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Abstract In this supplement, we give details of the asymptotic normality in
Lemma 5, an additional test procedure, an R-code to calculate y,;;s, proofs
of the theoretical results in the main work in Ishii et al. (2020) together with
additional propositions and proofs of the propositions. The equation numbers
and the mathematical symbols used in the supplement are the same as those
which are made reference to in the main document.

Appendix A: Details of the asymptotic normality in Lemma 5

In Lemma 5, we established the asymptotic normality under the SSE model.
However, in general, high-dimensional statistics do not hold the asymptotic
normality under the SSE model. See Aoshima and Yata (2018, 2019) and Ishii
et al. (2019) for the details. We emphasize that the asymptotic normality given
in Lemma 5 is a rare case for the SSE model. In this section, we explain the
details of the asymptotic normality.

We assume 7y = 1 in (7). Then, we write that

A =2 20fF + tr(823) — (22 ),
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where X, 1y = > !_, kg A,. From (11) and (21), it follows that

A - 2 t Yz Yz s t Yl sYi'
An+Bn(2)ZQZZ r(YijaYii).s) + (V)6 Yij2).1)

1<j s=2 n(nf ]-)
Yij1),sYij2),s)
+QZ Z j(nf 1;( ) (=V1+ Vs, say). (A1)
1<j s,8'=2

Thus, one can ignore the following term:

(Y5101 Y i5(2)1)

2 Lol A
Z n(n—1)
1<g

This is the key to prove the asymptotic normality of A, since its variance

is huge under (C-v) because Var{2 ZKJ (Yij(1)71Yij(2)71)/n2} = O(k}/n?)
under (A-i). For V1, by noting that A; A, = O for s > 1, we have that

D,1Y i502),5) T (Y i500),6Yij2),1)
Vi —222 =)

1<j §=2

4y w(l)Alyw@)ymuA(l Yij2)
i<j n - 1) .
Note that E(Vi) = 2|[£21%. Now, we give asymptotic properties of V;. Let
Yij()1 = a?yij(l) and y,;) 2 = (az,.. .,ap)Tyij(l) for all 7, 7,1, where Ay =
aial and as,...,a, are eigenvectors of Ay such that Ay = Z?:z aja;fp.
Then, it follows that

Vi = 42 Yij(1),1Yi5( 2) lylj(l) 2yz](2) 2 .

= n(n —1)
Note that
E(y.. =C T, T, 1 _ T s
(yw(l),lyij(l),Q) - OV{(Il Zj, ((12, ERRE) u’p) w]} - ((12, ) a’p) ai
fori=1,2; i < j,and ||(az,...,a,)" Xai||*> = ||£21]|%. Thus, V is an unbiased

estimator of the squared norm of the covariance vector between afx; and
(as,...,a,)Tx;. Yata and Aoshima (2013, 2016) gave asymptotic properties
of the ECDM estimator for such a covariance vector. Let

Ly = 8k2tr(£23)/n.
From Theorem 3.2 in Yata and Aoshima (2016), we have the following result.
Proposition A1 Assume (A-ii) and (C-i’). Assume also
1£2:]1%

Li/?

(C-i11”) limsup < 00.
m—r o0
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Then, it holds that as m — oo

Vi — 2]l

= N(0,1).
Ly/?

Next, we consider the variance of V5 in (A.1). Note that
E(Va) = tr(23) — tr(5%)) < A

We write that

i tr(Yi51),sY ij(2),5")

S n(n—1)
B 22”: tr{ Ay (Y0 ¥50) — DA W@ Y — T}
N = n(n —1) '

Then, from Lemma 1, we have the following result.

Proposition A2 Assume (A-i). It holds that as m — oo
Var(Va) = O(tr(£22)% /n?) + O(Atr(£22) /n).

From Proposition A2, under (A-i), (C-iii’) and (C-v), we have that as
m — 00

Var(Va) = o(L) (A.2)

because tr(£23) = o(k?) under (C-v). By noting that |[$2,]% < A, under
(C-iii’) and (C-v), it follows that as m — oo

Ly/L=1+o0(1).

Thus, the union of (C-iii’) and (C-v) implies (C-iii”). Then, from (A.1) with
Proposition Al and (A.2), under (A-ii), (C-1"), (C-iii’) and (C-v), it holds that
as m — 0o

A+ Ba(2)—A _Vi-2|}

1/2 1/2
L Ly

+op(1) = N(0,1). (A.3)

Hence, we can establish the asymptotic normality even under the SSE model.
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Appendix B: Test of the eigenvector

In this section, we apply the asymptotic normality given in Proposition Al to
testing whether a given vector is the eigenvector of X or not.
We assume k1 > 0 and r; = 1 in (7). Then, we consider the following test:

H() : Zal = K1ai1 VS. H1 : 20,1 7& Kri1Qq, (Bl)

where a; is a given vector. Note that [|21]3, = a] X A1) Xa; = 0 under Hy
and [£21]|% > 0 under H; from the facts that A; = a;1a] and A;ya; = 0.
Thus, the asymptotic normality in Proposition Al is available.

Let

n (4T 2 n (T 2
0, = 22 (yij(l)Alyij(Q)) and Q= 22 (yij(l)A(l)yij(Q)) _
n

i< (n—1) = n(n —1)
Note that E(Q1) = 7 and F(Q3) = tr(£23). Let
Tn(V) = niVl
V8Q1Q2
Then, we propose a test procedure for (B.1) by
rejecting Hy <= Tn(V) > Za- (B.2)

We have the following results.

Proposition B1 Assume (A-ii) and (C-i’). For the test procedure (B.2), we
have that
2142, |12 Ly?
Size=a+o0(l) and Power=® H 112||F — Zo, ‘1/* +o0(1) asm — oo,
Ly Ly?
v %

where Ly, = 8/-@%157"(22(1))/”2'

Proposition B2 Assume (A-i). Assume also L%//z/H.QlH% — 0 as m — oo.
For the test procedure (B.2), we have (18).

We checked the performance of the test procedure (B.2) by using a mi-
croarray data set in Section 6.

Appendix C: R-code to calculate y;;qs
We give the following R-code to calculate y, ;s given by (9):

Input Y(X); a p by n (> 4) matrix X as X = (x1, ..., ).
Output The (7, j,) element is y,;,) for all i < j;1 =1,2.
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Y <— function (X){
p <— dim(X)[1]
n <— dim(X)[2]
nl <— as.integer(ceiling(n/2))
n2 <— n—nl
ul <— nl/(nl-1)
u2 <— n2/(n2-1)
S <— ¢(3:(2%n—1))
L <— length(S)
X_var <— array (0, dim=c(2, L, p))
for (1 in 1:L){
V <— list ()
dv <— as.integer (floor(S[1]/2))
if (dv >= nl){
V <— append(V, list (c((dv—nl+1): dv)))
} else{
} V <— append(V, list (c(c(1l: dv), c((dv+n2+1): n))))
if (dv <= nl){
V <— append (V, list (c((dv+1): (dv4n2))))
} else{
} V <— append(V, list (c(c(1l: (dv-nl)), c((dv+1): n))))
for (i in 1:2){
} X_var[i, 1, ] <= apply(X[, V[[i]]], 1, mean)
}
y <— array (0, dim=c(n, n, 2, p))
for (j in 1:n){
for (i in 1:j){
i (1= )1
y[i, j, 1, ] <= sqrt(ul)=(X[, i]-X_var[l, (i+j-2), ])
}y[i, i, 2, ] < sqrt(u2)=(X[, j]-X_var[2, (i+j-2), ])
}
}

return(y)

—-

}
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Appendix D: Proofs

Throughout this section, we assume p = 0 without loss of generality. Let

A, = QZtr{(a:inT - X)) (zjxl — X.)}/{n(n—1)} and

J
i<j

An(t) = QZ Ztr{(wiw;prs - KSAS)(:BJ-:B;FAS — ksAs)}H/{nn—-1)}

1<j s=1

fort=1,...,q. Let Xy =X —X,.

D.1 Proofs of Lemma 1, Theorems 1 and 2

From Lemma 5.1 in Yata and Aoshima (2016), we have that

| Su{(ZZ0)*} 14 Y (M) —2) (T Zo,)? }

Var(AAn) :{K -

{1+o0(1)}

tr(24))

n2

+0( (D.1)

as m — oo under (A-i). We note that

(VI Zov;)? < r{(ZX0)*} < Mtr(ZXP) < MA < tr(Z)V2A. (D.2)

d
=1

J

By noting that tr(X*)2A/n = o(K) under (C-i) and (C-iii), from (D.1)
and (D.2), we can conclude the results of Lemma 1. By noting that tr(X*) <
tr(3?)2, from the first result of Lemma 1 and (D.2), we have that Var(A,,)/A =
o(1) under (A-i) and (C-ii). We can conclude the result of Theorem 1. From
Corollary 5.2 in Yata and Aoshima (2016), we can conclude the result of The-
orem 2.

D.2 Proofs of Theorem 3 and Corollary 1
We note that
K,}/2/A=0(1) as m — oo (D.3)

under (C-ii) because tr(X?) = A{140(1)} under tr(%?)/tr(X?) = o(1). Thus,
from Theorem 1, we have that

P(Ty > 20) = P(AnJA > 2 K?JA) = P{1 + 0p(1) > 0o(1)} = 1 + o(1)

under (A-i) and (C-ii). It concludes the result of Corollary 1.
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Next, we consider the proof of Theorem 3. By using Theorem 2, we can
conclude the result of the size in Theorem 3. From Theorem 2, under (A-ii),
(C-i) and (C-iii), it holds that

P(T, > z,) = P{(A, — A)/K"? > 2, K} /K2 — AJKY/?)
— &(A/KY? — 2 K1 JKV?) 4 0(1), (D.4)

Thus, we can conclude the results of the power when (C-iii) is met in Theorem
3. From (D.3) we note that

B(AJKV? — 2 K2 JKY?) = 14 0(1) (D.5)

under (C-ii), so that from Corollary 1 we obtain the result of the power when
(C-ii) is met. Hence, by considering the convergent subsequence of A/K'/?, we
can conclude the result of the power in Theorem 3. The proofs are completed.

D.3 Proofs of Proposition 1 and Corollary 2

Note that A = Z§=1(>‘j —1)2 (= Ay, say) when X, = I,. If tr(X) /tr(X?) =
o(1) as p — o0, it holds that Ay/tr(X?) = 1+0(1), so that (C-ii) with X, = I,
holds. Thus, under (C-iii) with X, = I, it follows that tr(X?)/p € (0,00)
as p — oo. If liminf, ,o A1 /p*/? > 0 and tr(X?)/p € (0,00) as p — oo,
(C-ii) with X', = I, holds. Thus, under (C-iii) with X', = I, it follows that
A1 /p'/? = o(1), so that

tr(X4) /tr(X?)? < Mtr(X?) /tr(X?)% = o(1)

under (C-iii). It concludes the result of Proposition 1. From Theorem 3 in view
of (D.4), (D.5) and Corollary 1, we can conclude the results of Corollary 2.

D.4 Proofs of Proposition 2 and Lemma 2

Assume (A-i), (7) and 2 < ¢, < q. We first consider the proof of Proposition
2. Let A, =31 A, and A(,) = Zg:q*ﬂ A,. Then, we write that
. . " tr{(mixl — )AL (zjat - X)A}
Ay —Ap(g) —A=2 . J
(2 Z < n(n —1)

i<j

2tr{(a:ia3iT — E)A*(wja;]T - Z)A(*)})

nin —1)
L tr{(wx] — X)As(xx] — X)Ag}
+ ; n(n—1) )
N 22": tr{(X — X,)(zx] — 2y (D.6)

. n
Jj=1
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Note that
d

> (T AATE A7) <

t,t'=1

M=

(Vi A DAY (v ALZAy,)

&~
I

IN
—
WM& -

d 1/2
(VAT A, Zyt,A*Z‘A*’yt,)Q}
1 1

(A (.7

IA
o
-~
M

Also, note that when X' = X7,

*

d
Z Z 7t 97t’7t’A9/7t 2 < Z Yt N Ay (7 N Agyy)
s#s! t,t'=1 s.s! t=1

Q

T

('7tTA*2*"/t)2 < tr{(E*A*)4}.

[
M=~

~
Il
—

Then, from (D.6), when X' = ¥, we have that as m — oo

Var{A, — A,(¢.)} = (4/n*){1 + o(1)} + O{tr(Z%)/n?}. (D.8)
Let u,qy = ngy/(nqy — 1) for I = 1,2. We note that
Ty 1/2 Tk
Yis) = i > ) ey, and
n()  keVuayern i}
_ T 1/2 Tk
Yij2) = 12 Z U2y (D.9)

n(2) n
Un(2) K€V 2yt \{} @

for all 4 < j. Similar to (A.4) in Yata and Aoshima (2016), when ¥' = ¥, it
holds that

Var[ﬁn + Bn(ge +1) — {An — AW(Q*)}] = o(¥/n?).
Hence, when X = X, from (D.8) we have that
Var{A, + B,(q: + 1)}
= Var{4, — A,(g)} + Var[4, + Bu(q. + 1) — {4, — Au(g.)}]
+O[Var{4, = Au(g)}/*Var{A, + Bu(a, + 1) = (A — An(a)}’]
= (4/n®){1 + o(1)} 4+ O{tr(XZ})/n?}. (D.10)

As for ¢, < 2 or g, = q, we obtain the result similarly. The proof of Proposition
2 is completed.
As for Lemma 2, by noting that

d d 2
(BA;ZA;) S AT Ay AT Ay, < e(ZA; DA (Z’YZA]’YS’YS Ams)

s=1 s=1

and (D.9), we can conclude the result.
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D.5 Proofs of Lemma 3, Theorem 4 and Corollary 3

Assume (A-i) and (7). We first consider the proof of Lemma 3. From (20) we
write that
¥}

tr{(y;;0) ¥,
U — tr(2?) = +2ZZl 1 i ]((;)_”1(;) . (D.11)
1<j

We note that as m — oo

3 (T AT A) s (P4 (94,)7)

o m2 2
Ji=1 it ja=1 i

< tr(X2)?/n* = oftr(Z2)%};

Zq: tr(ZA; T A )

2
ririmn

< (B2t = oftr(Z2)?} (D.12)
Jg'=1
because it holds that
tr(XA;XA;)? < tr{(ZA;)°1r{(TA;)*} < tr(ZA;)’tr(ZA;)? =rirkklks,
for all j,j'. From Lemma 2 it follows that
B,(1) = op{tr(X?)}. (D.13)
For the second term in (D.11), we have that for I = 1,2

" tr{(y;: oyl — X)X,
Var(z {Wi0yhy — %) }> = O[tr{(EX.,)%}/n] = oftr(Z%)2}

oy n(n —1)
from the fact that tr{(XX,)?} < tr(XX,)? = tr(X?)2. Then, from (D.11)
and (D.13), it holds that
Un/tr(X?) =1+ op(1). (D.14)
We have that under (C-iv)

Sr{(py et tey)

1<J

- O(Ztr{(2A5)2}2) = oftr(Z?)2}, (D.15)

so that ¥, = U2 + op{tr(X2?)?} from Markov’s inequality. Then, from (D.14),
we can conclude the result of Lemma 3.

Next, we consider the proof of Corollary 3. From Lemma 2, (D.12) and
tr(X?) < tr(X?), it holds that B,(1)/A = op(1) under (C-ii). Thus, from
Theorem 1 and (21), it holds that A, /A =1+ op(1) under (C-ii). Similar to
the proof of Corollary 1, we can conclude the result of Corollary 3.

For Theorem 4, from (24) and Theorem 3 in view of (D.4) and (D.5), we
can conclude the result.
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D.6 Proofs of Lemmas 4, 5 and Theorem 5

Assume (A-i), (7) and r; = 1. We first consider the proof of Lemma 4. Similar
to (D.2), it holds that tr{(223¢)?} < tr(£23)'/2A. Note that
wr{(ZALZ0AW)’} < |2V A B0Aw B} = (|21 A2,
< Amax(22)k1[|92:][% < Ate(623)'
because A1 XoAn) = A1XAq) and A = 2|03 + |[Aq) oA |7, where

Amax(§22) denotes the largest eigenvalue of 2. By noting that A1 XyA; = O
and tr{(¥ A1) XoA1))?} = tr{(£22X0)?}, from (D.2) we have that as m — oo

Var(zn: tr{(X — X.)(zx] — Z‘)}) _ O(Atr(gg)l/zx{tr(gg)uzx n H1}>.

n n

j=1

(D.16)
Similar to (D.6) and (D.7), from (D.16) we have that

Var{An - An(l)} =L{1+0(1)} +O(Atr(ng)1/4{t2(9421)1/4 + fﬁ})

 o((HR et 4 n(2)' 2y

n
Then, similar to (D.8) and (D.10), we have that
Var{A, + B,(2)} = Var{A4, — A, (1)}{1 + o(1)}.
It concludes the first result of Lemma 4. Note that

Atr(ﬂ“)1/‘*{t2(!24)1/4 R (L) and tr(ﬂé‘)m{ﬂij tr(925)'/2}

o(L)

under (C-i’) and (C-iii’). Thus, from the first result of Lemma 4, we can con-
clude the second result of Lemma 4.

For Lemma 5 and Theorem 5, from (A.3), it concludes the result of Lemma
5. From (26) and Lemma 5, we can conclude the result of Theorem 5.

D.7 Proofs of Lemma 6, Theorem 6 and Corollary 4
Assume (A-i), (7) and r = 1. We first consider the proof of Lemma 6. Let
§s =2 Z yz;-(l)Asyij(l)yg;-@)Asyij(z)/{?“sn(n -1}
1<j
for s=1,...,q. We write that

q q
vi-g =y et (Ye) (D.17)
s=2

s=2
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Similar to (D.11) to (D.14), we have that as m — oo

q

igs = (Do rer2) {1+ op(1)).

s=2 s=2

Note that Var(&;) = O(k3/n), so that & = k?{1 + op(1)}. Thus, from (D.17)
it holds that

U2 — € —wi {1+ op(1)}. (D.18)

We note that when ¢, > 2,
qx qx
> r{(ZA)} =D ki =o(l) (D.19)
5=2 s=2

under (C-v) because tr(X?) > (327_, rew2)2+k2 and 31, k2 < (37, rew2)2.
Similar to (D.15), from (D.18) and (D.19), we can conclude the result of
Lemma 6.

Next, we consider the proof of Corollary 4. From (26), it holds that B, (2)/A
op(1) under (C-ii’). From Lemma 4 we have that Var{jn +Bn(2)}/A? = o(1)
under (C-ii’). Thus, it follows that A, /A = 1+ o0p(1) under (C-ii’). Note that
6r(52) — 13 + 2] 213 < (52) — 13 + A = tr(52) — w2 = tr(22) + 221 |3
It holds that >.7_, ryx? < tr(£23), so that L. = O(L). Then, similar to the
proof of Corollary 1, from Lemma 6 we can conclude the result of Corollary 4.

For Theorem 6, similar to the proof of Theorem 3, from Theorem 5 and
Lemma 6 we can conclude the result.

D.8 Proofs of Proposition 3 and Corollary 5

From (A.4) and (A.5) in Yata et al. (2018), we can conclude the result of
Proposition 3. From Theorem 4 in view of (D.4)-(D.5), (28), Proposition 3
and Corollary 3, we can conclude the results of Corollary 5.

D.9 Proofs of Proposition 4 and Corollary 6
Assume XY, = ¥'p. Note that
tr(X?)/tr(X3) € (0,00) as p — oo (D.20)

under (C-iii). We write that by = (hi1,. .., h1p)7. Note that hl (X — Xp)h; =
)\1—2521 h%jcrjj. Also, note that Ap > {h{(E—ZD)hl}Q and Z?:l h%jajj =
O(1) from the fact that oj; = O(1) for all j. Then, if liminf, ., A\?/tr(X%) >
0, it holds that liminf, ., Ap/tr(X5) > 0, so that (C-ii) holds. Then, from



12 AKki Ishii et al.

(D.20), under (C-iii) it follows that A?/tr(X?) — 0 as p — oo. Thus, (C-iii)
implies (C-i). On the other hand, we have that

q
(i T A AT A )
Z s=1 Is ‘2 lsTs 425" Is < max U]j Z 27 J,YS’YS J’Ys

T =1,.

J.3'=1 Jj'=1s=1
2
< jlrllaxpajjtr()? )
a
tr(XA; XA 4
—_— o < tr(X D.21
and Z p— Z oy < tr(ZY) ( )
J,4'=1 e 3,3’ =1

because 23:1 ~L Ay AT Aj Y, < tr(XA)tr(XA)) = 0405, From (D.20)
we note that maxj—1 . ,0%; tr(X?) = o{tr(Z’Z) } and tr(Z*) = oftr(X%)?}
under (C-i) and (C-iii). Thus, (C-iii) implies (C-iv). It concludes the results of
Proposition 4.

Next, we consider the proof of Corollary 6. From Theorem 1, Lemma 2,
(21) and (D.21), we have that A,,/JA = 140p(1) under (A-i) and (C-ii). Then,
from Theorem 4 in view of (D.4)-(D.5), Proposition 4 and Corollary 3, we can
conclude the results of Corollary 6.

D.10 Proof of Corollary 7

Note that (C-v’) implies (C-v). Then, from Theorem 6 and Corollary 4, we
can conclude the results.

D.11 Proofs of Propositions Al and A2

Let H, = (ai,...a,),xjg = H. xiy = (xj10,.. ., 2jpm)’ (j=1,...,n)and
I'y = HZF. We write that @; 7 = I'yw;. Then, for ;1 z and (z;2.#,...,
zjpm)T, from Theorem 3.2 in Yata and Aoshima (2016), we can conclude the
result of Proposition Al.

For Proposition A2, let €; 4 = Ayx; (j = 1,...,n). Note that Var(z; 1) =
£25. Then, from Lemma 1 we can conclude the result of Proposition A2.

D.12 Proofs of Propositions B1 and B2

From Lemma 3.3 in Yata and Aoshima (2016), we have that as m — oo
Q1/s7 =1+o0p(1) and Qo/tr(§23) =1+ o0p(1)

under (A-i). Then, from Corollary 4.1 in Yata and Aoshima (2016), we can

conclude the result of Proposition B2. From Theorem 4 in view of (D.4)-(D.5),
Propositions Al and B2, we can conclude the result of Proposition B1.
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