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This paper consists of three sections, each section discussing a topic completely independent from the
other two.
§1 establishes the following theorem, though, regrettably, it has already been discovered in [R. Street,
Theory Appl. Categ. 27, 47–64 (2012; Zbl 1252.18007)].
Theorem. Let A and B be categories. Let F : Ob(A) → Ob(B) and U : Ob(B) → Ob(A) be object
functions with

θA,B : B(FA, B) → A(A, UB)

bijections abiding by the following octagon diagram

A(A′, UB) A(f,UB)−−−−−−→ A(A, UB)
θA′,B

↗
θ−1

A,B

↘
B(FA′, B) B(FA, B)
B(F A′,g) ↓ ↓ B(F A,g)

B(FA′, B′) B(FA, B′)
↘

θA′,B′

↗
θ−1

A,B′

A(A′, UB′) −−−−−−−→
A(f ′,UB′)

A(A, UB′)

Then F and U are functors with F ⊣ U .
§2 establishes the following three theorems.
Theorem 1. (Schröder-Bernstein for categories). Suppose we have an equivalence of categories Φ : A → B
with pseudo-inverse Ψ : B → A and isomorphisms α : ΨΦ → 1A and β : ΦΨ → 1B. Further assume that
Φ and Ψ are both one-to-one on objects. Then there is an isomorphism of categories

Θ : A
∼=−→ B

and a natural isomorphism γ : Φ → Θ.
Theorem 2. Set has a functorial choice of pullbacks.
Theorem 3. F inCard does not have a functorial choice of pullbacks.
§3 considers the following two questions.
Problem 1. Let F : A → B be a functor such that A × A → B × B has a left adjoint. Does F itself have
a left adjoint?
Problem 2. Let A and B be categories, E and F idempotent functors on A and B respectively and let
Φ : A → B be such that ΦE = FΦ. Then Φ restricts to a functor

F ix(Φ) : F ix(E) → F ix(F )

If Φ has a left adjoint, does F ix(Φ) also have a left adjoint?
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MSC:
18A40 Adjoint functors (universal constructions, reflective subcategories, Kan extensions, etc.)
18B35 Preorders, orders, domains and lattices (viewed as categories)
18A30 Limits and colimits (products, sums, directed limits, pushouts, fiber products, equalizers,

kernels, ends and coends, etc.)
18N10 2-categories, bicategories, double categories
18D30 Fibered categories
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