
Rogers, Morgan
On supercompactly and compactly generated toposes. (English)

�� ��Zbl 07420164
Theory Appl. Categ. 37, 1017-1079 (2021)

This paper presents and thoroughly invesigates the class of supercompactly generated toposes as well
as that of compactly generated toposes. The former class includes all regular toposes as well as all
presheaf toposes. The author is motivated by the fact (Theorem 1.8.5) that any topos admitting a
hyperconnected morphism from a supercompactly generated Grothendieck topos is always such a topos.
This notably includes any topos of continuous actions of a topological monoid on sets [M. Rogers, “Toposes
of topological monoid actions”, Preprint, arXiv:2105.00772]. The author’s developments of relevant
classes of geometric morphisms stems from proper and relative proper geometric morphisms [I. Moerdijk
and J. J. C. Vermeulen, Proper maps of toposes. Providence, RI: American Mathematical Society (AMS)
(2000; Zbl 0961.18003), Chapters I and V]. It is shown how these notions of compactness for geometric
morphisms interact with the notions for objects inside a topos. The author relies on [O. Caramello,
Theories, sites, toposes. Relating and studying mathematical theories through topos-theoretic ‘bridges’.
Oxford: Oxford University Press (2018; Zbl 1461.03002)] for site-theoretical issues.
This paper consists of two sections, the first section being divided into 8 subsections while the second
section being divided into 9 subsections. A synopsis of the paper goes as follows.
§1.1 recalls the definitions of supercompact and compact objects in a topos, leading to the notions of
supercompactly and compactly generated toposes in §1.2. §1.3 turns to the full subcategories of supercom-
pact and compact objects in a topos with a focus on monomorphisms, epimorphisms and the classes of
funneling and multifunneling colimits (Definition 1.3.3 and Definition 1.3.6). §1.4 aims to present these
subcategories as canonical sites for supercompactly and compactly generated toposes (Theorem 1.4.3).
§1.5 investigates some extra conditions on a supercompactly generated topos guaranteeing further prop-
erties of its category of supercompact objects. §1.6 examines some classes of geometric morphisms whose
inverse image functors preserve supercompact or compact objects, introducing the notions of pristine and
polished geometric morphisms in analogy with proper geometric morphisms (Definition 1.6.2) and then
focusing on relative versions of these properties (Definition 1.6.5). The remaining two sections investigate
how some more familiar classes of geometric morphisms interact with supercompactly and compactly
generated toposes, namely, surjections and embeddings in §1.7 as well as hyperconnected morphisms in
§1.8.
§2 is engaged in a broader site-theoretic investigation. §2.1 exhibits the categorical data of principal and
finitely generated sites forming the categories of sheaves as supercompactly and compactly generated
toposes respectively. §2.2 investigates morphisms between representable sheaves, leading to how a general
such site may be reduced via a canonical congruence without the resulting topos in §2.3. §2.4 characterizes
the categories of supercompact and compact objects as reductive and coalescent categories respectively
(Definition 2.4.2), abiding by additional technical conditions. Theorem 2.4.12 claims the correspondence
between such categories and the toposes they generate, leading to a brief examination of the special cases
producing localic toposes in §2.5. §2.6 compares reductive and coalescent categories with the familiar
classes of (locally) regular and coherent categories. §2.7 recalls the definition of morphisms of sites,
showing that, according to the class of sites under consideration, they induce the relatively pristine,
polished or proper geometric morophisms. §2.8 investigates comorphisms of sites, providing some results
about points of various classes of toposes. §2.9 presents some examples and counterexamples of reductive
and coalescent sites as well as supercompactly and compactly generated toposes.
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