-iii), when (24) is met, we recommend to use the
BC-LSVM or the BC-GSVM with ~ satistying (27).
Next, we consider A7y under (25). From (21) it holds that under (25) and
(26)
YA /Y =241 + o(Asx).
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When (25) is met, the BC-GSVM (or GSVM) with ~ satisfying (26) loses
information about heteroscedasticity via the difference of tr(X';)s. Thus, we
do not consider the case when Ay /vy = o(1) as d — oo under (25). Under (25),
we consider the following conditions for v and Ajy;:

Ax/y =00 asd— o0, or (28)
Ax /v € (0,00) as d — . (29)
It holds that under (25) and (28)
YAun/(WAxs) = (v/As){1+0(1)} = o(1).
Also, it holds that under (25) and (29)
lidn_lggf YA /(WAs) > 0.

Hence, from the convergence condition (C-iii), when (25) is met, we recommend
to use the BC-GSVM with + satisfying (29).

4.2 Choice of v in the GSVM

In this section, we give a choice of v in the GSVM. From Sect. 4.1, we recom-
mend to use the BC-GSVM with v satisfying

(i) the condition (27) when (24) is met, and
(i) the condition (29) when (25) is met.

For the dual form (3), from Lemma 1, under (4) and several conditions, it

holds that &" Ké = Aa?{1+op(1)} +m Y0 a2+ Y0, 02, so that
. T , ni 2 N 2
a K& M 2.5=1% + 12 Zj:n +1 95

aIA 1-— aZA 1 (= Loss(y), say). (30)

We emphasize that the accuracy of the BC-SVM (or SVM) heavily depends
on the convergence rate of Loss(y) because the bias in §(x¢) converges to §
in Proposition 1. See Lemma 1 in Sect. 2. Thus, for the Gaussian kernel (II),
we consider such v as to have a higher convergence rate of Loss(v). From
Proposition 1 and (47) to (52) in Sect. 8, we can evaluate that under several
conditions

1 ni(ny — ki na(ne — D)ksr
L - ( 265011 X O
oss(y) YAan 2 + 2 + 26511y ) X Op(e)
_ faan + k3 + 265311 % Op(e)
VA(H) ’

where € = max;_12[tr(X7) + A {tr(X7)}/?]/2. Thus from (30), one may
consider vy as
2
~o = argmin K111y + K311y + 2K5(17) '

31
>0 YA (51

When (24) is met, we have the following result.



16 Y. Nakayama et al.

Proposition 5 Under (24) it holds that A¢y/vo — 0 as d — co.

Hence, when (24) is met, the BC-GSVM with vy is asymptotically equiva-
lent to the BC-LSVM because (C-v) is met under (24) and (27). See Proposi-
tion 4.

Next, we consider the case when

limsup A(I)/AZ‘ < 1. (32)

d—o00
Proposition 6 Under (32) it holds that Ax /v € (0,00) as d — oo.

Finally, we consider the case when
liminf A;y/As > 1 and limsup A¢;)/Ax < oo. (33)
d—o0 d—o0
Since it is very difficult to evaluate vo under (33), we investigate the behavior of

7o numerically. Let v, = v/Ax and w = A(j)/As. By noting that Ay /¢ =
1+ 9% — 26105 and (51(11) + K3 + 2:‘{5(11))/1/) =14+ 9% + 260165, it holds that

R1(11) +H3(11) +2’£5(H) Ax 40,05
A _Awg L 460, \
s ’YA(II) ( 1+9% —29192> (3 )
1 46Xp{—(w—|—1)/ry*}
= UF = F(v,), say).
’Y*< 1+ exp(—2/74) — 2exp{ —(w—+ 1)/7*}> ( (7+) y)

Thus, we consider the following minimization:

Yo = argmin F(7,).
7 >0

Note that 79 = Axvo.. Hence, (31) depends only on w. We plotted o, and
Yox /(W3 /3) for w =1,...,100 in Fig. 6.

[Fig. 6 should be inserted here]

We observed that 7o, behaves around w?/3. One may conclude that ~yg, =
O(w?), so that from Proposition 6 it holds that Ax/y0 = 1/90. € (0,00) as
d — oo when (25) is met.

In conclusion, we recommend to use the BC-GSVM with ~g. From (34) we
estimate v as

Yo = argminy~ {1 4 46,0,/ (1 + 02 — 26,0,)}, (35)
¥>0

where 6, = exp(fAA*(I)/fy) and 0y = exp(—Ayx/y) with Ay = [tr(S1n,) —
tr(San, )| See Sect. 5 for the performance of the BC-SVM with .

Remark 3 We note that E(A(I)) = Ay, where A(I) = A*(I)—tr(Slnl)/nl—
tr(San,)/na2. However, it does not hold P(A(I) > 0) = 1. Thus we use A*(I)

in (85) since P(Ay ) > 0) = 1.
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Remark 4 Note that E(A*([)) = A1), and Var(A(I)) = O[Z?Zl{tr(ﬂf)/n?—i—
A(I)tr(Z'?)l/Q/ni}] and Var{tr(8S;,,)} = O{tr(X?)/n;} under (A-ii). Thus, if
tr(X)/(nil ) = o(1) and tr(X?)/(n:A%) = o(1) as d,N — oo fori=1,2,
it holds that A*(I) =Ap{l+op(1)} and As = As{l+op(1)} asd,N — oo
since tr(X?7) < tr(X;)2, so that 4o becomes close to v in (31).

5 Performance of the BC-SVM

In this section, we check the performance of the BC-SVM both in numerical
simulations and actual data analyses.

5.1 Simulations

For the settings (a) to (c) in Sect. 2.4, we first checked the performance of the
BC-GSVM with 4. Similar to Sect. 2.4, we calculated the error rates, (1),
€(2) and €, of the BC-GSVM and the GSVM with v = 4y by 2000 replications
and plotted the results in Fig. 7. We laid €(1), €(2) and & for the BC-LSVM
and the LSVM by borrowing them from Fig. 3. In the rth replication, we
evaluated 4o, by (35) and calculated 7, = Ziiolo Aor/2000. In Fig. 8, we plotted
Ay /Yo Ay /0, Az /5o and As /v for (a) to (c). As expected theoretically,
we observed that the BC-GSVM with 4q is asymptotically equivalent to the
BC-LSVM for (a). See Sect. 4.2. On the other hand, 4y did not become close
to 7o for (b) and (c). However, one may conclude that Ax /7, < 0o as d — oc.
The BC-GSVM draws information about heteroscedasticity via the difference
of tr(X;)s. See Sect. 4.1. This is the reason why the BC-GSVM with 4o gave
adequate performances for (b) and (c).

Next, we compared the performance of the BC-SVMs with the SVMs in
non-Gaussian and imbalanced settings. We set p, = 0, X = 1.3B(0.3"'*j‘1/3)B
and Xy = O.7B(O.4‘i_j‘1/3)B. Let d, = 2[d'/?/2], where [2] denotes the
smallest integer > z. We set puy = (1,...,1,0,...,0,—1,...,—1)T whose first
d../2 elements are 1 and last d,./2 elements are —1. Note that A7) = d, ~ d/?,
so that (C-ii) does not hold. We generated x;; — p; (= 22/2(%1]», s zia) ),
j=1,2,...(i =1,2) independently from z;,; = (yirj — /22 (r=1,...,d)
in which y;;s are i.i.d. as the chi-squared distribution with 1 degree of free-
dom. Note that (A-ii) holds. We considered two cases for d = 2%, s =5,...,12:

(d) (n1,n2) = (5,5logyd) and (e) (n1,n2) = (100,5).

For the BC-LSVM, LSVM, BC-GSVM with v = 49 and GSVM with v = 4y,
similar to Sect. 2.4, we calculated the error rates by 2000 replications and
plotted the results in Fig. 9. We observed that the BC-SVMs give adequate
performances even when n;/n; — 0 for some i (# ¢').

Throughout the simulations, 4y by (35) was a preferable choice. We rec-
ommend to use a cross-validation procedure for v around 7y. See Sect. 5.2.
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[Figs. 7, 8 and 9 should be inserted here]

5.2 Examples: Microarray data sets

In this section, we analyze gene expression data sets by using the BC-SVMs
and SVMs. We summarized the information on the data sets together with
AE/A(I) in Table 1, where A(I) and Ay are given in Sect. 4.2.

We randomly split the data sets from (I1y, IT3) into training data sets of
sizes (n1,n) and test data sets of sizes (m1 —ny, ma —ng). We constructed the
BC-SVM and SVM by using the training data sets. We checked accuracy by
using the test data set for each IT; and denoted the misclassification rates by
e(1), and €(2),. We repeated this procedure 100 times and obtained e(1), and
e2),, r=1,...,100, for the BC-LSVM, LSVM, BC-GSVM and GSVM. For
the BC-GSVM and GSVM, we used the average of the parameters selected
by 5-fold cross-validation among v = (2s — 1)49 (s = 1,...,5) with 49 given
by (35). We used the BC-GSVM and GSVM with 4y (without applying the
cross-validation) for Breast cancer because m;s are quite small for the dataset.
We calculated the average misclassification rates, €(1) (= 271«101 e(1),,/100),
2(2) (= 21 €(2),/100) and & (= {&(1) + €(2)}/2) for the SVMs and BC-
SVMs in various combinations of (n1,n2) in Table 2.

We observed that the BC-SVMs give adequate performances compared
to the SVMs especially when n; and ns are unbalanced. See Sects. 3.1 and
3.2 for theoretical reasons. On the other hand, the BC-GSVM gave adequate
performances compared to the BC-SVM for HGG and Breast cancer data sets.
This is because Ax; / A( 1) is large for those data sets, so that the BC-GSVM
can draw information about heteroscedasticity via the difference of tr(X;)s.

[Tables 1 and 2 should be inserted here]

6 Appendix A: Soft-margin SVM

In Sects. 2 to 5, we discussed asymptotic properties and the performance of the
hard-margin SVMs (hmSVM). In this section, we consider soft-margin SVMs
(smSVM). The smSVM is given by g(x) after replacing (4) with

N
0<a; <C,j=1,...,N, and » a;t; =0, (36)

j=1

where C(> 0) is a regularization parameter. Let ny;, = min{n;,ns}. From
(11) in Sect. 2, we can asymptotically claim that &; < 2/(Asnmin) for all j.
Thus we consider the following condition for C":

> 1. (37)
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Let §(s)(xo) and gpc(s)(®o) denote j(xo) and gpc(xo) after replacing (4)
with (36), respectively. Then, we have the following result.

Proposition 7 Assume (A-i), (A-i’) and (8). Under (37) it holds that when
xo € II; fori=1,2

i (w0) = 5 ((C1 + 5 +op(D) and s (w0) = S{-1) +op(D)}.

From Proposition 7, the bias-corrected smSVM (BC-smSVM) holds the
consistency (6) even when |§/A| — oco. Hence, for smSVMs, we recommend to
use the BC-smSVM.

For the settings (a) to (c) in Sect. 2.4, we checked the performance of
the BC-smSVM and smSVM together with the hmSVM and bias-corrected
hmSVM (BC-hmSVM) for the kernel function (IT). We set (n1,n2) = (20, 10),
d =1024 (= 21%) and v = d/4. We set C = 2757 /(nyin Ay), t =1,...,10, for
the smSVMs. Similar to Fig. 3, we calculated € by 2000 replications and plotted
the results in Fig. 10. We observed that smSVMs give bad performances when
C < 2/(nminAs). As expected, the smSVMs are close to the hmSVMs when
C > 2/(Nmindy).

[Fig. 10 should be inserted here]

7 Appendix B: Polynomial kernel SVM

In this section, we consider the polynomial kernel SVM, that is, the classifier
(5) has the kernel function (IIT). We give some asymptotic properties of the
polynomial kernel SVM. We consider the following conditions for ¢ and r:

¢/d € (0,00) and r € (0,00) as d — oco. (38)

We set k1 = (C+ [[p]?)", w2 = (C+ tr(Z1) + [|]*)", 53 = (C+ [lm2l?)"
kg = (C+tr(X2) + | po]/?)" and k5 = (¢ + ¥ py)". Then, we have the following
result

Proposition 8 Assume (1), (38) and (A-ii). Assume that N is fized and

[

a1 = 1o 1

lim inf
o0 d

> 0. (39)

Then, the assumptions (A-i) and (A-i’) are met for the polynomial kernel
(III). Furthermore, the BC-SVM (17) with the polynomial kernel (III) holds
the consistency (6).

See Fig. 5 for the performance of the BC-SVM with the polynomial kernel
(111).

Remark 5 For the Laplace kernel (IV), it is difficult to provide asymptotic
properties of the kernel SVM unless Il;s are Gaussian. Detailed study of the
BC-SVM with the Laplace kernel is left to a future work.
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8 Appendix C: Proofs
8.1 Proof of Lemma 1

Note that L(a) = Zjvzl a; — &"Ké&/2. The result is obtained from (7)

straightforwardly. O

8.2 Proofs of Proposition 1 and Proposition 2

We assume (A-i) and (A-i’). From Lemma 1 it holds that under (8) and (D)

ni N
m Y 63/67 =m/ni+op(A) and 1y Y 63/67 =na/na+op(4A), (40)
Jj=1 j=ni1+1

so that L(&) = 24, — Awa2{1 + op(A/A,)}/2. Then, it holds that
e = (2/A0){1 +0p(A/AL)}. (41)

Also, from (40) we have (9) under (8). R
Next, we consider the second result of Proposition 1. Let S1 = {j|&; #

Oa j = 1,..-,7'11}7 S’Q = {j‘d] 7é 07 .] = n1+15""N}7 ﬁl = #S’l and
nig = #5S5. Then, we have that when xy € II; for i = 1,2,

N

R 1 .
> astik(xo, @;) + A > (tj = > atyk(a;, fﬂj'))
j=1 s

jes j'es
= (1) G (k2i—1 — K5) + n2]\7§n1
[ —K1Ry — 1M1+ K3fg + 1o + (P — fig)k N
7(1*( K11 — 1T 32 + 12 + (M 2) 5>+OP(AOL*)
Ny
. o — N 1-— A*A* 2 A* B
= (—1)"du(k2i—1 — Ks) + (n: nl)(N 22e/2) += (lﬂ2 =
s
_ 1—7 —n2(1 —n
+d*m/m . n2/n2 +d*771( "1/”1)NA’72( n2/n2) + op(Ady). (42)

S

Here, we note that n; Z;il &2/a2 > i /. Thus from (40) it holds that

fa (/1 —m/ni) =m(l —n1/n) = op(in Q) (43)

under (8). Similarly, we have 72(1 — fia/n2) = op(f2A) under (8). Then, from
(41) and (42), we have that when @y € II; for i = 1,2,

= (-1)'A/A. +6/A +o0p(A/A,) (44)

‘Koi—1 — K K1 — K ny — n A
i K2i—1 5 1 3+771/ 1 772/ 2+0P(X)
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under (8). Hence, we conclude the second result of Proposition 1.

Finally, we consider the proof of Proposition 2. In view of (13), we claim
the first result. By noting that A,/A — 1 and §/A = o(1) under (12) and
(D), it holds from (42) that §(xo) = (—1)* + op(1) under (12) and (D). We
conclude the second result. O

8.3 Proofs of Theorem 1 and Corollary 1

We assume (A-i) and (A-i’). We consider the following conditions under (D):

lidnigfng/(ngA) >0 and 71/(n14) =o(1). (45)

Let A.o = A+ n9/ny. Note that my Z;L;l a3 /&2 = op(A) under (45). Similar
o0 (41), it holds from (42) and (43) that d, = (2/Ax){1 +op(A/A.)} and

G(x0) = (1) A/ Avg + 6/ Az + 0p(A/As2) (46)

under (45) when xo € II; for i = 1,2. Note that A,/A — 1 and §/A, — 0
under (12) and A, /A, — 1 under (45). From Propositions 1, 2 and (46), we
obtain (44) under (D) without (8). Thus, from (44), we conclude the results
of Theorem 1 and Corollary 1. O

8.4 Proofs of Lemma 2 and Theorem 2

Under (A-i) and (D), it holds that A, = A, + 0p(A) and #; = n; + op(A)
for ¢ = 1,2. Thus we can conclude the result of Lemma 2. From the proofs of
Theorem 1 and Corollary 1, we obtain (44) under (A-i) and (D). By combining
(44) with Lemma 2, we conclude the result of Theorem 2. O

8.5 Proofs of Lemma 3, Corollaries 2 and 3

We assume (A-ii) and (C-ii). Assume also p, = 0 without loss of generality.
Note that k1 = [|[p]|?, k2 = [|p1]|* + tr(Z1), k3 = K5 = 0, kg = 1(p) and
Ay = ||p||*. Also, note that

pf Zipy < A Amax(Z) < Apte(E5)12 (47)

Then, by using Chebyshev’s inequality, for any 7 > 0 we have that

ni

S P(lpf (1 — )| = TAG) < na(rAm) T E{ ] (21 — 1)}

Jj=1

= Ofm (] Zim 2 + Y (vF 1)) /A% | = Olmtr(Z2)/A%) =0 (48)

r=1
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from the fact that Y0, (X py)* < (u] Xipy)?, where I'y = [y, ...,7,,]. On

T

the other hand, we have that

> P(l(@iy — )" (@i — p)| = TAM)

J<j’
< 3 Aw) " Bl{(@y - )T @1~ )} = O(nPu(Z22/44)) 0.
J<j’

(49)

Note that w{jfﬁu/ — k1 = (21 — [.Ll)T(wlj/ — )+ N?(xu — g F Ty — ).
Thus, from (48) and (49), it holds that

$C1Tj’131j/ = k1 +op(4(p) forall j <j" <mny. (50)
Note that
ni no
DN Py — )" (o — )| > TAM)
j=1j'=1
= O(nlng{tr():‘l):‘g)}Q + tr(21222122)}/A?1)) —0 (51)

from the fact that tr(X XX X5) < {tr(X1X2)}2. Then, similar to (50), we
have that

w3 moj = ks + op(A) for all j < j' < ny,

ﬂ:lTja:Zj/ = ks +op(Aqy) forall j =1,...,n1; j'=1,...,no,

wga}ij = fgi—1 +op(A(py) forall 1 < j <ny,i=1,2, when xo € II;

and @{ @y j = k5 + op(Ap) for all 1 < j < ny,i=1,2 (i’ # i) when xq € II;.

In addition, for any 7 > 0 we have that
S P([lleis - wll? — tr(Zo)| = 7AW = O(nitI(Z?)/A%I)) =0 (52)
j=1

for ¢ = 1,2. Thus, from (48) and (52), it holds that for all j = 1,...,n;; i = 1,2
CCZ;.’B” = K9; + OP(A(I)).
It concludes Lemma 3.

For the proofs of Corollaries 2 and 3, from Theorems 1, 2 and Corollary 1,
we conclude the results. O
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8.6 Proofs of Lemma 4, Corollaries 4 and 5

We assume (A-ii). Let £2 = min{yA ) /¢, 7}. Similar to (48), for any 7 > 0,
we have that under (C-iii) and (D)

S Py — ) (g — )| = 72) 0

for i = 1,2, so that (pu; — po) T (zij —p;) = op(2) forall j =1,....n;; i = 1,2,
Similarly, ||zi; — p;|* = tr(X) + op(£2) for all j = 1,..,n;; i = 1,2, and
(1 — py) T (x2jr — py) = op(2) for all j = 1,...,n1; j° = 1,...,n2. Then,
under (C-iii), we have that for all j =1,...,n1; 7' =1,...,n2

exp(—[l@1j — @25 [1?/7) = exp(=[l(z1; — py) = (250 — p2) + 11 — p12]*/7)
= ks(11r) +op(ksn$2/7) = ksr) +opr(Aary) (53)

from the fact that xs;;y < ¢. Similar to (53), we can conclude that the
assumptions (A-i) and (A-1’) are met. It concludes Lemma 4.

For the proofs of Corollaries 4 and 5, from Theorems 1, 2 and Corollary 1,
we conclude the results. ad

8.7 Proofs of Propositions 3 and 4

From (23), (C-iii) holds under (C-ii) and (C-v). Thus, from (44) and Lemmas
2 to 4, we conclude Proposition 4. For the proof of Proposition 3, we note that
tr(X;)/y — 0 for i = 1,2, under (C-iv) from the fact that Ay = O(d). Thus
it holds that ¢» — 1 and yn;(r1) = 2tr(X;)+O(d?/v) for i = 1,2, under (C-iv).
In addition, from (22) it holds that d.;7)/Ar) = dn{l + o(1)}/Ay + o(1)
under (C-iv). Thus from (44), Lemmas 3 and 4, we conclude Proposition 3. O

8.8 Proof of Proposition 5

We assume (24). Note that 1/w — 0 under (24). First, we consider the case
when limsup, . v% < oo. Then, it holds that F(v,) = {1 4+ o(1)}/7x, so
that liminfy, . F(7+) > 0. Next, we consider the case when v, — oo. Let
v =w/v (>0). Note that v = Ay /7. Then, it holds that

2vexp(—v){1+o(v)}
{1 —exp(—1)} +o(v)

wF () =v+

Let g(v) = v+ 2vexp(—v) /{1 — exp(—v)}. Note that g(v) is a monotonically
increasing function and g(v) — 2 as v — 0, so that F(y,) = 2{1 4+ o(1)}/w =
o(1) when v — 0. We can conclude the result. O
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8.9 Proof of Proposition 6

When w < 1, it holds that F'(v.) = 2{14+0(1)}/w under v, — co. When w < 1
and v, = 1, it holds that
4

F =1
() + exp(w+ 1) + exp(lw —1) — 2

<1+ 1jw<2/w

from the facts that exp(w + 1) > 1+ (w+ 1) + (w + 1)?/2 > 2 + 3w and
exp(w — 1) > w. Hence, when w < 1, we have that Ax /vy € (0,00) as d — oc.
It concludes the result. O

8.10 Proof of Proposition 7

From Proposition 1, Lemma 2 and (11), we can conclude the results. O

8.11 Proof of Proposition 8

We set that k1 = (C+ [ [|*)", k2 = (CHtx(Z0) +1|ma %), ks = (C+[[1al*)"
Ky = (C+tr(X9) + ||po]|?)" and k5 = (¢ + puf )" From (1) we note that
wl s < ||l Amax (X)) = o(d?) as d — oo for i,i’ = 1,2. Then, similar to
(50) to (52), for the polynomial kernel, we have that «f,@;; = ||u,]|* + op(d)
for all j < j, i = 1,2, &fjwi; = tr(X;) + ||p]|* + op(d) for all i,5, and
@05 = pi poy + op(d) for all J»j', so that k(x;j, ;) = Koi—1 + op(d") for
all j < j', i =1,2, k(xij, ;) = Ko +op(d") for all 4,7, and k(x1;, z2j) =
ks + op(d") for all j,j’. Here, note that

(Gl 1)+ (CH llpaal1?) =2+ 1 h2) " = {(CH[lhy 1) = (CH s ]1*)7 /2

from the fact that (¢ + uTp)" < (¢ + l?)7/2(C + lagl)"/2. Then, it
holds that liminf,; ,. A/d" > 0 from (39). Thus, we have (A-i). Similarly,
we can conclude (A-i"). From Theorem 2, the BC-SVM (17) holds (6) for the
polynomial kernel. It concludes Proposition 8. a
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Fig. 1 The histograms of ||z — p;||/d'/? for xo € IT;, i = 1,2, when d = 16, 80,400 and
2000.
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Fig. 2 The geometric representation of expanding two spheres having different radii,
tr(X;)1/2s.
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d=2% s=25,...,12. For the LSVM and GSVM, €(2) was too high to describe.
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Fig. 4 The average error rate, €, of the BC-GSVM and GSVM for (a) to (c) when d = 1024
and v = 2%, s = 5,...,14. The average error rates of the BC-LSVM and LSVM are described
by the lines.

Table 1 Microarray data sets and AE/A(I).

Data set Number of genes  Sample size 42
A

d mi ma
Colon cancer by Alon et al. (1999) 2000 40 22 0.03
Leukemia by Golub et al. (1999) 7129 25 47 0.093
DLBCL by Shipp et al. (2002) 7129 58 19 0.668
HGG by Nutt et al. (2003) 12625 28 22 2.66
Breast cancer by Chang et al. (2003) 12625 14 10 0.78
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Fig. 5 The average error rates of the BC-SVM and SVM for (III) and (IV) in cases of (a)
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high to describe. Their standard deviations are less than 0.0112.

T, SIS NSRS SN E
20 20
20 - ﬁ”’/—” A I
-+ BzlYo = Aylyo
= < Aslyo L 150 [ Bolfe
« Bslyo = Aplvo
- 10 P YA
. « Aslyy PR i
05 05 s 05 Kot
00 logpd eoc2iln 109,d U S oand
A O G SR 0920 00T R T TG

8 7
() By # po, t1(Z1) = tr(Z2)  (B) py = g, t1(Z1) # tr(Za) () py # g, (1) # tr(Fa)

Fig. 8 Behaviors of A(py /7y, A1)/70, Ax /7o and As /o for (a) to (c).



30 Y. Nakayama et al.

B(1) ~ -
1.0 N P e e(2) e BC-LSVM 0.5 ek eaeeg s
& e = LsvM a -~
. - N . .
mal 7 [+ sosw o L ra * BC-LSVM
. 4 + Lsw .. 4 GSVMuith 7o . y
p / R R ‘ P = LswM
0.6 o~ «  BC-GSVM with o ~a B 03 , «  BC-GSVM with 7o
- :
p 4 GSVMuith 7o S . AN s |« esvmuin 7o
0.05| ~_ N O LI SRS
e ~— b 0] ¥ -~
. S . -
- - . il T
0. = = £ log,d 0.0 e log,d
T 0920 OO E T T 5 o w2 o2 5 6 7 8 9 10 11 12 0%
(d) (”17 n?) = (57 5 10g2 d)
- B2 _
e(1) 10() e a e
e BC-LsvM - aporEtoTaTIoAzziaese 05 ekt er s ianens
.., « LswM o / 39" -
030 ", « BC-GSVM with o 0.8 s / 04 - ///
0.25[ « A GSVMwith 7o 4 V4 % rd
\ . B ® BC-LSVM
06| - /" e BC-LSVM r /
020 \\\ LN, ‘ yd . Lswm 03, /’ . Lsw
0.15! N R 04 // + -GSV 7o 02 % + Bo-GSWMwin 7o
by REL TR . / 4 GSVMwith o oL .. g 4 GSVMuwith o
0.10 \ o TR el e L
S 02[ ¢-"* - ¥ -aa | 0.1 it ST ST,
G5 [ s g - Ses S
okt TO8 e $ieeguene —ee--
. s 109,d o log,d =
e I SN 2NN NS I VR (R M 57 5 s w0 1z 090 00—y 109

Ee) (n1,mn2) = (100, 5)

Fig. 9 The error rates of the BC-LSVM, LSVM, BC-GSVM with v = 49 and GSVM with
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right panels display e for d = 2%, s = 5,...,12. Their standard deviations are less than
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Table 2 The average error rate e for five microarray data sets in Table 1.

Data set (n1,n2) | BC-GSVM  GSVM BC-LSVM LSVM
Colon cancer | (10,10) 0.157 0.158 0.163 0.159
(20,10) 0.148 0.166 0.159 0.173
(30,10) 0.135 0.172 0.178 0.213
(10,15) 0.149 0.15 0.17 0.17
(20,15) 0.131 0.142 0.154 0.157
(30,15) 0.133 0.133 0.159 0.181
Leukemia (5,10) 0.055 0.071 0.06 0.08
(10,10) 0.041 0.04 0.04 0.041
(20,10) 0.035 0.041 0.039 0.05
(5,20) 0.049 0.099 0.049 0.102
(10,20) 0.037 0.033 0.035 0.041
(20, 20) 0.03 0.029 0.037 0.037
DLBCL (10,5) 0.082 0.096 0.079 0.079
(30,5) 0.072 0.096 0.055 0.115
(50, 5) 0.099 0.137 0.069 0.147
(10,15) 0.042 0.052 0.045 0.054
(30,15) 0.028 0.027 0.021 0.021
(50,15) 0.019 0.025 0.017 0.019
HGG (5,10) 0.282 0.333 0.304 0.316
(10,10) 0.269 0.277 0.28 0.286
(20,10) 0.231 0.29 0.288 0.292
(5,15) 0.279 0.476 0.313 0.344
(10,15) 0.246 0.387 0.281 0.281
(20,15) 0.246 0.262 0.268 0.267
Breast cancer (3,3) 0.226 0.236 0.245 0.239
(6,3) 0.202 0.264 0.228 0.243
9,3) 0.182 0.369 0.234 0.253
(3,5) 0.218 0.277 0.257 0.276
(6,5) 0.168 0.176 0.226 0.225
(9,5) 0.149 0.217 0.211 0.206




