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Abstract

We propose a new variant of Chubanov’s method for solving the feasibility problem over the
symmetric cone by extending Roos’s method (2018) of solving the feasibility problem over the non-
negative orthant. The proposed method considers a feasibility problem associated with a norm
induced by the maximum eigenvalue of an element and uses a rescaling focusing on the upper bound
for the sum of eigenvalues of any feasible solution to the problem. Its computational bound is (i)
equivalent to that of Roos’s original method (2018) and superior to that of Lourenco et al.’s method
(2019) when the symmetric cone is the nonnegative orthant, (ii) superior to that of Lourenco et al.’s
method (2019) when the symmetric cone is a Cartesian product of second-order cones, (iii) equivalent
to that of Lourenco et al.’s method (2019) when the symmetric cone is the simple positive semidefi-
nite cone, and (iv) superior to that of Pena and Soheili’s method (2017) for any simple symmetric
cones under the feasibility assumption of the problem imposed in Pena and Soheili’s method (2017).
We also conduct numerical experiments that compare the performance of our method with existing
methods by generating strongly (but ill-conditioned) feasible instances. For any of these instances,
the proposed method is rather more efficient than the existing methods in terms of accuracy and
execution time.

1 Introduction

Recently, Chubanov [2, 3] proposed a new polynomial-time algorithm for solving the problem (P(A)),
P(A) find >0 st. Az =0,

where A is a given integer (or rational) matrix and rank(A) = m and 0 is an n-dimensional vector of Os.
The method explores the feasibility of the following problem Pg, (4), which is equivalent to P(A) and
given by

Ps, (A) find >0 st. Az =0, 0<z<1,

where 1 is an n-dimensional vector of 1s. Chubanov’s method consists of two ingredients, the “main
algorithm” and the “basic procedure.” Note that the alternative problem D(A) of P(A) is given by

D(A) find y>0 st. ycrangeA’, y#O0,
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where rangeA " is the orthogonal complement of kerA. The structure of the method is as follows: In the
outer iteration, the main algorithm calls the basic procedure, which generates a sequence in R™ using
projection to the set kerA := {z € R™ | Az = 0}. The basic procedure terminates in a finite number
of iterations returning one of the following: (i). a solution of problem P(A), (ii). a solution of problem
D(A), or (iii). a cut of P(A), i.e., an index j € {1,2,...,n} for which 0 < z; < 1 holds for any feasible
solution of problem Pg, (A).

If result (i) or (ii) is returned by the basic procedure, then the feasibility of problem P(A) can be
determined and the main procedure stops. If result (iii) is returned, then the main procedure generates
a diagonal matrix D € R™*™ with a (j,j) element of 2 and all other diagonal elements of 1 and rescales
the matrix as AD~'. Then, it calls the basic procedure with the rescaled matrix. Chubanov’s method
checks the feasibility of P(A) by repeating the above procedures.

For problem P(A), [15] proposed a tighter cut criterion of the basic procedure than the one used in [3].
[3] used the fact that z; < ‘FH l2 holds for any y € R™ satisfying S yi=1,9y>0andy ¢ rangeA”,
z € R" obtained by prOJectlng this y onto kerA, and any feasible solution € R™ of Pg, (A4), and the
basic procedure is terminated if a y is found for which M <! 5 holds for some index j. On the other

hand, [15] showed that for v = y—z, x; < min(1,17 [ v/v M) < f” l2 holds if v; # 0, where [—v/v;]"
is the projection of —v/v; € R™ onto the nonnegative orthant and 1 1s the vector of ones, and the basic
procedure is terminated if a y is found for which 17 [~ /v;]7 < 3 5 holds.

Chubanov’s method has also been extended to include the feasibility problem over the second-order cone
[9] and the symmetric cone [13, 10]. The feasibility problem over the symmetric cone is of the form,

P(A) find ze€int st. A(x) =0,

where A is a linear operator, K is a symmetric cone, and int I is the interior of the set K. As proposed
n [13, 10], for problem P(A), the structure of Chubanov’s method remains the same; i.e., the main
algorithm calls the basic procedure, and the basic procedure returns one of the following in a finite
number of iterations: (i). a solution of problem P(A), or (ii). a solution of the alternative problem of
problem P(A), or (iii). a recommendation of scaling problem P(A). If result (i) or (ii) is returned by
the basic procedure, then the feasibility of the problem P(.A) can be determined and the main procedure
stops. If result (iii) is returned, the problem is scaled appropriately and the basic procedure is called
again.

It should be noted that the purpose of rescaling differs between [10] and [13]. In [13], the authors devised
a rescaling method so that the following value becomes larger:

d(kerANK) := max {det(z) | x € ket ANK, ||z]|3 =1},

where ker A := {z | A(x) = 0} and ||z||; is the norm induced by the inner product (z,y) = trace(z o y)
defined in section 2.3. They proposed four updating schemes to be employed in the basic procedure and
conducted numerical experiments to compare the effect of these schemes when the symmetric cone is
the nonnegative orthant [14].

n [10], the authors assumed that the symmetric cone K is given by the Cartesian product of p simple
symmetric cones K1, ..., /Ky, and they investigated the feasibility of the problem (Pg, _(A)),

Ps, . (A) find zeintk st. A(z) =0, |z1,0 <1,

where for each x = (21,...,2,) € K =K1 x--- Ky, ||2]]1,00 is defined by ||z||1,00 := max{||z1]1,---, |xpll1}s
and ||x||; is the sum of the absolute values of all eigenvalues of x. Note that if p = 1, then problem
Ps, .. (A) turns out to be Pg, (A), which is equivalent to P(A):

Ps,(A) find zeit K st. Ax)=0, |z|; <L



The authors focused on the volume of the feasible region of Pg, (A) and devised a rescaling method
so that the volume becomes smaller. Their method will stop when the feasibility of problem Pg, _(A)
or the fact that the minimum eigenvalue of any feasible solution of problem Pg, _(.A) is less than ¢ is
determined.

The aim of this paper is to devise a new variant of Chubanov’s method for solving P(.A) by extending
Roos’s method [15] to the following feasibility problem (Pg_(A)) over the symmetric cone K:

Ps_(A) find z €int K st Alx) =0, [z|le <1,

where ||z]| is the maximum absolute eigenvalue of x. Throughout this paper, we will assume that K is
the Cartesian product of p simple symmetric cones Ky, ..., Ky, i.e.,, K =Ky x --- x Kp,. Here, we should
mention an important issue about Lemma 4.2 in [15], which is one of the main results of [15]. The proof
of Lemma 4.2 given in the paper [15] is incorrect and a correct proof is provided in the paper [19], while
this study derives theoretical results without referring to the lemma. Our method has a feature that the
main algorithm works while keeping information about the minimum eigenvalue of any feasible solution
of Ps__ (A) and, in this sense, it is closely related to Lourengo et al.’s method [10]. Using the norm || ||oo
in problem Pg_ (A) makes it possible to

e calculate the upper bound for the minimum eigenvalue of any feasible solution of Pg__ (A),
e quantify the feasible region of P(A), and hence,

o determine whether there exists a feasible solution of P(.A) whose minimum eigenvalue is greater
than ¢ as in [10].

Note that the symmetric cone optimization includes several types of problems (linear, second-order
cone, and semi-definite optimization problems) with various settings and the computational bound of
an algorithm depends on these settings. As we will describe in section 6, the theoretical computational
bound of our method is

e equivalent to that of Roos’s original method [15] and superior to that of Lourengo et al.’s method
[10] when the symmetric cone is the nonnegative orthant,

e superior to that of Lourenco et al.’s method when the symmetric cone is a Cartesian product of
second-order cones, and

e equivalent to that of Lourengo et al.’s method when the symmetric cone is the simple positive
semidefinite cone, under the assumption that the costs of computing the spectral decomposition
and of the minimum eigenvalue are of the same order for any given symmetric matrix.

e superior to that of Pena and Soheili’s method [13] for any simple symmetric cones under the
feasibility assumption of the problem imposed in [13].

Another aim of this paper is to give comprehensive numerical comparisons of the existing algorithms
and our method. As described in section 7, we generate strongly feasible ill-conditioned instances, i.e.,
kerANint K # @ and z € ker A N int K has positive but small eigenvalues, for the simple positive
semidefinite cone K, and conduct numerical experiments.

The paper is organized as follows: Section 2 contains a brief description of Euclidean Jordan algebras
and their basic properties. Section 3 gives a collection of propositions which are necessary to extend
Roos’s method to problem Pg_(A) over the symmetric cone. In sections 4 and 5, we explain the
basic procedure and the main algorithm of our variant of Chubanov’s method. Section 6 compares the
theoretical computational bounds of Lourengo et al.’s method [10], Pena and Soheili’s method [13] and
our method. In section 7, we conduct numerical experiments comparing our variant with the existing
methods. The conclusions are summarized in section 8.



2 Euclidean Jordan algebras and their basic properties

In this section, we briefly introduce Euclidean Jordan algebras and symmetric cones. For more details,
see [5]. In particular, the relation between symmetry cones and Euclidean Jordan algebras is given in
Chapter III (Koecher and Vinberg theorem) of [5].

2.1 Euclidean Jordan algebras

Let E be a real-valued vector space equipped with an inner product (-,-) and a bilinear operation o :
E x E — E, and e be the identity element, i.e.,x o e = e oz = x holds for any = € E. (E, o) is called a
Euclidean Jordan algebra if it satisfies

zoy=yox, zo(z’oy)=a’o(zoy), (zoy,z)=(yzoz)
for all z,7,2z € E and 2? := 2 0o 2. We denote y € E as 27! if y satisfies z oy = e. ¢ € E is called an
idempotent if it satisfies ¢ o ¢ = ¢, and an idempotent c is called primitive if it can not be written as a
sum of two or more nonzero idempotents. A set of primitive idempotents ¢y, ¢, ... ¢y is called a Jordan
frame if ¢y, ... ¢ satisfy

k
cioc;=0(i#j), cioci=c; (i=1,...,k), Y c;=e.

=1

For z € E, the degree of x is the smallest integer d such that the set {e,x7x2,...,xd} is linearly
independent. The rank of E is the maximum integer r of the degree of x over all x € E. The following
properties are known.

Proposition 2.1 (Spectral theorem (cf. Theorem II1.1.2 of [5])). Let (E,o) be a Euclidean Jordan
algebra having rank r. For any x € E, there exist real numbers A1, ..., A\, and a Jordan frame cq, ..., c,
for which the following holds:

i=1

The numbers A1, ..., A\ are uniquely determined eigenvalues of x (with their multiplicities). Furthermore,
trace(z) := >0 Ai, det(z) :=[]i_; \i-

2.2 Symmetric cone

A proper cone is symmetric if it is self-dual and homogeneous. It is known that the set of squares
K = {22 : z € E} is the symmetric cone of E (cf. Theorems II1.2.1 and II1.3.1 of [5]). The following
properties can be derived from the results in [5], as in Corollary 2.3 of [21]:

Proposition 2.2. Let x € E and let Z;zl Ajcj be a decomposition of x given by Propositoin 2.1. Then

(i) e ifand only if \; >0 (j =1,2,...,7),
(i) z €eint K if and only if \; >0 (j =1,2,...,7).
From Propositions 2.1 and 2.2 for any « € E, its projection Pi(z) onto K can be written as an operation

to round all negative eigenvalues of x to 0, i.e., Pc(z) = >.._,[\i]Tc;, where [-]T denotes the projection
onto the nonnegative orthant. Using Py, we can decompose any z € E as follows.



Lemma 2.3. Let x € E, and K be the symmetric cone corresponding to E. Then, x can be decomposed
into x = Pic(z) — Pc(—x).

Proof. From Propositoin 2.1, let x be given as x = Z:=1 Aic;. Let I be the set of indices such that
A; > 0 and I be the set of indices such that A\; < 0. Then, we have P (x) = Zieh Aici and Px(—z) =
Zz‘el2 —\;c;, which implies that z = Ziell Aic; + Zielg Aici = Pi(z) — Pe(—2x). O

A FEuclidean Jordan algebra (E, o) is called simple if it cannot be written as any Cartesian product of
non-zero Euclidean Jordan algebras. If the Euclidean Jordan algebra (E, o) associated with a symmetric
cone K is simple, then we say that K is simple. In this paper, we will consider that K is given by a
Cartesian product of p simple symmetric cones Cy, K := Ky x - - - x K, whose rank and identity element
are rg and ey (£ =1,...,p). The rank r and the identity element of K are given by

T:Zm, e=(e1,...,ep). (1)

=1
In what follows, z, stands for the ¢-th block element of z € I, ie., z = (z1,...,2p) € K1 X -+ X ).
For each £ = 1,--- ,p, we define Apin(x¢) := min{\y,--- , A\, } where A1, -+, )\, are eigenvalues of z,.
The minimum eigenvalue Ayin(z) of x € K is given by Apin () = min{Amin (1), -+, Amin(zp) }-

Next, we consider the quadratic representation @Q,(x) defined by Q,(z) := 2vo (vox) —v? oz. For

the cone K = K1 x -+ x K,, the quadratic representation Q,(z) of x € K is denoted by Q,(z) =
(Qv1 (71),..., Qu, (xp)). Letting I, be the identity operator of the Euclidean Jordan algebra (E,, op)
associated with the cone Ky, we have Q., = I, for £ = 1,...,p. The following properties can also be
retrieved from the results in [5] as in Proposition 3 of [10]:

Proposition 2.4. For any v € intkC, Q,(K) = K.

It is also known that the following relations hold for the quadratic representation @, and det(-) [5].

Proposition 2.5 (cf. Proposition 11.3.3 and II1.4.2-(i), [5]). For any v,z € E,

1. det Q,(z) = det(v)? det(x),
2. QQ,(z) = QuQ2Qy (i-e., if x = e then Q2 = Q,Qy) .

More detailed descriptions, including concrete examples of symmetric cone optimization, can be found
in, e.g., [5, 6, 16, 1]. Here, we will use concrete examples of symmetric cones to explain the biliniear
operation, the identity element, the inner product, the eigenvalues, the primitive idempotents, the
projection on the symmetric cone and the quadratic representation on the cone.

Example 2.6 (K is the semidefinite cone S7). Let S™ be the set of symmetric matrices of n x
n.The semidefinite cone S} is given by ST = {X € S" : X = O}. For any symmetric matrices
X, Y € S™, define the bilinear operation o and inner product as X oY = w and (X)Y) =
tr(XY) = Yo, 2?21 Xi;Yi;, respectively. For any X € S", perform the eigenvalue decomposi-

tion and let wq,...,u, be the corresponding normalized eigenvectors for the eigenvalues Ai,...,\;:
X=%", Niuzul . The eigenvalues of X in the Jordan algebra are A1,. .., \, and the primitive idempo-
tents are ¢; = uyu?l, ..., ¢, = u,ul, which implies that the rank of the semidefinite cone St isr =mn. The

identity element is the identity matrix I and the projection onto S is given by Psn (X) = S N Tuul
The quadratic representation of V' € S™ is given by Qv (X) = VXV.



Example 2.7 (K is the second-order cone L,,). The second order cone is given by L,, = {(z1,Z2")" €

R™ : 21 > ||E|2}. For any x,y € R™, define the bilinear operation o and the inner product as x oy =
(z"y, (x1g+ &) ") " and (z,y) =21 | x;y;, respectively. For any z € R™, by the decomposition

z= (o1 + |7l]) (1/2)+<x1-|‘f“2>( . )

T __z
2[[Z ]2 2]zl
we obtain the eigenvalues and the primitive idempotents as follows:

AM=z1+|Z]2 , Aa=x1 — |Z|2,

=T _ AT _
L1, E)T e £0 L1,—&0)T @l £0
Cc1 = , C2 =
3Lz #ll2=0 s(L=20)"  l&@l2=0

where z € R"~! is an arbitrary vector satisfying ||z||2 = 1. The above implies that the rank of the
second-order cone L, is » = 2. The identity element is given by e = (1,07)T € R™. The projection
P, (x) onto L,, is given by

Puoe) = fov -+ el (60) +fon = halll* (% ).

2[lz|2 2|2

Letting I,,_1 be the identity matrix of order n — 1, the quadratic representation @Q,(-) of v € R™ is as
follows: ol -
. V|3 2010
Qu(w) = (21)117 detvl,,_1 + 21_)1_)T) t

2.3 Notation

This subsection summarizes the notations used in this paper. For any z,y € E, we define the inner
product (-,-) and the norm || - ||; as (z,y) := trace(z o y) and ||z|l; := /{(x,x), respectively. For any
z € E having decomposition = Y_._, \;¢; as in Proposition 2.1, we also define ||z||1 := [A1]|+ -+ [A;],
[2)lo := max{|A1],...,|A\:|]}. For x € K, we obtain the following equivalent representations: ||z|; =
(e, 2), ||Z]loc = Amax(z). The following is a list of other definitions and frequently used symbols in the

paper.

d: the dimension of the Fuclidean space E corresponding to /C,
e I'p._(a): the feasible region of Pg_(A),

e P4(-): the projection map onto ker.A4,

e Pi(-): the projection map onto K,

A(z) € R™: an r-dimensional vector composed of the eigenvalues of z € K,

A(zg) € R™: an ry-dimensional vector composed of the eigenvalues of xp € Ky (£ =1,...,p),

e c(xy); € K¢ the i-th primitive idempotent of z, € E,. When K is simple, it is abbreviated as ¢;.

° [-]+: the projection map onto the nonnegative orthant, and

e A*(-): the adjoint operator of the linear operator A(-), i.e., (A(x),y) = (x, A*(y)) for all z € K
and y € R™.



3 Extension of Roos’s method to the symmetric cone problem

3.1 Outline of the extended method

We focus on the feasibility of the following problem Pg__ (A), which is equivalent to P(.A):
Ps_(A) find ze€intk st. A(z) =0, ||z|e <1

The alternative problem D(A) of P(A) is
D(A) find yek s.t. y €rangeA*, y#O0,

where range A* is the orthogonal complement of ker.A. As we mentioned in section 2.2, we assume that
K is given by a Cartesian product of p simple symmetric cones Ko(¢ = 1,...,p), le,, K =K1 x--- X .
In our method, the upper bound for the sum of eigenvalues of a feasible solution of Pg_(A) plays a
key role, whereas the existing work focuses on the volume of the set of the feasible region [10] or the
condition number of a feasible solution [13]. Before describing the theoretical results, let us outline the
proposed algorithm when K is simple. The algorithm repeats two steps: (i). find a cut for Pg__ (A), (ii)
scale the problem to an isomorphic problem equivalent to Pg_ (A) such that the region narrowed by the
cut is efficiently explored. Given a feasible solution z of Pg__ (A) and a constant 0 < £ < 1, our method
first searches for a Jordan frame {ci,..., ¢} such that the following is satisfied:

(ci,x)y <& (i€ H), {(c,z)<1(i¢ H),
where H C {1,...,r} and |H| > 0. In this case, instead of Pg__ (A), we may consider P§"*(A) as follows:

PGt (A) find zeitK st (¢,2)<E(i€H), {(c,x)<1(i¢ H),
A() =0, 2] < 1.

Here, we define the set SR = {z € E: 2 € int K, ||z|leo < 1, {ci,2) <€ (i € H), {c;yx) <1i¢ H)}
as the search range for the solutions of the problem Pg:: (A). The proposed method then creates a
problem equivalent and isomorphic to Pg__(.A) such that SR“®, the region narrowed by the cut, can be
searched efficiently. Such a problem is obtained as follows:

Ps. (AQy) find zeint K st. AQy(Z) =0, [|Z]s <1,

where g is given by g = €Y, .y ¢i + Zing ¢; € int KC for which e = Q,-1(u) holds for u =37, &ci +
Zz‘ng Ci-

In the succeeding sections, we explain how the cut for Pg_(.A) is obtained from some v € range A*; we
also explain the scaling method for the problem in detail. To simplify our discussion, we will assume
that /C is simple, i.e., p = 1, in section 3.2. Then, in section 3.3, we will generalize our discussion to the
case of p > 2.

3.2 Simple symmetric cone case

Let us consider the case where K is simple. It is obvious that, for any feasible solution z of Pg__ (A), the
constraint ||zl < 1 implies that (e,z) < r, since € K. In Proposition 3.3, we show that this bound
may be improved as (e, x) < r by using a point v € range A* \ {0}. To prove Proposition 3.3, we need
the following Lemma 3.1 and Proposition 3.2.

Lemma 3.1. Let (E,0) be a Fuclidean Jordan algebra with the associated symmetric cone K. For any
y € E, the following equation holds:

max (y,z) = (Px (y),e).

0<A(z)<1



Proof. Using the decomposition y = >";_; A;¢; obtained by Proposition 2.1, we see that

max (y,x) = max <Z Aici, T > max i {ci,x) . (2)

0<X(z)<1 0<X(z)<1 0<A(z)<14 1
1=

Noting that z € K,e — 2 € K from 0 < A(x) < 1, since ¢; € K is primitive idempotent, we find that
(ci,x) > 0 and (¢;, e — ) > 0, which implies that 0 < (¢;,x) < 1. Thus, letting I; be the set of indices
for which A; < 0 and Iy be the set of indices for which A; > 0, if there exists an x satisfying

0 iel
i, L) = , 3
feir @) {1 i€l 3)

then such an z is an optimal solution of (2). In fact, if we define 2* =}, _; ¢;, then by the dedfinition
of the Jordan frame, z* satisfies (3) and 0 < A(x) < 1 and becomes an optimal solution of (2). In this
case, the optimal value of (2) turns out to be

T

ot 2N 0 D i) = o h = YT = Py o)

i€ls i=1

O

Proposition 3.2. Let (E, o) be a Euclidean Jordan Algebra with the corresponding symmetric cone K.
For a given ¢ € E, consider the problem

max {c,x) st A(z)=0, 0<)\(z)<1
The dual problem of the above is

min  (Px (¢ —u),e) st u € rangeA*.

Proof. Define the Lagrangian function L(z,w) as L(z,w) := (c,z) — w' A(x) where w € R™ is the
Lagrange multiplier. Supoose that z* is an optimal sotution of the primal problem. Then, for any
w € R™, we have (c,z*) = L(w, ") < maxg<i(z)<1 L(w, ), and hence,

(c,z*) < n}li}n Oglﬁijsigl L(z,w) = Hgn 0<I>r\1(a))<<1{(c ,x) — (A" (w),z)}

=min max {(c—A"(w),z)}

w 0<A(z)<1
= min (Px (¢ — A*(w)),e) (by lemma 3.1)

= uerg;léleA* (P (¢ —u),e).

O

Proposition 3.3. Suppose that v € range A* is given by v = Z;zl Aic; as in Proposition 2.1. For each
ie{l,...,r} and a € R, define gi(a) :=[1 —a)]" + D it [—a),;]". Then, the following relations hold
forany x € Fp,_(ay andi € {1,...,r}:

{(ei,x) < ming;(a) = {Ilmn{l’ <6’P)C (7%0»} ZZ :\\: i 8? W

Proof. For each i € {1,2,...,r}, we have

Pic (¢; — aw) = Px ci—aZ)\jcj =P | (1—a)\) Za)\cj ,
= i



and hence,

(P (¢; — aw) ,e) = <731c (1—a\) Za)\ ¢ ch> =[1—a)] +Z —a);]" = ¢gi(a). (5)

J#i J#i

Note that, since ¢;(«) is a piece-wise linear convex function, if A\; = 0, it attains the minimum at o =0
with ¢;(0) = 1, and if \; # 0, it attains the minimum at o = 0 with ¢;(0) = 1 or at o = ;- with

()23 -] -l (5)

J#i j=1
Thus, we obtain equivalence in (4). Since av € range A* for all @« € R, for each i € {1,...,r}, Proposition
3.2 and (5) ensure that (¢;,x) < (Px (¢; — av),e) = g;(a) for all a € R, which implies the inequality in
(4). O

Since 22:1 ¢; = e holds, Proposition 3.3 allows us to compute upper bounds for the sum of eigenvalues
of z. The following proposition gives us information about indices whose upper bound for (¢;, z) in
Proposition 3.3 is less than 1.

Proposition 3.4. Suppose that v € range A* is given by v = 2;1 Aic; as in Proposition 2.1. If v
satisfies <e,79;c (—)\%v)> =& < 1 for some & <1 and for some i € {1,...,r} for which \; # 0 holds,

then \; has the same sign as (e, v).

Proof. First, we consider the case where \; > 0. Since the assumption implies that (e, Px(—v)) = A&,
we have

(e,v) = (e, P(v)) = (e, P(=v)) = (&, Pc(v)) = A& = Ai(1 =) >0,

where the first equality comes from Lemma 2.3.

For the case where A\; < 0, since the assumption also implies that (e, Px(v)) = —\;§, we have

(e,v) = (e, Pc(v)) = (&, P (=v)) = =Ai€ — (e, P(—v)) < =Aif — (=) = (1 = A <0.

This completes the proof. O

The above two propositions imply that, for any v € range A* with v = >._, Ai¢;, if we compute (¢;, z)
according to Proposition 3.3 for ¢ € {1,...,r} having the same sign as the one of {e,v), we obtain an
upper bound for the sum of eigenvalues of = over the set Fp,_(4). The following proposition concerns
the scaling method of problem Pg__ (A) when we find such a v € range A*.

Proposition 3.5. Let H C {1,...r} be a nonempty set, ci,...,c, be a Jordan frame, and & be a real
number satisfying 0 < & < 1. Let us define g € int KC as

g::\/EZch—f—Zch ie, g ch;ﬁ-Zch (6)

heH hgH heH h¢H

For the two sets SR = {x € E:z € nt K, ||7] <1, (c;,2) <& (i € H), {c;,x) <1 (i ¢ H)} and,
SRS@led — (7 e B3 € int K, [|Z] o < 1}, Qu(SR5ed) C SROU holds.



Proof. Let Z be an arbitrary point of SRS°d. Tt suffices to show that (i) Q4(Z) € int K, (ii) |Q4(Z) o <
1, (i) (¢;,Qq(Z)) <& (i € H) and (iv) (¢;, Qq(Z)) <1 (i ¢ H) hold.

(i): Let us show that Q4(Z) € int K. Since g and Z lie in the set int I, from Propositions 2.4 and 2.5,

we see that
Q,(%) € K, detQy(Z) = det(g)* det(z) > 0,

which implies that Q4(Z) € int K.

(ii): Next let us show that ||Q, ()|l < 1. Since z € SR5¥ed we see that € int K, [|Z]|c < 1 and
hence e — Z € K. Since g € int IC, Proposition 2.4 guarantees that

Qqe—17) € K. (7)
By the definition (6) of g, the following equations hold for ¢y, ..., ¢,

Forany i € H, Qg(c;)=2go(9oc;)—(gog)oc

:290\/501'—(52%-%2%)002'

heH h¢H
= 28¢; — &6 = Ea;.

For any i ¢ H, Qg(c;)=2g0(goci)—(g909)oc;

=2goc¢; — <€ZCh+ZCh> oc¢;

heH h¢H

ZQCi—Ci = C;.

Thus, we obtain Qg(e) = £ ;¢ ¢i + X ;¢ ¢i- Combining this with the facts ¢; € K and (1 —¢) >0
and (7), we have

K3(1-6) cit+Qle—7)=(1-8 ) ci+Qyle) — Qy(2)

i€H icH
= (1—6)2@4— (fzci-‘rzci) — Qq4(2)
i€H icH i¢H
=€ Qg(j)'

Since we have shown that Q4(Z) € int K, we can conclude that [|Q4(Z)]c < 1.

(iii) and (iv): Finally, we compute an upper bound for the value (Q4(Z),¢;) over the set SRSaled Tt
follows from ¢; € K and (7) that (Qg(e — Z),¢;) > 0, ie., (Qq(e),ci) > (Qq4(Z),¢;) holds. Since we have
shown that Qg(e) = &>, i + 2 o¢ Ci, this implies (Qy(Z), ¢;) < holds if i € H and (Qy(2),¢;) <1
holds if © ¢ H. O

Note that Proposition 3.5 implies that if a cut is obtained for Pg__ (A) based on Proposition 3.3, we can
expect a more efficient search for solutions to problem Pg_ (AQ,) rather than trying to solve problem

Ps_ (A).
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3.3 Non-simple symmetric cone case
In this section, we consider the case where the symmetric cone is not simple. Propositions 3.6 and 3.7
are extensions of Proposition 3.3 and 3.4, respectively.

Proposition 3.6. Suppose that, for any v € range A*, the (-th block element vy of v € E is decomposed
into ve = Y i, Mwe),c(ve); as in Proposition 2.1. For each € € {1,...,p} andi € {1,...,r,}, define

qei(@) == [1 — aX(ve), Tt Z —aX(ve), i ZZ —a(vj), ] . (8)

k#£i J#L k=1

Then, the following relations hold for any feasible solution = of Ps_(A), £ € {1,...,p} and i €

{1,...,rp}.

e < gt = (P P O] ez

Proof. Let ¢ € E be an element whose ¢-th block element is ¢y, = ¢(vy); and other block elements take 0.
For any real number a € R, Proposition 3.2 ensures that

(c(ve);,z0) = (c,x) < (Px (c — av) ,e)

P
= (Px, (c(ve); — ave) ser) + > (Px, (—aw;) ;)
L
=1 —ar(w),]" + Z —a(ve), ]t + Z Z —a\(vj),] = quila). (10)
k#i J#L k=1
We obtain (9) by following a similar argument to the one used in the proof of Proposition 3.3. O

The next proposition follows similarly to Proposition 3.4, by noting that (e, Px(—v)) = A(v¢),£ holds if
A(ve); > 0 and that (e, Px(v)) = —A(ve),€ if AMvg), <O0.

Proposition 3.7. Suppose that, for any v € range A*, each £-th block element vy of v is decomposed
into vg =Y. Mvg);c(ve); as in Proposition 2.1. If v satisfies

AMve), #0  and <e,7>,C (fﬁv)> —& <1 (11)

for some & <1, € {l,...,p} andic {1,...,7¢}, then N(v¢), has the same sign as (e, v).

From Proposition 3.6, if we obtain v € range A* satisfying (11) for a block ¢ € {1,...,p} with an index
i € {1,...r¢}, then the upper bound for the sum of the eigenvalues of any feasible solution x of Pg__(.A)
is reduced by (e,z) < r— 1+ & < r. In this case, as described below, we can find a scaling such that
the sum of eigenvalues of any feasible solution of Pg__ (A) is bounded by r. Let H, be the set of indices 4
satisfying (11) for each block £. According to Proposition 3.5, set gr = /& Yy c gy, c(ve)), + 2 ngm, c(vo)y,
and define the linear operator @) as follows:

0, {Qgg if |H| # 0,

I otherwise,

Q(El, e ,Ep) = (Ql(E1)7 .. "QP(EP))7

11



where I, is the identity operator of the Euclidean Jordan algebra E, associated with the symmetric cone
K. From Proposition 3.5 and its proof, we can easily see that

g (€ H), Quule) =ci (i ¢ Ho), (12)

and the sum of eigenvalues of any feasible solution of the scaled problem Pg_(AQ) is bounded by
(e,e) =1 =>4_ e

Qg;1 (cl) =

4 Basic procedure of the extended method

4.1 Outline of the basic procedure

In this section, we describe the details of our basic procedure. First, we introduce our stopping criteria
and explain how to update y* when the the stopping criteria is not satisfied. Next, we show that
the stopping criteria is satisfied within a finite number of iterations. Our stopping criteria is new and
different from the ones used in [10, 13], while the method of updating y* is similar to the one used in
[10] or in the von Neumann scheme of [13]. Algorithm 1 is a full description of our basic procedure.

4.2 Termination conditions of the basic procedure

For 28 = P4(y%), vF = y* — 2% and a given ¢ € (0, 1), our basic procedure terminates when any of the
following four cases occurs:

1. z* € int K meaning that 2* is a solution of P(A),
2. z¥ = 0 meaning that y* is feasible for D(A),

3. y* —2¥ € K and 3% — 2* # 0 meaning that y* — 2* is feasible for D(A), or

4. there exist £ € {1,...,p} and i € {1,...,r¢} for which

Avp); #0 and <e,73;c (—/\(%ﬂvk>> =¢§ <<, (13)

meaning that (e, z) < r holds for any feasible solution = of Pg__(A) (see Proposition 3.6).

Cases 1 and 2 are direct extensions of the cases in [3], while case 3 was proposed in [9, 10]. Case 3
helps us to determine the feasibility of P(A) efficiently, while we have to decompose y* — z* for checking
it. If the basic procedure ends with case 1, 2, or 3, the basic procedure returns a solution of P(.A) or
D(A) to the main algorithm. If the basic procedure ends with case 4, the basic procedure returns to the
main algorithm p index sets Hi,. .., H, each of which consists of indices ¢ satisfying (13) and the set of
primitive idempotents Cp = {c(vf )y, . .., c(vf),, } of v} for each £.

4.3 Update of the basic procedure

The basic procedure updates y* € int K with (y*,e) = 1 so as to reduce the value of ||z*|| ;. The following
proposition is essentially the same as Proposition 13 in [10], so we will omit its proof.

12



Proposition 4.1 (cf. Proposition 13, [10]). For y* € int K satisfying (y*,e) = 1, let zF = Pa(y*). If
2% ¢ int KK and z* # 0, then the following hold.

1. There exists c € K such that {c,z*) = Apnin(2¥) <0, (e,¢) =1 and c€ K.
2. For the above ¢, suppose that P4(c) # 0 and define
a = (Pa(c), Pa(c) = 2)||2* = Pa(e)|1 7% (14)

Then, yk*t = ay® + (1 — a)c satisfies y*T1 € int K, ||[y* 100 > 1/p, Y5t e) = 1, and
ML= Pa(ykt1) satisfies |\zk+1||;2 > ||zk||}2 + 1.

A method of accelerating the update of y* is provided in [15]. For ¢ € {1,2,...,p}, let I, := {i €
{1 2,...,m¢} | Ai(2F) < 0} and set N = >°V_, |I;|. Define the ¢-th block element of ¢ € K as ¢, =
~ Zzeh c(z§);. Using P4 (c), the acceleration method computes a by (14) so as to minimize the norm
of zF*1 and update y by y**! = ay* + (1 —a)c. We incorporate this method in the basic procedure of our
computational experiment. As described in [13], we can also use the smooth perceptron scheme [17, 18] to
update y* in the basic procedure. As explained in the next section, using the smooth perceptron scheme
significantly reduces the maximum number of iterations of the basic procedure. A detailed description
of our basic procedure is given in Appendix A.

4.4 Finite termination of the basic procedure

In this section, we show that the basic procedure terminates in a finite number of iterations. To do so,
we need to prove Lemma 4.2 and Proposition 4.3.

Lemma 4.2. Let (E,0) be a Euclidean Jordan algebra with the corresponding symmetric cone IC given
by the Cartesian product of p simple symmetric cones. For any x € E and y € K, [{(z,y)]T < (Px(z),y)
holds.

Proof. Let z € E and suppose that each (-th block element z, of z is given by x, = Y 1° | Mz¢),c(x0),
as in Proposition 2.1. Then, we can see that

Mim >r

Il
—
M"S
>/
5*3
s
i‘%
s
s
N——
.
4

(=1
p e
< Z 1’[ 17y4>]
(=1 i=1
p T p /e
=> (e(we)yrye) = Z< [A(we)i]+0($z)i,ye> = (Px(2),y) -
=1 z=1 =1 \i=1
where the inequality follows from the fact that c(z¢),,...,c(ze),,, and ye lie in ;. O

Proposition 4.3. For a given y € K, define z = Pa(y) and v =y — z. Suppose that v # 0 and each
(-th element vy is given by ve = Y ;%1 Mvg);c(ve);, as in Proposition 2.1. Then, for any x € Fpy_(a),
te{l,...,p}t and i€ {1,...,r¢},

(c(ve);; me) < Hgnqg,i(a) <

<y£7 C('UZ i
hold where g () is defined in (8).
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Proof. The first inequality of (15) follows from (10) in the proof of Proposition 3.6. The second inequality

is obtained by evaluating g (o) at o = m7 as follows:
1 - 1 P +
(Yt o] S ] SR )
(Grets) = [t oo %; lvere 22| T
_ [y (ye =z clw), ] N Z { w)k>]+ n e [_ (yj — Zjvc(vj)k>]+
L <y€7 yb ( ) > - — <y£7 C(’U@),L->
k#i j#L k=1

(since /\(’Ug)‘ = (w, c(vg);) and vy = yp — 2¢)

_ [zl } *Z[% ve) ) = (e, c(ve )k>]++i e {<ZJ,C(UJ) >—<yj,0(vj)k>}+
+

L (e, e {ye, c ( 0):) {ye, c(ve);)

(ze,c(w) )] = [Goc)) ] | o zj; ¢(v3)y)

= _<ye,c<w>l>} i ; [<ye,c<w>l } " ;Z [m,cmm}

(since yg, c(ve); € Ky and then (yp, c(vg);) > 0)
= # TZ z¢, C\U + Sby Z5,C(U; +
- <y€,C(UZ)Z'> kz::lK £ ( e)k:” +§; [< 7 ( ])k>]
<t ST (Pry (z6) s ewe)) + 3. (Pre, (25) ,e(v;),) | (by Lemma 4.2)

<yfvc(vf)i> k=1 j£0 k=1

1 p

= o0y (Pr, (20),e0) + > (Px;, (%), €;)

J#e
_Pr)e) _ IPcG) I Pe)lly ozl
(Yo, c(ve);) — (yesclve)y) — (yese(ve)y) — (yes e(ve))

O

Proposition 4.4. Let ryax = max{ri,...,rp}. The basic procedure (Algorithm 1) terminates in at

2.2
T . .
most % iterations.

Proof. Suppose that y* is obtained at the k-th iteration of Algorithm 1. Proposition 4.1 implies that
> % and an ¢-th block element exists for which (y, eg) > l holds. Thus, by letting v* = y* — 2*

and the (-th block element v} of v be vf = Y"1 A(v)),c(v}), as in Proposition 2.1, we have

=1
Lmax (gl c(of),) = (rro) " (16)
2 2
Since Proposition 4.1 ensures that B H2 > k holds at the k-th iteration, by setting k = 5"“"‘, we see

that & > proax|/2¥]|7, and combining this with (16), we have
1

5 1251
maxi;=1,...,r, <y( ) C(U@)i>

The above inequality and Proposition 4.3 imply that for any ¢ € {1,...,p} and i € {1,...,7,},

¢ ZprmaXHZkHJ ZPWHZICHJ >

1
& ”Zk”J <€

c(vF);, z,) < min i) S Ty
i) < el = TR
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From the equivalence in (9) and the setting £ € (0,1), we conclude that Algorithm 1 terminates in at
P T

most “—g3x iterations by satisfying (13) in the fourth termination condition at an ¢-th block and an
index 1. O

An upper bound for the number of iterations of Algorithm 5 using smooth perceptoron scheme can be
found as follows.

Proposition 4.5. Let ryax = max{ri,...,rp,}. The basic procedure (Algorithm 5) terminates in at

most 2\/51?“"*" iterations.

Proof. From Proposition 6 in [13], after k > 1 iterations, we obtain the inequality [|2*||% < ﬁ.

Similarly to the previous proof of Proposition 4.4, if € > pry,a.||2*|| s holds, then Algorithm 5 terminates.
2

Thus, k& < % holds for a given k satisfying (prfm) < (k+81)2' O

Here, we discuss the computational cost per iteration of Algorithm 1. At each iteration, the two most
expensive operations are computing the spectral decomposition on line 5 and computing P4(-) on lines
24 and 26. Let C’jd be the computational cost of the spectral decomposition of an element of ;. For
example, Czd = (’)(rg) if ICp = S% and C;d = O(ry) if K¢ = L,,, where L,, denotes the r,-dimensional
second-order cone. Then, the cost C*¢ of computing the spectral decomposition of an element of K is
Ccsd = . C’;d. Next, let us consider the computational cost of P4(-). Recall that d is the dimension of
the Euclidean space E corresponding to K. As discussed in [10], we can compute P4 = I — A*(AA*) "t A
by using the Cholesky decomposition of (AA*)~!. Suppose that (AA*)~! = LL*, where L is an m x m
matrix and we store L*A in the main algorithm. Then, we can compute P4(-) on lines 24 and 26, which
costs O(md). The operation u,(-) : E = {u € £ | (u,e) = 1} in Algorithm 5 can be performed within
the cost €4 [18, 13]. From the above discussion and Proposition 4.4, the total costs of Algorithm 1 and

Algorithm 5 are given by O (1)22% max(C*4, md)) and O (I’TT“" max(C*4, md)), respectively.
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Algorithm 1 Basic procedure (von Neumann scheme)

1: Input: Py, y' € int K such that (y',e) =1 and a constant ¢ such that 0 < £ < 1
2: Output: (i) a solution to P(A) or (ii) D(A) or (iii) a certificate that, for any feasible solution = to
PSDO (A)a <€,J?> <r

3: initialization: k < 1,2 < Pa(y!),v' <~ y* — 2 Hy,...,H, =10
2 2
4: while k< pg% do
5. For every ¢ € {1,...,p}, perform spectral decomposition: zf = > i, )\(z}f)jc(zf)i and vf =
S, () el(vf),
6: if z¥ € int K then
7: stop basic procedure and return z* (Output (i))
8: elseif 2¥=0orv* €K\ {0} then
9: stop basic procedure and return y* or v* (Output (ii))
10:  end if
11:  if (v¥ e) > 0 then
12: for ¢ € {1,...,p} do
13: Iy + {z | )\(vf)i > O} and then H, + {z € Iy <e,73;g <—ﬁvk)> < f}
274
14: end for
15:  else
16: for £ e {1,...,p} do
17: I+ {i | A(vf), <0} and then H, + {z € I <e,77;¢ (‘ﬁvk)> < g}
L74
18: end for
19:  end if
20: if |Hy|+---+|H,| >0 then
21: For every £ € {1,...,p}, let C¢ be {c(vf),,..., c(’uf)w}.
22: stop basic procedure and return Hy,...,H, and C4,...,C, (Output (iii))
23:  end if

24:  Let u be an idempotent such that (e,u) = 1 and (z*,u) = A\pin(2%)

(Pa(uw),Pa(u)—=")
25 —Pa(w)]

26 k< k+1, 2"« Py(y¥) and vF « yF — 2F
27: end while
28: return basic procedure error

25: Yyl ayf + (1 — a)u, where a =

5 Main algorithm of the extended method

5.1 Outline of the main algorithm

In what follows, for a given accuracy € > 0, we call a feasible solution of Pg_(A) whose minimum
eigenvalue is ¢ or more an e-feasible solution of Pg_(A). This section describes the main algorithm.
To set the upper bound for the minimum eigenvalue of any feasible solution x of Pg__ (A), Algorithm 2
focuses on the product det(z) of the eigenvalues of the arbitrary feasible solution Z of the scaled problem
Ps_ (A*QF). Algorithm 2 works as follows. First, we calculate the corresponding projection P4 onto
ker A and generate an initial point as input to the basic procedure. Next, we call the basic procedure
and determine whether to end the algorithm with an e-feasible solution or to perform problem scaling
according to the returned result, as follows:

1. If a feasible solution of P(A) or D(A) is returned from the basic procedure, the feasibility of P(.A)
can be determined, and we stop the main algorithm.
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2. If the basic procedure returns the sets of indices Hi, ..., H, and the sets of primitive idempotents

C1,...,C, that construct the corresponding Jordan frames, then for the total number of cuts
obtaibed in the ¢-th block numy,

(a) if num, > 7y iggz holds for some ¢ € {1,...p}, we determine that Pg_(A) has no e-feasible

solution according to Proposition 5.1 and stop the main algorithm,

(b) if num, < 7y 1222 holds for any ¢ € {1,...p}, we rescale the problem and call the basic

procedure again.

Note that our main algorithm is similar to Lourenco et al.’s method in the sense that it keeps information
about the possible minimum eigenvalue of any feasible solution of the problem. In contrast, Pena and
Soheili’s method [13] does not keep such information. Algorithm 2 terminates after no more than
_102 3 log (é) — p+ 1 iterations, so our main algorithm can be said to be a polynomial-time algorithm.
We will give this proof in section 5.2. We should also mention that step 24 in Algorithm 2 is not
a reachable output theoretically. We have added this step in order to consider the influence of the
numerical error in practice.

Algorithm 2 Main algorithm

e e
Wy e

e e e e

NN NN NN
N TR

N
T2

Input: A, IC, € and a constant & such that 0 < £ < 1
Output: a solution to P(A) or D(A) or a certificate that there is no ¢ feasible solution.
k+1 ,.Al +— A, numy < 0, Qg(—[g, RP; < I;, RDy < I for 31166{1,...,])}
Compute P4 and call the basic procedure with P 4x, %e, &
if basic procedure returns z then
stop main algorithm and return RPz (RPz is a feasible solution of P(.A))
else if basic procedure returns y or v then
stop main algorithm and return RDy or RDv ( RDy or RDwv is a feasible solution of D(A))
else if basic procedure returns HY, ..., Hz’f and CF, ..., CI’f then
for ¢ e{1,...,p} do

if |[H}| > 0 then
ge < \/gZheHé“ Ck(vl)h + Z}TL;Hg Ck(vé)h
Qg “— ng, RP[ “— RP@QW7 RD@ < RD@Qg;l
numy < |HJ| + numy,
if num, > Tgiggz then
stop main algorithm. There is no ¢ feasible solution.
end if
Qe+ Qy1Qe
else
Qe+ 1y
end if
end for
else
return basic procedure error
: end if

. Let QF = (Q1,...,Qp)
c AR ARQF |k« k + 1. Go back to line 4.

5.2 Finite termination of the main algorithm

Here, we discuss how many iterations are required until we can determine that the minimum eigenvalue
Amin(7) is less than ¢ for any z € Fp,_(4). Before going into the proof, we explain the Algorithm 2 in
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more detail than in section 5.1. At each iteration of Algorithm 2, it accumulates the number of cuts |Hf|
obtained in the ¢-th block and stores the value in num,. Using num,, we can compute an upper bound
for Amin(2) (Proposition 5.1). On line 18, @, is updated to Q, < Q, —1Qe, where Q) plays the role of an
operator that gives the relation z, = Qg(xg) for the solution z of the original problem and the solution
T of the scaled problem. For example, if [H}| > 0 for k = 1 (suppose that the cut was obtained in
the (-th block), then the proposed method scales A}Q} and the problem to yield z, = Q1 (x¢) for the
feasible solution z of the original problem. And if [H?| > 0 even for k = 2, then the proposed method
scales T again, so that T, = Qg;l(l’[) Q¢(z¢) holds. Note that Q is used only for a concise proof of
Proposition 5.1, so it is not essential.

Now, let us derive an upper bound for the minimum eigenvalue Apin(2¢) of each ¢-th block of x obtained
after the k-th iteration of Algorithm 2. Proposition 5.2 gives an upper bound for the number of iterations
of Algorithm 2.

Proposition 5.1. After k iterations of Algorithm 2, for any feasible solution x of Pg_(A) and ¢ €
{1,...,p}, the £-th block element xy of x satisfies

70108 (Amin(z¢)) < numylog €. (17)

Proof. At the end of the k-th iteration, any feasible solution Z of the scaled problem Pg_ (A1) =
Ps. (A*QF) obviously satisfies
det Ty < dete, (£=1,2,...,p). (18)

Note that det Z, can be expressed in terms of det zy. For example, if |H}| > 0 when k = 1, then using
Proposition 2.5, for any feasible solution z of Pg_ (A?), we find that

2|Hy | |Hy |
det z, = det Qg;1(x¢) = det(g[l)2 det x, = <\/§> det z, = (5) det z,.

This means that det Z, can be determined from det 2, and the number of cuts obtained so far in the
¢-th block. In Algorithm 2, the value of num, is updated only when |H, ¥l > 0. Since 7 satisfies
To = Qe(ze) (€ =1,2,...,p) for each feasible solution x of Pg__(A), we can see that

_ 1\ He 1\ HET 1\ e 1
det z, = det Q@(I@) = (£> X <€> cee X <E) x det xp = <§> det x,.

Therefore, (18) implies detz, < MM dete, = MMM and the fact (Amin(z¢))™ < detzp implies
(Amin (7)) < €MUMe By taking the logarithm of both sides of this inequality, we obtain (17). O

Proposition 5.2. Algorithm 2 terminates after no more than — gg (é) — p+ 1 iterations.

Proof. Let us call iteration k of Algorithm 2 good if |[HF| > 0 for some ¢ € {1,2,...,p} at that iteration.
Suppose that at least — log( ) good iterations are observed for a cone ;. Then, by substituting

lo 5
~Tog£ 108 (1) into numg of inequality (17) in Proposition 5.1, we have log (Amin(2¢)) < loge and hence,

Amin(z¢) < e. This implies that Algorithm 2 terminates after no more than

P 1 r 1
;( log€ ° () _1) T Tioge (s) e

iterations. 0O
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6 Computational costs of the algorithms

This section compares the computational costs of Algorithm 2, Lourengo et al.’s method [10] and Pena
and Soheili’s method [13]. Section 6.1 compares the computational costs of Algorithm 2 and Lourengo
et al.’s method, and Section 6.2 compares those of Algorithm 2 and Pena and Soheili’s method under
the assumption that ker A Nint K # .

Both the proposed method and the method of Lourenco et al. guarantee finite termination of the main
algorithm by termination criteria indicating the nonexistence of an e-feasible solution, so that it is
possible to compare the computational costs of the methods without making any special assumptions.
This is because both methods proceed by making cuts to the feasible region using the results obtained
from the basic procedure. On the other hand, Pena and Soheili’s method cannot be simply compared
because the upper bound of the number of iterations of their main algorithm includes an unknown value
of §(ker A Nint K) := max, {det(z) | « € kerANint K, ||z[|% = r}. However, by making the assumption
ker A Nint £ # () and deriving a lower bound for d(ker.A N int ), we make it possible to compare
Algorithm 2 with Pena and Soheili’s method without knowing the specific values of é(ker.A N int K).

6.1 Comparison of Algorithm 2 and Lourenco et al.’s method

Let us consider the computational cost of Algorithm 2. At each iteration, the most expensive operation
is computing P4 on line 4. Recall that d is the dimension of the Euclidean space E corresponding to K.
As discussed in [10], by considering P4 to be an m x d matrix, we find that the computational cost of
Py is O(m? + m?2d). Therefore, by taking the computational cost of the basic procedure (Algorithm 1)
and Proposition 5.2 into consideration, the cost of Algorithm 2 turns out to be

o (_102;5 log (1> <m3 +m?d + ép%fnax (max (CSd,md))>> (19)

9

where C*4 is the computational cost of the spectral decomposition of x € E.

Note that, in [10], the authors showed that the cost of their algorithm is

r 1 P r; log(r; 2 2 3 2 min
0 (7100 () - 352802 ) (< s s s (o)) o

e) = lp)

where C™i is the cost of computing the minimum eigenvalue of 2 € E with the corresponding idempotent,
p is an input parameter used in their basic procedure (like £ in the proposed algorithm) and ¢(p) =

2—1/p—+/3-2/p.

When the symmetric cone is simple, by setting £ = 1/2 and p = 2, the maximum number of iterations
of the basic procedure is bounded by the same value in both algorithms. Accordingly, we will compare
the two computational costs (19) and (20) by supposing £ = 1/2 and p = 2 (hence, —log& ~ 0.69 and
©(p) ~ 0.09). As we can see below, the cost (19) of our method is smaller than (20) in the cases of
linear programming and second-order cone problems and is equivalent to (20) in the case of semidefinite
problems. First, let us consider the case where K is the n-dimensional nonnegative orthant R’f. Here,
weseethat r =p=d=n,r = - =17p = rmax = 1, and max (C’Sd,md) = max (C’mi“,md) = md hold.
By substituting these values, the bounds (19) and (20) turn out to be

o 1 34 02 3
(’)(0'6910g(€> (m +m°n + 4mn ))

n 1
—log ( - 35+ m?n+4mnt) ).
0(0'09 og(g) (m +mn 4+ 4dmn ))
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This implies that for the linear programming case, our method (which is equivalent to Roos’s original
method [15]) is superior to Lourengo et al.’s method [10] in terms of bounds (19) and (20) .

Next, let us consider the case where K is composed of p simple second-order cones L™ (i =1,...,p). In
this case, we see that d = >0, n;, 11 = -+ = ) = Fmax = 2 and max (C%,md) = max (C™",md) =
md hold. By substituting these values, the bounds (19) and (20) turn out to be

2p 1 3 2 2
) <0.69 log <6> (m® + m*d + 16p*md)

@ <02§9 (log (1> — log 2) (m3 +m2d + 16p3md)) .

Note that ¢ is expected to be very small (1076 or even 102 in practice) and 069 69 log ( ) < 55 09 (log (%) — log 2)

if € < 0.451. Thus, even in this case, we may conclude that our method is superior to Lourenco et al.’s
method in terms of the bounds (19) and (20) .

and

Finally, let us consider the case where I is a simple n X n positive semidefinite cone. We see that p =1,

r=mn,and d = w hold, and upon substituting these values, the bounds (19) and (20) turn out to
be
1
@ (029 log < > (m3 +m?n? + 4n® max (CSd,mnz)))
and

1 .
o ( log ( > (m® + m®n® + 4n? max(Cmm7mn2))> :

From the discussion in Section 6.3, we can assume O (C’Sd) =0 (C’min), and the computational bounds
of two methods are equivalent.

6.2 Comparison of Algorithm 2 and Pena and Soheili’s method

In this section, we assume that K is simple since [13] has presented an algorithm for the simple form. We
also assume that ker ANint K # (), because Pena and Soheili’s method does not terminate if ker ANint X =
¢ and rangeA* Nint K = (). Furthermore, for the sake of simplicity, we assume that the main algorithm
of Pena and Soheili’s method applies only to ker.A Nint K. (Their original method applies the main
algorithm to rangeA* Nint K as well.)

First, we will briefly explain the idea of deriving an upper bound for the number of iterations required
to find x € kerA Nint £ in Pena and Soheili’s method. Pena and Soheili derive it by focusing on
the indicator d(ker.A N int K) := max, {det(z) | x € ker ANint K, ||| =r}. If ker ANint K # 0, then
d(ker ANint K) € (0,1] holds, and if e € ker ANint /I, then d(ker. ANint K) = 1 holds. If e € ker ANint K,
then the basic procedure terminates immediately and returns %e as a feasible solution. Then, they prove
that 6(Q, (kerA) Nint £) > 1.5 - d(ker.A N int K) holds if the parameters are appropriately set, and
derive an upper bound on the number of scaling steps, i.e., the number of iterations, required to obtain

3(Qy (ker A) Nint K) = 1.

In the following, we obtain an upper bound for the number of iterations of Algorithm 2 using the index

gsupposed (ker A Nint K) := max, {det(z) | € kerANint K, |z||3 = 1}. Note that 6 (kerANint K) =

r2.5%wPposed (kor A N int ). In fact, if #* is the point giving the maximum value of §5*PPosed (ker A N int ),
then the point giving the maximum value of ¢ (ker. A Nint K) is y/rz*. Also, if ker.ANint K # (), then

gsupposed (ker A Nint K) € (0,1/r%], and if %e € ker ANint C, then §"PPos°d (ker A Nint ) = 1/r3.
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The outline of this section is as follows: First, we show that a lower bound for §uPPs¢d (ker A N int K) can
be derived using the index value §°*PPsd (Q -1 (ker.A) Nint K) for the problem after scaling (Proposition
6.5). Then, using this result, we derive an upper bound for the number of operations required to obtain
gsupposed (ngl (ker.A) Nint IC) = 1/r% (Proposition 6.6). Finally, we compare the proposed method
with Pena and Soheili’s method. To prove Proposition 6.3 used in the proof of Proposition 6.5, we use
the following propositions from [8].

Proposition 6.1 (Theorem 3 of [8]). Let ¢ € E be an idempotent and Ny (c ) be the set such that
Ny(c) = {x € E| cox = Ax}. Then Nx(c) is a linear maniforld, but if X # 0,3, and 1, then Nx(c)
consists of zero alone. Each x € E can be represented in the form

’ 9

r=u+v+w, u€Ny(c), veNi(c), we Ni(c),
in one and only one way.

Proposition 6.2 (Theorem 11 of [8]). ¢ € E is a primitive idempotent if and only if N1(c) = {x € E |
cox =z} =Re.

Proposition 6.3. Let c € E be a primitive idempotent. Then, for any x € E, (x,Q.(z)) = (x,¢)? holds.

Proof. From Propositions 6.1 and 6.2, for any « € E, there exist a real number A € R and elements
u € No(c) and v € Ni(c) such that z = u+ v + Ac.

First, we show that (z,c) = A. For v € N1 (c), we see that (v, ¢) = (v, coc) = (voc,c) = {cov,c) = 1(v,¢c),
which implies that (v,c) = 0. Thus, since u € Ny(c) and woc =0, (z,¢) is given by
(x,¢) =(u+v+ Ac,¢) = (u,¢) + (v,¢) = Me,e) =040+ A

On the other hand, by using the facts t = u+ v+ Ac, ¢> = ¢, cou=0and cov = %v repeatedly, we
have

(z,Q.(x)) = (x,2c0 (cox) —ox)
= (x,2co(co(ut+v+Ac)) —co(u+ v+ Ac))

= (2,2c0 (%v + Ac) — (lv + Ac))

2
1 1
= (x, (511 +2Xc) — (511 +A0)) = (z,\c) = A%
Thus, we have shown that (z,Q.(z)) = (z,c)? holds. O

Remark 6.4. [t should be noted that the proof of Proposition 3 in [13] is not correct since equation (14)
does not necessarily hold. The above Proposition 6.3 also gives a correct proof of Proposition 3 in [15].
See the computation (y,Q4-2(y)) in the proof of Proposition 6.5.

Proposition 6.5. Suppose that ker ANint K # O and that, for a given nonempty index set H C {1,...r},
Jordan frame cq,...,¢c., and 0 < & < 1,

(ci,z) <E (i€ H), {c,z)<1(i¢ H)

holds for any x € Fp,_(a). Define g € intK as g :== V&3 ,cycn + 2 pgpch. Then, the following
inequality holds:
§EwPosed (ke A (Vint ) > € - 55000 (1 (ker A) Nint K)

Proof. For simplicity of discussion, let |[H| =1, i.e., H = {i}. Let us define the points z*, y*, and Z* as
follows:
z* = arg max {det(z) | # € kerANint K, [|z]|3 =1},
y* = arg max Edet(y) |y € kerANint K,[|Qy-1(y)[|% =1},
z* = arg max {det(z) | Z € Q-1 (kerA) Nint K, ||:E||2J 1}.
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Note that the feasible region with respect to y is the set of solutions whose norm is 1 after scaling.
First, we show that [y||3 < 1, and then det(z*) > det(y*). Proposition 2.5 ensures that [|Q,-:(y)[|3 =
(Qg- ( ), Q-1 (y)) = (y,Qy—2(y)). To expand Q,-2(y), we expand the following equations by letting

a,fjf

e+ (2a+ a*)c;,
=e+ (22a+a®) + (2a+a®)*) ¢;
g~ Oy—y+(2a+a)cz0y,
g7 %0(97%0y) =y +2(2a+d*)cioy+ (2a+a*)’c;i 0 (cioy),

g’4oy:y+( 2a + a?) (2a+a))cioy.
Thus, Q,-2(y) turns out to be
Qq-2(y) =290 (g7%0y) —g "oy
=y +22a+a®)c; oy +2(2a+ a*)3cio(cioy) — (2a + a*)cioy
=y+ (2a+a' )Cioy+ (2&4—&2)2@“(:(]),

and hence, we obtain [|Q,-1(y)||3 as

(¥, Qg—2(y)) = llyll5 +2(2a+ a®){y,ci o y) + (2a + a*)*(y, Qc, (y))
= [lyllF + 2(2a + a*)(y 0y, ci) + (2a + a*)* ((y, ci)?

where the second equality follows from Proposition 6.3. Here, y € int K and ¢; € Kimply that (y, ¢;) > 0,

and yoy = y? € int K implies (y o y,¢;) > 0. Noting that a > 0 and [|Q,-1(y)[|%3 =1, [|y[|%3 < 1 should
2

hold and hence, ”y 77 > 1, which implies that det (Wy*) > det(y*). Since ‘ W * L= 1 holds,

we find that det(z*) > det(y*). Next, we describe the lower bound for det(y*) using det(z*). Since the
largest eigenvalue of Z satisfying ||Z[|%3 = 1 is less than 1, by Proposition 3.5, we have:

{Qy(z) €EE |z € Qg1 (kerA)NK, ||2]|5 =1} CkerANK.

This implies det(y*) > det (Q4(z*)), and by Proposition 2.5, we have det(y*) > det(g)? det(z*) =
¢ det(z*) = €det(z*). Thus, det(z*) > det(y*) > &det(z*) holds, and we can conclude that
gewpposed (ker A M int K) > & - §5WPPosed (Q -1 (ker A) Nint ). O

Next, using Proposition 6.5, we derive the maximum number of iterations until the proposed method
finds = € ker A Nint K by using J (ker.A Nint K) as in Pena and Soheili’s method.

Proposition 6.6. Suppose that ker A Nint K # O holds. Algorithm 2 returns x € ker ANint K after at
most logg 6 (ker A Nint K) iterations.

Proof. Let ker A be the linear subspace at the start of k iterations of Algorithm 2 and suppose that
gsuwpposed (ker AN int K) = 1/r2 holds. Then, from Proposition 6.5, we find that §5"PPosed (ker A M int K) >
¢F/rz. This implies that & (ker ANint K) > ¢ since § (ker ANint ) = 72 - §5PPosed (ker A N int K)
holds. By taking the logarithm base £, we obtain log, d (ker AN int ) > k. O

From here on, using the above results, we will compare the computational complexities of the methods
in the case that K is simple and ker A Nint K # @ holds. Table 1 summarizes the upper bounds on the
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number of iterations of the main algorithm (UB#iter) of the two methods and the computational costs
required per iteration (CC/iter). As in the previous section, the main algortihm requires O(m?® + m?2d)
to compute the projection P 4. Here, BP shows the computational cost of the basic procedure in each
method.

Table 1: Comparison of our method and Pena and Soheili’s method in the main algorithm

Method | UB+#iter CC/iter

Proposed method log, 9 (ker AN int K) m3 +m?d+ BP
Pena and Soheili’s method | —log; 5§ (ker ANint ) m3 + m?d+ BP

The upper bound on the number of iterations of Algorithm 2 is given by log,d (kerANint K) =
logy 5 6 (ker ANint K) /log; 5 &, where we should note that 0 < & < 1. Since 0 < #ﬁf < 1 when
&€ <2/3,if £ <2/3, then the upper bound on the number of iterations of Algorithm 2 is smaller than

that of the main algorithm of Pena and Soheili’s method.

Next, Table 2 summarizes upper bounds on the number of iterations of basic procedures in the proposed
method (UB#iter) and Pena and Soheili’s method and the computational cost required per iteration
(CC/iter). It shows cases of using the von Neumann scheme and the smooth perceptron in each method
(corresponding to Algorithm 1 and Algorithm 5 in the proposed method). As in the previous section, C*?
denotes the computational cost required for spectral decomposition, and C™™ denotes the computational
cost required to compute only the minimum eigenvalue and the corresponding primitive idempotent.

Table 2: Comparison of our method and Pena and Soheili’s method in the basic procedure

von Neumann scheme smooth perceptron

Method UB#iter CC/iter UB#iter CC/iter
2—2 max(C*, md) %ﬁ —1  max(C%, md)

Proposed method

Pena and Soheili’s method 1674 max(C™® md) | 8/2r2 —1  max(C*, md)

Note that by setting & = (4r)~!, the upper bounds on the number of iterations of the basic procedure
of the two methods are the same. If ¢ = (4r)~!, then —log11_55 = logll_s o < log11_54 = 0.292, and the
upper bound of the number of iterations of Algorithm 2 is less than 0.3 times the upper bound of the
number of iterations of the main algorithm of Pena and Soheili’s method, which implies that the larger
the value of r is, the smaller the ratio of those bounds becomes. From the discussion in Section 6.3, we
can assume O(C*? = C™) and Table 2 shows that the proposed method is superior for finding a point

r € ker A Nint K.

6.3 Computational costs of C*¢ and C™"

This section discusses the computational cost required for spectral decomposition C*? and the com-
putational cost required to compute only the minimum eigenvalue and the corresponding primitive
idempotent C™™".

There are so-called direct and iterative methods for eigenvalue calculation algorithms, briefly described
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on pp.139-140 of [4]. (Note that it is also written that there is no direct method in the strict sense
of an eigenvalue calculation since finding eigenvalues is mathematically equivalent to finding zeros of
polynomials).

In general, when using the direct method of O(n?), we see that C* = O(n?) and C™" = O(n?®). The
Lanczos algorithm is a typical iterative algorithm used for sparse matrices. Its cost per iteration of
computing the product of a matrix and a vector once is O(n?). Suppose the number of iterations at
which we obtain a sufficiently accurate solution is constant with respect to the matrix size. In that case,
the overall computational cost of the algorithm is O(n?). Corollary 10.1.3 in [7] discusses the number
of iterations that yields sufficient accuracy. It shows that we can expect fewer iterations if the value of
”the difference between the smallest and second smallest eigenvalues / the difference between the second
smallest and largest eigenvalue” is larger. However, it is generally difficult to assume that the above
value does not depend on the matrix size and is sufficiently large. Thus, even in this case, we cannot
take advantage of the condition that we only need the minimum eigenvalue, and we conclude that it is
reasonable to consider that O(C*%) = O(C™n).

7 Numerical experiments

7.1 Outline of numerical implementation

Numerical experiments were performed using the authors’ implementations of the algorithms on a posi-
tive semidefinite optimization problem with one positive semidefinite cone K = S} of the form

P(A) find X eSS, st AX)=0eR™

where S | denotes the interior of K = §"}. We created strongly feasible ill-conditioned instances, i.e.,
ker ANS? | # 0 and X € ker ANS’ | has positive but small eigenvalues. We will explain how to make a
such instance in section 7.2. In what follows, we refer to Lourengo et al.’s method [10] as Lourengo (2019),
and Pena and Soheili’s method [13] as Pena (2017). We set the termination parameter as £ = 1/4 in
our basic procedure. The reason for setting £ = 1/4 is to prevent the square root of £ from becoming an
infinite decimal, and to prevent the upper bound on the number of iterations of the basic procedure from
becoming too large. We also set the accuracy parameter as € = le-12, both in our main algorithm and in
Lourengo (2019) and determined whether Pg_ (A) or Pg, (A) has a solution whose minimum eigenvalue
is greater than or equal to e. Note that [13] proposed various update methods for the basic procedure.
In our numerical experiments, all methods employed the modified von Neumann scheme (Algorithm 4)
with the identity matrix as the initial point and the smooth perceptron scheme (Algorithm 5). This
implies that the basic procedures used in the three methods differ only in the termination conditions
for moving to the main algorithm and that all other steps are the same. All executions were performed
using MATLAB R2022a on an Intel (R) Core (TM) i7-6700 CPU @ 3.40GHz machine with 16GB of
RAM. Note that we computed the projection P4 using the MATLAB function for the singular value
decomposition. The projection P4 was given by P4 = I — AT (AAT)"1 A using the matrix A € R™*4
which represents the linear operator A(-) and the identity matrix I. Here, suppose that the singular
value decomposition of a matrix A is given by A = UXV'"T = U(%,, O)VT where U € R™*™ and
V € R¥? are orthogonal matrices, and 3, € R™*™ is a diagonal matrix with m singular values on the
diagonal. Substituting this decomposition into AT (AAT)"1A, we have

AT(AAH)TA=AT(Usx"UT) A4
=ATu-"(22)"'uta

_ I, O
= VZTEmQEVT =V <O O) VT - Vv:,l:m‘/;jl:m7
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where V. 1.,,, represents the submatrix from column 1 to column m of V. Thus, for any = € E, we can
compute Py (z) =z — V. 1.m V. .-

In what follows, X € S™ denotes the output obtained from the main algorithm and X* the result scaled
as the solution of the original problem P(.A) multiplied by a real number such that A\p,q, (X*) = 1. When
X* was obtained, we defined the residual of the constraints as the value of ||A(X™*)]|5.

We also solved the following problem with a commercial code, Mosek [12], and compared it with the
output of Chubanov’s methods:

(P) min 0 st AX)=0, Xec8],
(D) max 0"y st —A*'yeSn.

Here, Mosek solves the self-dual embedding model by using a path-following interior-point method, so
if we obtain a solution (X*,y*), then X* and —A*y* lie in the (approximate) relative interior of the
primal feasible region and the dual feasible region, respectively [20]. That is, X* obtained by solving a
strongly feasible problem with Mosek is in S7 , , X™* obtained by solving a weakly feasible problem is in
ST\ S%,, and X* obtained by solving an infeasible problem is X* = O (i.e., —A*y* € S ). As well
as for Chubanov’s methods, we computed ||.A(X*)||2 for the solution obtained by Mosek after scaling so
that A\pqz (X™*) would be 1. Note that (P) and (D) do not simultaneously have feasible interior points.In
general, it is difficult to solve such problems stably by using interior point methods, but since strong
complementarity exists between (P) and (D), they can be expected to be stably solved. By applying
Lemma 3.4 of [11], we can generate a problem in which both the primal and dual problems have feasible
interior points in which it can be determined whether (P) has a feasible interior point. However, since
there was no big difference between the solution obtained by solving the problem generated by applying
Lemma 3.4 of [11] and the solution obtained by solving the above (P) and (D), we showed only the
results of solving (P) and (D) above.

7.2 How to generate instances

Here, we describe how the strongly feasible ill-conditioned instances were generated. In what follows, for
any natural numbers m,n, rand(n) is a function that returns n-dimensional real vectors whose elements
are uniformly distributed in the open segment (0, 1), and rand(m,n) is a function that returns an m x n
real matrix whose elements are uniformly distributed in the open segment (0,1). Furthermore, for any
z € R™ and X € R™*" diag(z) € R™*" is a function that returns a diagonal matrix whose diagonal
elements are the elements of z, and vec(X) € R™” is a function that returns a vector obtained by
stacking the n column vectors of X. The strongly feasible ill-conditioned instances were generated by
extending the method of generating ill-conditioned strongly feasible instances proposed in [14] to the
symmetric cone case.

Proposition 7.1. Suppose that z € intK, ||Z]leoc < 1 and @ € K, |||y = r satisfy (T,a) = r. Define
the linear operator A : E — R™ as A(z) = ((a1,2), {az, ), ..., {am,x))T for which ay = @ — 27! and
(a;j, Ty =0 hold for any j =2,...,m. Then,
Z = arg max {det(z) : € KNkerA, ||z|lcc =1}. (21)
Proof. First, note that the assertion (21) is equivalent to
Z = arg max {logdet(z)} where F :={x € KNkerA: ||z|e <1}. (22)
TEF

-1 =

From the assumptions, we see that Z € K, ||Z]|c < 1 and (a1,Z) = (4 — T~ ',Z) = r —r = 0; thus,

A(Z) =0 and z € F. Since Vlogdet(z) = 271, if T satisfies
(x —z,7271) <0 for any x € F (23)
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we can conclude that (22) holds. In what follows, we show that (23) holds.

-1 -1

For any z € F, « € ker A and hence, {(a;,z) = (4 — T
Thus, we obtain

2y =(u—z hx)=0,ie, (4,z) = (T, ).

(
(@ x) = [[ull1 [l (by [[afly = rand [lz] < 1)
0 (by (@, z) <||ul[1]|z[l)

which completes the proof. O

Proposition 7.1 guarantees that we can generate a linear operator A satisfying ker A NS} # 0 by
determining an appropriate value p = max det(X), where F ={X € S": X € S}, Nker A4, || X|o = 1}.
€

The details on how to generate the strongly feasible instances are in Algorithm 3. The input consists
of the rank of the semidefinite cone n, the number of constraints m, an arbitrary orthogonal matrix P,
and the parameter 7 € Ry which determines the value of . We made instances for which the value of
w satisfies le — 7 < pu < le — (7 — 1). In the experiments, we set 7 € {50,100, 150,200, 250} so that u
would vary around 1e-50, 1e-100, 1e-150, 1e-200, and 1le-250.

Note that Algorithm 3 generates instances using z that has a natural eigenvalue distribution. For
example, let n — 1 = 3 and consider two X's where one has 3 eigenvalues of about le-2, and the others
have 1 each of le-1, 1le-2; and le-3. det(X) ~1e-6 is obtained for both Xs, but the latter is more natural
for the distribution of eigenvalues. In our experiment, we generated ill-conditioned instances by using
X having a natural eigenvalue distribution as follows:

1. Find an integer s that satisfies le-s < = < umT < le-(s—1).
2. Generate t = 2s — 1 eigenvalue classes.

3. Decide how many eigenvalues to generate for each class.

For example, when n = 13 and 7 = 30, Algorithm 3 yields s =3, ¢ =5, a = 2 and b = 2, and since b is
even, we have num = (2,3,2,3,2)T. The classes of t = 5 eigenvalues are shown in Table 3 below. Note
that (177 - 10°7%) - (177 - 105~ (1)) = [727 and (w77 - 10579 - (u=-T - 105— (=it = w7 hold for
the i-th and ¢ — ¢ + 1-th classes. This implies that we obtain le — 7 < p = det(X) < le — (7 — 1) both
when generating n — 1 eigenvalues in the sth class and when generating n — 1 eigenvalues of X according
to num. When n = 14,7 = 30, Algorithm 3 gives s = 3,t =5, a = 2, and b = 3, and since b is an odd
number, we have num = (2,3,3,3, 2)T. Thus, Algorithm 3 generates the instances by controlling the
frequency so that the geometric mean of the n — 1 eigenvalues of X falls within the s-th class width.

Table 3: Frequency distribution table of eigenvalues of X generated by Algorithm 3 when n = 13 or
n=147=30

Class Class width of eigenvalues of Z Frequency(num)

Lower bound  Upper bound n=13 n=14

[751 . 102 wrsT - 102
[7=1 . 10! wisT - 10!
lﬁ un—l
_1 1
[7=1 .10} un—-1 -10"1
[7T . 102 wisT . 102

U = W N =
N W N W N
N W W W N
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Algorithm 3 Strongly feasible instance

1: Input: n,m, 7, P

2: Qutput: A

Blele—T,usle—(1—1), s [-Tg]and t + 25 -1

4: b+ (n—1)modt, a + W and num < a-1 € R?

5: if b is odd then

6: I_J<—b_71andnumienumi—i—lsuchthats—l_)gigs—l—l_)
7: else

8: 5<—%andnumienumi—i—lsuchthats—5§i<sors<i§s+l3
9: end if

10: di < 1 and k < 2

11: for i =1 to t do

12:  for j =1 to num; do

132 dl« 177 - 10°"iand du + umT - 1057

14: dy, < dl + (du — dl) rand (1)

15: k+—Ek+1

16: end for

17: end for

18: D’ < diag(d) and then compute C' < PD'PT and ¢ « vec(C)

—_
©

u < (n,07_)T where 0,,_; denotes the n — 1-dimensional vector of zeros
. U « P(diag(u) — D' ")PT, A’ « vec(U) and R + I — mccT
:fori=1tom—1do
A} +rand(n,n) and A; + (A} + (4)7T) /2
!/
23: A« <V6Cé47;)T>
24: end for
25: A+ A'R

A (VecilU)T>

[\~
o

NN
N =

7.3 Numerical results and observations

We set the size of the positive semidefinite matrix to n = 50, so that the computational experiments

could be performed in a reasonable period of time. To eliminate bias in the experimental results, we

generated instances in which the number of constraints m was controlled using the parameter v for the
n(n+1)

number ——— of variables in the symmetric matrix of order n. Specifically, the number of constraints m

on an integer was obtained by rounding the value of @m where v € {0.1,0.3,0.5,0.7,0.9}. For each
v € {0.1,0.3,0.5,0.7,0.9}, we generated five instances, i.e., 25 instances for each of five strongly feasible
cases (corresponding to five patterns of p ~ 1e-50, ..., u ~ 1e-250, see section 7.2 for details). Thus, we
generated 125 strongly feasible instances. We set the upper limit of the execution time to 2 hours and
compared the performance of our method with those of Lourengo (2019), Pena(2017) and Mosek. When
using Mosek, we set the primal feasibility tolerance to le-12.

Tables 4 and 5 list the results for the (ill-conditioned) strongly feasible case. The “CO-ratio” column
shows the ratio of |Na|/|N1| where N; is the set of problems for which the algorithm terminated within
2 hours, the upper limit of the execution time, and Ny C N is the set of problems for which a correct
output is obtained, the “times(s)” column shows the average CPU time of the method, the “M-iter”
column shows the average iteration number of each main algorithm, the || A(X™*)||2 column shows the
residual of the constraints, and the A\, (X™*) column shows the minimum eigenvalue of X*. The “BP”
column shows which scheme (the modified von Neumann (MVN) or the smooth perceptron (SP)) was
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Table 4: Results for strongly feasible instances (Correct output (CO-) ratio, CPU time and and M-iter)

Algorithm 2 Lourenco (2019) Pena (2017)

Instance BP CO-ratio time(s) M-iter | CO-ratio time(s)  M-iter | CO-ratio time(s) M-iter
1~ 1e-50 MVN 25/25 7.81 3.28 25/25 25.94 14.48 25/25 3.60 1.00
- SpP 25/25 0.75 1.00 25/25 10.12 14.08 25/25 0.80 1.00
o~ te10p MVN 25/25  51.62  53.12 25/25  448.05  329.04 1/1  (4513.59)  (2.00)
o Sp 25/25 32.11 36.04 25/25 256.24  365.76 25/25 123.65 23.32
4~ 1e-150 MVN 25/25 99.39 118.12 25/25 888.25 728.68 - - -
SP 25/25 76.98  91.96 25/25 520.73 756.36 25/25 781.88 117.32

1~ 16-200 MVN 25/25 14448 185.40 25/25 1328.68 1145.40 - - -
o SP 25/25  118.06 151.44 25/25 789.29 1150.20 25/25 1874.20 236.44
1~ 16-250 MVN 25/25  188.11 251.44 25/25 1827.24 1601.20 - - -
- Sp 25/25  162.67 215.12 25/25 1074.07 1564.80 25/25 3308.35 376.24

Table 5: Results for ill-conditioned strongly feasible instances (||.A(X™)||2 and Amin (X™))

Algorithm 2 Lourengo (2019) Pena (2017)

Instance BP JAX )2 Amin(X7) | AKX )2 Amin(X7) | AKX )]z Amin (X7)
~ 1650 MVN 1.24e-11 4.42e-4 7.64e-12 3.60e-4 1.27e-11 3.95e-4
m= SP 1.23e-11 8.48e-4 8.22e-12 8.10e-4 1.23e-11 8.48e-4
11~ 1e-100 MVN 9.98¢-12 2.73e-6 1.26e-11 3.01e-6 (1.07e-8)  (3.34e-6)
- SP 4.18e-11 3.19e-5 1.10e-11 3.75e-5 5.38e-9 3.39e-6
1~ 1e-150 MVN 1.96e-10 5.24e-8 4.29e-10 4.10e-8 - -
SP 2.21e-10 3.98e-7 5.60e-10 5.54e-7 6.31e-9 3.78e-7

1~ 16-200 MVN 1.51e-8 7.86e-10 4.76e-8 1.18e-9 - -
SP 1.09¢e-8 4.87e-9 3.81e-8 5.93e-9 1.72¢-8 5.06e-9

1~ 16-250 MVN 9.51e-7 8.43e-12 2.58e-6 2.52e-11 - -
SP 1.72e-6 5.14e-11 3.35e-6 7.05e-11 1.73e-6 5.40e-11

used in the basic procedure. The values in parentheses () in row pu =~ 1e-100 are the average values
excluding instances for which the method ended up running out of time.

First, we compare the results when using MVN or SP as the basic procedure in each method. From
Table 4, we can see that for strongly-feasible problems, using SP as the basic procedure has a shorter
average execution time than using MVN. Next, we compare the results of each method. For p ~ 1e-50,
there was no significant difference in performance among the three methods. For p < 1e-100, the results
in the rows BP=MVN show that our method and Lourenco (2019) obtained interior feasible solutions
for all problems, while Pena (2017) ended up running out of time for 99 instances. This is because Pena
(2017) needs to call its basic procedure to find a solution of range A* NS ,. Comparing our method
with Lourenco (2019), we see that Algorithm 2 is superior in terms of CPU time. Finally, we compare
the results for each value of p. As p becomes smaller, i.e., as the problem becomes more ill-conditioned,
the number of scaling times and the execution time increase, and the accuracy of the obtained solution
gets worse.

Table 6 summarizes the results of our experiments using Mosek to solve strongly feasible ill-conditioned
instances. Mosek sometimes returned the error message “rescode = 10006” for the p < le — 200
instances. This error message means that ”the optimizer is terminated due to slow progress.” In this
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Table 6: Results for ill-conditioned strongly feasible instances with Mosek

Instance | CO-ratio  time(s) [A(X*)[l2  Amin(X*)

=~ 1le-50 25/25 1.96 8.73e-13 7.99e-3
w2~ 1le-100 25/25 3.18 1.87e-12 4.51e-5
1~ le-150 25/25 3.72 2.48e-10 4.45e-7
w =~ 1e-200 21/25 6.56 2.58e-7 4.35e-9
1~ 1le-250 1/25 6.88 2.57e-7  5.37e-11

case, the obtained solution is not guaranteed to be optimal, but it may have sufficient accuracy as a
feasible solution. Therefore, we took the CO-ratio when the residual || A(X*)]||2 is less than or equal to
le-5 to be the correct output. The reason why we set the threshold to le-5 is that the maximum value
of || A(X*)|l2 was less than le-5 among the X* values obtained for the strongly feasible ill-conditioned
instances by the three methods, Algorithm 2, Lourenco (2019) and Pena (2017). On the other hand, for
the p < le — 200 instances, the Chubanov methods had higher CO-ratios. That is, when the problem
was quite ill-conditioned, the solution obtained by each of the Chubanov methods had a smaller value
of ||JA(X™*)||2 compared with the solution obtained by Mosek, which implies that the accuracy of the
solution obtained by each of the Chubanov methods was higher than that of Mosek.

8 Concluding remarks

In this study, we proposed a new version of Chubanov’s method for solving the feasibility problem over
the symmetric cone by extending Roos’s method [15] for the feasible problem over the nonnegative
orthant. Our method has the following features:

e Using the norm || - || in problem Pg_ (A) makes it possible to (i) calculate the upper bound for
the minimum eigenvalue of any feasible solution of Pg__(A), (ii) quantify the feasible region of
P(A), and hence (iii) determine whether there exists a feasible solution of P(A) whose minimum
eigenvalue is greater than e as in [10].

e In terms of the computational bound, our method is (i) equivalent to Roos’s original method
[15] and superior to Lourengo et al.’s method [10] when the symmetric cone is the nonnegative
orthant, (ii) superior to Lourenco et al.’s when the symmetric cone is a Cartesian product of second-
order cones, (iii) equivalent to Lourenco et al.’s when the symmetric cone is the simple positive
semidefinite cone, under the assumption that the costs of computing the spectral decomposition
and the minimum eigenvalue are of the same order for any given symmetric matrix, and (iv)
superior to Pena and Soheili’s method [13] for any simple symmetric cones under the assumption
that P(A) is feasible.

We also conducted comprehensive numerical experiments comaring our method with the existing mtehods
of Chubanov [10, 13] and Mosek. Our numerical results showed that

e It is considerably faster than the existing methods on ill-conditioned strongly feasible instances.

o Mosek was the better than Chubanov ~ s methods in terms of execution time. On the other hand,
in terms of the accuracy of the solution (the value of ||.A(X*)]||2), we found that all of Chubanov ’
s methods are better than Mosek. In particular, we have seen such results for strongly-feasible
(terribly) ill-conditioned (p ~ le — 250) instances.
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In this paper, we performed computer experiments by setting & = 1/4 in the basic procedure to avoid
inducements for calculation errors, but there is room for further study on how to choose the value of &.
For example, if the problem size is large, the computation of the projection P4 is expected to take much
more time. In this case, rather than setting £ = 1/4, running the algorithm as £ < 1/4 may reduce the
number of scaling steps to be performed before completion. As a result, the algorithm’s run time may
be shorter than when we set £ = 1/4. More desirable approach may be to choose an appropriate value
of £ at each iteration along to the algorithm’s progress.
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A Basic procedure

Algorithm 4 Basic procedure (Modified von Neumann scheme)

1: Same as lines 1-3 of Algorithm 1
2: while k < Zlpax do
3:  Same as lines 5-23 of Algorithm 1

k< k+1, 2"« Pa(y*) and v* + % — 2F

end while

4 forle{l,...,p} do

5: Se <« {i | A(2}); < 0} and then ug + > ies, (=),

6: end for (P () P2
T U4 mu and y**t1 < ay* 4 (1 — a)u, where a = W
8:

9:

Below, we describe the results of updating y* with the smooth perceptron scheme as described in [13].
Given p > 0, we define operator u,(-) : E = {u € K | (u,e) = 1} asu,(v) := arg min {(u,v) + &flu—a?}.
wek,(u,e)=1
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Algorithm 5 Basic procedure (Smooth perceptron scheme)

1: Input: P4 and £ such that a constant 0 < ¢ < 1

Output: (i) a solution to P(A) or (ii) D(A) or (iii) a certificate that, for any feasible solution z to
Ps. (A), (e,xz) <r

initialization : @ < te, p® <=2, u® < @, k< 0,Hy,..., H, = 0.

compute 3% « Upg (P_A(UO)) 20 Pa(y°), 00 « ¥ — 20,

while k < 2/2msx — 1 do
Same as lines 5-23 of Algorithm 1
0% 25 and wM T (1 - 0F)(uF 4+ 0Fy*) + (0%)2u,n (Pa(uF))
pFL e (1= %)% and y*+1 « (1= 0%)y* + 0%u e (Pa(uh1))
k«k+1, 2%« Pa(y*) and vF  yk — 2F

10: end while

N

© % TPk w
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B Another new main algorithm

Here, we introduce another new main algorithm, Algorithm 6, whose computational cost may not be
given in polynomials but might better determine e-feasible solutions.

B.1 Outline of Algorithm 6

The procedures of Algorithm 6 are almost identical to Algorithm 2, except for one of the termination
criteria (the criterion indicating the non-existence of e-feasible solutions). Specifically, to set the upper
bound for the minimum eigenvalue of any feasible solution = of Pg_(A), Algorithm 2 focuses on the
product det(Z) of the eigenvalues of the arbitrary feasible solution Z of the scaled problem Pg__ (A*QF),
while Algorithm 6 focuses on the sum (z, e) of the eigenvalues. Algorithm 6 works as follows.

1. If a feasible solution of P(A) or D(A) is returned from the basic procedure, the feasibility of P(.A)
can be determined, and we stop the main algorithm.

2. If the basic procedure returns the sets of indices Hy, ..., H, and the sets of primitive idempotents
C1,...,Cp that construct the corresponding Jordan frames, then

in Algorithm 6:
(a) if W < ¢ holds for some ¢ € {1,...p}, we determine that Pg_(A) has no
Ty £ my

e-feasible solution according to Proposition B.1 and stop the main algorithm,
(b) if W > ¢ holds for any ¢ € {1,...p}, we rescale the problem and call the basic
T £ mye
procedure again.

Table 7: Upper bounds on the number of iterations of the main algorithms (cf. proposition 5.2 and
proposition B.2)

Main Algorithm  Upper bound on # of iterations

Algorithm 2 _1025 log (%) —-p+1
Algorithm 6 ﬁ (% - 1) r—p+1

Table 7 lists upper bounds on the numbers of iterations required by Algorithms 2 and 6. As shown in
the table, Algorithm 2 can be said to be a polynomial-time algorithm, but Algorithm 6 is not. On the
other hand, the results of the numerical experiments in Appendix C.2 show that Algorithm 6 is superior
to Algorithm 2 at detecting e-feasibility for the generated instances.
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Algorithm 6 Main algorithm using another criteria for e-feasibility

Input: A, K, € and a constant £ such that 0 < £ <1
Output: a solution to P(A) or D(A) or a certificate that there is no ¢ feasible solution.
k<1 ,./41 +— A, my+0, Qz(—[g, RPy < Iy, RDy < Iy fOI“aHfE{l,...AD}
Compute P4 and call the basic procedure with Py, %e, &
if basic procedure returns z then
stop main algorithm and return RPz (RPz is a feasible solution of P(.A))
else if basic procedure returns y or v then
stop main algorithm and return RDy or RDv ( RDy or RDuw is a feasible solution of D(A))
else if basic procedure returns H¥ ..., Hz’f and CF, ..., C}’; then

10: for £ e {1,...,p} do

11: if |H}| > 0 then

12: 9¢ < VE X hems *(ve)n + ZZZ%HZ? *(ve)n

13: Qe + qu RPy < RPgle, RDy < RD[QQ;I
14: my < <Q@ (ZheH}' Ck(vg)h) ,6g> + my

15: if m < ¢ then

16: stop main algorithm. There is no € feasible solution.
17: end if

18: Qe+ QuQy

19: else

20: Q[ «— I

21: end if

22:  end for

23: else

24:  return basic procedure error

25: end if

26: Let Q% = (Q1,...,Q))
27: AR ARQF | k + k + 1. Go back to line 4.

B.2 Finite termination of Algorithm 6

Here, we prove finite termination of Algorithm 6. Before going into the proof, we explain Algorithm 6 in
more detail than in Appendix B.1. In Algorithm 6, when a cut is obtained in the ¢-th block, it computes

the value of <Q¢ (ZheH,f; ck (W)h) 7€g> and stores its cumulative value in my. In fact, using this my, we
can compute an upper bound for Api, () (Proposition B.1). On line 18, Q, is updated as Q; < Qng;l,

and Qy of Algorithm 6 plays the role of an operator that gives the relation (%, as) = (x4, Q¢(as)) for the
solution z of the original problem, the solution Z of the scaled problem, and any a € E. For example,
as before, if |[H}| > 0 for k = 1, then (Z4, a;) = (ngl(a:g),a@ = <$57Qg;1(a,g)> is valid. And if |[H7| >0
even for k = 2, then the proposed method scales Z again, so that (Z¢, ar) = (Z¢, Q-1 (ar)) = (zv, Qelar))
holds.

-1
4

Proposition 5.1 guarantees that e-feasibility of the problem P(.A) can be detected by computing det(z) of
any feasible solution of Pg__ (A*QF). The following proposition ensures that we may use the value (Z, e)
of any feasible solution of Ps_(A*Q¥) to detect the e-feasibility of problem P(A), instead of det(z).
While the analysis of the computational complexity in section 5.2 does not hold for it, the new criteria
is better able to detect e-feasibility in the numerical experiments presented in Appendix C.2 .

Proposition B.1. After k iterations of Algorithm 6, for any feasible solution x of Ps__(A) and ¢ €
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{1,...,p}, the £-th block element xy of x satisfies
Te

R CE)

Proof. In Algorithm 6, m, is updated only when |Hf\ > (. Suppose that, at the end of the k-th iteration
of Algorithm 6, the last update of m, had been at the k’(< k)-th iteration. Then, the stopping criteria
of the basic procedure guarantees that at the beginning of the k’-th iteration, @), satisfies

)\min('ré) < (24)

- ¢ i€H)

(@ Qel” (u0):) < {1 oy (25)

This gives a lower bound for |H}'|:

2<x,@z Z ck/(vz)i > < |Hf/ ) (26)

icHF

Using the fact that 2y — Amin(2¢)er € Ky, we obtain

)\min(xl)<efa Qf(eé» S <(Ee, Ql(ef»

= <xg,@g Z Ck/(ve)j >+<$4,Q5 Z Ck/(w)j >

jEHE jeH}

<re—|H |+ <$2,Qe > Fw), > (by (25))

jer/
<rp— (- 1) <$E,Qe Z CkI(W)] > (by (26))
<re— (2— 1) Amin (2¢) <6z,@ > Fw), > ;

. k!
JEH,

and hence,

Amin(2¢) | (er, Qeler)) + (2—1> <627Q£ > F ), > < 7. (27)

. k/
JEH,

Next, suppose that, at the beginning of the k’-th iteration of Algorithm 6, the last update of m, had
been performed at the i(< k')-th iteration.

Let Q,”™ be Qy obtained at the beginning of the i-th iteration of Algorithm 6, and let QP*e and mj"® be
Q. and my obtained after the update at the i-th iteration. Note that @, at the beginning of the k’-th
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iteration of Algorithm 6 can be represented by Q, = Q" “QP™,. Thus, from (12), we see that

g,

:Qrg’r_el Z ¢ (vr); +ng>r_e1 Z ! (ve);

. k/ . k,
JjeH J¢H,

and hence,

Qelee) = Q7QYS (e0) = Q7 | er + (2 - 1) > ),

9y .
JjEH]

:Qmem(;—l) o [ 3 dw), |- (28)

JEH]
By recursively applying (28) to Q"™ (e¢), we finally obtain
5 1 pre
<627QZ(65)> =7rr+ g—l my .

Let m§ be the value of my obtained after the update at the k’-th iteration. Then,

mf =my < + <627Qe Z Ck,(w)j > (29)

jeH)
and, by (27), we obtain
. Tf
S ) () (o (S 0,))

= TZ .
EEE

Since, at the end of the k-th iteration of Algorithm 6, the last update of m, was at the k’-th iteration,
we see that m, = m% | and hence (24) holds after k iterations of Algorithm 6. O

Using Proposition B.1, we find an upper bound on the number of iterations of Algorithm 6.

Proposition B.2. Algorithm 6 terminates after no more than %5 (% — 1) r —p+ 1 iterations.
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Proof. When |Hf| > 0 for £ € {1,...,p} at the k-th iteration of Algorithm 6, we say that the iteration
is “good” for the ¢-th block. From Proposition B.1, since the (meaningful) upper bound of the minimum
eigenvalue Apin(2¢) of x of the ¢-th block of any feasible solution = of Pg_ (A) depends on the value of
my, we first calculate a lower bound for the increment of m, per good iteration in the ¢-th block. Similar
to the proof of Proposition B.1, suppose that the k’-th iteration is a good iteration for the ¢-th block.

és shown in equation (29), the value of my is increased at this time by <ez7 Q¢ (ZJ.GH};/ ck’(w)j>> using
Q¢ at the beginning of the k’-th iteration. Let us express ng using gy obtained at the k-th iteration

as Q’;,l, ie, Q= Q;,le,l ...Q’;/__ll. Then, the increment of my, at the k’-th iteration is as follows:
e 4 4 4

<€e7@ > M (w); > = <QS£11 : "Q;Zl (ec), > (W)j>~ (30)
jeH} jeH}
Note that Q]g“/fll e Q;,l (e¢) — e¢ € Ky holds, as we will prove below using induction. First, if the
4 14

first iteration is a good one for the ¢ block, then Q;,l (ep) = %ZieH} cHve)i + EjgéH} ctve); = eo +
4

(% — 1) ZieHzl c(vy);, and if it is not a good iteration, then Q;,l (e¢) = e;. Thus, Q;,l (ee) —ep € Ky
4 4

holds. Next, when Q;_l .. .Q;_l (e¢)—eg € K holds, by Proposition 2.4, Q;ﬂ (Q;_l .. .Q;_l (er) — eg) €
¢ ¢ J 9 ¢
K¢ holds. Furthermore, the same calculation as in the first iteration yields Q;ﬂ (e¢) — ey € Ky, and we
14

see that
QU (@i - Q)or (e0) —er) €K & QEQI . Q) (er) — QP (e0) € K

9" 9
= QMIQ ... Qi (er) —er €Ky
9y 9y e

Thus, from (30), we obtain a lower bound for the increment of m, as
K —1 K K’
<ng_1 ...Qézl (er), Z c (Ug)j> > <eg, Z c (Ug)j>
jEHY jeHy’
= |Hé€/| > 1,
which means that the value of my increases by at least 1 per good iteration. Therefore, if the number of

1-¢
that A\pin(z¢) < € holds; i.e., we obtain an upper bound for the number of iterations of Algorithm 6 as

follows:
Zp Ty f f 1
((s_w) <1 §> _1> +1_17 €<5—1>r—p+1.

good iterations for the ¢-th block is (% — rg) (i) or more, then from Proposition B.1, we can conclude

O

It should be noted that the number of iterations required by Algorithm 6 to detect the non-existence of
e-feasible solutions is actually likely to be much smaller than the value given in Proposition B.2. This
is because Proposition B.2 calculates the lower bound for the increment of m, for one good iteration as
1. The increment of my, can be calculated using Qy, but it is difficult to calculate the exact increment
of my because Q, depends on the results returned by the previous basic procedure. Suppose that both
the first and second iterations are good for the ¢-th block. Then, the increment of m, at the second

iteration is
<Q;51 (), > 62(vz)ﬂ'> ) <ee + <2 - 1) PIRACINDY CQ(Ue)j>’

JEH? i€H] JEH?

but it is difficult to find a lower bound greater than 0 for <Zi€H} ct(ve)i, Z]EH? 2 (w)j>.
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C Additional numerical experiments

In addition to the strongly feasible instances described in section 7.2, we generated the following two
types of instances and conducted numerical experiments.

o Weakly feasible instances, i.e., ker ANST | =0, but ker ANS% \ {O} # 0.

e Infeasible instances, i.e., ker ANS"} = O.

C.1 How to generate instances used in the additional experiments

Here, we describe how the weakly feasible instances and infeasible instances were generated. Note that,
due to the rounding error of the numerical computation, the weakly (ill-conditioned strongly) feasible
instances generated in this experiment may not have been weakly (ill-conditioned strongly) feasible, and
could be infeasible or interior feasible. Thus, the term “fragilely” may not be appropriate, but it would
be better to call them “fragilely weakly feasible (fragilely ill-conditioned strongly).”

C.1.1 Weakly feasible instances

The weakly feasible instances were generated by Algorithm 7.

Algorithm 7 Weakly feasible instance

1: Input: n,m, A’ =1 |
2: Output: A
3: B + rand(n,n) // B must not be O
4:C<—B+TBT // C # O must not be C = O or C < O
5: Oy + Py (C) // C1 # O since C # O is not negative semidefinite.
6: C— = —Psn (=C) /] C— # O since C' # O is not positive semidefinite.
7. ¢ < vec(Cy) and R+« I — marcz
8 fori=1tom—1do
9: Al rand(n,n) and A; « (4] + (4)7T) /2
/
0. A+ (Vec(ﬁi)T>
11: end fO\I;ec(C o
12: A« < A'R )

Proposition C.1. For any A € R™ " returned by Algorithm 7, no X € S, emists that satisfies
A(vec(X)) =0, but an X € ST \ {O} exists that satisfies A (vec(X)) = 0.

Proof. First, we show that an X € S \ {O} exists that satisfies A (vec(X)) = 0. For the matrix Cy € S}
computed on line 5 of Algorithm 7, we see that C;. # O and the following holds:

Atwee() = des = (4R Jer = ("HRL) = (e o) =0

Next, we show by contradiction that no X € S, exists that satisfies A (vec(X)) = 0. Suppose that an
X € St satisfies A (vec(X)) = 0. Since the first row of A is vec(C_)7, if A (vec(X)) = 0 holds, then
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vec(C_)Tvec(X) =0, i.e.,
vec(C_)Tvec(X) = (C_, X) = (PDPT QEQ™)

= (D, PTQEQTP) = zn: Dy (P"QEQ™P), =0

i=1

where C_ = PDPT, X = QEQT, P are QQ orthogonal matrices, and D and E are diagonal matrices.
Here, X € S implies (PTQEQTP)“. > 0 for any i € {1,...,n} and hence, D should be O, but this

contradicts C_ # O. Thus, no X € S}, exists satisfying A (vec(X)) = 0. O

C.1.2 Infeasible instances

The infeasible instances were generated by Algorithm 8. If we define the linear operator A4 : S — R™ as
A(X) = ((A1, X), ..., (A, X))T, then by choosing A; € S, , we obtain A such that ker ANST = {O}.
On the basis of this observation, by introducing a parameter o > 0, we generated a positive definite
matrix A; whose minimum eigenvalue is a uniformly distributed random number in (0,«). We chose
a € {le—1,1e—2,1e—3,1e—4,1e—5}. The input of Algorithm 8 consisted of the rank of the semidefinite
cone n, the number of constraints m, an arbitrary orthogonal matrix P, and the parameter a > 0.

Algorithm 8 Infeasible instance

1: Input: n,m,a, P, A’ = ]
2: Output: A
3: B + rand(n,n)
4: B+ B+TBT and then compute an orthogonal matrix Q and diagonal matrix E such that B’ = QDQ”
5: By =rand (1) x af + Py (E)
6: d «+ rand(n) and D «+ diag(d)
T B+ — QE+QT and C «+ PDPT
8: c=vec(C) and R+ I — WCCT
9: fori=1tom—1do
10: A} rand(n,n) and 4; < (4] + (A7) /2
/ Al
11: A« <Vec(Ai)T>
12: end for (BT
vec(B4
13: A« A'R >

Note that the first row of the matrix A returned by Algorithm 8 is vec(B+)T. Since By € ST, we

see that vec(B,)  vec(X) > 0 for any positive definite matrix X € S% .. Thus, there is no X € S
satisfying A (vec(X)) = 0, which implies that the generated instance is infeasible.

C.2 Additional numerical results and observations

As in section 7, we set the size of the semidefinite matrix to n = 50 and the number of constraints m
using v € {0.1,0.3,0.5,0.7,0.9}. For each v € {0.1,0.3,0.5,0.7,0.9}, we generated five instances, i.e.,
25 instances for a weakly feasible case and 25 instances for each of five infeasible cases (corresponding
to five patterns of o = le-1,...,« = le-5, see section C.1.2 for details). Thus, we generated 25 weakly
feasible instances and 125 infeasible instances. We set the upper limit of the execution time to 2 hours
and compared the performance of our method (Algorithm 2, 6) with those of Lourengo (2019) and
Pena(2017).
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We classified the output-results into five types: A: an interior feasible solution is found; B: no interior
feasible solution is found (ver.1); C: no e-feasible solution is found (only for Lorenco (2019) and our
method); D: no interior feasible solution is found (ver.2; only for Pena (2017)); E: Out-of-time. In what
follows, we briefly explain how output-result type D for Pena (2017) differs from output-result type B.

[13] pointed out that if P(A) has no interior feasible solution, meaning that if the main algorithm of
Pena (2017) is applied to only P(A), it does not stop within a finite number of iterations. To overcome
this problem, Pena et al. constructed the main algorithm in a way that it applies not only to P(.A) but
also to problem Q(A):

Q(A) find X €87, st. X crangeA”.

Accordingly, we defined output-result type B as the case where a feasible solution of D(.A) is obtained
by applying the main algorithm to P(A) and defined output-result type D as the case where a feasible
solution of Q(A) is obtained by applying the main algorithm to Q(.A).

Table 8 summarizes the results for infeasible instances. Similarly to Table 4, the “CO-ratio and “times(s)”
columns respectively show the ratio of correct outputs and the average CPU time of each method (the
values in parentheses () in rows o = le-4 and o = le-5 are the average CPU times of each method
excluding the instances for which the method ended up running out of time). When using MVN as the
basic procedure, whereas our method and Lourengo (2019) found an element of range A* N S7} for all
instances, Pena (2017) ended up running out of time for one instance for o = le-4 and a = le-5.

From the results for infeasible instances, we can observe the following three points. First, our method
obtained correct outputs for every instance in a short execution time. This would be because it employed
an efficient scaling and found an element of range A* NS7}. Second, the method of Pena (2017) obtained
better results when SP was used as the basic procedure. As shown in Table 8, the method of Pena
(2017) using SP as the basic procedure solved all problems and had shorter execution times than the
method using MVN. Since Pena’s (2017) method calls the basic procedure not only to find points in
ker AN S, but also to find points in range A* N S" ,, using SP, which can update basic procedures
efficiently, is better than using MVN in terms of execution time. Third, it is not always possible to
detect infeasibility (i.e., to find a point in range A* NS’} ) in a shorter execution time when using SP than
when using MVN. In fact, according to Lourengo (2019), the execution time is shorter when using MVN
as the basic procedure than when using SP. SP is a more efficient update method than MVN in terms
of satisfying a termination criterion (the criterion for moving to scaling) of the basic procedure. On the
other hand, from the point of view of finding points in range. A* N S, it is not possible to determine
whether SP or MVN is more suitable. Pena (2017) used SP to significantly reduce the execution time,
which is the result of updating the basic procedure for finding points in range A* NS} | more efficiently
than MVN. Mosek obtained a point in range A* NS% , as a feasible solution to the dual problem for all
instances. From the viewpoint of execution time, Mosek was superior to the other methods.

For the weakly feasible instances, we compared our method (Algorithm 2), a modified version with
another criteria for e-feasibility (Algorithm 6), Lourengo (2019), and Pena (2017). The results are
summarized in Table 9. As described above, we classified the output-results into type A: an interior
feasible solution is found; type B: no interior feasible solution is found (ver.l); type C: no e-feasible
solution is found (only for Lorengo (2019) and our methods); type D: no interior feasible solution is
found (ver.2; only for Pena (2017)); type E: Out-of-time. Note that B* indicates that the output was B,
but when we converted the obtained solution to a solution of D(.A), it contained a negative eigenvalue
and violated the SDP constraint. Note that, due to rounding errors, the true state of each generated
weakly feasible instance is unknown, and it is impossible to determine whether the results obtained by
the algorithms are correct or incorrect. Thus, Table 9 lists the output types and average execution time
without noting which are correct.
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Table 8: Results for infeasible instances

Algorithm 2 Lourenco (2019) Pena (2017) Mosek

Instance BP CO-ratio time(s) | CO-ratio time(s) | CO-ratio time(s) | CO-ratio time(s)
B MVN | 25/25 123 | 25/25 237 | 25/25  0.79

a=lel op 25/25 1.01 25/25  21.46 25/25 0.61 25/25 122
. MVN 25/25 4.39 25/25 37.93 25/25 25.99

a=le2 op 25/25 3.87 25/25  62.92 25/25 1.05 25/25 1.25
. MVN 25/25 5.38 25/25 61.61 25/25 61.55

a=led op 25/25 5.34 25/25  84.08 25/25 2.08 25/25 1.25
. MVN 25/25 7.81 25/25 88.32 24/24  (20.80)

a=led gp 95/25 740 | 25/25 9879 |  95/25  ssas | /P 124
B MVN 25/25  9.08 95/25  76.17 24/24  (9.47)

a=les gp 25/25 800 | 25/25 9188 | 25/25 5542 | 22/ 12

Table 9: Output types for weakly feasible instances
Method BP | v=0.1 v=0.3 v=205 v=0.7 v=0.9 | time(s)

MVN | AAAAA  AAAAA  AAAAA AAAAA BBBBB 414.42
SP | AAAAA AAAAA AAAAA  AAAAA ABABB 226.25
MVN | CCCCC CCCCC CCCCC  CCcCCC  ceccee | 30197
Sp cccce CCCCC CCCCC  CcCcCccec  coecce 179.72
MVN | AAAAA BB'B*B'B ABAAA ABAB*B* BBBBB | 3512.78
SP | AAAAA AAAAA  AAAAA AAAAA BBBBB | 1550.76
MVN | EEEEE EEEEE EEEEE EEEEE EEEEE
SP | AAAAA DAAAD AAAAA AAAAA DDDDD | 3239.12

Algorithm 2
Algorithm 6

Lourengo (2019)

Pena (2017)

From Table 9, we can observe the following:

For all the methods, the average execution time was shorter when SP was used as the basic
procedure than when MVN was used.

All methods except Algorithm 6 sometimes obtained output type A (an interior feasible solution
is found), and Pena(2017) returned output-result D, while the obtained solution had 0 ~ 5 nega-
tive eigenvalues (about -1le-16) and more than 20 positive eigenvalues (less than le-12) when we
converted it into a solution of P(A).

Lourengo (2019) obtained output type B* (no interior feasible solution is found) but when we
converted the obtained solution into a solution of D(.A), it contained a negative eigenvalue and
violated the SDP constraint). The obtained solution had 1 ~ 3 negative eigenvalues (about -1le-6)
and violated the SDP constraint when we converted it into a solution of D(.A).

Our modified method (Algorithm 6) was able to determine the existence of an e-feasible solution
for all instances. This implies that, at least for this specific set of weakly feasible instances, the
criteria focusing on the total value of the eigenvalues used in Algorithm 6 is more suitable than
the criteria focusing on the product of all the eigenvalues.

Table 10 summarizes the results obtained by Mosek. The error message “rescode = 10006” was obtained
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Table 10: Results for weakly feasible instances with Mosek

Instance | time(s) [A(X)]2
weakly feasible ‘ 5.42 6.86e-9

Table 11: Average of the constraint residuals ||.A(X*)||2 of the solution X* obtained for the weakly
feasible instances

Value of v | Algorithm 2 Lourengo (2019) ~ Mosek

v =20.1 1.28e-13 5.5le-14 1.45e-12
v=203 1.56e-13 7.04e-14 2.53e-10
v=20.5 1.40e-13 1.05e-13 1.29¢-9
v=0.7 3.44e-13 1.09e-13 3.75e-9

for 22 instances, similar to the results for the strongly feasible ill-conditioned instances. Note that we
assumed that feasible solutions were obtained for all instances since the constraint residual ||A(X™*)]|2
was as small as 1.1e-7 or less for all obtained solutions.

Note that for all problems with 0.1 < v < 0.7, Algorithm 2 and Lourenco (2019) using SP for the basic
procedure returned output A, i.e., a feasible solution to the original problem. Table 11 summarizes the
accuracies of the solutions obtained with Algorithm 2, Lourenco (2019), and Mosek for all instances
with 0.1 < v < 0.7. Chubanov ’ s methods sometimes returned output-result type A for weakly feasible
instances, but Table 11 shows that the average accuracy of feasible solutions obtained by Chubanov ’ s
methods was better than that of Mosek.

D More comparisons of the basic procedures

In section 6.1, we showed that the bound of the computational cost of our method is lower than that of
Lourengo et al. when K is the n-dimensional nonnegative orthant R} or a Cartesian product of simple
second-order cones, and that their bounds on their costs are equivalent when K is a simple positive
semidefinite cone under the assumption that the costs of computing the spectral decomposition and
the minimum eigenvalue are the same for an n X n symmetric matrix. In this section, we make more
detailed comparisons of these algorithms in terms of the performance of the cut obtained from the basic
procedure and the detectability of an e-feasible solution. Similarly to section 7, we will refer to Lourenco
et al.’s method [10] as Lourengo (2019) throughout this section.

D.1 Performance comparison of the two basic procedures for the simple case

Here, for the sake of simplicity, we will focus on the case where the symmetric cone is simple, i.e., p = 1.
Let E be the Euclidean space corresponding to the symmetric cone . For any given w, v € E, Lourenco
et al. [10] defined vol(w,v) as the volume of the intersection H(w,v) N K, where H(w,v) is the half
space given by H(w,v) ={z € E | (w,z) < (w,v)}.

In this section, we first identify the half-space H (w,v) that will be transferred to the half-space H (e, e/r)
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Table 12: Comparison of reduction rates of the two algorithms: Theoretical results

Basic procedure | UB#iter Reduction rate
T !
Lourenco (2019) | p?rZ,. | vol(w,v) = (55=)" vol(e,e/r) < (e=#)) " vol(e,e/r)
d
Algorithm 1 72 /€2 vol(w,v) = (§V) " vol(e, e/r)

after scaling and then find the constant rate € R that satisfies vol(w, v) < rate x vol(e, e/r), so that we
can compare the proposed method and Lourengo (2019). The proposed method and Lourenco (2019) use
the basic procedure results to narrow down the original problem’s feasible region. It can be interpreted
that the algorithm becomes more efficient as the constant rate € R (indicating how much vol(w, v) is
reduced compared with vol(e,e/r)) gets smaller. In what follows, we call the constant rate € R the
reduction rate.

Section D.1.1 derives the reduction rate of the proposed method and section D.1.2 that of Lourenco
(2019). The results in these sections are summarized in Table 12, where the “UB#iter” column shows
the upper bound on the number of iterations required in the basic procedure. The “UB#iter” of
Lourenco (2019) comes from Proposition 14 of [10] (where the authors showed their result by substituting
p = 2), whereas that of Algorithm 1 comes from Proposition 4.4 with £ = 1. The “Reduction rate” of
Lourengo (2019) comes from Theorem D.2, whereas that of Algorithm 1 comes from (33) with (w,v) =
(Qg-1(e),Qqg(e)/r). By setting p = 2 and & = 1/2, the two bounds in“UB#iter” have the same value;
in this case, the reduction rates turn out to be

L 2019): (-1 " ~e@)" ~ (0.918) Algorithm 1: (¢V)" < A%
ourencgo ( ): Jotw _(6 ) ~ (0.918)", goriehm L: (5 ) =\3/ -

The above comparison indicates that Algorithm 1 is superior to the basic procedure in [10] in terms of
the reduction rate of the feasible region.

D.1.1 Theoretical reduction rate of Algorithm 1

Suppose that Algorithm 1 returns a result such that there exists a nonempty index set I C {1,...,r}

with |I| = N for which
& el
(eva) < {1 o (3

holds for any feasible solution x of Pg__(4), where {c1,...,c,} are primitive idempotents that make up a
Jordan frame. Note that Algorithm 1 employs the scaling Z = Q4-1(z) with g 1= \/Lg Y icr Ci +Zi¢] G-
Let us find w,v € E which satisfy

H(e,e/r) = Qy-1 (H(w,v)). (32)

eE | (z,e) <1}
={Qqy(7) € E | (Qq(7),Qg-1(e)) <1}
={z€E | (z,Q4-1(e)) <(Qg-1(e), Qy(e)/r) =1},

by setting w = Q4-1(e) and v = Qg4(e)/r, we find that the half space H(w,v) is transformed to H(e,e/r)
after the scaling. Since Q,-1(e) € int /C, we can apply the following proposition to w = Q4-1(e).
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Proposition D.1 (Proposition 6 of [10]). Suppose that w € int K. Then,

Qw71/2 (w,v) (H(e,e/r)) = H(w,v),

{w, v)

vol(w, v) = ( T

)dvol(e, e/r).

Using the above proposition and the assumption [I| = N for the set I in (31), we can see how the volume
vol(Qg-1(e),Qq(e)/r) of H(Qg-1(e),Qq(e)/r) N K decreases compared with vol(e, e/r):

d
vol(Qg-1(e), Qgle)/r) = (M) vol(e, e/r)

d
d

= 11 vol(e,e/r) = (EN) vol(e, e/r). (33)

r

e

D.1.2 Theoretical reduction rate of the basic procedure of Lourenco (2019)

The following theorem gives the reduction rate of the basic procedure of Lourengo (2019).
Theorem D.2 (Theorem 10 of [10]). Let p > 1 and y € K\ {0} be such that Fp, (a) € H(y,e/pr). Let

S S G = =8 — ! ; .
B=r (p m) W= oy pry + fe,v =w™". Then, the following hold:

1. Fpga) € H(y,e/pr) N H(e,e/r) C H(w,v)

2. Q frw-1/2 (H(e,e/r)) = H(w,v)
3.

vol(w,v) = ( r )T vol(e,e/r) < (exp (—(p(p)))% vol(e, e/r)

det w

4
r

where o(p) = 2 — % —4/3= %. In particular, if p > 2, we have vol(w,v) < (0.918)+vol(e,e/r).

D.1.3 Comparison of reduction rates of the two algorithms in numerical experiments

To confirm whether similar reduction rates are observed numerically, we conducted an experiment where
we used our method (Algorithms 4 and 6) with £ = 1/2 and Lourenco (2019) with modified von Neumann
scheme to solve a weakly feasible instance with v = 0.1. At each iteration of the main algorithms, we
recorded the value of ﬁ of Lourencgo (2019) and the value of ¢V of our method and computed the
reduction rates of the search region. The results are summarized in Table 13.

The “#iter of M-A” column shows the number of iterations of the main algorithm. The “Average
reduction rate” column shows the average value of Z— for Lourengo (2019) and the average value of
¢N for our method (Algorithms 4 and 6). The “Final reduction rate” column shows the value

Tkr

detw(1) x det w(2) x -+ - x detw(k)
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Table 13: Comparison of reduction rates of the two algorithms: Numerical results

Algorithm #iter of M-A | Output | Average reduction rate | Final reduction rate
Lourengo (2019) : BP = MVN 3060 A 0.864 3.86e-195
Algorithms 4 and 6 618 C 0.357 9.11e-305

for Lourenco (2019), where w(k) denotes w computed from the result of the basic procedure at the k-th
iteration of the main algorithm, or the value

£N1+"'+Nk .

for our method (Algorithms 4 and 6), where N, denotes the number of cuts obtained from the basic
procedure at the k-th iteration of the main algorithm.

Here, we observed that our method (Algorithms 4 and 6) terminated at the 618-th iteration of the main
algorithm with a reduction rate of 9.11e-305, while Lourengo (2019) attained a reduction rate of 5.88e-40
at the same iteration of the main algorithm.

D.2 Detection of an e-feasible solution

Here, we discuss the capabilities of our method and Lourengo (2019) at detecting an e-feasible solution.
Both methods terminate their main algorithms by detecting the existence of an e-feasible solution. We
compared them by computing the reduction in log (Amin(2¢)) per iteration for parameter settings in
which the maximum numbers of iterations of the basic procedures would be the same (ie., p = 2 in
Lourenco (2019) and £ = 1/2 in our method).

In [10], for each block ¢, Lemma 16 ensures that log (Amin(z¢)) is bounded from above by €, and
Theorem 17 ensures that e, decreases at least %f) > 0 if a good iteration is obtained for the block ¢.
For our method, Proposition 5.1 ensures that log‘()\min(xg)) is bounded from above by % log ¢ and
Proposition 5.2 ensures that %ﬁne log & decreases —% log ¢ > 0 in the same situation. By substituting

p=2and £ =1/2 into ¢(p) and —log & so that the upper bounds for the numbers of iterations of the
basic procedures are the same, we obtain

©(2) =2— 3 —2~0.085786, —logj =log2~ 0.693147

which implies that the rate of reduction in the upper bound log (Amin(¢)) of our method is greater than
that of Lourenco (2019).
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