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The theory of Lie bialgebras and Poisson Lie groups is due mainly to [V. G. Drinfeld,
Dokl. Akad. Nauk SSSR 268 (1983), no. 2, 285-287; MR0688240; M. A. Semenov-
Tyan-Shanskii, Funktsional. Anal. i Prilozhen. 17 (1983), no. 4, 17-33; MR0725413].
A significant result is that Lie bialgebras are in one-to-one correspondence with Manin
triples. Lie bialgebroids were introduced as a natural generalization of Lie bialgebras in
[K. C. H. Mackenzie and P. Xu, Duke Math. J. 73 (1994), no. 2, 415-452; MR1262213],
where the one-to-one correspondence between Lie bialgebroids and Manin triples still
holds.

The concept of crossed modules was proposed by J. H. C. Whitehead [Ann. of Math.
(2) 47 (1946), 806-810; MR0017537]. Lie group crossed modules are in one-to-one
correspondence with strict Lie 2-groups [J. C. Baez and A. D. Lauda, Theory Appl.
Categ. 12 (2004), 423-491; MR2068521]. Lie algebra crossed modules first appeared
in [M. Gerstenhaber, Proc. Nat. Acad. Sci. U.S.A. 51 (1964), 626-629; MR0160807],
corresponding to strict Lie 2-algebras [J. C. Baez and A. S. Crans, Theory Appl.
Categ. 12 (2004), 492-538; MR2068522]. Lie bialgebra crossed modules were introduced
in [Z. Chen, M. Stiénon and P. Xu, J. Geom. Phys. 68 (2013), 59-68; MR3035114],
turning out strict Lie 2-bialgebras [C. M. Bai, Y.-H. Sheng and C. Zhu, Comm. Math.
Phys. 320 (2013), no. 1, 149-172; MR3046993; O. Kravchenko, Lett. Math. Phys.
81 (2007), no. 1, 19-40; MR2327020]. There is a one-to-one correspondence between
connected and simply connected Poisson Lie 2-groups on the one hand and Lie bialgebra
crossed modules on the other. Lie algebroid crossed modules were first introduced in
[I. Androulidakis, “Crossed modules and the integrability of Lie brackets”, preprint,
arXiv:math/0501103] as natural generalizations of Lie algebra crossed modules and the
infinitesimal counterparts of crossed modules of Lie groupoids.

This paper is concerned with Lie bialgebroid crossed modules. The principal results
in this paper go as follows:

e Theorem 3.2 gives an equivalent description of Lie algebroid crossed modules in
terms of matched pairs.

e Theorem 3.7 provides an equivalence between Lie algebroid crossed modules and
co-quadratic Manin triples.

e Proposition 4.2 clarifies the relationship between Lie algebroid crossed modules
and strict split Lie 2-bialgebroids [J. Liu and Y.-H. Sheng, J. Symplectic Geom.
17 (2019), no. 6, 1853-1891; MR4057729].

A synopsis of the paper goes as follows:

e §2 contains a succinct account of standard facts about Lie algebroid crossed
modules, Lie algebroid matched pairs and Lie bialgebroids.

e 63 gives the definition of Lie algebroid crossed modules, claiming two main results
about them.

e 84 clarifies the equivalence between Lie algebroid crossed modules and strict split
Lie 2-bialgebroids.
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