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THE MEAN VALUES OF THE DOUBLE
ZETA-FUNCTION

By

Soichi IKEDA, Isao KiuchHi and Kaneaki MATSUOKA

Abstract. We investigate the mean square formulas of the Euler—
Zagier type double zeta-function {,(s1,s2) and provide the Q results
of the double zeta-function. We also calculate the double integral
under certain conditions.

1. Introduction

Let s; =g, +it; (j =1,2) be complex variables with o;,#; € R, and let {(s) be
the Riemann zeta-function, which is defined as {(s) :=>_,”  n~* for Re s > 1. The
double zeta-function of Euler—Zagier type is defined by

1
Lls) = > e

1<m<n

which is absolutely convergent for g, > 1 and o] + 6, > 2. One can easily see
that the reciprocity law

(1.1) {(s1)¢(s2) = L(s1 4 52) + Gals1,82) + a(s2,51)

holds for g1 > 1 and o, > 1. The function {,(s;,s,) was applied to the proof of
the mean value formula given by F. V. Atkinson [3] (see also A. Ivi¢ [7]) in the
theory of the Riemann zeta-function {(s). Atkinson gave the analytic continuation
of {y(s1,s7) to the region {(s;,5) € C*|0 <o) <1,0<a,<1}. The function
{5(s1,52) is continued meromorphically to C2, which was studied by J. Q. Zhao
[18] and S. Akiyama, S. Egami and Y. Tanigawa [1], independently. The double
zeta-function {,(s;,s,) has many applications to mathematical physics. In par-
ticular, some algebraic relations among the values of the double zeta-function
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{o(s1,52) at positive integers have been extensively studied [16]. Some analytic
properties of {,(s1,s2) have been obtained by Akiyama, Egami and Tanigawa,
H. Ishikawa and K. Matsumoto [6], I. Kiuchi and Y. Tanigawa [11], I. Kiuchi,
Y. Tanigawa and W. Zhai [12], K. Matsumoto [13], [14], and others.

1.1. Mean Square Formula—Concerning 7;. K. Matsumoto and H. Tsu-
mura [15] were the first to study a new type of some mean value formulas of
sz |Cz(s1,sz)|2 dt, with a fixed complex number s; and any large positive number
T > 2. They derived two approximate formulas for (,(s;,s,) and three mean
value formulas for {,(s;,s,) with respect to #,, who particularly obtained

o0

T
L Ca(s1,52)|* ety = Z

+O(T* 272 Jog T) + O(T'/?)

n—1 1

me

m=1

n20’2

for {1 <oy <1,3<0,<1and 3< 0 +0, <2, where the coefficient of the main
term on the right-hand side of the above converges if g, > 1/2 and o] + o, >
3/2. S. Tkeda, K. Matsuoka and Y. Nagata [5] studied the asymptotic behaviour
of the integral sz |Cz(s1,sz)|2 dt, for o, > % and g +0; > %, and obtained
some asymptotic formulas. They also considered the mean value formula of
fZT (5 (s1,82)|* dt; with a fixed complex number s, and any large positive number
T > 2, who showed that

2
T o0 1 m 1
2
(1.2) L 2o st = | Do elon) =3

O(T4 2 -222) if % <oy +0y <2,
0(10g2 T) if 1 4+0,=2.

Here, the coefficient of main term on the right-hand side of (1.2) converges if
o+ oy > % Furthermore, they deduced that the asymptotic formula

T
(1.3) J 165 (51, 52) | dry :%Tlog T+ O(T)

2 |S2 — 1|
holds on the line a; + o, :%. This result implied that the conjecture of Mat-
sumoto and Tsumura on the line o) + a, =3 (see their conjecture (ii) in [15]) was
true. Some mean value formulas given by 1. Kiuchi and M. Minamide [10] were
inspired by Matsumoto and Tsumura, and Ikeda, Matsuoka and Nagata. For
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the region 0 <oy <1, 0<oy <1 and 0 <o +0; < %, Kiuchi and Minamide
recently considered five formulas of the integral f2T|Cz(s17sz)\2 dt; and showed
that, for any sufficiently large positive number 7" > 2,

T

2 -

(1.4) J Ga(s1,5)|7 dty = L)z T2 + 0(1, l/2(10g ) T?)
2 4r|sy — 1]

. 13
with 6 +0p =1 and 2< 15 < 15?’

T 420, -2
(15) J (alorsn) P dy = (ayerizee s HEZ2 2] pacan
2 (4—20’1—20’2)|S2—1|

+ 0(; T3

with 1 <oy +0, <3 and 2 <1, < T+

T _— —
(1.6) J Gos1,2)[2 dty = (2m)2or+ers S = 201 — 200) 5 T4-201~202
2 (4—20’1—20’2)|S2—1|

+ 0(121/2—61 —a2 T5/27<71 —03 )

with % <or+oy<land 2<h < T<372617202)/(572017202),

T
(1.7) J Calsr, o) dty = —=B) 3

> 1272|s, — 1|
Lo if /logT <t,<T'?,
O(t;'T*\/log T) if 2<t,</log T
with 61 + 0, =1, and
g 2
(1.8) J 8o (1, 82)| dty
2

— (271.)201 +20,-3 C(4 — 20 — 202) 5 T4720172z72
(4 — 20’1 — 20’2)|S2 — 1‘

O<t21/27(71*(72 T5/2—01—0'2) if T(1—201—20'2)/<3—2(71—20'2) < tz
+ < T(3—2J]—20’2)/(5—20‘1—20’2)’
O(t2—1T3—2a1—20'2) if 2 < th < T(l—201—2az)/(3—2¢71—2az)

with 0 < g7 + 0, < % Note that the O constants of the above formulas depend on
o1 and ;. From (1.4)—(1.8), they also showed that

Z‘3/27017()'2
(1.9) G(o1 +ity, 00 + i) = Q| L

15)
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for 1 <oj+0,<3,2<<T and 2 <, < T!-@Ate)=e and

3/2-01—0>
(1.10) CZ(O'l +i11762+i12)—Q<lT>
for 0<oi+o <1, 2<;, <T and 2 <, < TG 201-20)/5-201-200)~¢  ith ¢
being any small positive constant.

Ikeda, Matsuoka and Nagata made use of the mean value theorems for
Dirichlet polynomials and suitable approximate formulas derived from the Euler—
Maclaurin summation formula to obtain the formulas (1.2) and (1.3). However
Kiuchi and Minamide used some mean value formulas of the Riemann zeta-
function for the region —1 < g < % and a weak form of the approximate formula
of Kiuchi, Tanigawa and Zhai for {,(s1,s2) to obtain the above formulas (1.4)—
(1.8). In (1.2) and (1.3), s, is a constant, but #, is not a constant in (1.4)—(1.8).
This difference is important, because the analytic properties of {,(s,s>) depend
on both s; and s5.

1.2. Mean Square Formula—Concerning 7,. The main purpose of this
paper is to prove the mean square formulas of the double zeta-function {,(si, s2)
concerning the variable #, in place of the variable #; within the region 0 < o] < 1,
O<om<land O0< o +0r < % Some mean square formulas of the double zeta-
function {,(s»,s1) with respect to #; under the region 0 < g; < 1, 0 <0, < 1 and
0 < g1+ 05 <3 can be derived from the reciprocity law (1.1) and the formulas
(1.4)—(1.8). Hence, it is sufficient to calculate the integral jZT (5 (s2,51)|? dt1. Then
we have the following eleven formulas.

THEOREM 1.1. Suppose that 2 <t <T and 2<t, < lng;/sT. For any suffi-
ciently large positive number T > 2, we have

T
2 _
(AU ol = 272 4 01 (10g 1) T)
2 4r|sy — 1]

with%<01<l, 0<02<%and01+02:1.

Taking 1, :% into the above, the right-hand side of (1.11) is estimated
as O(T*?1og®? T), but if we can take 1, = T, then we can estimate that
O(TlogT).

Throughout our theorems, the O-constants of whose formulas depend on o
and o3, and is independent of #,. In short, #, is not a constant. This fact is one
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of important observations, because the analytic properties of {,(s1,s2) depend on
both variables s; and s;.

REMARK 1.1. For2<f <T and 2<n < %, we observe that the main
terms on the right-hand side of (1.4) and (1.11) are the same one with } < g; < 1,
0<o,<1iand g;+0,=1, but (1.11) does not coincide with (1.4), namely

T T

Ca(s1,82) | dty — J Ca(s2,1) |7 dy = O(IEI/Z(IOg £)T?).
2

(1.12) J

2
Integrating (1.12) by the variable #,, hence
N T , )
J J {1G(s2,80)|” = |Ca(s1,2)| "} dtr dir = O(T?>N'/? log N)
2 b
for 2< N < %. Then we deduce the double integral for |5(s1,s:)|?, namely
CoroLLARY 1.1.  We have

1 N ¢T 5 ) T
113 gy [ ] sl - s Py dn dsz(\/%logN>

for %< o<1, 0<0; < %, o1+oy=1and 2<N < lggl/;. In particular, taking

3.
N = mT‘;ﬁ into the above we have

N T
L L {I6a(s2,5)17 = [a(s1,52)°} diy di = O(T/(log T)'/?).

THEOREM 1.2.  Suppose that 2 <t < T and o1 = 0y = % For any sufficiently
large positive number T > 2, we have

T

(1.14) J |Ca(s2,91)|? dty
2
— Lz)sz
4n|s, — 1]
) ' T1/3
O(1,"*(log 1) T/?) if (log 7)** <t < log T’

0(t; % (log 1) T*2(log T)'?) if 2 < 1, < (log T)**.

THEOREM 1.3. Suppose that 2<t, <T and 2<t, < %. For any suffi-

ciently large positive number T > 2, we have
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T
(1.15) L Ca(sa,51)|2 diy

2

== T4 0(1,'*(log ) T*?)
4r|sy — 1|

+ 07 log £)*T72) + 0(1; "V (log 1,)2T> )

with 0<01<%, %<O‘2<1 and o1 +0y = 1.

From Theorems 1.1 and 1.2, we immediately derive an alternative proof of
the Q-result in Kiuchi, Tanigawa and Zhai [12], namely

COROLLARY 1.2. Let o1 +or=1, 1 <o1<1, 0<oy<land 2<t,<T.
We have
1/2

t
CZ(O'Q + ity, 01 + il]) = Q(l)

1)

for 2 < t, < T3¢, where ¢ is any small positive constant.

Under the condition 0 <o, <1, 0<o, <1 and 1 <o; +0; < %, we shall
consider the mean square formula for the double zeta-function (,(s»,s;) with
respect to the variable z;.

THEOREM 1.4. Suppose that 2<t; < T, 2<t, < T'-@atn) < g <1,
O<omm<land 1 <o +0y< % For any sufficiently large positive number T > 2,
we have

T 4-20, -2
(1.16) J O R
2 (4—20’1—20’2)‘5‘2—”
+0(t, P52
with £ <oy <1 and 0 <5, < 1,

C(?) —202)
(3= 202)|ss — 1]?

T
(1.17) L (52, 80)| diy = (27)27 72 732 4 O(t; P T %)

+ 0(5;2 3717 (10g 15)2 T2 (log T)'/?)

with o; = %, %< o<1 and 2 <t, < T*3CP gnd
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T
(1.18) L 1Ca(s2,80) |7 dty

_ (2n)2ﬂl+2r7273 5(4 B 201 - 262) 5 T472¢7] —20,
(4 — 20'1 — 202)|S2 — 1|

+ O([;1/2T5/270|70'2) 4 O(t2—2/3—<1/3)0'2(10g t2)2T3720-170-2)
+ 0(l£2/3)(1*02)(10g [2)4T2—2(71)

with 0 < g4 <% and%<02< 1.
As two applications of Theorem 1.4, we have the following.

COROLLARY 1.3. Let 1 <oy +0,<3 and 2<t; <T. We have

3/270‘17(72
(1.19) Cz(O’zﬁ-ilz,O‘l-i—ill):Q(lti)
2
with %< o <1,0<am<]1, and 2 < t, < TV-@ROtm)= o g :%, %< oy < 1
and 2 < t, < T?3-@R),

REMARK 1.2. Comparing (1.19) with (1.9), the Q-result of the right-hand
side of (1.19) is same one on the right-hand side of (1.9), but the left-hand side
of (1.19) does not coincide with the left-hand side of (1.9). It is observed that
the variables s, and s; on the left-hand side of (1.19) are taken a change of the
variables s; and s» on the left-hand side of (1.9), respectively. Therefore, the
Q-results of (1.19) and (1.9) depend the ratio of the order of ¢, to that of #,; that
is the inequalities 2 < #, < T and 2 < t, < T'-C)@+a)—¢

This involves the result of Corollary 1.2. The formula (1.19) provides an
improvement upon the Q result in [12].

COROLLARY 1.4. We have

N (T

(120 [ [ (Gabonsn = [Galorisn) P} o dos = O(T92 N1
2 )2

for %< o<1, 0<m<l, 1<o +o0; <% and 2 < N < T'=CA o) par-

ticular, taking N = T1=%/3@+%) und 6\ + 65 =3 — ¢ (¢ > 0) into (1.20), we have

N T
JZ J {‘CZ(S25S1)|2 _ |CZ(S17S2)‘2}dt1 dtz — O<T1+é)

2
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Furthermore, we shall consider the mean square formula for the double zeta-
function {,(sy,s1) with respect to the variable ¢ for the region 0 < gy <1,
O0<oy<land 0< o) +o0p < 1.

THEOREM 1.5.  Suppose that 2 < t, < T, 2 <t < TG-201720)/(5-201-200) () <
g1<1,0<0,<1 and % < o1+ gy < 1. For any sufficiently large positive number
T > 2, we have

C(4 — 20—1 — 202) T4—2(71—20‘2
(4 =201 — 205)|s, — 1]

T
(1.21) J G5 (52, 51) | dty = (2m) > 2273
2

+ 0([271/2*(2/3%72 (log l2)T5/27{71 7(72)
+ 0( % (log 1)°T) + O(/>= "= 3201
with %<01 <1 and0<02<%,

(122) JT ‘CZ(SLSI)'Z dll _ (27[)202_2 C(3 - 20’2)

T3—2(72 + 0 tfaz T2—<72
2 (3 = 20y)|s, — 1|2 e )

+0(ty" 7 (log 1,)>T log T)
+0(t; 77 (1og 1) T> > (log T)'/?)

with o :% and 0 < o, <%,

~

(1.23) L Ca(sa,50)|? diy

_ (2n)2f71+202*3 C(4 — 201 — 202) . T4-201-20,
(4 — 20‘1 — 20‘2)|S2 — 1|

+0(6; % (log 1) T3727172) 4 01y (log 1)*T772)
+ O(I;/zfﬂlfo'z TS/Zfalfaz)

with 0 < oy <} and 0 < oy <1,

T
(1.24) L Ca(sa, 50)[2 diy

C(3 - 20—1) T3—20'1
(3 —201)|s — 1]°

— (27‘[) 201-2

+0(1,"(log 1) T3*72) + 0(6*(log 1,)* T> ") + O(1; 7 T> ")
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with 0 < o1 < 2 and o, = % and

T
(1.25) L 1Ca(52,50)| dt

{(4— 201 —207) 420120
(4 —201 —207)|52 — 1|2

— (2n)2(fl+2(72—3
+0( —2/3—(1/3) ”’(logt) T3 201 gz)+0( (2/3)(1-02) (log tz) Tz 201)
+ 0(15/2*01*02 T5/2701702)

with 0 < oy <% and 1 <o, < 1.

THEOREM 1.6. Suppose that 2 <t, <T,2<t,<T'? 0< g <%, O0<op <

% and o1 + 0y = 5. For any sufficiently large positive number T > 2, we have

T
(1.26) L 1Ca(sa,50)[2 diy

3 3 —1/2=2/3)a 5/2—
= T3+ 0(t *(log 1) T/*
1272]s — 1|2 (- (log 22 )

n 0( —(4/3) ﬂz(log l) T2 201) + 0(T2)+0( szm).

THEOREM 1.7. Suppose that 2 <t; < T, 2 < t, < TG201-20)/(5-201-2m) () <
g1 <3, 0< 0, <% and 0 < o1 +0y < % For any sufficiently large positive number

T > 2, we have

T
(1.27) Jz |65 (52, 51)|? dny

{(4 =201 —207) T4-201-20
(4 — 20, — 4ay)|s — 12

_ (27_[) 201+20,—3

+0(t, % (log 1) T372777) 1+ 0(1;” 4% (log 1)>T2727)

+0( 1/2 0102 5/2~01 )+ 0(s —173-20,— 202)

NotaTions. When ¢g(x) is a positive function of x for x > xy, f(x)
Q(g(x)) means that f(x) = o(g(x)) does not hold as x — co. In what follows,
¢ denotes any arbitrarily small positive number, not necessarily the same ones at

each occurrence.
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2. Other Mean Square Formula

For any large positive number 7 > 2, Ikeda, Matsuoka and Nagata [5] first
studied a new type of mean values formula of f2T|Cz(sl,sQ)|2 dt, where s, =
g1 + it and s, = 0, + it. By using the approximate forms for the Dirichlet poly-
nomials and technique of calculation for multiple sums, they showed that

T
2.1) j Gos1,2)|2 d

2
2

o0
1
= Z Z epT— T+ O(T4—20‘1—20'2+8) 4 O(TI/Z)
k=2 \ mn=k
m<n

for o1 <1 and % < 01 + 02 < 2, where the coefficient (the double sum) of the first
term on the right-hand side of (2.1) converges for o) >% and o; + 0, > 1. The
method of their proof is standard version, but which is very complexity.

Secondly, we consider the mean value formulas for the double zeta-function
(> (s1,52) with respect to the variable ¢ for sy =g + it and s, = o, + it in the
region 0 <o <1, 0<oy<1 and 0 <] +0; < %, whose proof makes use of
the method of Kiuchi and Minamide [10] to obtain the mean square formulas for
the double zeta-function {,(s,s2) under the region 0 <o) <1, 0 <oy < 1, and
O<or+o < % Then we derive the following formula.

THEOREM 2.1. Suppose that 0 < g1 <1 and 0 < gy < 1. For any sufficiently
large positive number T > 2, we have

T 0(T472‘7‘7202) if 0<o 4o <1,
(22) J oo +it,or + i) dt = 4 O(T? 0@ T) if oy +or=1,
2 O(Tz) l'f1<0'1+0'2<%.

To improve this theorem, we must be obtained the sharper estimate for the
function E(sy,s;) in Lemma 3.1 below, but it is very difficult to find the sharper
estimate of the function E(si,ss).

3. Some Lemmas

Kiuchi and Minamide used a weak form of the approximate formula of
Kiuchi, Tanigawa and Zhai [12] to prove the formulas (1.4)—(1.8). We use the
reciprocity relation (1.1), the formulas (1.4)—(1.8), the estimates (upper bound) for
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the Riemann zeta-function and the mean value formulas for the Riemann zeta-
function to prove our theorems. The estimate of the function E(si,s;) mentioned
in Lemma 3.1 was derived by Kiuchi and Minamide, who used the simpler
estimation for the partial sum of the divisor function to get the estimate (3.2),
whose lemma is only used for the proof of Theorem 2.1, and is not used for the
proofs of Theorems 1.1-1.7. However, we use the reciprocity relation (1.1) to
obtain the mean value formulas of the double zeta-function {,(s»,s1) with respect
tot; for0<o; <1 and 0 <oy < 1.

Lemma 3.1. Suppose that 0 < o) <1 and 0 < g2 < 1. Then we have

(3.1) Go(s1, ) = M—lf(ﬁ +52) + E(s1,52)
Sz*l 2

where the error term E(sy,sy) is estimated as

L2 i 0<o 402 <1,
(32) E(S17s2) < |t2|1/2 10g|f2| lf o +oy= la
6|2 if o1+02> 1.

Note that this error term E(s;,s;) is independent of #.

Lemma 3.2. For 0<o1 <1, 0<ay <1 and any sufficiently large number
T > 2, we have

T

(33) L (Ca(sa,s) diy = Jy + J> + 02013,
where

T 2
(3.4) J1=J |Ca(s1,52)| " dny,

2
and

2 T 2
(3.5) s2= )P [ W) i
2

Proor. Using the reciprocity law (1.1), namely

Go(s2,81) = L(s1)(s2) = L(s1 4 52) — Ea((s1,82)



180 Soichi IKEDA, Isao KiuchHr and Kaneaki MATSUOKA

and Schwarz’s inequality, we deduce the following formula

T
J (Ca(s2,50) 7 diy = Jy + Ja + T3 + O 202+ 0,20+ 120
2
within the region 0<o; <1 and 0<o, <1, and the integrals J; =
I 161, 80)) 2 dty, Ja = |C(s2) [ 10(s1) 7 dy and J3 = [ [¢(s1 + 52)|* dtr. Now,
using the analytic property of the mean value theorems for the Riemann zeta-
function (see Lemma 3.3 below), there is a positive constant ¢ = ¢(a, ) depending
on o and f such that the inequality

T

T+¢
(3.6) L |C(ac+il)|2dtsCL (B +in)|* dt

holds for 0 < f<a <2 and 2 < ¢ < T. This constant ¢ is independent of &.
Thus, from (3.6) we obtain J3 = O(J,), completing the proof of (3.3). ]

We shall take the proof of the inequality (3.6) behind that of Lemma 3.3.
To deal with the integral (3.5), we need the following Lemma 3.3, which is

the mean square formulas of the Riemann zeta-function for —1 < o < 2.

Lemma 3.3.  For any sufficiently large positive number T > 2, we have

T
(3.7) J (o + in)|* dt = {(26)T + O(1)
2
with o > 1,
T
(3.8) J IC(1+it))* dr = £(2)T + O(log T)
2
with o =1,
d L L2=-2
(3.9) L (o + it)|* dit = (26)T + (27)* I%TH“

+0(T®30-0) 16g%° T)

with < o <1,

(3.10) JT

2

2
dt = T log 21+ (2y = )T + O(T"?)
n

L.
C(z‘i’ll)




The mean values of the double zeta-function 181

with o :% and the Euler constant v,

T
(3.11) J (o + in)|* dt = 2m)* ! §2=20) oo, {(20)T + O(T'™)
2 2—-20
with 0 < 0 < %,
r 2
(3.12) L \C(it))? dt = %Z) T?+ O(T log T)

with ¢ =0, and

{2-20)

T
(3.13) L (o + it))* dr = 2m)* " gz — T27% 4 O(T'™%)

with —1 <o < 0.

Proor. The formulas (3.7) and (3.10) follow from the standard texts (see [7],
[8] and [17]). From [4] and [9], we get the formulas (3.8) and (3.9), respectively.
The formulas (3.11)—(3.13) derive from Lemma 2 in [10]. O

ProOF OF (3.6). We assume that 0 <f<a<2 and 2<¢<T. From
Lemma 3.3, one can see that

T T
J (e + i0)|* dt < cIJ (B + ir)|* dt
2 2

for any sufficiently large positive number 7" > 2 and some positive constant c¢;.
Thus, to prove (3.6) it is enough to show some positive constant ¢, such that

T+¢& T
(3.14) JT |C(oc+it)\2dt<ch LB+ i) d.

From Lemma 3.3, we have

T+¢&
J C(o+ it)| dt
T

(0E+0(1)  if a1,
((2)¢+0(log T) if a=1,
{Ra)é+O0(T*>) if J<a<,
O(T log T) if a=1,
O(T> ) if0<a<l,
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Since 0 < f<a<2and 2<¢ < T, it follows from the above that we obtain the
inequality (3.14). N

Furthermore, we need an upper bound for the Riemann zeta-function in the
critical strip to prove Theorems 1.1-1.7, which is given by Lemma 2.5 in Kiuchi
and Tanigawa [11] (see also Ivi¢ [7], Titchmarsh [17]).

LemMmA 3.4. For t >ty > 1 uniformly in o, we have

(1/3lalog t if%<0’£1,
(3.15) {(o+it) < { ¢1/6 log ¢ if g:%7
1127727 Jogt if 0<o<i.

4. Proofs of Theorems

ProoFs oF THEOREMS 1.1-1.3.  We shall evaluate the integral jZT (82, 51| dity
under the condition 0 < g1 < 1, 0 < 0, < 1 and g + g, = 1. From (3.5), Lemmas
3.3 and 3.4, we have

T
1) = |C(Sz)\2J () 2y

2

oY% (1og )T if 1<oi<1and 0<o,<1,
<< 6 (log o)’ T log T if oy =0 =1,

0 log ) T2 if 0<oy <) and L<aoy < 1.

From (1.4) and (3.4), we have

(4.2) Ji = & T2 + 0(1, *(log 1) T*?)
47ls, — 1]

with 2 <15 < T/ . Substituting (4.1) and (4.2) into (3.3), we observe that all
error terms on the right-hand side of (3.3) are absorbed into O(¢, 1 2(log t)T3/?)
if L<gi<1, or into O(r;(log n)T3/?) + Ot *5/6(1og LT3 (log T)?) if
o1 =1, or into O(1;'*(log ) T%2) + O (log 1) * T>2) + Oz, /P
(log ,)*T> ) if 0 < o) < 1. Hence, we obtain the formula (1.11), (1.14) and
(1.15). O

ProOF OF THEOREM 1.4. In a similar manner to above, we shall evaluate the
integral.
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In a similar manner to above, we shall evaluate the integral jZT G5 (52, 51)|? dny
under the condition 0 < g1 <1, 0<oy <l and 1 <o)+ 03 < % Then, by (3.5),
Lemmas 3.3 and 3.4 we have
o437 (log 1,)*T if

0 (log )*T if 1<oi<1 and 0, =1,

43) L« 2/3) (1-02) (

t(2/3) (log L)' Tlog T if o =1 and 1<a <1,
"

<o <1and 0<ay<i,

— ol

[

log n)*T if 1<oi<land {<or<l,

2/3 log )*T> 2 if 0 <0 <4 and 1<o <.

From (1.5) and (3.4) we have

{4201 —20) 420120

44 Ji = (2m)> e
(44) 1= (2n) (4— 201 — 20)|s» — 1|2

+ 0( 1/2]"5/2 g — 172)

for 2 <t < T'-C/A@+e)  Qubstituting (4.3) and (4.4) into (3.3), we observe
that all error terms on the right-hand side of (3.3) are absorbed into
0(151/2T5/2*”1’”2) if $<oi<1 and 0<oy<1, or 1nto O(1, S22 ) 4
0(t, 3% (1og 1,)? T2 “(log T)'?) if oy=1 and <oy <1, or into
0( *1/2T5/2 o1 — Jz)+0( —2/3— (1/3)02(10g 12)2T3—2(;1—62)+0(l§2/3)<1*‘72)(10g 12)4T2_201)
if 0 <oy <% and1<o,<1. We derive the formulas (1.16), (1.17) and (1.18).

O

Proor OF THEOREM 1.5. We shall evaluate the integral jo G5 (52, 51)|? dny
under the condition 0<o; <1, 0<oy <1, %< o1+o;<1 and 2<tnh <
T3-201-202)/(5-201-202) " From (3.5), Lemmas 3.3 and 3.4 we have

6y Y% (log 1)*T if l<oy<1and0<ao <,

(
4/3az(loglz) Tlog T if 01:% and 0<02<%,
4.5) D« 12 @37 (log 1)*T>2 if 0< o) <L and 0 <y <1,
1/3(log )2 T2 if 0<o; <4 and 0, =1,
1(2/3“ Jz)(logt) T>2 if 0<oy <} and 1< <1

From (1.6) and (3.4), we have

{(4 20| — 20,) T4-201-202
(4 =201 — 20|52 — 1|?

(4.6) Ji = (2n)* 7

+ 0(121/2*01*02 T5/27alfaz)'
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From (4.5) and (4.6) we have

1/2 41/2
@7 J2

1y ' CP% (log 1) 75201 if 1<oi<1and0<a,<1,
,1/2 @Y% (1og 1) T2\ flog T if o) =1and 0 <o, <1,

« _1/2 G2 (log 1) T2 if 0<o; <4 and 0<a, <1,
1>/ (log 1) T5/>-21 if 0<o; <} and o =1,

,2/3 13092 (10 1,)2T3-201-02 it 0<or <! and <o <1,

Substituting (4.5), (4.6) and (4.7) into (3.3), we obtain the formulas (1.21), (1.22),
(1.23), (1.24) and (1.25). O

ProOF OF THEOREM 1.6. We shall evaluate the integral jo\Cz(sz,s1)|2 dty
under the condition 0 <oy <%, 0 <o, <} and oy + 0, =1. Then, from (3.5),
Lemmas 3.3 and 3.4 we have

(4.8) Jy « t ~4/3) “(log t,)*T?> 2.
From (1.7) and (3.4), we have

{(3) 3 0(T?) if JlogT <t,<T'?,
(4.9) Ji :427' + .
12725, — 1 O(t'T*\/log T) if 2<t,</log T

We have, from (4.8) and (4.9)
(4.10) TP i PR 160g 1) TS0

Substituting (4.8), (4.9) and (4.10) into (3.3), we have the formula (1.26) within
2<n<T' O

Proor oF THEOREM 1.7. We shall evaluate the integral jo\Cz(sz,s1)|2 dn
under the condition 0 <oy <1, 0<o, <! and 0< oy +0, <i. Then, from
(3.5), Lemmas 3.3 and 3.4 we have

(4.11) Jy « t —4/3) “(log 1,)2T>72.

From (1.8) and (3.4), we have
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C(4 — 20'1 - 202) T472z7172t72

4.12)  Jy = (2n)*
@12) Ji=(2n) (4= 201 — 20)[s — 1

0(1«21/270'17(72 T5/2*f71*0"2) if T(1720172ﬂ2)/(372<7172r72) <b
+ < T(3—2r71—2(72)/(5—2(;1—2(72)’
0(12—1T3—251—202) if 2< th < T(]_201_202)/(3_201_2”2).

From (4.11) and (4.12), we have
(413) SR 9 g 1y

Hence, we substitute (4.11), (4.12) and (4.13) into (3.3) to obtain the formula
(1.27). O

PrOOF OF THEOREM 2.1. Assume that s; = o) +it, s =0 +it, 0 <oy < 1,
0<o,<1and 0<oy+0,<3. From (3.1), we have

T
(4.14) L Ca(s1,82) % dt = Ki + Ky + K3 + O(K*K)* + K,

2
where K, = [/ 0t DE g gy — 1 (T \¢(sy + 55)|* dt and Ky =[] |E(s1, )| dt.

2 1)
From (3.2), we have

K KPR

O(T*21722) if 0 <oy +0y <1,
(4.15) Ky={ O(T?log®> T) if o140y =1,
O(Tz) if 1<0’1+O’2<%.

From (3.7)-(3.12), we have

O(T272rf|72(72) if 0 <ol+o< %7
(4.16) Ky=<¢ O(TlogT) if o14+0,=1,
o(T) if%<0‘1+02<%.

Integrating by parts and Lemma 3.3, it follows that

(4.17) K =0 max {1, 7?7?2727}
0<o1<1,0<o,<1
0<G’1+O‘2<3/2

Substituting (4.15), (4.16) and (4.17) into (4.14), we derive the formula (2.2).
O

Using Lemma 3.3, we can easily calculate more precise formulas of K; and
K5, however, we can not obtain a more accurate formula for K3 by Lemma 3.1.
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Therefore we need the exact expression of the asymptotic formula of E(s;,s,) for
0<o; <1 and 0 <oy <1 to obtain more accurate asymptotic formulas for

sz Ca(s1,52)| dt.
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