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Abstract

The classical life cycle model has not paid much attention to the optimal
investment strategy for an individual with a long-term debt such as mort-
gage, and presumes that a borrowing rate is equal to the deposit rate. This
simplification is at odds with the reality a typical individual faces over the
life cycle. In this work we investigate the effect that decisions associated
with debt repayment, refinancing, and borrowing has on investment strat-
egy under uncertainty. For this purpose we attempt to propose analytically
tractable models in household finance, building on three well-established lit-
eratures: Merton’s consumption and portfolio choice model, option based
rational refinancing model, and a regime switching framework.

We first consider how an individual’s debt repayment affects her portfolio
choice over the life-cycle. By introducing the debt repayment term decision
into Merton’s basic consumption and portfolio choice problem, we propose
a link between the debt repayment and the age-related investment in risky
assets observed in households’ asset allocations. Using a closed form solution,
we demonstrate numerically and empirically that within Merton’s framework
a crucial element determining a hump-shaped age-related risky investment
pattern is the individual’s debt repayment term.

We next focus on the role that the changes in regime in refinancing oppor-
tunities play in the individual’s refinancing strategy. The rational models of
mortgage refinancing generally presume that the parameters of interest rate
process do not vary over time. While the standard model under uncertainty
can generate late refinancing behavior of individuals during a state with a
high volatility in interest rates, the model cannot explain an early refinancing
behavior. Individuals often hasten their refinancing before the optimal refi-
nancing timing implied by standard option-based approaches. We developed
a model of rational mortgage refinancing where the drift and volatility of in-
terest rate process switches between two regimes. We find that our calibrated
model can produce both late and early refinancing behavior.



Finally, we return to a consumption and portfolio choice problem where
an individual has to repay her debt at a higher borrowing rate than the
deposit rate. Under both investment and borrowing opportunities’ regime-
switching environment, we analytically examine optimal consumption and
portfolio choice for an individual with direct preference for wealth (the wealth
accumulation motive), as well as her future consumption (the consumption
motive). The model is more general and useful in the sense that it encom-
passes models with the standard CRRA preference, the model with a bor-
rowing rate equal to a risk-free rate, and the model with a single regime. We
show that the optimal investment depends only on the current regime, while
optimal consumption depends on both the future and the current regime.
Furthermore, numerical analysis demonstrates that the extended model can
potentially explain various features of household’s investment behavior, such
as the stable consumption to wealth ratio, time varying risky investment ob-
served in time series data, and life-cycle risky investment profiles observed
in cross-sectional data.
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Chapter 1

Introduction

Investment and liability management are important for a typical household’s
wealth accumulation and welfare over the life-cycle. Since most households
own long-term debts such as mortgages, much attention should be directed
to optimal asset allocation for households with debts under uncertainty.

This thesis analyzes optimal investment and refinancing strategy by con-
sidering different extensions to the two seminal works by Merton (1971) and
Dunn and MacConnel (1981). First, we consider a model of consumption
and portfolio choice for a debt-holding individual investor when her debt re-
payment term decision is introduced into the classic work by Merton. Next,
we focus on the role of regime switches in interest rate process in a model
of rational mortgage refinancing decision. Finally, we consider the optimal
consumption and portfolio strategies when a borrowing rate is higher than
the deposit rate and the investment opportunities are regime switching.

We begin in chapter 2 by surveying recent aspects and developments
in major dynamic investment frameworks in household finance. In particu-
lar, we discuss two popular models, Merton’s lifetime consumption-portfolio
choice problem and the option-based approach to refinancing behavior. To
motivate extensions of these basic models, we pay attention to two empiri-
cal findings: a hump-shaped life-cycle investment pattern in risky assets and
an early mortgage refinancing behavior. We also review studies applying a
regime-switching framework, which has been recognized as an attractive tool
to describe the stochastic behavior of assets return.

In Chapter 3 we examine how an individual’s debt repayment affects her
portfolio choice over the life-cycle. By introducing the debt repayment term
decision into Merton’s basic consumption and portfolio choice problem, we
propose a link between the debt repayment and the age-related investment
in risky assets observed in households’ asset allocations. With our analytical
solution at hand, we proceed to investigate the effects of debt repayment term
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on life-cycle portfolio choice. We find that the individual’s debt repayment
affects optimal consumption-portfolio choice through the individual’s future
net human wealth and current financial accumulation, both of which reflect
the individual’s debt repayment. The debt repayment dampens the individ-
ual’s financial wealth accumulation, which results in a larger equity share in
total financial wealth during the individual’s debt-repayment term. More-
over, the model with debt repayment can generate a hump-shaped pattern
of risky asset holdings over the individual investor’s life-cycle.

In Chapter 4, we consider an optimal debt refinancing strategy where the
individual’s investment opportunities switch among regimes. The rational
models of mortgage refinancing generally presume that the parameters of in-
terest rate process do not vary over time. The standard option-based models
under uncertainty can generate late refinancing behavior by demonstrating
that the mortgage holder will delay her refinancing when the volatility of
interest rates is high. The empirical evidence on mortgage refinancing, how-
ever, has revealed that households occasionally not only delay, but also hasten
their refinancing, even when it appears not optimal to refinance under the
standard models. Motivated by the empirical puzzle, we develop a model of
rational mortgage refinancing where the drift and volatility of interest rate
process switch between two regimes. The rational model we consider is an
extension of the analytical work by Agarwal, Driscoll, and Laibson (2002).
We evaluate the predictions of our model, based on the estimated parameters
for a two-regime interest rate process to capture the evolution of the mort-
gage rates in the U.S. Our model can produce both early and late refinancing,
which is consistent with the findings documented empirically.

In Chapter 5, we return to the individual’s consumption and portfolio
choice problem. By explicitly considering both investment and borrowing
opportunities under a regime-switching environment, we develop a model of
consumption and portfolio choice for an individual with direct preference for
wealth, future consumption and social status. The individual has to repay
her debt at a higher borrowing rate than the deposit rate under stochastic
investment opportunities with regime switches. We derive explicit formulas
for the optimal consumption and investment strategies. Once we account
for changes in regime, we find that the optimal investment in risky assets
is the current regime dependent while the optimal consumption depends on
both current and future regimes. Numerical experiments demonstrate that
in each regime, the individual’s optimal consumption and portfolio strategy
recognizes the possibility of a regime shift. The model is more general and
useful in the sense that it encompasses the model with a standard CRRA
preference for consumption, the model with a borrowing rate equal to the
deposit rate, and the model with a single regime.
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Our work contributes to three areas of the financial literature. First,
Chapter 3 and Chapter 5 contribute to the literature on the classical con-
sumption and portfolio choice problem under uncertainty. By introducing
realistic factors related to an individual’s borrowing behavior into the stan-
dard Merton model, we derive properties of optimal policies with debt under
stochastic investment opportunities. We show how debt repayment term can
be determined, and show that within the standard model, the debt repay-
ment term decision is independent of the optimal consumption and invest-
ment policies. In terms of stochastic investment opportunities, we combine
a model whose borrowing rate is higher than the deposit rate [e.g. Fleming
and Zariphopoulou (1991), Xu and Chen (1998)] with the model where the
individual investor has direct preference for wealth status [e.g. Bakshi and
Chen (1998)]. Moreover, we incorporate regime switches in the investment
opportunities and wealth status of the individual into the problems exam-
ined by Xu and Chen (1998) and Bakshi and Chen (1998) . The analytically
tractable model has favorable features to explain a household’s investment
behavior, such as the stable consumption to wealth ratio and time varying
risky investment observed in time series data.

Second, we add to the literature on option-based refinancing models by
providing a new explanation for why the timing of refinancing ought to vary.
In particular, in Chapter 4 we rationally demonstrate why early or late re-
financing arises, countering to the optimal refinancing timing implied by
standard option-based approaches. The optimal refinancing strategy is af-
fected by the future regime in interest rate process, which produces early or
late refinancing. This explanation stands in contrast to those of the heteroge-
neous transaction costs [e.g. Dunn and MacConnel (1981)], the discontinuous
decision [e.g. Stanton (1995), Agarwal, Driscoll, and Laibson (2004)], and
housing price dynamics [e.g. Downing, Stanton, and Wallace (2005)].

Finally, our work contributes to the growing literature on optimal in-
vestment strategies under investment opportunities switching in regimes. In
Chapter 4 and Chapter 5 we obtain the semi-analytical solutions to the re-
financing problem and consumption-portfolio choice problem. Our results
add to the literature on analytical models, such as option pricing [Guo and
Zhang (2004)], investment decision of a firm [Guo, Miao, and Morellec (2005),
Makimoto (2008)], and an option stock selling rule [Zhang (2001)].



Chapter 2

Literature Review

The main objective of research in household finance is to develop theoretically
well-founded models to take into account serious aspects of an individual’s
decisions over the entire life-cycle. Better models will improve both invest-
ment decisions and our understanding of the pricing mechanisms in financial
markets. Merton’s lifetime consumption-portfolio choice problem and the
option based refinancing model are two of the most influential dynamic de-
cision frameworks in household finance. The former model is a foundation
to studies on optimal investment and consumption strategy for individuals.
It also constructs a basic framework for understanding of asset pricing. The
latter model is applied to consider the refinancing behavior of individuals
who hold mortgage debts. The model is often used to evaluate the price of
Mortgage Backed Securities (MBS).

Because decision problems under uncertainty generally presume that an
individual’s investment opportunities obey specific stochastic processes, the
structure of stochastic processes plays a crucial role in their optimal policy.
Recent evidence on both states of the economy and behavior of financial
markets supports the notion that the investment opportunities shift among
different states. For instance, economic variables such as the growth rates
of an economy mostly tend to behave quite differently during an economic
downturn. Abrupt changes are also a prevalent feature of financial data.
After the seminal work by Hamilton (1989), applying an idea of regime-
switching to characterize observations in financial markets has become one
of the most active research areas in finance literature.

Motivated by these theoretical and empirical literatures, this chapter sur-
veys the progress and limitations to date in three related research areas: op-
timal consumption and portfolio choice, rational mortgage refinancing, and
regime switching. We particularly pay attention to analytical studies on the
optimal investment strategy for an individual investor who holds debt and
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has borrowing opportunities. While analytical works cannot incorporate all
of the individual’s facing realistic factors into the rational models, optimal
policies derived as closed-form solutions make the roots and causes of the
effects clearer and thus give us useful insights into the understanding of com-
plicated decision problems.

This chapter starts by reviewing the basic analytical studies on consump-
tion and portfolio choices in Section 2.1. Section 2.2 covers the developments
of rational refinancing models. Section 2.3 summarizes the empirical and
analytical works on investment decision under regime switching. Section 2.4
provides suggestions for future research.

2.1 Optimal Consumption and Investment

2.1.1 Basic Merton’s Model

The consumption and portfolio choice problem was formulated and solved in
two seminal papers by Merton (1969,1971). A series of his works provides a
conceptual framework for the long-term financial planning under both con-
stant and stochastic investment opportunities [e.g. Merton (1973)]. We out-
line the assumptions and results for the dynamic consumption and portfolio
choice problem in a continuous-time environment.

The basic setup in the problem is that an individual maximizes her ex-
pected utility function that depends on the rate of consumption at all future
dates. The individual investor is assumed to have two assets available for
investment, a risk-free asset such as the money market account whose price
is denoted by Xt and risky assets such as stocks or equity. Return on the
risk-free asset is assumed to be r and the price of the equity St follows a
geometric Brownian motion:

dXt = rXtdt, (2.1)

dSt = µStdt + σStdzt (2.2)

where {zt} is a standard Brownian motion. When the µ, σ, and r are time-
varying, the investor is said to face stochastic investment opportunities. As
a benchmark for later discussion, we first consider a model under constant
investment opportunities where these parameters are assumed to be constant.
Given the investor’s wealth Wt at time t, she is assumed to invest πt into
equity and save the rest Wt − πt in a money market account, and consume
the rate of ct. These assumptions on investment opportunities imply that
the wealth dynamics for the investor are given by

dWt = {rWt − ct + (µ − r)πt}dt + σπtdzt. (2.3)
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The individual’s objective is to maximize her expected accumulated utility

E

[∫ T

t

e−δsu(cs)ds + e−δ(T−t)U(WT )

∣∣∣∣∣ Wt = w

]
by choosing an optimal investment into the equity πt and instantaneous con-
sumption rate ct, subject to the wealth dynamics in (2.3). The date s utility
function u(cs) is assumed to be strictly increasing and concave in cs and the
bequest function U(WT ) is assumed to be strictly increasing and concave in
terminal wealth WT . We denote the individual’s value function by

J(w, t) = max
{cs},{πs}

E

[∫ T

t

e−δsu(cs)ds + e−δ(T−t)U(WT )

∣∣∣∣∣ Wt = w

]
. (2.4)

Merton (1971) solved the above problem for a more general class of hyperbolic
absolute risk aversion (HARA) utility functions. A well-known special case
in HARA family is the utility with a constant relative risk aversion (CRRA):

u(c) =
c1−γ

1 − γ
(2.5)

where γ is a parameter of constant relative risk aversion.
With CRRA utility and no bequest function U(WT ) ≡ 0 for simplicity, the

optimization problem can be analytically solved and the individual’s value
function is expressed as

J(w, t) = e−ρt

[
1 − e−K(T−t)

K

]γ
w1−γ

1 − γ
(2.6)

where

K ≡ 1

γ

[
ρ − (1 − γ)r − (1 − γ)(µ − r)2

2γσ2

]
. (2.7)

The resulting optimal policies for equity investment π̂t and consumption ĉt

are solved as the closed form,

π̂t =
1

γ

µ − r

σ2
wt, (2.8)

ĉt =
K

1 − e−K(T−t)
wt. (2.9)

The analytical solution for the very basic model reveals clear messages for
the optimal investment strategy for an individual who faces the investment
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opportunities over the life-cycle, and the empirical validation. First, the
individual’s value function J(w, t) depends only on wealth w and time t.
As a result, both optimal consumption ĉt and equity investment π̂t are linear
functions of wealth w. Second, the optimal ‘share’ of equity on total financial
wealth π̂t/wt decreases in risk aversion γ. This is consistent with the popular
advice that more risk-averse investors should reduce their portfolio allocation
in risky assets. Third, given a specific risk attitude, the allocation between
risk-free and risky assets is independent of time horizon T . In other words, a
constant share of equity investment strategy is optimal for households. The
strategy clearly runs counter to the popular advice that investors should
reduce their allocation in risky asset as they age.

These policy implications rely heavily on the assumptions of the model:
an investor (a) faces constant investment opportunities, (b) receives no labor
income, and (c) has a time-separable utility function. Models with these
restricted assumptions predict that the individual investor will allocate a
constant fraction of her wealth to risky assets over her lifetime. In the next
section, we discuss the empirical puzzles and review quickly on the develop-
ments of analytical studies.

2.1.2 Empirical Puzzles and Development of Analyti-
cal Study

Despite the sound analytical foundations in the classical consumption-
portfolio choice problem, the observed households’ behaviors do not sup-
port the prediction of the model. Moreover, there are several discrepancies
among analytically solved optimal investment strategy, popular advice and
observed behavior. For instance, the traditional portfolio strategy under con-
stant investment opportunities suggests that the share invested in risky assets
should be constant over the life-cycle. On the other hand, financial planner’s
typical advice is that long-term investors like young households with their
long-horizon, should have a much greater share of risky financial assets to
take advantage of the equity premium. Empirical studies, such as Ameriks
and Zeldes (2004), however, have revealed that portfolio choices observed in
households in developed countries have the following age-related patterns:

1. Investment in risky assets has a hump-shaped life-cycle pattern.

2. The proportion of a household’s holding equity is hump-shaped with
age.

3. Substantial non-participation in equity market is observed.
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Furthermore, Iwaisako (2003) argues that in Japanese households’ data,
the age-related pattern in equity holding is mostly observed in households
that own their houses, but not in those that do not. Such age-related profile
is substantially contrasted in both theory and the popular advice.

To fill these gaps, burgeoning studies have been motivated to attempt to
relax the restricted assumptions in the basic Merton’s framework. Most stud-
ies consider the effects of various realistic factors, such as stochastic invest-
ment opportunities, an individual’s labor income, a class of time-inseparable
preference, and borrowing opportunities.

Stochastic Environment

Merton (1971,1973) first introduces a conceptual framework for long-term
investment planning given time-varying investment opportunities. When the
mean and variance of assets returns are time-varying, so that investment
opportunities are stochastically changing, the optimal portfolio policy π̂ no
longer satisfies the constant risky asset share over the life-cycle, such as the
policy π̂t/wt in (2.8). From a technical viewpoint, the optimal portfolio policy
includes an additional component that reflects the need to hedge against
unfavorable shifts in investment opportunities, as we will discuss later.

In regard to the age-related profile, the additional hedging component
needs to be positive and increasing as the investment horizon. Among an-
alytical models under time-varying investment opportunities, one candidate
to satisfy such property is a model with a stochastic equity premium. The
most popular setting is to assume that the excess return follows a mean-
reverting process. Both Kim and Omberg (1996) and Wachter (2002) obtain
a closed-form solution for the optimal investment policy. In their setup with
a constant risk-free rate r, the process of the price of risky asset St in (2.2)
is extended to

dSt = µtStdt + σStdzt

= (r + σλt)Stdt + σStdzt, (2.10)

dλt = κ[λ̄ − λt]dt + ρσλdzt +
√

1 − ρ2σλdz̃t (2.11)

where the market price of risk λt = (µt−r)/σ follows an Ornstein-Uhlembeck
process with a long-term average λ̄, a mean-reversion speed κ, and a volatility
σλ. Here {z̃t} is a standard Brownian motion independent of {zt}. If the
market price of risk λt is constant, then the process of St in (2.10) reduces
to the process in (2.2). All constants are assumed to be positive, except
the correlation parameter ρ. In Kim and Omberg (1996) where investor’s
problem is to maximize the CRRA utility from terminal wealth only, the
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optimal equity investment πs(w, λ, t) under the stochastic environment with
finite time horizon T is explicitly solved as

πs(wt, λ, t) =
1

γ

µt − r

σ2
wt +

ρσλ

σ

[
Ab(T − t) + Ac(T − t)

µt − r

σ

]
wt

= π̂t +
ρσλ

σ

[
Ab(T − t) + Ac(T − t)

µt − r

σ

]
wt (2.12)

where π̂t is optimal investment policy (2.8) in Merton’s basic model, and

Ab(τ) =
1 − γ

γ2

κλ̄(1 − e−
√

qτ )2

√
q[2

√
q − (

√
q − κ̄)(1 − e−2

√
qτ )]

,

Ac(τ) =
1 − γ

γ2

1 − e−
√

qτ )2

2
√

q − (
√

q − κ̄)(1 − e−2
√

qτ )

with

κ̄ = κ
1 − γ

γ
ρσλ,

q = κ̄2 − σ2
λ(ρ

2 + (1 − γ)(1 − ρ2))
1 − γ

γ2
.

Kim and Omberg (1996) and Wachter (2002) showed that for γ < 0, both
function of Ab(τ) and Ac(τ) are negative and decreasing. If the current value
of the equity premium or the market price of risk λt = (µt − r)/σ is pos-
itive and the correlation ρ is negative, the second term in (2.12), namely,
the hedge term of optimal portfolio is positive and increasing with the in-
vestor’s time horizon. On empirical ground, the assumption that the equity
premium λt and the price of stock St is negatively correlated (ρ < 0) is not
unrealistic. Thus, an individual investor with a long horizon tends to invest
a larger proportion of financial wealth into risky assets than one with the
same preference but a shorter horizon. The result generates a decreasing
age-related profile in risky investment and therefore is consistent with the
financial planner’s advice.

Another direction of studies on stochastic investment opportunities is to
construct a model where the interest rate rt obeys a stochastic process such as
Vasicek (1977), Cox, Ingersoll, and Ross (1985). Under a stochastic interest
rate process, bonds are a natural instrument that hedge against stochastic
interest rates. Analytical studies in Liu (2007) and the related work by Munk
and Sorensen (2004) show that the hedge component is not involved in the
optimal policy for equity, but involved in that for bonds. This indicates that
the model under stochastic interest rate with constant price of risk cannot
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induce the investment strategy for stocks to be time-varying. As a result,
the portfolio share of equity is independent of the investor’s time horizon.
Instead, the model demonstrates that the demand for bonds increases while
the demand for equity decreases as the risk aversion increases. Because this
strategy implies that the bond-stock mix increases with risk aversion, the
optimal policy is consistent with the popular advice by a typical financial
planner.

In sum, the model with stochastic interest rate cannot resolve the age-
related profile, but can resolve “an asset allocation puzzle” which is first
documented by Canner, Mankiw, and Weil (1997). They point out that
financial planners typically advise conservative investors to hold more bonds
relative to equities in their risky portfolios.

Labor Income

The second candidate to explain the age-related profile is a model with in-
vestor’s labor income. With the labor income denoted by yt, the wealth
process in (2.3) evolves as

dWt = {rWt − ct + (µ − r)πt + yt}dt + σπtdzt. (2.13)

Merton (1971) demonstrates that the optimal investment policy under a con-
stant labor income yt = y and a constant interest rate r can be explicitly
expressed as

πL
t =

1

γ

µ − r

σ2
wt

[
1 +

y(1 − er(t−T ))

r

1

wt

]
= π̂t

[
1 +

H(y, r)

wt

]
(2.14)

where

H(y, r) =
y(1 − er(t−T ))

r
. (2.15)

Note that H(y, r) is the present value of future labor income y discounted by
constant risk-free rate r, which is generally called as the individual’s “human
wealth”. If the labor income yt = 0, the optimal equity investment πL

t reduces
to the original optimal policy π̂t under constant investment opportunities.

Because human wealth is increasing in the investor’s horizon T and de-
creasing as time t goes, the optimal equity share πL

t /wt shows that younger
households have a larger proportion invested in equity than older investors.
This is consistent with a financial planner’s advice but does not match the
hump-shaped profile observed in data. However, Lynch and Tan (2004) ar-
gue that calibrating the business-cycle variations in the first two moments of
labor income growth to U.S. data leads to large reduction in equity holding
by young households with low wealth-income ratios.
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Habit Formation

The third approach to produce a hump-shaped profile is a model with habit
formation of past consumption in utility. Because individuals mostly are
accustomed to their past standard of living, the idea that an individual’s
consumption choice today affects her utility in the future is a natural ex-
tension as an alternative utility form. Then we replace the time-additive
standard CRRA utility function in (2.5) by

u(c, xt) =
(c − bxt)

1−γ

1 − γ
(2.16)

where

xt = e−atx0 + b

∫ t

0

ea(s−t)csds. (2.17)

The habit stock xt depends on an exponentially weighted average of the
entire history of past consumption. The individual investor’s utility depends
on the level of excess consumption to the habit or past standard of living
level. Note that if b = 0, utility is of the standard time-separable CRRA
form with a coefficient of relative risk aversion equal to γ. When b > 0,
bxt can be interpreted as a “subsistence” or “habit” consumption standard.
Alternatively, if b < 0 so that past consumption adds to rather than subtracts
from current utility, then the model displays “durability” in consumption
rather than habit persistence.

Sundaresan (1989) and Constantinides (1990) solve Merton’s basic prob-
lem with habit formation for infinite time horizon. For finite time horizon
problems, Schroder and Skiadas (2000) develop a method to transform a
problem without habit into the dual problem with habit persistence. By
applying their method, we can obtain the closed form solution under habit
formation from the solution to a dual problem where utility is of the same
power form but no habit (b = 0, x0 = 0). The optimal equity investment πH

t

under the habit formation in (2.16) and (2.17) is derived as

πH
t =

1

γ

µ − r

σ2

[
wt −

bxt

r + a − b

{
1 − e−(r+a−b)(T−t)

}]

= π̂t

[
1 − θt

bxt

wt

]
(2.18)

where

θt =
1

r + a − b

{
1 − e(b−a−r)(T−t)

}
. (2.19)
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Here π̂t is again the optimal investment policy given in (2.8). At time t, the
individual investor saves an amount equal to θtbxt into a risk-free asset, and
allocates the remainder of his wealth between equity and the risk-free asset
in the same manner the basic Merton-type investor does.

It is worthwhile to consider the meaning of θtbxt. As Lax (2001) pointed
out, θtbxt implies the amount of a risk-free asset (e.g. bank account) ensur-
ing that the future consumption will not fall below the habit level. If the
individual investor chooses to consume the minimum amount xt necessary
to survive now and at every time until T , then she needs to save an amount
equal to all her future habit levels discounted at the risk-free rate r into the
bank account. To do so, she assures survival level until T . This implies that
given cs = bxs for t ≤ s ≤ T , the habit stock to be ensured evolves as

bxs = bxte
(b−a)(s−t), t ≤ s ≤ T. (2.20)

The amount she needs to place in the bank account defined by x̂t is given by

x̂t ≡
∫ T

t

e−r(s−t)bxsds =
bxt

r + a − b

{
1 − e(b−a−r)(T−t)

}
= θtbxt. (2.21)

This is exactly the implication of θtbxt. This amount is set aside in the
riskless asset, and the remainder of invested wealth is allocated using the
standard Merton formula for CRRA utility. In regard to the effect of age on
the proportion invested in equity, we also notice that

∂(πH
t /wt)

∂t
= e(b−a−r)(T−t) bxt

wt

> 0.

Therefore, the equity share to total financial wealth is an increasing function
of time, which results in a hump-shaped equity share profile. Munk (2007)
also investigates the basic Merton-type model with habit formation in pref-
erence under stochastic investment opportunities. He obtains a closed-form
solution for mean-reverting equity premium and shows that the solution is
a partial differential equation for a model with Cox-Ingersoll Ross (CIR)
interest rate process.

2.1.3 Model with Borrowing

Debt contracts have potentially significant impacts on an individual’s con-
sumption and investment choices over the life-cycle. Because debt repay-
ments might change the individual’s disposable income and her “home eq-
uity”, which is defined by the net home values subtracted by mortgage debt,
mortgage debt repayment affects her consumption and asset accumulation
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in a persistent manner. To our best knowledge, there are three approaches
towards consumption-portfolio problem with borrowing: mortgage choice,
borrowing constraints, and higher borrowing rate than interest rate.

Mortgage Choice and Borrowing Constraints

Campbell and Cocco (2003) numerically solve a model of household mort-
gage choice between an adjustable-rate mortgage (ARM) and a fixed-
rate mortgage (FRM). They show that ARM should be attractive to
non-constrained households while FRM should be attractive to risk-averse
borrowing-constrained households, particularly those have high mortgage
debt relative to their income.

Zariphopoulou (1994) and Vila and Zariphopoulou (1997) consider a port-
folio problem with borrowing constraint such as,

πt ≤ wt + L (2.22)

where L ≥ 0. Notice that when L = 0, πt ≤ wt which implies no borrowing
is allowed. When L = ∞, the problem is exactly Merton’s model in which
the investor is allowed to have unlimited borrowing. They show that with
borrowing constraint L, the optimal risky asset share πc

t is

πc
t = min

{
1

γ

µ − r

σ2
wt, wt + L

}
= min

{
π̂t, wt + L

}
. (2.23)

Model with Borrowing Rate Higher than Deposit Rate

Fleming and Zariphopoulou (1991) and Xu and Chen (1998) derived a closed
form solution for the standard consumption and portfolio choice problem with
higher borrowing rate (R) than interest rate (r) under both finite and infinite
time horizon. The return on the risk-free asset and the wealth process are
now modified to

dXt =

{
rXtdt, Xt ≥ 0
RXtdt, Xt < 0,

(2.24)

dWt =
{

rWt − ct + (µ − r)πt − (R − r)(Wt − πt)
−
}

dt + σπtdzt. (2.25)

where a function (a)− = −a if a < 0 and 0 otherwise.
It is worthwhile to mention that the structure of the problem is different

from those we have discussed in the sense that the investment opportuni-
ties themselves are constant but endogenously switched by the individual
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investor’s choice variable πt. By solving the associated Hamilton-Jacobi-
Bellman (HJB) equation, the optimal investment for risky assets with higher
borrowing rate πHB

t is derived as

πHB
t =


1
γ

µ−R
σ2 wt, γσ2 < µ − R

wt, µ − R ≤ γσ2 ≤ µ − r
1
γ

µ−r
σ2 wt, µ − r < γσ2.

(2.26)

As (2.26) shows, the optimal investment policy is characterized as three in-
vestment strategies, depending on the parameter of constant relative risk
aversion γ, the equity premium (µ − R)/σ2, and (µ − r)/σ2:

1. Borrowing: Borrow money ( 1
γ

µ−R
σ2 wt −wt) to invest 1

γ
µ−R
σ2 wt into stock

if the premium µ − R is higher enough to produce that γσ2 < µ − R.

2. No borrowing but all in stocks: Invest all her present wealth wt into
stocks without borrowing if the borrowing rate R is higher and the
deposit rate r is lower in the sense that r < µ − γσ2 < R.

3. No Borrowing and partly in stocks: Save in bank deposit (wt − µ−r
γσ2 ) if

the interest rate r become higher µ − γσ2 ≤ r.

One of the attractive features of the model is that the optimal policy has
rich insights into the leverage effect on risky asset investment. As the first
strategy shows, equity demand increases drastically with higher leverage,
due to the combination of lower volatility and lower borrowing rate. The
analytical solution supports numerical results conducted by Davis, Kubler
and Willen (2005). They study the consumption and portfolio behavior in a
life-cycle model with constant borrowing costs that exceed a constant risk-
free investment return. Based on the numerical method and calibration to
match U.S. data, they show that a modest wedge between borrowing costs
and the risk-free return dramatically changes the demand for equity.

We have reviewed developments of analytical studies on a consumption
and portfolio choice model. While the early literature on dynamic consump-
tion and investment decision ignored realistic factors, progress has been made
with respect to incorporating stochastic investment opportunities, labor in-
come, and nonstandard preference into Merton’s basic framework. Table
2.1 summarizes and compares the basic structure of major analytical frame-
works. Although these models in part do a better job of explaining stylized
facts among households’ behavior, there are still open topics to be conducted,
such as explaining non-participation in the equity market and clarifying the
effect of mortgage debt and housing on portfolio choices.
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2.2 Rational Mortgage Refinancing

2.2.1 Basic Option Based Refinancing Model

The option-based prepayment or refinancing model has been developed
mostly for the purpose of the valuation of mortgaged-backed securities
(MBS). Because the cash flow of MBS depends on the prepayment that bor-
rowers make on the underlying mortgages, modeling the borrowers’ prepay-
ment behavior adequately is critically important for the valuation of MBS.
The option-based approach focuses on determining the rational prepayment
behavior where the optimal prepayment strategy is characterized exactly as
the optimal exercise strategy for an American call option.

Under the basic option-based prepayment model, we generally assume
that an individual who holds a mortgage debt faces a specific diffusion interest
rate process rt,

drt = µ(rt)dt + σ(rt)dz̃t (2.27)

where {z̃t} is a standard Brownian motion. The individual’s objective is to
minimize the expected value of future discounted interest payments ψ

E

{∫ τ∧T

0

e−
R s

t ruduψds + 1{τ<T}e
−

R τ
t ruduDτ

∣∣∣∣ r0 = r

}
(2.28)

by choosing her prepayment time τ . Here 1A = 1 if A is true and 0 otherwise,
and the individual’s scheduled payment ψ is denoted by

ψ = D0

[∫ T

0

e−r0udu

]−1

(2.29)

where D0 is initial mortgage debt and r0 is an initial fixed borrowing rate.
The value of the optimally prepaid mortgage V (r, t) is then obtained as

V (r, 0) = min
t<τ<T

[
E

{∫ τ∧T

0

e−
R s

t ruduψds + 1{τ<T}e
−

R τ
t ruduDτ

∣∣∣∣ r0 = r

}]
(2.30)

where Dτ is remaining mortgage debt, which is given by

Dτ =

∫ T

τ

e−r0(s−τ)ψds. (2.31)

Note that the first term in (2.30) represents the net present value of the
scheduled payment until prepayment τ or end of the contract T . The second
term represents the present value of the lump-sum prepayment Dτ . For a
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given interest rate level, it is optimal for a mortgagor to prepay at time t
if that leads to a lower mortgage value. Therefore, the optimal prepayment
strategy is generally characterized as a threshold type strategy such that
the individual should prepay when the market interest rate first hit some
threshold value of r∗, which in turn determines the mortgagor’s optimal
prepayment time τ ∗.

2.2.2 Empirical Puzzles and Development of Model

The option-based approach in general induces rational prepayments where
prepayments are caused by the fact that the prepayment option is “in the
money”. However, several empirical evidences on refinancing have revealed
that the actual behavior of mortgagors differs in significant ways from the
prediction of the pure option-based models. Agarwal, Driscoll, and Laib-
son (2004) briefly summarize these discrepancies as three types of empirical
findings.

1. Late Refinancing: Some mortgagors will not do so even if market in-
terest rates have fallen substantially.

2. Early Refinancing: Indispensable part of mortgagors refinance even if
opportunity to refinance is a little premature based on the standard
model.

3. Change in Frequency of Late and Early Refinancing: Late refinanc-
ing was more likely observed in the 1980s, but early refinancing was
common in the 1990s.

Modifications with Realistic Factors

The development of the rational refinancing model can be traced back to
Dunn and McConnel (1981a, 1981b). They assume that markets are fric-
tionless and that mortgagors exercise their call option as soon as the value
of mortgage would exceed the face value of the loan. After their seminal
work, there have been several approaches to attempt to explain the observed
refinancing behavior. Given the empirical observation that the actual refi-
nancing is often delayed, Dunn and Spatt (2005) incorporate the transaction
costs associated with mortgage refinancing into the rational valuation frame-
work. Dunn and McConnel (1981a, 1981b) have introduced the prepayment
due to exogenous reasons, which is described by a hazard rate η. The haz-
ard rate η can be modeled to depend on time and the current interest rate
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rt such as ηt = η(rt, t) to capture time-varying state-dependent suboptimal
prepayment.

Archer and Ling (1993) and Stanton (1995) add heterogeneity in transac-
tion costs to the standard model. Stanton (1995) also attempts to combine
the non-continuous decision-making by the borrowers with the basic model,
where prepayment decision is considered according to another hazard rate
η̃t = η̃(rt, t). To account for “delayed” prepayments when interest rates de-
cline, he formulates that mortgagors evaluate their prepayment options only
at discrete intervals rather than continuously. Thus the model of Stanton
(1995) incorporates heterogeneity (transaction cost), suboptimal prepayment
(exogenous prepayment), and non-continuous decision, into the basic option-
based model. Although the average rethinking interval (1/η̃) implied by the
estimate for η̃ is eight months and seems to be too long, Stanton (1995)
demonstrates that the predictions of the model are more accurate than a
popular reduced-form model by Schwartz and Torous (1989).

Another strand of extension of the model is to introduce additional state
variables to play in refinancing behavior. Deng, Quigley, and Van Order
(2000) argue that it is important to consider the prepayment option and
default option simultaneously. Motivated by the idea that default option
depends on the associated asset value, Downig, Stanton and Wallace (2003)
introduce the effect of variations of housing price into prepayment behavior.
They develop a two-factor structural mortgage pricing model where rational
mortgagors choose when to prepay and default in response to changes in
both interest rates and house prices. To explain early refinancing, Hurst and
Stafford (2002) consider the model in which an individual uses her housing
wealth to smooth her consumption profile.

Study on Analytical Model

Despite a large body of literature on rational refinancing models attempting
to explain the pricing mortgage-backed securities, surprisingly little work has
been done in regard to the analytical modeling for refinancing decisions from
a household’s point of view.

Agarwal, Driscoll, and Laibson (2002) first develop an analytically
tractable model of refinancing where the interest rate rt obeys the Ito pro-
cess. They modify a more general refinancing behavior to be a simple problem
where a mortgagor minimizes the net present value of her interest payments
with her discount rate δ. Mortgage of size M is issued at interest rate r0 at
initial sate t = 0. Each period the mortgagor pays r0M to the bank, until
the mortgage is repaid. Each period she can refinance at a fixed cost C.
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With a constant hazard rate η, the mortgagor sells her home for exogenous
reasons and repays her mortgage. If the interest rate process is assumed to
follow an Ito process:

drt = σdz̃t, (2.32)

the mortgage holder’s objective is to minimize the expected net present value
of future interest payments and associated refinancing costs discounted by her
personal discount rate δ. When the mortgage holder refinances at τ1, τ2, . . .
according to a certain refinancing policy, the present value of total payments
starting with initial state (r0, rt) becomes

U(r0, rt) = r0M

∫ τ1

0

e−δtdt +
N−1∑
k=1

rτk
M

∫ τk+1

τk

e−δtdt

+rτN
M

∫ κ

τN

e−δtdt +
N∑

k=1

e−δτkC + e−δκM (2.33)

where N is the number of refinances before κ. The first three terms in
(2.33) represent instantaneous payments while the fourth and fifth terms re-
spectively indicate refinancing costs and debt payment. Optimal refinancing
policy to minimize E (U(r0, rt)) is described such that the mortgage holder
attempts to find a sequence τ = {τ1, τ2, . . .} of refinancing epochs where τi’s
are stopping times with respect to the process of {rt}.

Agarwal, Driscoll, and Laibson (2002) have solved the above problem and
found that the optimal refinancing policy takes the form of a trigger policy
for a specific interest rate differential between market rate and borrowing
rate xt = r0 − rt. The trigger is of a threshold type in the sense that under
the optimal policy the mortgage holder should start refinancing for the first
time when the interest rate differential xt reaches a threshold x∗. The opti-
mal threshold x∗ can be explicitly found by solving the following system of
equations

Keφx∗
= K +

x∗M

δ + η
+ F + fM

Kφeφx∗
=

M

δ + η
. (2.34)

The presumptions that the mortgage is an infinite-horizon mortgage that
pays only interests continuously and the borrower is risk neutral seem at
first glance to be over simplistic. However, by adequately choosing η so that
the expected time until future full repayment, 1/η, is between twenty years



2.3 Regime Switching Model 21

(η = .05) and ten years (η = .01), the mortgage contract in this analytical
model can approximate reality. Agarwal, Driscoll, and Laibson (2004) use
their closed form solution to consider the effect of a distracted consumer,
who only reconsiders her refinancing decision from time to time. Introducing
such infrequent behavior of households into their continuous-time analytical
model, they demonstrate that the distracted refinancing decisions induce
both late and early refinancing. One shortcoming of their model, however, is
that the model solves the optimal policy under the simple Ito process, which
has no trend and no changes in states.

To conclude this subsection, Table 2.2 summarizes and compares ma-
jor developments of option-based rational refinancing models. As Table 2.2
shows, there has been quite a few analytical studies to date. Most option-
based refinancing models apply numerical solution techniques based on a
discretization of time and the state space. The development of analytical
models taking into account realistic factors is a demanding research area.

2.3 Regime Switching Model

2.3.1 Regime Switching

The notion that the stochastic behavior of asset prices in financial markets
varies over time has been widely recognized among academic researchers and
practitioners. After Hamilton (1989) first applies a Markov switching process
to analyze economic dynamics, the regime switching approach has become
an active research area in macroeconomics and finance.

The most attractive characteristic in the regime switching framework is
that the model with regime switches can capture a number of stylized facts
of asset returns documented by empirical finance literature: Stock and bond
returns are time-varying and partly predictable [Campbell (1987) and Fama
and French (1988,1989)], their volatility changes over time [Bollerslev, Chou,
and Kroner (1992)], and correlations behave quite differently during a bear
market [Ang and Chen (2002)]. One important property in regime switch-
ing framework is that mixture of standard distributions in different regime
results in non-standard distributions, which has been typically observed in
the distribution of asset returns.

Regime switching models can be applied to identify bull and bear regimes
with different means, volatility, and correlations across assets. Suppose xt

represents an investment opportunity, such as return on equity and interest
rate. In a continuous time setting with regime shifts, the dynamics of asset
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variables xt are generally assumed as the following diffusion process:

dxt = µ(It)xtdt + σ(It)xtdzt (2.35)

where {zt} is a standard Brownian motion and {It} is a Markov process
independent of {zt}. The pair {µ(It), σ(It)} takes different values when the
process {It} is in different states. It is usually assumed that for each state i,
there is a known drift parameter µi and a known volatility parameter σi > 0.
In the typical case with two states (e.g. “Bull” and “Bear”), the transition
rate matrix is generally described by

Q =

(
−q1 q1

q2 −q2

)
. (2.36)

Here qi denotes the transition rate of the Markov chain that governs the
transition across regimes. The probability that a transition occurs from state
i to another state in a small time interval (t, t + dt) is equal to qidt + o(dt)
where o(dt) is a small order of dt such that o(dt)/dt → 0 as dt → 0. Thus
1 − qidt + o(dt) is the probability that the process remains in state i. It is
also noted that 1/qi is the average interval during which the regime process
stays in regime i. The smaller positive value qi is, the longer the regime i
persists. The transition probability matrix in a small interval (t, t + dt) can
be approximated by I + Qdt where I is an identity matrix.

2.3.2 Applications in Regime Switching Model

The evidence on the behavior of macroeconomic variables as well as asset
prices is consistent with the notion that investment opportunities shift be-
tween different states. A number of papers have applied the regime-switching
framework to capture the behavior of these variables. Hamilton (1989) ap-
plies an autoregressive process with a two-state Markov chain to analyze the
growth rate in the U.S. He showed that the average durations and the volatil-
ity of growth rates are different between contraction and expansion. In his
model, the growth rate of the economy is given by a discrete-time version of
process dxt in (2.35). Ang and Bekaert (2002) demonstrate that the regime
switching models forecast better out-sample movements of interest rates than
single regime models. They also indicate that the regimes correspond reason-
ably well with the business cycles in the US. Extending the univariate short
interest rate process with regime switches, Bansal and Zhou (2002) develop
a term structure model where the short interest rate and market price of
risks are subject to discrete regime shifts. They demonstrate that their two-
factor regime switching model with regime-dependent market price of risk
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is supported by the data, while both the CIR and affine model with three
factors and the two-factor regime switching model with constant price of risk
are rejected. Dai, Singleton, and Yang (2007) also develop an arbitrage-free,
dynamic term structure model with a regime-switching price factor, which
gives a closed-form solution for a zero-coupon bond price. Based on the em-
pirical test statistics, they argue that the regime-switching term structure
with constant regime transition probabilities is rejected.

Motivated by these empirical studies, research on asset allocation models
with regime shifts attracts attention in finance literature. Since correla-
tions between cross-country equity returns are widely recognized as higher
during bear markets than during bull markets, work on international asset
allocation with regime shifts is a natural direction for research. Ang and
Bekaert (2002) are the first to numerically solve and develop intuition on
the dynamic asset allocation problem in the presence of regime switches for
investors with CRRA preference. In their setup, the stock returns in differ-
ent countries are assumed to follow the process dxt with a two-state Markov
chain It in (2.35). They demonstrate that regime switching model can repro-
duce Longin-Solnik’s (2001) exceedance correlations, which is a correlation
in extreme environments. They also show that international diversification is
still valuable with regime shifts. From an individual investor’s point of view,
Guidolin and Timmermann (2005) study dynamic portfolio and consumption
choice in the presence of regime switching in asset returns. They consider
a US investor whose problem is asset allocation among stocks, bonds, and
Treasury bills. They demonstrate that regime shifts in asset returns induce
a non-monotonic relationship between the investment horizon and demand
for stocks.

2.3.3 Analytical Study under Regime Switching

Despite a number of researches on the application of regime switching ap-
proach to analyze abrupt changes in financial markets, there are quite few
analytical studies on optimal decision under regime shifts. In the context of
option pricing, Guo and Zhang (2001) derive a closed-form solution to the
optimal stopping problem for pricing perpetual American put options in a
regime switching process (2.35). Their optimal stopping problem is to ob-
tain the optimal execution time τ so as to maximize the expected discounted
payoff

E

[
e−rτ (K − Sτ )

+

∣∣∣∣ S0 = x, I0 = i

]
(2.37)

where a function (a)+ = a if a > 0 and 0 otherwise.
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Real option analysis is another area with which regime switching ap-
proach is combined. Guo, Miao, and Morellec (2005) solve a model of firm’s
investment decision in which the growth rate and volatility of demand xt

shift between different states in such a process in (2.35). They describe the
firm’s objective value function as

V (xt, kt, i) ≡ max
Ft+u≥0

E

[∫ ∞

0

e−δu

[
1

γ
x1−γ

t+ukγ
t+udu−Ft+u

] ∣∣∣∣∣ x0 = x, k0 = k, I0 = i

]
(2.38)

where
dkt = Ft − νktdt.

Here xt is the price of a production good, which is made through a produc-
tion function k1−γ

t where kt is the capital stock and γ is a parameter of the
production function. Ft is an investment for the capital stock and ν is the de-
preciation rate of the capital stock. The firm’s objective is to determine the
investment policy {Ft} that maximize the expected present value of profits
net of investment costs: 1/γ(x1−γkγ) − F .

They show that the optimal policy is characterized by a different trigger
threshold for each regime i. Moreover, because of the possibility of a regime
shift of future demand, the investment policy in each regime reflects the
possibility for the firm to invest in the other regime. Under a simpler setup,
Makimoto (2008) derives a closed form solution for a real option problem
where a multiplicative shock to the output price shifts at a random time.

In the research area on asset allocation decision, a closed-form solution
with regime switching is derived in static mean-variance framework. Zhou
and Yin (2006) analyze a continuous-time version of the Markowitz mean-
variance portfolio selection model for a market consisting of one bank account
and multiple stocks. Given the drift and volatility of the stocks switching
among a finite number of states, they derived explicitly mean-variance effi-
cient portfolios and efficient frontiers in closed forms.

2.4 Discussion on Future Issues

This chapter has reviewed the two influential dynamic models in household fi-
nance: the optimal consumption-portfolio choice and the option-based mort-
gage refinancing model. The simple version of the models fails to explain
some key features of the actual portfolio choices and mortgage refinancing
observed in data, such as hump-shaped risky investment with age and the
changes in frequency of late and early refinancing. However, recent theoreti-
cal extensions of the basic model have succeeded in explaining some of these
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features and reducing the magnitude of empirical puzzles. These extensions
include stochastic investment opportunities, labor income, habit formation
in consumption and portfolio choice model. The others include incorporating
heterogeneous transaction cost, housing price dynamics, infrequent decision
timing, and default option into the basic option-based refinancing model. We
also have made a quick review on applications of regime switching framework
to optimal decision models.

Issues for future research on dynamic decision models in household fi-
nance are summarized in the following three directions. First, incorporating
decision associated with borrowing into the basic consumption and portfolio
choice problem is one of important research directions. From a practical view
point, debt management as well as investment strategy is crucial in financial
decision for typical middle-class households. Campbell and Cocco (2003)
is one of the serious attempts to take into account debt management for
households. To combine higher borrowing rate with developments of basic
models is also an interesting topic. Life-cycle portfolio choices with housing
investment and mortgage debt are another candidate to explain heteroge-
neous features observed among households. Committed repayment associ-
ated mortgage debt may play a significant role in determining investment
patterns of individuals over their life-cycle. Fratantoni (1998, 2001), Cocco
(2005), Yao and Zhang (2005) focus on this effect. Almost all of these re-
searches resort to rather coarse and computationally very intensive numerical
solutions.

Second, to develop analytical models associated with realistic factors is
quite demanding to fully understand the mechanism and factors affecting
an individual’s investment decision. Due to the complexity of reality, most
studies apply numerical solution techniques with an unknown precision. The
analytical studies are much easier to analyze, interpret and implement and
thus clarify an evaluation of the economic forces at play.

Finally, applying regime switching to optimal dynamic decision models in
household finance is a challenging research area. Simple diffusion processes
themselves cannot describe abrupt changes in investment opportunities. The
regime switching framework is an attractive tool to consider realistic prob-
lems many investors face.



Chapter 3

Optimal Investment with
Mortgage Debt Repayment

3.1 Introduction

The idea that the mortgage debt held by an individual influences her con-
sumption and portfolio choice is naturally accepted. Because committed debt
repayments depress a household’s disposable income profile in the long-term,
the mortgage debt affects the individual’s optimal consumption and asset
accumulation. After a dynamic consumption-portfolio choice framework was
developed by Merton (1969,1971), considerable studies have attempted to
incorporate various realistic factors into the basic model, such as stochas-
tic investment opportunities, stochastic income, and borrowing constraints.
Yet, despite the potential importance of the effect of debt repayment, there
is little focus on an explicit link between optimal debt repayment and invest-
ment policies. As a result, the impact and mechanism of mortgage debt on
optimal consumption and portfolio choice has not been settled.

On empirical grounds, recent studies such as Amerikis and Zeldes (2004)
reveal several common investment patterns in households: First, equity
shares in financial assets have a hump-shaped pattern over their life-cycle,
peaking in the late forties and fifties. Second, the proportion of popula-
tion holding equity displays a hump-shaped pattern with age. Third, equity
shares in financial assets conditional on ownership are mostly constant with
age. In addition to these stylized facts, Iwaisako (2003) uses Japanese house-
holds’ data to find an additional empirical fact: the age-related pattern in
equity holding is mostly observed in households that own their houses, but
not in those that do not. Because most households owning house finish pay-
ing off their mortgage debt in their fifties or sixties, these empirical findings
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suggest that their debt repayments are one of important sources to cause
such investment patterns.

In this chapter, we study the properties of optimal consumption and port-
folio choices with long-term debt repayment under a stochastic interest rate
process, to explain the variation in the ratio of equity to financial wealth
observed among households. Emphasizing the impact of debt repayment on
asset allocation, we construct a framework to incorporate mortgage debt re-
payments into the basic consumption and portfolio choice problem developed
by Merton (1969). Specifically, we consider a finite lived individual investor
who holds a fixed-rate mortgage debt and maximizes power utility defined
over consumption and terminal wealth.

The notion that an optimal repayment depends on current market in-
terest rates relative to the contract mortgage rate is well established in the
mortgage refinancing literature. However, there is little focus on an explicit
link between the optimal debt repayment and consumption-investment poli-
cies. We consider the problem within the standard consumption and portfolio
choice framework. After clarifying the effects of the debt repayment term on
portfolio choice in a continuous-time setting, we empirically examine how
debt repayments actually influence a household’s equity holding behavior.
We use a survey data on Japanese households from 1993 to 2000 in order
to estimate an equity share demand function among households. The ob-
served differences in equity investment patterns between households with
and without debt mostly match the implications suggested by the optimal
consumption-investment model with debt repayments.

The key feature of our model is the role that the debt repayment term
plays in the individual’s optimal investment policy over the life-cycle. Under
a deterministic income and a stochastic interest rate process, the model can
express the optimal consumption and investment policies as functions of the
debt repayment term which the individual choose. The debt repayment de-
cision, on the other hand, does not depend on the optimal consumption and
investment policies. Moreover, the debt repayment dampens the wealth accu-
mulation for the individual with long-term debt. Thus, given the stochastic
interest rate process and even a constant labor income for an individual, the
smaller financial wealth dampened by debt repayments in turn induces much
larger risky assets share of the individual’s total financial wealth. Such a
counter-intuitive implication reflects the optimal investment policy, which is
determined by the sum of total financial wealth and human wealth. Since
human wealth, defined by the net present discounted value of labor income,
has a much larger effect on investment policy, smaller total financial wealth
results in a larger equity share in total financial wealth.

Depressed financial wealth, however, is likely to deter the individual from
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participating in the equity market. As Vissing-Jorgensen (2003) demon-
strates, transaction costs, such as a minimum amount requirement for in-
vestment or fixed transaction costs cause zero-holding of equity for individ-
uals who do not have enough financial wealth to enter the market. These
opposing effects (i.e. relatively higher equity share and non-participation)
associated with the evolution of the financial wealth profile for individuals
with debt could cause a hump-shaped pattern in equity investment. Our
empirical study indicates that households with mortgage debt generally tend
to have a smaller financial wealth, which deters them from participating in
the equity market. On the other hand, a smaller financial wealth produces
much a larger equity share in financial wealth, once households start to hold
equity. Moreover, such a dampened wealth effect disappears after the indi-
vidual finishes paying back all the mortgage debt in the fifties and sixties.
This could cause a positive effect on her holding equity but a negative effect
on equity share in her total financial wealth.

Interestingly, our empirical analysis also reveals that the equity share
in total net worth, defined by total wealth minus the value of outstanding
debt, decreases with age, while the equity share in financial wealth is mostly
constant. Another additional interesting result shows that the average eq-
uity share in net worth, conditional on equity holding is almost same among
households with and without mortgage debt. These results, therefore, im-
ply that any serious attempt to explain household dynamic portfolio choice
should consider the variations of asset share in net worth.

This study stands on the seminal work by Merton (1969,1971) and Munk
and Sorensen (2007), the latter of which developed an optimal consumption-
investment problem with stochastic income under a stochastic interest rate
process. In addition, our work relates to several other papers in the portfolio
choice literature. Campbell and Cocco (2003) numerically compute the dy-
namic consumption and mortgage strategies for an investor with non-tradable
risky human wealth. They discuss the choice between adjustable-rate and
fixed-rate mortgages, but do not focus on portfolio choice. Fleming and
Zariphopoulou (1991) and Xu and Chen (1998) explicitly solve the optimal
consumption and portfolio choice problem with a borrowing rate higher than
the risk-less interest rate, but do not take into account the long-term debt,
such as fixed-rate mortgages. The closest to our study is Fratantoni (2001)
where he applies numerical simulation to examine the effects of committed
payment risks associated with home mortgage on stock holding behavior.

Despite a series of theoretical studies on portfolio choice for an individual,
the effect of home ownership and mortgage debt on dynamic asset allocation
has not yet been empirically settled. Fratantoni (1998) finds that households
with higher mortgage payment to income ratios have lower equity holding.



3.2 A Household’s Problem with Debt 30

Flavin and Yamashita (2002) show a life-cycle pattern in holding stocks and
bonds, with households holding more stocks as they age and reduce their
amount of mortgage debt. Contrary to these results, Yao and Zhang (2005)
point out that in the presence of labor income risk, the homeowner increases
her equity share to liquid assets because of the diversification of benefits.

The main contribution of this chapter is to introduce the debt repayment
term into the basic consumption-portfolio choice problem. From an analyt-
ical viewpoint, we provide an explicit link between the debt repayment and
the consumption-portfolio choice. Most studies on portfolio choice problems
with debt have not considered debt repayment in explicit forms. The lack of
explicit solution may make unclear implications from their empirical results
on asset allocation. By using explicit formula, we can investigate the effect
that debt repayment has on life cycle portfolio allocation. From an empir-
ical viewpoint, we assess the effect of debt repayment on portfolio choice
by applying a bivariate probit sample selection approach. One difficulty in
the empirical work on the relationship between debt and portfolio choice lies
in the simultaneous features in both debt repayment and financial wealth.
Debt repayment has a direct effect on wealth accumulation over the repay-
ment term. Therefore, a sample selection bias arises in the different wealth
accumulation process between households with debt and those without debt.
By applying the bivariate probit sample selection technique, we to estimate
the evolution of equity share profile, conditional on equity and debt holding.

This chapter is organized as follows. In Section 3.2, after presenting our
problem in detail, we derive the value function and optimal consumption-
investment policy for a household with debt. Implications of the optimal
policy are discussed with some numerical examples in Section 3.3. In Section
3.4, we describe empirical methodology, the data we use, and the results.
Finally, we conclude the study in Section 3.5.

3.2 A Household’s Problem with Debt

The framework for asset allocation in this chapter builds on the classic work of
Merton (1969) and the model under stochastic interest rate process developed
by Munk and Sorensen (2007). In contrast to these papers, we are interested
in the effect that debt repayment has on the optimal portfolio policy of an
individual investor who holds mortgage debt.

We consider an individual investor with mortgage debt who has three
assets available for investment: a risk-less bank account, bonds, and equity.
At each period, the investor receives deterministic labor income, repays the
committed debt, and chooses the amount to be invested. We assume that
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the mortgage debt is exogenously given. The committed debt repayments are
determined by the debt repayment term, which is chosen by the individual
at the initial period. While Munk and Sorensen (2007) consider the con-
sumption and investment problem with stochastic income under a stochastic
interest rate process, our model considers the problem with deterministic in-
come under stochastic interest rate process. Instead, we allow an individual
to choose the debt repayment schedule as well as consumption and portfolio
choice. In the proceeding subsections, we will specify the main elements of
our modeling framework.

3.2.1 Investment Opportunities

The individual can invest in three financial assets: a money market account,
bonds, and stocks. The return on the money market account equals the
continuously compounded short-term interest rate rt, which is assumed to
follow an Ornstein-Uhlenbeck process:

drt = κ(r̄ − rt)dt + σrdz̃t (3.1)

where κ, r̄, and σr are positive constants, and {z̃t} is a standard Brownian
motion. The model is first introduced by Vasicek (1977). The amount of
money market account Xt satisfies

dXt

Xt

= rtdt. (3.2)

The bond price at time t with maturity s is denoted by Bs(r, t) when rt = r.
If we write Bs

t ≡ Bs(r, t), then in absent of arbitrage the dynamics of Bs
t

follows

dBs
t = Bs

t

[(
rt + λrσB(r, t)

)
dt + σB(r, t)dz̃t

]
(3.3)

where σB(r, t) = −σr(∂Bs(r, t)/∂r)/Bs(r, t) is the volatility of the bond price
and λr is the market price of interest rate risk, which we assume to be
constant. As Vasicek (1977) shows, the price of a zero-coupon bond paying
one unit of account at some maturity s is given by

Bs(r, t) = e−a(s−t)−b(s−t)r (3.4)

where

b(u) =
1

κ
(1 − e−κu),

a(u) = R̄[u − b(u)] +
σ2

r

4κ
b(u)2,

R̄ = r̄ − σr

κ
λr −

σ2
r

2κ2
. (3.5)
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Here R̄ is the asymptotic zero-coupon yield as the time to maturity goes to
infinity. From the formula for a zero-coupon bond price in (3.4), the volatility
σB(r, t) can be rewritten by

σB(r, t) = σrb(s − t). (3.6)

The volatility σB(r, t) depends only on the time-to maturity s and not on
the spot rate r. Thus we denote σB(r, t) in (3.6) as σB. The stock price St

is assumed to follow

dSt = St

[
(rt + φσS)dt + ρσSdz̃t +

√
1 − ρ2σSdzt

]
(3.7)

where {zt} is a standard Brownian motion independent of {z̃t}. The param-
eter ρ is the correlation between bond return and stock return, and σS is
the instantaneous volatility of the stock return. The Sharp ratio of the stock
return is denoted by φ = (µt − rt)/σS. The ρ, σS, and φ are assumed to be
constant. We rewrite the price dynamics in (3.3) and (3.7) as(

dBs
t

dSt

)
=

(
Bs

t 0
0 St

) [(
rt1 +

(
σB 0

ρσS

√
1 − ρ2σS

) (
λr

λS

))
dt

+

(
σB 0

ρσS

√
1 − ρ2σS

)(
dz̃t

dzt

)]
(3.8)

where 1 = (1, 1)⊤, ⊤ implies the transpose of matrix, and λS = (φ −
ρλr)/

√
1 − ρ2. To simplify the following expressions, we introduce the vector

P t = (Bs
t , St)

⊤. We rewrite equation (3.8) as

dP t = diag(P t)[(rt1 + ΣΛ)dt + Σdzt] (3.9)

where diag(P t) is the diagonal matrix given as

diag(P t) =

(
Bs

t 0
0 St

)
,

zt = (z̃t, zt)
⊤, Λ = (λr, λS)⊤, and

Σ =

(
σB 0

ρσS

√
1 − ρ2σS

)
.
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3.2.2 Mortgage Debt Repayment and Labor Income

In the Vasicek’s model, the yield to maturity, denoted by Is(r, t) has an affine
form,

Is(r, t) =
1

s − t
{a(s − t) + b(s − t)rt}. (3.10)

We assume that the mortgage rate at time t = 0 is set to be the sum of the
yield to debt repayment term τ and a positive lending premium ητ , which
generally reflects the default risk depending on the lending term τ :

θ(τ) = Iτ (r, 0) + ητ . (3.11)

Here we assume that lending premium ητ is determined to satisfy no arbitrage
condition in the sense that nobody can obtain profits certainly by borrowing
money at rate θ(τ) and investing them into bonds.

Given the individual’s mortgage debt D0 and interest rate r0 at the initial
borrowing time t = 0, the scheduled payments ψ(r0, τ) associated with a debt
repayment term τ and the mortgage rate θ(τ), can be written as

ψ(r0, τ) =
D0

fτ

, fτ =

∫ τ

0

e−θ(τ)udu. (3.12)

It is worthwhile to mention that ψ(r0, τ) depends on the debt repayment
term τ , the spot rate at the initial period r0, and the yield curve.

In the Vasicek’s model, the zero-coupon yield curve s 7−→ Is(r0, t) will
have one of three shapes depending on the parameter values and the current
spot rate r0: (i) increasing if r0 < R̄ − σ2

r/4κ
2, (ii) decreasing if r0 > R̄ +

σ2
r/2κ

2, and (iii) hump-shaped for the intermediate values of r0. Figure 3.1
in Section 3.3 shows examples of a zero-coupon yield curve.

The individual is assumed to receive her exogenous constant income flow
y in each period. Her net income after debt repayments, denoted by αt, is
then described as

αt =

{
y − ψ(r0, τ), 0 ≤ t ≤ τ ,
y, τ < t ≤ T .

(3.13)

3.2.3 Individual’s Optimization Problem

With the financial wealth of the individual investor Wt and her net income
αt at time t, she chooses consumption ct and the amounts invested in bonds
and stocks, denoted by a vector Πt = (πB,t, πS,t)

⊤. The amount invested in
the bank account is determined as the residuals, Wt − πB,t − πS,t. Given a
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consumption strategy ct, an investment strategy Πt, and net income αt, the
financial wealth of the individual Wt evolves as

dWt = (rtWt + Π⊤
t ΣΛ − ct + αt)dt + Π⊤

t Σdzt. (3.14)

At the initial period t = 0, the individual first chooses an appropriate debt-
repayment term τ . For 0 ≤ t ≤ T , she determines the optimal instantaneous
consumption ct and investment policy Πt = (πB,t, πS,t)

⊤ to maximize her
expected utility

E

[∫ T

0

e−δsu(cs)ds + e−δT U(WT )

∣∣∣∣ W0 = w, r0 = r

]
. (3.15)

We define the household’s value function conditional on τ as

J (τ)(w, r, t) = max
{cs},{Πs}

E

[∫ T

t

e−δsu(cs)ds + e−δ(T−t)U(WT )

∣∣∣∣ Wt = w, rt = r

]
.

(3.16)
We will solve the individual investor’s problem in two steps: (1) given the

debt repayment term τ , the individual chooses optimal process of instanta-
neous consumption {ct} and the amounts to be invested {Πt} to maximize
her utility over the life cycle; (2) given the optimal values of ct and Πt con-
ditional on τ , the individual chooses τ to maximize the value function

max
τ

J (τ)(w, r, 0). (3.17)

We assume that the individual’s utility of consumption and terminal wealth
have the power utility function with a positive risk-aversion coefficient γ:

u(c) =
c1−γ

1 − γ
, (3.18)

U(w) =
w1−γ

1 − γ
. (3.19)

3.2.4 Individual’s Value Function

In what follows, we may write J instead of J (τ) to simplify the notation, as
long as no confution will occur. Applying the principle of optimality and
Ito’s lemma to (3.16) yield the following Hamilton-Jacobi-Bellman (HJB)
equation:

δJ = Jt + (rw + αt)Jw + max
ct

{
u(ct) − Jwct

}
+ max

Πt

{
JwΠ⊤

t ΣΛ − JwrΠ
⊤
t Σe1σr +

1

2
JwwΠ⊤

t ΣΣ⊤Πt

}
+ Jrκ[r̄ − r] +

1

2
Jrrσ

2
r (3.20)
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where e1 = (1, 0)⊤. Here Jt, Jw, Jr, Jww, Jwr, and Jrr are defined by Jt ≡
∂J/∂t, Jw ≡ ∂J/∂w, Jr ≡ ∂J/∂r, Jww ≡ ∂2J/∂w2, Jwr ≡ ∂2J/∂w∂r, and
Jrr ≡ ∂2J/∂r2. The derivation of (3.20) is provided in Appendix A.1.

Maximizing the right-hand side of (3.20) with respect to ct gives the first
order condition

u
′
(ĉt) = Jw (3.21)

where ĉt denotes the optimal consumption. Noting the marginal utility for
consumption is u

′
(c) = c−γ, we obtain

ĉt =
[
Jw

]−1/γ

. (3.22)

Maximizing (3.20) with respect to Πt gives the first order condition

JwΣΛ − JwrΣe1σr + JwwΣΣ⊤Π̂t = 0, (3.23)

which yields

Π̂t = − Jw

Jww

(Σ⊤)−1Λ +
Jwr

Jww

(Σ⊤)−1e1σr. (3.24)

The first term of (3.24) represents the standard mean-variance optimal port-
folios and the second term represents a hedge against the changes in the
interest rate. The inverse of the transposed volatility matrix is

(Σ⊤)−1 =

(
σB ρσS

0
√

1 − ρ2σS

)−1

=
1√

1 − ρ2σBσS

( √
1 − ρ2σS −ρσS

0 σB

)
so that we can write

Π̂t = − Jw

Jww

(Σ⊤)−1Λ +
Jwr

Jww

σr

σB

e1. (3.25)

Following Munk and Sorensen (2007), the value function is given by

J(w, r, t) =
1

1 − γ
ℓ(r, t)γ{w + h(r, t)}1−γ (3.26)

where

ℓ(r, t) = k(T )(BT (r, t))
γ−1

γ +

∫ T

t

k(s)(Bs(r, t))
γ−1

γ ds (3.27)

with k(u) defined by

k(u) = exp

{(
− δ

γ
+

1 − γ

2γ2
(λ2

S + λ2
r)

)
u

+
1 − γ

γ2

(
(r̄ − R̄)(u − b(u)) − σ2

r

4κ
b(u)2

)}
(3.28)



3.2 A Household’s Problem with Debt 36

and

h(r, t) =

∫ T

t

αsB
s(r, t)ds. (3.29)

The result can be verified by substitution of (3.26) into the HJB equation
(3.20), which is provided in Appendix A.2.

3.2.5 Optimal Consumption and Investment Policy

Once debt repayment term τ is given, the optimal policy for the individual is
derived from her value function. From the first-order condition, the optimal
consumption is given by

ĉt = ℓ(rt, t)
−1{wt + h(rt, t)}. (3.30)

The optimal investment mix of bonds and equity holdings is

Π̂t =
1

γ
(Σ⊤)−1Λ(Wt + h(rt, t))

+

(
hr(rt, t) −

ℓr(rt, t)

ℓ(rt, t)
(Wt + h(rt, t))

)
σr

σB

e1 (3.31)

where

hr(r, t) =

∫ T

t

b(s − t)αsB
s(r, t)ds (3.32)

and

ℓr(r, t) =
γ − 1

γ

[
b(T − t)k(T − t)(BT (r, t))

γ−1
γ

+

∫ T

t

b(s − t)k(s − t)(Bs(r, t))
γ−1

γ ds

]
. (3.33)

Note that optimal equity to be invested π̂S,t is expressed as

π̂S,t =
1

γ

φ√
1 − ρ2

{Wt + h(rt, t)}. (3.34)
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3.2.6 Debt-repayment Term Decision

Given an initial spot rate r0 at t = 0, the individual choose optimal debt
repayment term τ based on (3.17). From (3.26), we get

J (τ)(w0, r0, 0) =
1

1 − γ
ℓ(r0, 0)γ{w0 + h(r0, 0)}. (3.35)

Since τ affects the value function only through the function of h(r0, 0):

h(r0, 0) =

∫ T

0

αsB
s(r0, 0)ds

= y

∫ T

0

Bs(r0, 0)ds −
∫ τ

0

ψ(r0, τ)Bs(r0, 0)ds, (3.36)

we only need to maximize h(r0, 0) to obtain (3.17).
In sum, the optimal debt repayment term τ̂ can be determined by min-

imizing the second term of (3.36), which by using (3.4), (3.10), (3.11), and
(3.12), is expressed as

τ̂ = arg min
τ≥0

{∫ τ

0

ψ(r0, τ)Bs(r0, 0)ds

}

= arg min
τ≥0

{
D0

[∫ τ

0

e−
1
τ
[a(τ)+b(τ)r0+ητ ]sds

]−1 ∫ τ

0

e−a(s)−b(s)r0ds

}
.(3.37)

Note that from (3.10) and (3.11), 1
τ
[a(τ) + b(τ)r0 + ητ ] represents the sum of

the yield to maturity τ and a lending premium ητ . For the case of increasing
yield curve, the optimal debt repayment τ̂ is as short as possible to save
interest rate payments. On the other hand, for the decreasing or hump-
shaped yield curve, the optimal debt repayment term τ may be found between
t = 0 and T , depending on the parameters of the spot rate process and ητ .

From a practical viewpoint, the debt repayment term is determined by
various factors such as income profile, tax reduction incentives, and her re-
tirement period, even when we find the optimal debt repayment term from
(3.37). For instance, the individual might have to choose her debt repayment
term τ under a restricted repayment condition such as

ψ(r0, τ) ≤ βy, 0 ≤ t ≤ τ

where 0 < β < 1. This condition implies that the individual cannot repay
ψ(r0, τ) which is larger than the ratio of her regular income. In the following
sections, we therefore suppose that the debt repayment term is exogenously
given, by taking those practical factors into account.
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3.3 Numerical Analysis

Once the debt repayment term τ̂ is exogenously given, we can calculate the
individual’s value function and her human wealth h(r, t), which determines
the optimal equity investment π̂t and consumption ĉt. Given the same finan-
cial wealth wt and the same future income profile yt, committed payments
reduce the individual’s net human wealth h(r, t), which in turn decreases her
equity investment. At the same time, however, the committed debt repay-
ment also dampens the individual’s financial wealth accumulation, which is
likely to increase the equity share in total financial wealth, π̂S,t/wt.

(a) Zero-coupon Yield Curve
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Time horizon

In
te

re
s

t 
R

a
te

s

0 10 20 30 40 50 60

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

E[r(t)]
theta

Figure 3.1: Yield Curve and Example of an Interest Rate Process

Note: Top compares the zero-coupon yield curve for different values of the spot rate at
t = 0. The parameter values are κ = 0.15, r̄ = 0.03, σr = 0.03, and λr = −0.15. The long
rate is then R̄ = 0.06. The yield curve is increasing for r0 < 0.03, decreasing for r0 > 0.06,
and humped for intermediate values of r0. Bottom plots an expected spot rate process
E(rt) and the mortgage rate θ for r0 = 0.01, τ = 25, and ητ = 0.01. The expected spot
rate is calculated by using the formula for Vasicek’s model, Er,0[rt] = r̄ + (r0 − r̄)e−κt.
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Figure 3.1 represents the examples of yield curve and an example of the
spot rate process we choose for numerical analysis. As Figure 3.1(a) demon-
strates, the yield to the maturity will be a decreasing, humped, or increasing
curve, depending on the parameters. Figure 3.1(b) plots an expected spot
rate process starting at r0 = 0.01 (1 percent) and the mortgage rate θ for 25
years fixed mortgage (τ = 20) calculated with parameter values for κ = 0.15,
r̄ = 0.03, σr = 0.03, and η = 0.01.

Figure 3.2 compares an individual’s wealth profile without debt and with
a 25 years mortgage debt. Without debt repayment, the individual’s wealth
increases with age and peaks in her fifties while optimal equity investment
decreases with age. The equity share in total wealth also decreases with age.
With debt repayment, on the other hand, the amount of wealth in each period
is much smaller than that without debt. Moreover, the wealth profile over
the life-cycle is linked to the debt repayment term, because the investor’s
committed debt repayment depresses her asset accumulation until she has
paid off all her entire loan. It is noteworthy that although the amount of
equity investment for the household with debt is smaller than that without
debt, the financial wealth profile is much smaller than that without debt.

As a result, the equity share in total financial wealth during repayment
can be bigger than that without repayment. Such counter intuitive feature
comes from the structure of the optimal investment policy, which depends
not only on financial wealth wt but also on human wealth h(r, t). To make
this point clearer, we rewrite equation (3.34) with ρ = 0 as the optimal equity
share in the total financial wealth

π̂St

wt

=
1

γ

(
µt − rt

σ2
St

)(
1 +

h(r, t)

wt

)
. (3.38)

As this equation shows, given human wealth h(r, t), a smaller current fi-
nancial wealth will induce a larger equity share in the total financial wealth
π̂St/wt. Depending on the exogenously determined debt repayment τ , an
accelerated debt repayment is likely to dampen the ‘current’ financial wealth
wt, while the debt repayment term itself would not change much the future
income wealth h(r, t), once the initial debt and income profile is given. Figure
3.3 clarifies this point by comparing the equity share profile without debt,
with a 25 years mortgage, and a 30 years mortgage.

The base case parameter values are set as follows: γ = 0.5, µt−rt = 0.03,
and σ2

S = 0.25 with constant income profile y = 500. The line represents
the equity share to financial wealth without debt repayment. The other two
dotted lines represent the evolution of equity asset share with debt for debt
repayment term τ = 25 (tilted hump-shaped dashed line) and for τ = 30
(double-dashed dotted line).
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(a) Asset Allocation for Household without Debt
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(b) Asset Allocation for Household with Debt
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Figure 3.2: Comparison of Asset Allocation with Debt and without Debt

Note: The top graph represents optimal equity holding and total financial wealth evolution
for a household without debt. The bottom one represents the same for a household with
debt. The parameter values for both cases are set as follows : γ = 0.5, µt − rt = 0.03,
σS = 0.5, and ρ = 0.0. Household’s initial wealth w0 and initial debt D0 are 1,500 and
3000, respectively. Income yt is assumed to be fixed to 500 for simplicity.
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Figure 3.3 highlights the properties of the lifetime investment profile for
the individual with and without debt. First, the equity share in total financial
wealth (π̂St/wt) decreases with age. Second, the equity share with debt-
payment is bigger than that without debt repayment and has a hump-shaped
profile. Third, the equity share with a shorter debt repayment term has a
more tilted hump-shaped profile. The main driving factor that causes such
differences is the evolution of the individual’s financial wealth. Given an
initial wealth and debt, the accelerated debt repayment reduces financial
wealth accumulation, which increases the ratio of risky assets to financial
wealth.
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Figure 3.3: Equity Share as a Fraction of Total Wealth

Note: The figure plots the evolutions of equity share in various cases. Line plots the share
of equity to financial wealth for household without debt. Dashed line plots the equity
share to financial wealth for household who holds 25 years mortgage debt and double-
dashed dotted line plots for 30 years mortgage, both of which are calculated for the same
parameter values in Fig 3.2.

In sum, these numerical examples indicate that the observed income-
wealth ratio, y/wt characterizes the optimal equity share profile to financial
wealth and debt repayment policy directly, and indirectly affects the shape
of y/wt over the life-cycle.
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3.4 Empirical Analysis

To examine the effect of debt repayment on the portfolio choice over the life-
cycle, we specify an equity share function. As the discussion in Section 3.3
suggests, the basic factors determining a household’s equity share profile are
the household’s investment time t (age), financial wealth wt, human wealth
h(r, t), and debt repayment term τ̂ . An important question is whether the
implication of the model actually matches the investment behavior observed
in Japanese individual data.

3.4.1 Estimation Strategy

To assess how the repayment term affects portfolio choices, we estimate the
following basic regression:(

π

w

)
i

= α + β1agei + β2

(
y

w

)
i

+ β3τi + γXi + εi (3.39)

where (π/w)i is household i’s equity share in total financial wealth, (y/w)i

is the ratio of annual labor income to financial wealth, which is used as a
proxy of human wealth to financial wealth ratio, (h(r, t)/w)i in (3.38). τi is
a predetermined debt repayment term of an individual who holds mortgage
debts. The vector Xi contains control variables such as demographic factors
as well as time dummies to indicate the survey year, and ϵt is the error term.
Time dummies are added to control time-specific effects. As discussed in
Ameriks and Zeldes (2001), this approach presumes that cohort effects are
equal to zero.

The implication of the model predicts that the equity share in total finan-
cial wealth is bigger on average for households with debt (αDebt > αNoDebt).
The model also predicts that higher human wealth relative to financial wealth
has a positive effect on the share (β2 > 0), and a longer (shorter or accel-
erated) debt repayment term has a negative (positive) effect on the share
(β3 < 0). It is worthwhile to mention that households’ equity shares in the
total financial wealth, (π/w)i, in equation (3.39) are observed only for equity
holders (πi > 0). Moreover, both the households’ debt repayment term, τi,
and income-wealth ratio (y/w)i associated with depressed financial wealth
are observed only for households who hold mortgage debt.

To cope with such sample selection biases, we adopt a bivariate probit
sample selection approach to estimate equity share regression, conditional
on equity and debt holding. Specifically, we first estimate a bivariate probit
regression to explain binary choice behavior showing whether a household
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holds equity and mortgage debt or not :

I∗
i1 = δ

′

1Zi1 + ui1 (3.40)

I∗
i2 = δ

′

2Zi2 + ui2 (3.41)

Iij = 1 if I∗
ij > 0 and 0 otherwise for j=1,2, (3.42)

where I∗
ij is an unobserved decision variable to imply the difference of the

household utility between holding and no-holding. Iij is an observable vari-
able which is defined by a binary dependent variable implying households i’s
equity and debt holding states j. The vector Zij represents the explanatory
variables. If a household i holds both equity (I∗

i1 > 0) and mortgage debt
(I∗

i2 > 0), then Ii1 = Ii2 = 1. On the other hand, if the household owns
equity, but not mortgage debt, then Ii1 = 1 and Ii2 = 0. We next apply
the bivariate probit regression results in (3.40)-(3.42) to estimate the equity
share regression in (3.39), conditional on both equity and debt holding. In
such a recursive structure, we assume that ϵ, u1, and u2 have a trivariate
normal distribution with variances σ2, 1, and 1, respectively. Finally, to ex-
plain the variation in the ratio to equity to wealth, we pay attention to two
wealth variables: total financial wealth and total net worth, which is the sum
of total financial wealth and home equity.

3.4.2 Data

The households’ data used in this study constitute a pooled data from the
annual survey from 1993 to 2000, published by Nihon Keizai Shinbun, which
is known as Nikkei Radar. The annual survey consists of about 2,700 house-
holds which have been selected at random in the Tokyo metropolitan area.
The survey contains information about the portfolio allocation of households
and demographic factors such as the age of household head, marital status,
and income. The questions were mainly answered by the heads of households
aged between 22 and 85.

We aggregate each household’s total financial wealth by adding up all
liquid financial wealth in each category. Liquid wealth is the sum of bank
account, trust funds, bonds, stocks, and mutual funds. Mutual funds consist
of bonds-only mutual funds and those containing equity. In this study, we
define equity as the sum of stocks and mutual funds containing any stocks.
Although the simplest definition of equity is direct equity-holding, we con-
sider that many stocks are held indirectly through mutual funds. We also
define equity shares as the ratio of equity to two wealth variables: financial
wealth and net worth. The net worth is the sum of total financial wealth
and home equity, which is the market value of both home and other real



3.4 Empirical Analysis 44

estate minus the value of outstanding mortgage debt. We estimate the out-
standing mortgage debt based on the annual debt payment and expected
future repayment term. Excluded from the analysis are 1,516 households
that have no financial assets, whose total financial assets or debt repayments
have extremely large values, and whose head is aged under 24 and over 70.

Table 3.1: Sample Characteristics for Households with and without Debt

Variable All With Debt Without Debt
Median annual income (10,000 yen) 650 850 550
Median financial assets 530 520 530
Median total assets 1460 3310 810
Median net worth 860 1100 810
Median equity share 0.0 0.0 0.0
Mean equity share 0.08 0.10 0.07
Mean equity share to net worth 0.04 0.03 0.04
Mean value of financial assets 1118.87 925.61 1194.65
Mean value of equity 140.46 143.46 138.84
Proportion of equity holders 0.27 0.32 0.25

Median age 45 47 44
Proportion married 0.80 0.95 0.74
Average number of children 0.97 1.38 0.81
Proportion with college education 0.43 0.49 0.41
Number of observations 19,981 5,638 14,343
Percent share of total observations (100.0) (28.2) (71.8)

Note: Table 3.1 compares summary statistics of regular income, financial assets, and
demographic factors between households with and without mortgage debt. All statistics
are calculated by using Japanese pooled survey data, ’Nikkei Rader’, from 1993 to 2000.
The unit value of income and assets in the table is ten thousand yen. Excluded from the
statistics are 1,516 households that have no financial asset, that have an outlier in the
value of financial asset or debt repayment, and whose head’s age is under 24 or over 70.

Table 3.1 summarizes the basic sample statistics for the total sample of
19,981 households and two sub-groups classified by debt holding status. In
terms of equity share, Table 3.1 compares the median, the mean, and the
fraction of households investing equity. The proportion of equity holding is
27 percent for all households, 32 percent for the households with mortgage
debt, and 25 percent for the households without debt. Mean equity shares
in total financial wealth are 8 percent for total sample, 10 percent for those
with debt, and 7 percent for those without debt.
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Table 3.1 also compares median income, financial assets, and demograph-
ics among subsamples. The median of financial assets for the households
with mortgage debt is 5.2 million yen, which is smaller than 5.3 million yen
of median financial assets for those without debt. Their median annual in-
come is higher than those without debt, partly due to a higher median age in
the sample. These findings suggest that we need to control age and income
to estimate and compare equity share regression.

3.4.3 Empirical Results

Table 3.2 presents the coefficient estimates on explanatory variables from
the bivariate probit regression for equity and debt holding. While decision
about equity share is our main focal point, joint decisions about holding
risky assets and liabilities are also of great interest. To investigate joint
decisions, we pick up age of household’s head, both annual labor income and
financial wealth, taken by logarithm, as basic explanatory variables. Since
debt repayment directly affects financial wealth accumulation, we drop the
log of financial wealth for debt holding regression. As a control for general
household characteristics, we include demographic factors such as number of
children, education, and marital status. We also include a time dummy to
control the time effect.

The bivariate results show the positive effects of age and income on eq-
uity and debt holding behavior. In particular, the coefficient on the log of
income is significantly positive and greater for debt holding than for equity
holding decision. The number of children and the dummy variable of mar-
riage have also significantly positive effect on debt holding, which suggests
that both are important driving factors for homeownership decision. On the
other hand, these variables have no significant effect on equity holdings. The
coefficients on the log financial wealth and on college degree dummy are sig-
nificantly positive. As shown at the bottom of Table 3.2, the correlation,
ρ, estimated by the error terms in both equity and mortgage debt holding
bivariate probit regression, is significantly positive. This indicates that un-
observable household-specific factors for explaining equity and debt holding
behavior is significantly positive.

Table 3.3 reports the results of equity share in total financial wealth re-
gressions for households with debt and those without debt. We performed
three regressions by combining constant with basic explanatory variables,
such as age, income-wealth ratio, debt repayment term, and net worth-
financial wealth ratio. The first column (I) in Table 3.3 compares the es-
timation results for the specification that has only the constant term as
independent variables in equation (3.38). Note that it provides the sample
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Table 3.2: Bivariate Probit Regression for Equity and Mortgage Debt Holding
Decision

Equity Holding Debt Holding
Coeff t-stat Coeff t-stat

Constant −3.903 −42.658 *** −4.360 −45.109 ***
Age/10 0.049 4.386 *** 0.027 2.439 ***
Log of income 0.217 11.059 *** 0.701 42.681 ***
Log of fin. wealth 0.489 44.289 ***
Number of children 0.006 0.505 0.190 18.910 ***
College degree 0.313 13.966 *** −0.107 −5.008 ***
Self-employed −0.165 −5.572 *** −0.195 −7.284 ***
Double-income 0.064 1.131 0.130 2.079 **
Married −0.005 −0.120 0.553 19.978 ***
Time dummy 1994 −0.069 −1.646 0.017 0.427
1995 −0.092 −2.190 ** 0.049 1.300
1996 −0.139 −3.288 *** 0.047 1.197
1997 −0.111 −2.609 *** 0.104 2.565 ***
1998 0.118 2.873 *** 0.157 3.919 ***
1999 0.010 0.239 0.121 2.932 ***
2000 0.076 1.772 0.160 3.930 ***
ρ 0.112 7.550 ***
Number of obs 19, 981
Log likelihood −19, 540.00
Percent correct 35.7 57.9

Note: ***,** represent statistical significance at 1 percent and 5 percent levels, respec-
tively. Table 3.2 provides the determinants of the risky asset and mortgage debt holding
behavior for households from the pooled survey data from 1993 to 2000 Surveys of ’Nikkei
Rader’. The dependent variables are indicator variables of (1) whether households have
risky financial assets, and (2) whether households hold mortgage debt. The table reports
the estimated coefficients and t-statistics of the bivariate probit regression. Demographic
factors and years shown in explanatory variables represent dummy variables. The bottom
line shown in the explanatory variables, ρ is the correlation of the error terms in the two
probit regressions. This correlation would be zero if risky asset holding and mortgage
debt holding decisions were determined independently. Percent correct is calculated by
the percentage of the number of matched data between actual and predicted value, based
on the rule that predicted holding means its estimated probability is over 0.5.
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mean of equity share, adjusted by sample selection biases by equity holding
behavior. The result indicates that the equity share for households with debt
is 29.0 percent, which is almost twice as much as that of those without debt.
It is worthwhile to note that the difference is also larger than the difference
in the simple mean reported in Table 3.1. The simple mean of equity share
is 10 percent for households with debt, and 7 percent for those without debt.
The second column (II) in Table 3.3 adds age of household head and finan-
cial wealth as additional explanatory variables. The coefficient on the age of
household head and the coefficient of financial wealth are both positive but
not significant. The third column (III) adds income-wealth ratio, (y/w) and
debt repayment term, τ , both of which are expected to be important factors
suggested by numerical analysis. The income-wealth ratio has a significantly
positive effect on equity share for both households with debt and those with-
out debt. In addition, the parameter estimate for debt holder is twice as large
as that for those without debt. Lastly, as the upper panel of Table 3.3 shows,
the coefficient on the debt repayment term is significantly negative, which is
consistent with the prediction of our model. It is also noteworthy that the
ratio of net worth to financial wealth is significantly positive. Accelerating
debt repayment increases home equity and decreases liquid financial wealth,
which results in a higher equity shares in total financial wealth.

In sum, these results support the main implications described by the
model and numerical analysis in previous sections. First, the equity share
in financial wealth, conditional on asset holding, is larger for households
with debt than for those without debt. Moreover, this result still holds
after controlling other factors. Second, the income-wealth ratio has a signifi-
cantly positive effect on the household’s equity share. Third, the accelerated
or shorter debt repayment term would increase the equity share, which is
suggested by the numerical analysis using an explicit form in the previous
sections.

Finally, additional results are worth being mentioned. Table 3.4 reports
the results of equity share in net worth regressions for households with debt
and those without debt. Several interesting characteristics are apparent.
First, the equity share in net worth, conditional on owning, are almost same
among households with and without debt. Based on the first column (I)
in Table 3.4, the equity share for households with debt is 10.0 percent and
for households without debt is 6.3 percent. Second, as the second (II) and
third columns (III) in Table 3.4 show, equity shares in net worth decrease
with age, which is in contrast to the results for the equity shares in financial
wealth. Third, based on the adjusted R squared, the explanatory power
of the regression is higher than those of the regression for equity shares in
financial wealth.



3.4 Empirical Analysis 48

T
ab

le
3.

3:
E

q
u
it
y

S
h
ar

e
in

F
in

an
ci

al
W

ea
lt

h
R

eg
re

ss
io

n
B

as
ed

on
B

iv
ar

ia
te

P
ro

b
it

S
am

p
le

S
el

ec
ti

on
M

o
d
el

.
H

ou
se

h
ol

d
w

it
h

M
or

tg
ag

e
D

eb
t

I
II

II
I

C
o
effi

ci
en

t
t-

st
at

C
o
effi

ci
en

t
t-

st
at

C
o
effi

ci
en

t
t-

st
at

C
on

st
an

t
0.

29
0

11
.4

06
**

*
0.

26
6

5.
73

5
**

*
0.

29
3

6.
27

9
**

*
ag

e
0.

00
4

0.
60

2
0.

00
3

0.
37

3
A

n
n
u
al

in
co

m
e/

F
in

an
ci

al
w

ea
lt

h
0.

01
9

5.
16

5
**

*
D

eb
t

re
p
ay

m
en

t
te

rm
/1

0
−

0.
02

2
−

2.
10

1
**

*
N

et
w

or
th

/F
in

an
ci

al
w

ea
lt

h
0.

00
1

1.
84

7
*

la
m

b
d
a

of
ri

sk
y

as
se

t
h
ol

d
in

g
0.

10
6

6.
94

6
**

*
0.

10
9

6.
60

8
**

*
0.

03
3

1.
46

7
la

m
b
d
a

of
d
eb

t
h
ol

d
in

g
−

0.
06

3
−

3.
20

2
**

*
−

0.
06

4
−

3.
25

1
**

*
−

0.
02

4
−

1.
14

0
N

u
m

b
er

of
ob

se
rv

at
io

n
s

1,
79

8
1,

79
8

1,
79

8
A

d
ju

st
ed

R
sq

u
ar

ed
0.

02
8

0.
02

8
0.

04
2

H
ou

se
h
ol

d
w

it
h
ou

t
M

or
tg

ag
e

D
eb

t
I

II
II

I
C

o
effi

ci
en

t
t-

st
at

C
o
effi

ci
en

t
t-

st
at

C
o
effi

ci
en

t
t-

st
at

C
on

st
an

t
0.

15
2

9.
11

2
**

*
0.

12
9

4.
73

5
**

*
0.

15
6

5.
31

7
**

*
ag

e
0.

00
3

0.
86

4
0.

00
3

0.
86

4
A

n
n
u
al

in
co

m
e/

F
in

an
ci

al
w

ea
lt

h
0.

01
0

2.
36

0
**

N
et

w
or

th
/F

in
an

ci
al

w
ea

lt
h

0.
00

1
0.

04
9

la
m

b
d
a

of
ri

sk
y

as
se

t
h
ol

d
in

g
0.

12
5

13
.2

65
**

*
0.

12
9

12
.2

31
**

*
0.

10
8

1.
19

3
la

m
b
d
a

of
d
eb

t
h
ol

d
in

g
−

0.
01

5
−

1.
04

2
−

0.
01

7
−

1.
13

8
0.

00
1

0.
00

2
N

u
m

b
er

of
ob

se
rv

at
io

n
s

3,
61

5
3,

61
5

3,
61

5
A

d
ju

st
ed

R
sq

u
ar

ed
0.

05
2

0.
05

3
0.

05
3

N
ot

e:
**

*,
**

,*
re

pr
es

en
t

st
at

is
ti

ca
l

si
gn

ifi
ca

nc
e

at
1

pe
rc

en
t,

5
pe

rc
en

t,
an

d
10

pe
rc

en
t

le
ve

ls
,

re
sp

ec
ti

ve
ly

.
T

he
re

su
lt

s
of

ri
sk

y
as

se
t

sh
ar

e
re

gr
es

si
on

ba
se

d
on

bi
va

ri
at

e
pr

ob
it

sa
m

pl
e

se
le

ct
io

n.
T

he
de

pe
nd

en
t

va
ri

ab
le

is
th

e
sh

ar
e

of
eq

ui
ty

in
to

ta
l
fin

an
ci

al
as

se
t.

E
qu

it
y

is
de

fin
ed

by
th

e
su

m
of

st
oc

k
an

d
m

ut
ua

l
fu

nd
s.

T
he

up
pe

r
pa

ne
l
pr

ov
id

es
th

e
re

su
lt

s
fo

r
ho

us
eh

ol
ds

w
it

h
m

or
tg

ag
e

de
bt

,
an

d
th

e
lo

w
er

fo
r

ho
us

eh
ol

d
w

it
ho

ut
de

bt
.

’L
am

da
’

is
th

e
pr

od
uc

t
of

th
e

co
rr

el
at

io
n

of
th

e
er

ro
r

te
rm

s
in

’r
is

ky
as

se
t

ho
ld

in
g

pr
ob

it
’

or
‘m

or
tg

ag
e

de
bt

ho
ld

in
g

pr
ob

it
’

re
gr

es
si

on
,

an
d

th
e

va
ri

an
ce

of
th

e
er

ro
r

te
rm

in
ri

sk
y

as
se

t
sh

ar
e

re
gr

es
si

on
.

T
hi

s
w

ou
ld

be
ze

ro
if

ri
sk

y
as

se
t

ho
ld

in
g

ho
us

eh
ol

ds
w

er
e

a
ra

nd
om

su
bg

ro
up

of
th

e
po

pu
la

ti
on

.
T

im
e

du
m

m
ie

s
ar

e
in

cl
ud

ed
in

ex
pl

an
at

or
y

va
ri

ab
le

s
to

co
nt

ro
l
ti

m
e

eff
ec

t.



3.4 Empirical Analysis 49

T
ab

le
3.

4:
E

q
u
it
y

S
h
ar

e
in

N
et

W
or

th
R

eg
re

ss
io

n
B

as
ed

on
B

iv
ar

ia
te

P
ro

b
it

S
am

p
le

S
el

ec
ti

on
M

o
d
el

.
H

ou
se

h
ol

d
w

it
h

M
or

tg
ag

e
D

eb
t

I
II

II
I

C
o
effi

ci
en

t
t-

st
at

C
o
effi

ci
en

t
t-

st
at

C
o
effi

ci
en

t
t-

st
at

C
on

st
an

t
0.

10
0

2.
60

3
**

0.
36

1
1.

17
3

0.
31

2
1.

28
7

ag
e

−
0.

04
9

−
2.

01
2

**
−

0.
05

5
−

2.
33

4
**

A
n
n
u
al

in
co

m
e/

N
et

w
or

th
0.

20
6

33
.2

41
**

*
D

eb
t

re
p
ay

m
en

t
te

rm
/1

0
−

0.
00

4
−

0.
07

8
la

m
b
d
a

of
ri

sk
y

as
se

t
h
ol

d
in

g
−

0.
25

8
−

2.
56

1
**

−
0.

30
3

−
2.

75
2

**
*

−
0.

23
9

−
2.

76
3

**
*

la
m

b
d
a

of
d
eb

t
h
ol

d
in

g
0.

34
4

2.
65

4
**

*
0.

36
1

2.
75

4
**

*
0.

36
0

3.
49

7
**

*
N

u
m

b
er

of
ob

se
rv

at
io

n
s

1,
79

8
1,

79
8

1,
79

8
A

d
ju

st
ed

R
sq

u
ar

ed
0.

04
6

0.
04

6
0.

38
5

H
ou

se
h
ol

d
w

it
h
ou

t
M

or
tg

ag
e

D
eb

t
I

II
II

I
C

o
effi

ci
en

t
t-

st
at

C
o
effi

ci
en

t
t-

st
at

C
o
effi

ci
en

t
t-

st
at

C
on

st
an

t
0.

06
3

4.
37

7
**

*
0.

29
9

12
.9

90
**

*
0.

34
2

15
.1

19
**

*
ag

e
−

0.
03

7
−

12
.9

50
**

*
−

0.
03

3
−

11
.8

30
**

*
A

n
n
u
al

in
co

m
e/

N
et

w
or

th
0.

04
8

13
.9

10
**

*
la

m
b
d
a

of
ri

sk
y

as
se

t
h
ol

d
in

g
0.

14
3

17
.6

52
**

*
0.

08
9

9.
96

8
**

*
0.

02
0

1.
95

7
*

la
m

b
d
a

of
d
eb

t
h
ol

d
in

g
0.

04
6

3.
72

7
**

*
0.

06
2

5.
03

7
**

*
0.

10
3

8.
33

9
**

*
N

u
m

b
er

of
ob

se
rv

at
io

n
s

3,
61

5
3,

61
5

3,
61

5
A

d
ju

st
ed

R
sq

u
ar

ed
0.

10
5

0.
14

5
0.

18
9

N
ot

e:
**

*,
**

,*
re

pr
es

en
t

st
at

is
ti

ca
l

si
gn

ifi
ca

nc
e

at
1

pe
rc

en
t,

5
pe

rc
en

t,
an

d
10

pe
rc

en
t

le
ve

ls
,

re
sp

ec
ti

ve
ly

.
T

he
re

su
lt

s
of

ri
sk

y
as

se
t

sh
ar

e
re

gr
es

si
on

ba
se

d
on

bi
va

ri
at

e
pr

ob
it

sa
m

pl
e

se
le

ct
io

n.
T

he
de

pe
nd

en
t

va
ri

ab
le

is
th

e
sh

ar
e

of
eq

ui
ty

in
to

ta
ln

et
w

or
th

.
E

qu
it
y

is
de

fin
ed

by
th

e
su

m
of

st
oc

k
an

d
m

ut
ua

lf
un

ds
.

T
he

up
pe

r
pa

ne
lp

ro
vi

de
s

th
e

re
su

lt
s

fo
r

ho
us

eh
ol

ds
w

it
h

m
or

tg
ag

e
de

bt
,
an

d
th

e
lo

w
er

fo
r

ho
us

eh
ol

d
w

it
ho

ut
de

bt
.

’L
am

da
’
is

th
e

pr
od

uc
t

of
th

e
co

rr
el

at
io

n
of

th
e

er
ro

r
te

rm
s

in
’r

is
ky

as
se

t
ho

ld
in

g
pr

ob
it

’
or

‘m
or

tg
ag

e
de

bt
ho

ld
in

g
pr

ob
it

’
re

gr
es

si
on

,
an

d
th

e
va

ri
an

ce
of

th
e

er
ro

r
te

rm
in

ri
sk

y
as

se
t

sh
ar

e
re

gr
es

si
on

.
T

hi
s

w
ou

ld
be

ze
ro

if
ri

sk
y

as
se

t
ho

ld
in

g
ho

us
eh

ol
ds

w
er

e
a

ra
nd

om
su

bg
ro

up
of

th
e

po
pu

la
ti

on
.

T
im

e
du

m
m

ie
s

ar
e

in
cl

ud
ed

in
ex

pl
an

at
or

y
va

ri
ab

le
s

to
co

nt
ro

l
ti

m
e

eff
ec

t.



3.5 Concluding Remarks 50

These empirical findings provide one explanation for the variations of
the ratio of equity to financial wealth. In general, households who decide to
purchase their own house usually enter a borrowing contract with debt repay-
ment term and committed payments. As the simple consumption-portfolio
choice model combined with debt repayment term decision suggests, the eq-
uity share in total financial wealth tends to be larger during the debt re-
payment term, due to depressed current financial wealth and hence a higher
income-wealth ratio. Dampened financial wealth, on the other hand, deters
households from holding equity. As they finish paying off all of their mort-
gage debt, their financial wealth will begin to increase at a higher pace while
human wealth will peak out in the fifties and sixties age group, which induces
a higher probability of equity holding but smaller equity share to financial
wealth. These combined effects can induce the hump-shaped profile of the
risky asset investment pattern observed in households.

On the other hand, the empirical findings in the variations of the ratio
of equity to net worth are almost consistent with the implication for the
classical Merton-Samuelson life-cycle portfolio theory. Based on their model
with human wealth, the optimal equity share is expected to decrease with
age. Such implication is supported by the empirical analysis for equity shares
in net worth, which imply that any serious attempt to explain household
dynamic portfolio choice should consider the variations of asset shares in net
worth.

3.5 Concluding Remarks

In this chapter, we study debt-repayment and optimal consumption-
investment decisions to analyze the heterogeneity in the age-related pattern
of household portfolio choice. Building on Merton’s (1971) consumption-
portfolio problems and Munk and Sorensen’s (2007) model under stochastic
interest rate, we develop a framework to examine the portfolio choice prob-
lem with debt repayment schedule. We obtain an explicit link between the
debt-repayment term and the consumption-investment policy for households
that hold long-term mortgage debt.

The main analytical result of this chapter is that debt-repayment term
decision can be determined independently of optimal consumption and in-
vestment policies. More precisely, the individual investor’s value function
can be expressed as the function of financial wealth, interest rate and debt-
repayment term. Given individual’s wealth and interest rate at an initial pe-
riod, the individual can choose an optimal debt-repayment term to maximize
her value function, which produces her optimal consumption and investment
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policy. The individual’s debt repayment term affects optimal consumption-
portfolio choice through both the future net human wealth and the current
financial wealth accumulation. As a result, the individual’s past debt repay-
ment dampens her financial wealth accumulation, which results in a larger
equity share in total financial wealth for the individual during debt repay-
ment term. To assess the implication of the model for investment behavior,
we use Japanese micro data on households to estimate the equity share re-
gression. We find that accelerated debt-repayment has a positive effect on the
equity share, conditional on asset holding. We also find that such dampened
financial wealth deters ownership of risky assets. Therefore, these empiri-
cal findings support the prediction of the model and provide a qualitative
explanation for the hump-shaped age-related pattern in equity investment,
particularly observed among households with mortgage debt.

In the next chapter, we turn to the individual’s optimal mortgage refi-
nancing problem by introducing the regime switches in stochastic interest
rate process.

A.1 Derivation of Eq. (3.20)

We rewrite (3.16) as

J(w, r, t) = max
{cs},{Πs}

Ew,r,t

[∫ T

t

e−δsu(cs)ds + e−δ(T−t)U(WT )

]
(3.43)

where Ew,r,t[·] denotes the conditional expectation given that Wt = w and
rt = r. By using the principle of optimality, we can rewrite (3.43) as the
discrete-time approximation

J(w, r, t) = max
ct,Πt

{u(ct)dt + e−δdtEw,r,t[J(Wt+dt, rt+dt, t + dt)]} (3.44)

where ct and Πt is held fixed over the interval [t, t + dt). Multiplying by eδdt,
subtracting J(w, r, t), and dividing by dt, we obtain

eδdt − 1

dt
J(w, r, t) = max

ct,Πt

{
eδdtu(ct)

+
1

dt
Ew,r,t[J(Wt+dt, rt+dt, t + dt) − J(w, r, t)]

}
.(3.45)

When we let dt → 0, we have that

eδdt − 1

dt
= δ + o(dt) → δ
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and that
1

dt
Ew,r,t[J(Wt+dt, rt+dt, t + dt) − J(w, r, t)]

will approach the drift of J at time t, which, from Ito’s lemma, is given by

Jt + Jw(rw + αt + Π⊤
t ΣΛ − ct)

+
1

2
JwwΠ⊤

t ΣΣ⊤Πt + Jrκ[r̄ − r] +
1

2
Jrrσ

2
r + JwrΠ

⊤
t Σe1σr. (3.46)

The limit of (3.45) is therefore

δJ = Jt + (rw + αt)Jw + max
ct

{
u(ct, t) − Jwct

}
+ max

Πt

{
JwΠ⊤

t ΣΛ − JwrΠ
⊤
t Σe1σr +

1

2
JwwΠ⊤

t ΣΣ⊤Πt

}
+ Jrκ[r̄ − r] +

1

2
Jrrσ

2
r (3.47)

and we obtain (3.20).

A.2 Derivation of Value function (3.26)

The HJB equation associated with the problem can be rewritten as

0 = A1(J) + A2(J) + A3(J) (3.48)

where

A1(J) = max
ct

{ 1

1 − γ
c1−γ
t − Jwct

}
,

A2(J) = max
Πt

{
JwΠ⊤

t ΣΛ − JwrΠ
⊤
t Σe1σr +

1

2
JwwΠ⊤

t ΣΣ⊤Πt

}
,

A3(J) = −δJ + Jt + (rw + αt)Jw + Jrκ[r̄ − r] +
1

2
Jrrσ

2
r .
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Substituting (3.22) and (3.24) into (3.48), and using the following expressions
for the derivatives of value function J in terms of J itself:

Jw =
(1 − γ)J

w + h
,

Jww = −γ(1 − γ)J

(w + h)2
,

Jr = (1 − γ)J
[ γ

1 − γ

ℓr

ℓ
+

hr

w + h

]
,

Jrr = (1 − γ)J
[ γ

1 − γ

ℓrr

ℓ
− γ

(ℓr

ℓ

)2

+ 2γ
ℓr

ℓ

hr

w + h
− γ

( hr

w + h

)2

+
hrr

w + h

]
,

Jwr = γ(1 − γ)J
[ℓr

ℓ

1

w + h
− hr

(w + h)2

]
,

Jt = (1 − γ)J
[ γ

1 − γ

ℓt

ℓ
+

ht

w + h

]
,

and

Jw

Jww

= −1

γ
(w + h),

Jwr

Jww

= hr −
ℓr

ℓ
(w + h),

we obtain,

A1(J) =
γ

1 − γ
Jγ−1/γ

w =
γ

ℓ
J,

A2(J) = (1 − γ)J

{
(λ2

S + λ2
r)

2γ
+ σrλr

(
hr

w + h
− ℓr

ℓ
+

γ

2
σ2

r

(
ℓr

ℓ
− hr

w + h

)2)}
,

A3(J) = J

{
−δ + γ

ℓt

ℓ
+ γκ[r̄ − r]

ℓr

ℓ
+

γ

2
σ2

r

[
ℓrr

ℓ
− (1 − γ)

(
ℓr

ℓ
− hr

w + h

)2]}

+
(1 − γ)J

w + h

{
ht + rw + αt + κ[r̄ − r]hr +

1

2
σ2

rhrr

}

= J

{
−δ + γ

ℓt

ℓ
+ γκ[r̄ − r]

ℓr

ℓ
+

γ

2
σ2

r

[
ℓrr

ℓ
− (1 − γ)

(
ℓr

ℓ
− hr

w + h

)2]}

+
(1 − γ)J

w + h

{
r(w + h) − σrλrhr

}
,
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where we have used the partial differential equation satisfied by h(r, t)

ht + {κ[r̄ − r] + σrλr}hr +
1

2
σ2

rhrr + αt = rh (3.49)

which can be verified by direct substitution. Summing up, we get

A1(J) + A2(J) + A3(J)

=
γ

ℓ
J + (1 − γ)J

{
(λ2

S + λ2
r)

2γ
− σrλr

ℓr

ℓ
− δ

1 − γ
+

γ

1 − γ

ℓt

ℓ

+
γ

1 − γ
κ[r̄ − r]

ℓr

ℓ
+

γ

2(1 − γ)
σ2

r

ℓrr

ℓ
+ r

}
,

so that the full HJB equation (3.48) is expressed as

0 = γJ
1

ℓ

{
1+

1

2
σ2

rℓrr+

(
κ[r̄−r]+

γ − 1

γ
σrλr

)
ℓr+ℓt+

γ − 1

γ

(
δ

1 − γ
−r−λ2

S + λ2
r

2γ

)
ℓ

}
.

(3.50)
The above PDE for ℓ(r, t) reduces to

0 = 1 −

(
δ

γ
− 1 − γ

γ
r − 1 − γ

2γ2
(λ2

S + λ2
r)

)
ℓ(r, t) + ℓt(r, t)

+

(
κ[r̄ − r] +

γ − 1

γ
σrλr

)
ℓr(r, t) +

1

2
σ2

rℓrr(r, t) (3.51)

with terminal condition ℓ(r, T ) = 1. Conjecturing a solution of the form

ℓ(r, t) = e−d0(T−t)−d1(T−t)r +

∫ T

t

e−d0(s−t)−d1(s−t)rds (3.52)

with d0(0) = d1(0) to satisfy the terminal condition, the relevant derivatives
of ℓ(r, t) are now

ℓr(r, t) =

∫ T

t

−d1(s − t)eg(r,s−t)ds − d1(T − t)eg(r,T−t), (3.53)

ℓrr(r, t) =

∫ T

t

−d1(s − t)2eg(r,s−t)ds − d1(T − t)2eg(r,T−t), (3.54)

ℓt(r, t) =

∫ T

t

{
d′

0(s − t) + d′
1(s − t)r

}
eg(r,s−t)ds − 1

+
{

d′
0(s − t) + d′

1(T − t)r
}

eg(r,T−t) (3.55)
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where
g(r, u) = −d0(u) − d1(u)r.

Substituting these derivatives into (3.51), we can now obtain

d′
1(u)+κd1(u) =

1 − γ

γ
, (3.56)

d′
0(u) = −1

2
σ2

rd0(u)2 +
(
κ +

γ − 1

γ
σrλr

)
d0(u) +

δ

γ
+

γ − 1

2γ2
(λ2

S + λ2
r) (3.57)

with d0(0) = d1(0) = 0. The solution for d0(u) and d1(u) are

d1(u) =
γ − 1

γ

1

κ
(1 − e−κu) =

γ − 1

γ
bκ(u) (3.58)

and

d0(u) =

(
δ

γ
+

γ − 1

2γ2
(λ2

S + λ2
r)

)
u − 1

2
σ2

r

(
γ − 1

γ

)2 ∫ u

0

bκ(u)2du

+

(
κr̄ +

γ − 1

γ
σrλr

)
γ − 1

γ

∫ u

0

bκ(u)du

=

(
δ

γ
+

γ − 1

2γ2
(λ2

S + λ2
r)

)
u +

(
r̄ +

1 − γ

2κ2γ
[σ2

r − 2κσrλr]

)
γ − 1

γ
(u − bκ(u))

−1 − γ

4κγ

γ − 1

γ
σ2

rbκ(u)2 (3.59)

where we have used that∫ u

0

b(s)ds =
1

κ
(u − b(u)), (3.60)∫ u

0

b(s)2ds =
1

κ2
(u − b(u)) − 1

2κ
b(u)2. (3.61)

Noting that, when u = s − t, the bond price is given by

Bs(r, t) = e−a(s−t)−b(s−t)r

= exp

{
−b(u)r −

[(
r̄ − σr

κ
λr −

σ2
r

2κ

)
(u − b(u)) +

1

4κ
σ2

rb(u)2

]}
and using (3.58) and (3.59), (3.52) can be written as

ℓ(r, t) = e−d0(T−t)−d1(T−t)r +

∫ T

t

e−d0(s−t)−d1(s−t)rds

= k(T − t)(BT (r, t))
γ−1

γ +

∫ T

t

k(s − t)(Bs(r, t))
γ−1

γ (3.62)
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with

k(u) = exp

{(
− δ

γ
+

1 − γ

2γ2
(λ2

S + λ2
r)

)
u

+
1 − γ

γ2

(
(r̄ − R̄)(u − b(u)) − σ2

r

4κ
b(u)2

)}
. (3.63)

Thus (3.48) with (3.26) satisfies the HJB equation (3.20), which verifies that
(3.26) is the value function for (3.20).



Chapter 4

Optimal Mortgage Refinancing
with Regime Switches

4.1 Introduction

The idea that the stochastic behavior of asset prices varies over time has at-
tracted considerable attention among academic researchers and practitioners.
After the seminal work by Hamilton (1989), the model with regime switches
has been recognized as an attractive framework to analyze the asymmetric
and cyclical behavior in asset returns as well as macroeconomic variables over
the business cycle. Motivated by recent empirical studies on the asymmetric
movements of asset prices, there have been growing literatures focusing on
the role that regime switches play in the investment decision under uncer-
tainty.

The rational models of mortgage refinancing, in contrast, generally pre-
sume that the parameters of interest rate process do not vary over time. The
standard option-based models describe the behavior of refinancing as s dy-
namic optimal decision made by a borrower to minimize the present value of
future interest payments. Analogous to the real option approach to invest-
ment under uncertainty, these models imply that the mortgage holder will
delay her refinancing when the volatility of interest rates is high.

The empirical evidences on refinancing, however, have revealed that
households occasionally not only delay, but also hasten their refinancing,
even when it appears optimal to refinance under the standard models. For
instance, Bennett, Peach, and Perostiani (1998) find that the propensity to
refinance has increased significantly in the 1990s relative to the 1980s, despite
the fact that the decline in mortgage rates in the 1990s was somewhat smaller
than the decline that occurred in the 1980s. Their empirical finding suggests
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that the interest rate differential needed to induce a borrower to refinance
has declined. Recently, Agarwal, Driscoll, and Laibson (2002) have noted
that about one-third of the borrowers refinanced too early during the 1990s.
The structural change in frequency of late and early refinancing observed in
these empirical studies is a challenge to the traditional models of mortgage
refinancing. To resolve these empirical puzzles, the basic option-based model
has been modified to take into account the borrower-specific factors, such as
heterogeneity in transaction costs, variations in housing price, consumption
smoothing motive, and distracted consumer behavior.

This chapter proposes and solves a model of refinancing decision in which
the drift and volatility of interest rate process shift between different regimes.
Within this framework, we particularly pay attention to the effect that the
regime switches have on the refinancing decision. This is interesting for
several reasons. First, changes in business cycle conditions and monetary
policy cause interest rates to behave quite differently in different states. Ang
and Bekaert (2002) demonstrate that regime switching models forecast better
out-sample movements of interest rates than single regime models. They also
indicate that the regimes correspond reasonably well with the business cycles
in the US. Introducing regime switches into refinancing decisions, therefore,
adds an additional realistic factor to the traditional option-based refinancing
models.

Second, under the regime-switching framework, the shifts in the drift and
persistence parameters may have sizable effects on decisions under uncer-
tainty. In contrast to the single-regime models focusing on the volatility
of the underlying stochastic process, the model with regime switches allow
us to explore the effect such parameters have on optimal policy. Conse-
quently, combined with the effect of changes in volatility, the impact of regime
switches in our model may resolve the empirical puzzles that the standard
refinancing models cannot explain.

One of the puzzling features of the actual refinance activities over the
past decades is the change in frequency of late and early refinancing: late
refinancing was more likely observed in the 1980s, but early refinancing was
relatively common in 1990s. Given the fact that the market interest rates
fell rapidly in 1980s and, in contrast, fluctuated in a narrower band in 1990s,
whether an option-based model with regime switches can predict both late
and early refinancing is an interesting research issue.

To investigate how change in regime influences the refinancing decisions,
we incorporate the regime switches in interest rates into an analytically
tractable model developed by Agarwal, Driscoll, and Laibson (2002). Specif-
ically, we assume that the market interest rates obey a Brownian motion
with changes in the drift and volatility parameters. In contrast to the mod-
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els focusing on the borrower-specific exogenous factors, we focus on financial
factors influencing the exercising the refinancing option. From a financial
viewpoint, the option is “in the money” when the borrowing rate exceeds
the current market rate. Under the regime-switching framework, both future
and current regimes in the interest rate process govern the refinancing de-
cision. Changes in the interest rate differential between the borrowing rate
and the current market rate motivate the borrower toward refinancing when
the spread covers the loss in option value caused by refinancing, depending
on the underlying regime. As a result, the optimal refinancing policy takes
the form of a trigger policy that can be described by a first passage time of
the interest rate differential to the different threshold for each regime.

An important question is how the regime switches in interest rates affect
the optimal interest rate differential and thereby mortgage refinancing deci-
sion in each regime. To examine the impact of regime switches on optimal
policy, we first numerically solve the optimal interest rate differential for dif-
ferent parameters such as the drift, the volatility, and the persistence in each
regime. With the result based on the single-regime model as a benchmark,
we next compare the threshold values of optimal interest differential derived
from the two-regime model. Numerical simulations demonstrate that because
of the possibility of a regime shift, the optimal refinancing threshold can be
smaller or larger than the threshold under single-regime models. Finally, we
calibrate the model to the optimal refinancing behavior in the US. With the
estimated parameters for a simple two-regime model capturing the evolution
of mortgage rates in the US, we show that the optimal refinancing thresholds
are more than 200 basis points in 1980s while much less than 100 basis points
in 1990s and 2000s, which result in both late and early refinancing.

This study relates to two strands in finance literature. First, it relates to
the literature on the option-based approach in modeling refinancing behavior.
After Dunn and McConnel (1981a, 1981b) first developed a continuous-time
option-based prepayment model, there have been several approaches to at-
tempt to explain the observed refinancing behavior. Archer and Ling (1993)
and Stanton (1995) add heterogeneity in transaction costs to the standard
model. Downig, Stanton and Wallace (2003) introduce the effect of varia-
tions of housing price into prepayment behavior. To explain early refinancing,
Hurst and Stafford (2002) construct a model where households use their hous-
ing wealth to smooth their consumption. More recently, Agarwal, Driscoll,
and Laibson (2004) emphasize the effect of a distracted consumer, who only
reconsiders her refinancing decision from time to time. Introducing such in-
frequent behavior of households into their continuous-time analytical model,
they demonstrate that the distracted refinancing decisions can induce both
late and early refinancing. From an economic viewpoint, this paper extends
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their work in another direction, by taking into account the impact of the
regime switches in interest rates on the refinancing decision. We attempt to
provide a semi-analytical framework to analyze refinancing behaviors over
the business cycle.

Second, this study stands on a series of recent papers on option-based
models with regime shifts. Guo and Zhang (2004) study an optimal stopping
time problem for pricing perpetual American put options in a regime- switch-
ing framework. Guo, Miao, and Morellec (2005) apply their closed form solu-
tion to analyze the investment decisions of the firm whose growth prospects
shifts between different states. From a technical viewpoint, our approach is
closely related to their work. We combine a regime-switching model with an
analytical option-based refinancing model developed by Agarwal, Driscoll,
and Laibson (2002). One of our contributions is the examination of an opti-
mal refinancing decision under the regime-switching environment, providing
an analytical framework to relate the cyclical movement of interest rates to
the rational refinancing behavior.

The remainder of this chapter is organized as follows. Section 4.2 presents
the model of rational refinancing decision with regime switches in interest
rates. Section 4.3 describes the optimal refinancing policy. Section 4.4 com-
pares the optimal policy to those under single-regime models. With an es-
timated two-regime model to capture the evolution of mortgage rates in the
US, Section 4.5 explores the prediction of the calibrated model for the actual
refinancing behavior. Section 4.6 concludes this chapter.

4.2 A Model of Mortgage Refinancing

We construct a model of mortgage refinancing that builds on the analytically
tractable continuous-time model developed by Agarwal, Driscoll, and Laibson
(2002), to allow for regime switches in interest rate process.

Let M denote the amount of debt to buy a mortgage which is issued at
time 0. When the borrowing rate is rt, the mortgage holder continuously
pays at rate rtM per unit time until she refinances. In other words, it is an
interest-only mortgage which is equivalent to an infinite-horizon mortgage.
The mortgage holder can refinance at cost C at any time. When the mortgage
holder refinances, the borrowing rate is changed to the market interest rate
at that time. To be more specific, let {µt} denote the market interest rate
process which stochastically fluctuates in time according to (4.1) below. If
the mortgage holder refinances at τ1, τ2, . . ., the borrowing rate rt = µτi

for
t ∈ [τi, τi+1). Thus, {rt} forms a piece-wise constant process. With a hazard
rate η the mortgage holder sells her mortgage for exogenous reasons and
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repays the debt M . This means the payment will terminate at random time
κ which follows exponential distribution with intensity η.

The market interest rate process {µt} is assumed to obey a Brownian
motion with drift:

dµt = ξtdt + vtdz̃t (4.1)

where {z̃t} denotes a standard Brownian motion. To introduce regime
switches into the interest rate process, {(ξt, vt)} is modeled by a continu-
ous time Markov chain on the state space {(α1, σ1), . . . , (αK , σK)}. For this
purpose, we define {It} as a Markov chain on {1, 2, . . . , K} and let ξt = αIt

and vt = σIt . We assume {z̃t} and {It} (and hence {(ξt, vt)}) are stochasti-
cally independent. The state of the model at t is thereby represented by a
triplet (i, r, µ) if It = i, rt = r and µt = µ. Under the current setting, we can
explicitly link optimal refinancing decisions with the changes in the state of
the economy.

Throughout the paper, we assume that the mortgage holder is risk neu-
tral. The presumptions that the mortgage is an infinite-horizon mortgage
that pays only interests continuously and the borrower is risk neutral seem
at first glance to be over simplistic. However, by adequately choosing η so
that the expected time until future full repayment, 1/η, is between twenty
years (η = .05) and ten years (η = .01), the mortgage contract in our model
can approximate reality. This range of values reflects the fact that most
fixed-rate mortgages are commonly thirty years, and that personal exoge-
nous reasons may cause the termination of the mortgage contract at an earlier
date. The gradual repayment of principal suggests that the average duration
of a 30-year fixed-rate mortgage is approximately twenty years. Agarwal,
Driscoll, and Laibson (2007) extensively discuss and show that these simpli-
fying assumptions do not make a significant difference in existing analyses
and numerical results published by other researchers who do not make such
simplifying assumptions.

The mortgage holder’s objective is to minimize the expected net present
value of future interest payments and associated refinancing costs discounted
by her personal discount rate δ. If the mortgage holder does not have a
refinance option, the present value of total future payments with the initial
borrowing rate r is written by

rM

∫ κ

0

e−δtdt + e−δκM. (4.2)

Since κ is exponentially distributed with intensity η, the expectation of
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(4.2) is ∫ ∞

0

ηe−ηu

[
rM

∫ u

0

e−δtdt + e−δuM

]
du =

(r + η)M

δ + η
. (4.3)

On the other hand, when the mortgage holder refinances at τ1, τ2, . . .
according to certain refinancing policy, the present value of total payments
starting with initial state (i, r, µ) becomes

Ui(r, µ) = rM

∫ τ1

0

e−δtdt +
N−1∑
k=1

µτk
M

∫ τk+1

τk

e−δtdt

+µτN
M

∫ κ

τN

e−δtdt +
N∑

k=1

e−δτkC + e−δκM (4.4)

where N is the number of refinances before κ. The first three terms in (4.4)
represent instantaneous payments while the fourth and fifth terms respec-
tively indicate refinancing costs and debt payment.

To minimize E (Ui(r, µ)), the mortgage holder attempts to find a sequence
τ = {τ1, τ2, . . .} of refinancing epochs where τi’s are stopping times with re-
spect to the filtration generated by {µt} and {It}. In the subsequent sections,
we denote by Vi(r, µ) = minfi E (Ui(r, µ)) the expected present value of fu-
ture interest payments under optimal refinancing policy. In the context of
optimization, Vi(r, µ) is referred to as a value function of the problem.

4.3 Optimal Refinancing Policy

In this section, we state a couple of propositions that characterize the optimal
refinancing policy and the resulting value functions. Agarwal, Driscoll, and
Laibson (2002) have solved a special case of the borrower’s problem without
regime switch, i.e., αi = 0 and σi = σ for i = 1, . . . , K. They discovered two
important findings that characterize optimal policy. These results can be
extended even when we introduce regime switches into the drift and volatility
of the market rate process as in Section 4.2. We state the main results in
the form of the following propositions, proofs to which are given in Appendix
B.1.

Proposition 1 For each regime i there exists a threshold value θi such
that it is optimal to refinance (not to refinance, respectively) when It = i
and xt ≤ θi (xt > θi) where xt = µt − rt denotes interest rate differential
between market rate and borrowing rate.
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Proposition 1 states that the optimal refinancing policy takes the form of
a trigger policy for each regime. The trigger is of a threshold type in the sense
that under the optimal policy the mortgage holder should start refinancing
for the first time when xt reaches to θi. An intuition behind this is that the
amount of future payments reduced by refinance depends on rt and µt only
through differential xt. It is worthwhile to note that from Proposition 1 the
value function satisfies

Vi(r, r + x) = Vi(r + x, r + x) + C, ∀x ≤ θi (4.5)

for arbitrary r. To state the next result, we define

Wi(x) = Vi(0, x) − ηM

δ + η
. (4.6)

Proposition 2 Vi can be expressed as

Vi(r, r + x) = Wi(x) +
(r + η)M

δ + η
, ∀x. (4.7)

Recall from (4.3) that (r + η)M/(δ + η) is the expected discounted total
payments when the mortgage holder does not have a refinance option. Thus,
Wi(x) represents the value of option to refinance when the interest rate dif-
ferential is x and the regime is i. It should be noted that, from (4.5) and
Proposition 2, Wi(x) satisfies

Wi(x) = Wi(0) + C +
M

δ + η
x, ∀x ≤ θi. (4.8)

From these theoretical results, the problem to determine the optimal pol-
icy and value functions is reduced to obtaining θi and Wi(x). This can be
achieved by solving simultaneous Bellman equations for Wi(x) with appro-
priate boundary conditions. For simplicity of exposition, we consider the
case when K = 2 and denote the transition rate matrix of {It} by

Q =

(
−q1 q1

q2 −q2

)
.

See Section 2.3.1 for the details of the transition rate matrix Q. A similar
approach can be applied in principle to the case with K ≥ 3, though the
number of permutations of threshold values increases as K increases, which
may cause difficulties in numerical computation.

In what follows, we assume without loss of generality that θa < θb (either
a = 1, b = 2 or a = 2, b = 1). It should be remarked that θa, θb < 0,
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otherwise it is worthless to refinance. Since it is not optimal to refinance in
both regimes for x > θb, Wa(x) and Wb(x) satisfy the following simultaneous
HJB equations:

(
δ + η + qa

)
Wa(x) = αaW

′
a(x) +

σ2
a

2
W ′′

a (x) + qaWb(x),(
δ + η + qb

)
Wb(x) = αbW

′
b(x) +

σ2
b

2
W ′′

b (x) + qbWa(x),
x > θb, (4.9)

(See Appendix B.2). The characteristic equation associated with (4.9) is

ga(x)gb(x) = qaqb (4.10)

where

gi(x) =
σ2

i

2
x2 + αix − (δ + η + qi), i = a, b.

It is readily seen that (4.10) has four real roots two of which are negative,
cf., Guo and Zhang (2004). If we denote the roots of (4.10) by β1, β2 < 0
and β3, β4 > 0, the general solution of (4.9) is given by

Wa(x) =
4∑

i=1

Aie
βix, x > θb. (4.11)

However, to satisfy the boundary conditions limx→∞ Wa(x) = 0, the positive
exponents in (4.11) must vanish, i.e., A3 = A4 = 0. Substituting the resultant
form of Wa(x) into (4.9), we obtain

Wb(x) = ℓa,1A1e
β1x + ℓa,2A2e

β2x, x > θb (4.12)

with ℓi,j = −qi/gi(βj).
Next we consider the range x < θa. In this range, both Wa(x) and Wb(x)

satisfy (4.8). This together with (4.11) and (4.12) imply

Wa(x) = A1 + A2 + ψ(x),

Wb(x) = ℓa,1A1 + ℓa,2A2 + ψ(x),
x < θa (4.13)

where

ψ(x) =
M

δ + η
x + C.

Finally, for θa < x < θb, Wb(x) is given by (4.13) and Wa(x) satisfies the
HJB equation(

δ + η + qa

)
Wa(x) = αaW

′
a(x) +

σ2
a

2
W ′′

a (x) (4.14)

+qa

[
Wb(0) + C +

M

δ + η
x

]
, θa < x < θb.
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Let γ1 and γ2 be the two roots of ga(x) = 0. Then, the solution of (4.14) is
given as

Wa(x) = B1e
γ1x + B2e

γ2x + ϕb(x), θa < x < θb

where

ηi(x) =
qi

δ + η + qi

{
ψ(x) + ℓi,1A1 + ℓi,2A2 +

αiM

(δ + η + qi)(δ + η)

}
, i = a, b.

In summary, the forms of Wa(x) and Wb(x) are identified as follows.

Wa(x) =


A1e

β1x + A2e
β2x, x > θb

B1e
γ1x + B2e

γ2x + ϕa(x), θa < x < θb

ψ(x) + A1 + A2, x < θa

(4.15)

Wb(x) =

{
ℓa,1A1e

β1x + ℓa,2A2e
β2x, x > θb

ψ(x) + ℓa,1A1 + ℓa,2A2, x < θb.
(4.16)

The set of the value of options (4.15) and (4.16) contain four unknown
coefficients and two unknown threshold values. As the boundary condi-
tions to determine these parameters, we invoke the value matching and the
smooth pasting conditions which are widely known as optimality condition,
cf., Chang (2004). Specifically, Wa(x) and Wb(x) must satisfy the following
six equations:

lim
x↑θb

Wa(x) = lim
x↓θb

Wa(x), lim
x↑θb

W ′
a(x) = lim

x↓θb

W ′
a(x), (4.17)

lim
x↑θa

Wa(x) = lim
x↓θa

Wa(x), lim
x↑θa

W ′
a(x) = lim

x↓θa

W ′
a(x), (4.18)

lim
x↑θb

Wb(x) = lim
x↓θb

Wb(x), lim
x↑θb

W ′
b(x) = lim

x↓θb

W ′
b(x). (4.19)

Unfortunately, (4.17)–(4.19) are nonlinear simultaneous equations which can-
not be solved explicitly. Instead, we develop an efficient numerical algorithm
to solve them, the details of which are described in Appendix B.3.

4.4 Numerical Results and Discussion

In this section, we investigate the effect that the regime switches have on the
optimal refinancing policy. An important question is how regime switches in
interest rates actually affect the optimal interest rate differential and thereby
mortgage refinancing decision in each regime. For this purpose, we numeri-
cally solve the optimal threshold of interest rate differential, using the value
functions with associated boundary conditions described in the previous sec-
tion.
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Table 4.1: Optimal threshold (−θ) in basis points under single-regime model
σ

0.0060 0.0120 0.0240
α = −0.0100 209 214 229
α = 0.0000 81 111 153
α = 0.0100 35 60 104

Note: Thresholds calculated for η = 0.05 and δ = 0.05. α denotes the drift and σ denotes
the volatility parameter.

4.4.1 Results for the Benchmark Model

Following Agarwal, Driscoll, and Laibson (2002), we first replicate the op-
timal refinancing threshold based on their single-regime model as a bench-
mark. On the choices of the parameter values, we follow the work in Agarwal,
Driscoll, and Laibson (2002). Specifically, we assume the refinancing cost of
mortgage size M = 200, 000 is fixed as C = 0.01M + 2, 000 = 4, 000. We
adopt a standard exponential discount rate with a discount rate of δ = 0.05.
We set the hazard rate to η = 0.05. The hazard rate η = 0.05 implies that the
expected time until exogenous future full repayment of mortgage is twenty
years. As the base case volatility parameter, we pick the same volatility
parameter as they use, σ = 0.012, corresponding to the observed standard
deviation of the first difference of the 30-year mortgage rate.

Table 4.1 represents the optimal refinancing thresholds for single-regime
models with different combinations of the drift and volatility parameters.
For comparative analysis, we use three different values for both volatility
and drift parameters. Consistent with most option-based models, a higher
volatility increases the optimal refinancing threshold. As each column in the
middle row of Table 4.1 shows, the threshold under no drift case (α = 0.0000)
increases from 81 basis points to 153 basis points as the volatility increases.
The threshold also increases as the drift shifts from positive to negative when
we compare the results for α = −0.0100 and those for α = 0.0100. The drift
parameter of α = 0.0100 implies the annualized change of market interest
rates is 100 basis points on average. Because the sign of the drift parameter
affects the option value for borrowers to wait to refinance, the upper and
lower rows and columns reveal that there is a much wider range across the
refinancing thresholds. These results suggest that the future changes in the
combination of the drift and volatility parameters in interest rate process
may produce both late and early refinancing.
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4.4.2 The Effect of Regime Switches

We next solve the optimal threshold of interest rate differential under the
assumption that interest rate process switches between two regimes. To
examine how regime switches in interest rate affect the optimal threshold,
we use the same combinations of the volatility and drift parameters shown
in Table 4.1. For simplicity, we fix the volatility in regime 2 as the base case
parameter, σ2 = 0.012. As the parameter of persistence in each regime, we
use q1 = q2 = 0.5, which implies that each regime switches to the other in
two years on average.

The upper rows and columns in Table 4.2 represent the optimal thresholds
with volatility switches and no drift. Several interesting patterns are appar-
ent. First, the optimal thresholds are characterized by the different interest
differentials in each regime, depending on parameter values of volatility in
each regime. For instance, the trigger threshold for the fixed volatility in
regime 2 (−θ2 with σ2 = 0.012) increases from 96 to 176 basis points, as the
volatility in the other regime (σ1) increases. Second, each row and column in
the upper part of Table 4.2 also reveals that depending on parameter values,
the two trigger thresholds even switch orders. More precisely, the threshold
for a higher volatility in regime 1 (−θ1 with σ1 = 0.024) is 128 basis points
while the threshold for a lower volatility in regime 2 (−θ2 with σ2 = 0.012)
is 176 basis points. It is worthwhile to note that the threshold in regime 1
is much smaller than that in regime 2. This counterintuitive result arises
because of the possibility of a regime shift.

The lower rows and columns in Table 4.2 report the results for both drift
and volatility parameters switching between the two regimes. The gaps of the
two thresholds between the positive and negative drift are smaller than those
based on the single-regime model. For example, the two thresholds for a pair
of same volatility (−θ2 and −θ1with σ1 = σ2 = 0.012 ) are 79 and 199 basis
points while the two independent thresholds under the single-regime model
with the same volatility (σ = 0.012), positive and negative drift parameters
(α = 0.0100, α = −0.0100) are 60 and 214 basis points, respectively. This
pattern also demonstrates that the future drift in the other regime affects the
optimal trigger threshold in the current regime. Reflecting the possibility of
a regime shift, the impact of the drift and volatility parameters on the value-
maximizing refinancing thresholds in two-regime model is not as important
as in traditional option-based models.
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Table 4.2: Optimal threshold (−θi) in basis points with regime switches
σ1

0.0060 0.0120 0.0240
α1 = 0.0000 −θ1 102 111 128
α2 = 0.0000 −θ2 96 111 176
α1 = −0.0100 −θ1 153 199 217
α2 = 0.0100 −θ2 72 79 135

Note: Thresholds calculated for η = 0.05, δ = 0.05. αi denotes the drift parameter and
σi denotes the volatility parameter in each regime i. The volatility in regime 2 is fixed as
σ2 = 0.0120. The parameter of persistence qi is set as q1 = q2 = 0.5.

4.4.3 Implication for Late and Early Refinancing

To conclude the simulation section, we consider the implication for the em-
pirical puzzles of late and early refinancing observed in the actual refinanc-
ing behavior. Table 4.3 provides the differentials between the thresholds
with regime switch in Table 4.1 and those under the single-regime with the
same drift and volatility parameters in Table 4.2. Negative differential of the
thresholds in Table 4.3 means that the trigger thresholds with regime switches
are smaller than those under the single-regime models. In other words, the
negative differential implies the gain of the possibility of early refinancing.
Similarly, positive differential suggests the tendency of late refinancing.

Table 4.3: Differentials of optimal thresholds between two-regime and single-
regime model

σ1

0.0060 0.0120 0.0240
α = 0.0000 ∆θ1 21 0 −25

∆θ2 −15 0 65
α1 = −0.0100 ∆θ1 −56 −15 −12
α2 = 0.0100 ∆θ2 12 19 31

Note: The differentials calculated by subtracting the thresholds in the single regime model
in Table 4.1 from the optimal thresholds based on the two-regime model in Table 4.2, for
the same drift, volatility, and persistence parameter. The volatility in regime 2 is fixed as
σ2 = 0.0120.

As the upper rows and columns in Table 4.3 show, the early refinancing
arises when the volatilities in the other regime are lower while the late refi-
nancing arises when the volatilities in the other regime are higher. Each row
and column in the lower of Table 4.3 reports the results for both the drift and
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volatility switches. As the negative differentials in Table 4.3 show, the early
refinancing tends to arise when the drift will switch from negative in that
regime to positive in the other regime. The late refinancing, on the other
hand, tends to arise when the drift will switch from positive to negative.

Lastly, an additional result is worth being mentioned. We consider the
effects of the parameter of persistence, qi in each regime on the difference of
optimal thresholds between a two-regime model and a single-regime model.
Table 4.4 reports the same comparison with the same drift and volatility
parameters in Table 4.3 but the persistence parameter, qi = 0.5 changed to
alternatives. We use three sets of different parameter as the alternatives,
qi = 2.0, 1.0, and 0.25, each of which implies that the current regime persists
in 0.5 years, 1 year and 4 years, respectively. As expected, the tendency
toward both early and late refinancing is enhanced as the persistence in that
regime decreases. The size of negative or positive differentials of the optimal
thresholds between the two-regime and the single-regime increases with the
gain in the frequency of regime switch from qi = 0.25 to qi = 2.0.

In sum, the regime switches in interest rates play an indisputable role
in the optimal refinancing policy. Because of the possibility of a regime
shift, the optimal refinancing threshold can be larger or smaller than the
threshold based on the standard option-based model, depending on the drift,
volatility and persistence parameters. These numerical simulations lead us to
reconsider both late and early refinancing behavior within the basic rational
refinancing framework.

Table 4.4: Differentials of optimal thresholds between two-regime and single
regime model with changes in the persistence parameters (qi)

σ1

0.0060 0.0120 0.0240
q1 = q2 = 2.0 α1 = −0.0100 ∆θ1 −72 −22 −17

α2 = 0.0100 ∆θ2 21 31 56
q1 = q2 = 1.0 α1 = −0.0100 ∆θ1 −68 −19 −15

α2 = 0.0100 ∆θ2 16 25 49
q1 = q2 = 0.25 α1 = −0.0100 ∆θ1 −42 −7 −4

α2 = 0.0100 ∆θ2 8 14 25

Note: Differentials are calculated by subtracting the thresholds for the single regime-model
in Table 4.1 from the optimal thresholds based on the two-regime model with different
persistence parameters. The volatility in regime 2 is fixed as σ2 = 0.0120.
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4.5 Calibration

Our main interest is whether the option based refinancing model with regime
switches can resolve both late and early refinancing puzzles. To quantita-
tively evaluate the predictions of our model, we proceed in two steps. First,
we estimate a two-regime model for the actual evolution of the mortgage rate
in the US. Second, we calibrate the model with the estimated drift, volatility,
and persistence parameters in each regime, in order to compare the optimal
refinancing thresholds across the sub samples from January 1984 to Decem-
ber 2006. This numerical analysis allows us to assess the predictions for late
and early refinancing, both of which have been observed across the decades.

The data set for estimation is taken from Freddie Mac’s primary mort-
gage market survey (PMMS). The weekly mortgage rates in that survey are
the average of 125 lender’s rates, who contribute rates to Freddie Mac. These
rates are based on 30-year fixed mortgage rates with 20 percent down pay-
ment and 80 percent financed over the life of the loan. We divide the whole
observations into four sub samples, two of which correspond to the early
1980s and 1990s, and exactly the same sample period during which Bennett,
Peach, and Perostiani (1998) compare the propensity to refinance in their
empirical study.

Table 4.5 represents the estimated results of the mortgage rates process,
based on a simplifying assumption that changes in weekly mortgage rates are
driven by a Brownian motion with regime switches in the drift and volatility
parameters. All parameters are estimated by likelihood maximization, and
standard errors are retrieved by inverting the Hessian matrix. The result of
the simple two-regime models reveals several interesting characteristics in the
evolution of weekly mortgage rates in the US. First, the size of both positive
and negative drifts declines during the sample periods. Annualized weekly
drifts in the 1980’s are greater than 250 basis points in absolute value while
they stand at almost 100 basis points in the late 1990s and less than 100 basis
points in the 2000s. Second, the volatility parameters in the negative drift
regime (σ1) are commonly smaller than those in the positive drift regime
(σ2). Third, the persistence parameter varies across the sample. Most of
the estimated values qi are greater than the value of 2.0, implying that the
regimes tend to switch within half a year. The lower rows and columns in
Table 4.5 also report the sample average of the drift and volatility. In contrast
to the results based on the two-regime model, sample volatilities are almost
stable at around 70 basis points. Throughout the whole samples, the sample
averages of the drift appear to be negative.

Next we evaluate the predictions of the refinancing model with regime
switches. The upper lows and columns in Table 4.6 compare the optimal
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Table 4.5: Maximum likelihood estimation results of mortgage rates process
with two regimes

1984–2006
Variable 1984–1990 1991–1994 1995–1999 2000–2006
α1 −0.0121 −0.0287 −0.0188 −0.0101 −0.0036

(−0.0025) (−0.0046) (−0.0045) (−0.0067) (−0.0030)
α2 0.0092 0.0375 0.0147 0.0100 0.0024

(0.0034) (0.0077) (0.0060) (0.0081) (0.0040)
σ1 0.0046 0.0063 0.0045 0.0048 0.0053

(0.0003) (0.0003) (0.0004) (0.0006) (0.0002)
σ2 0.0089 0.0067 0.0079 0.0095 0.0072

(0.0004) (0.0005) (0.0006) (0.0008) (0.0005)
q1 4.51 4.53 2.91 3.62 0.98

(1.34) (1.53) (1.67) (2.00) (0.70)
q2 4.99 8.26 2.18 3.95 0.88

(1.39) (2.56) (1.42) (2.21) (0.79)
Log
likelihood 1131.54 312.79 205.89 232.10 400.21
sample
mean α −0.0044 −0.0089 −0.0067 −0.0032 −0.0035
volatility σ 0.0071 0.0071 0.0072 0.0075 0.0061
Observation 1200 365 209 261 365

Note: Maximum likelihood estimates with standard errors in parentheses for the two-
regime model with the standard diffusion specification are presented. α denotes the sample
mean of drift and σ denotes the standard deviation of mortgage rate movements.
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Table 4.6: Optimal threshold (−θi) for the estimated parameters
1984–2006

Threshold 1984–90 91–94 95–99 2000–06
Two-regime −θ1 109 376 140 76 117

−θ2 107 43 139 67 78
One-regime (α = 0) −θ 98 98 99 101 92
One-regime (α ̸= 0) −θ 165 223 197 149 150

Note: Thresholds are calculated using the estimated parameters in Table 4.5. The results
in lower row and column are based on the single regime model without drift (α = 0) and
with the sample mean of drift α in the lower row and column in Table 4.5.

refinancing thresholds under the two-regime model with the calibrated pa-
rameters capturing regime switches. The lower rows and columns in Table 4.6
report the threshold under the single-regime model with the sample average
of drift and volatility. Several interesting predictions are apparent. First, the
optimal thresholds vary and decline over the sub sample periods. The thresh-
old in the negative drift regime in the 1980s is over 300 basis points, which is
two times greater than that in the early 1990s and three times greater than
those in both the late 1990s and 2000s. This result predicts that late refi-
nancing was common in the 1980s. Second, in contrast, the thresholds under
the single-regime without drift are about 100 basis points and stable across
the decades. Third, as a result, when comparing the optimal thresholds to
those under the single-regime model, the differences suggest early refinancing
tends to arise in the late 1990s. The optimal thresholds under the two-regime
model range from 67 to 76 basis points, both of which are much smaller than
the threshold of 101 basis points under the single-regime without drift. It is
worthwhile to note that the optimal refinancing thresholds in the 1990s and
2000s are also smaller than those under the single-regime with the negative
sample average as the drift parameters. These predictions are almost con-
sistent with the empirical findings: late refinancing is common in the 1980s,
early refinancing arises in the 1990s and 2000s, and the changes in frequency
of late and early refinancing are observed.

4.6 Concluding Remarks

In this chapter, we investigate the effect that the regime switches in interest
rate process have on refinancing decision under uncertainty. We extend a
model of mortgage refinancing developed by Agarwal, Driscoll, and Laibson
(2002) by allowing the drift and volatility of interest rate process to switch
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between regimes. The main analytical result is that because of the possibility
of a regime shift, the optimal refinancing policy takes the form of the different
trigger threshold of interest differential for each regime. Numerical simula-
tions demonstrate that the optimal refinancing thresholds can be smaller or
larger than the threshold under the single-regime model, depending on pa-
rameter values. Finally, we evaluate the predictions of the model, based on
the estimated parameters for a two-regime model to capture the evolution of
the mortgage rates in the US. Our model explain the late refinancing in the
1980s as well as the tendency toward early refinancing in recent periods, both
of which have been documented empirically. Therefore, the regime switch in
interest rates is one of the likely contributors to both late and early mortgage
refinancing observed in the actual behavior.

B.1 Proofs of Propositions in Chapter 4

We will first prove Proposition 2 and then prove Proposition 1. In what
follows, we may represent the market rate process as

µ
(a)
t = a +

∫ t

0

αIsds +

∫ t

0

σIsdzs

to explicitly indicate initial rate µ0 = a. It is noted that, if {µ(a)
t } and {µ(b)

t }
are constructed by using the same sample paths of {zt} and {It},

µ
(a)
t − µ

(b)
t = a − b, ∀t ≥ 0. (4.20)

Proof of Proposition 2. We will prove

Vi(r + x, µ + x) = Vi(r, µ) +
xM

δ + η
, ∀x. (4.21)

The desired result is readily obtained by substituting r = 0, x = r and µ = x
into (4.21).

Let Ui(r, µ) be given by (4.4) and let Ui(r+x, µ+x) denote the discounted
total payments for the initial state (i, r +x, µ+x). The same τi, κ, {µt} and
{It} are used to define both Ui(r, µ) and Ui(r + x, µ + x). From (4.20), the
borrowing rate of Ui(r + x, µ + x) is larger than Ui(r, µ) by x at any time.
Thus, we obtain

Ui(r + x, µ + x) = Ui(r, µ) + xM

∫ κ

0

e−δtdt. (4.22)
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Taking expectation of both sides of (4.22) yields

E (Ui(r + x, µ + x)) = E (Ui(r, µ))+E

(
xM

∫ κ

0

e−δtdt

)
= E (Ui(r, µ))+

xM

δ + η
.

(4.23)
If τi’s are optimal refinancing epochs of Ui(r, µ), we obtain from (4.23) that

E (Ui(r + x, µ + x)) = Vi(r, µ) +
xM

δ + η

which in turn implies

Vi(r + x, µ + x) ≤ Vi(r, µ) +
xM

δ + η
.

Since reversed inequality Vi(r + x, µ + x) ≥ Vi(r, µ) + xM
δ+η

holds if τi’s are

optimal for Ui(r + x, µ + x), (4.21) has been proved. 2

Proof of Proposition 1. For x > y, suppose to the contrary that an
immediate refinance is optimal for the initial state (i, r, r + x) while it is not
optimal for (i, r, r + y). To be more specific,

Vi(r, r + x) = Vi(r + x, r + x) + C, (4.24)

Vi(r, r + y) < Vi(r + y, r + y) + C. (4.25)

Let τ be the first refinancing epoch under optimal policy for the initial state
(i, r, r + y). From (4.7) and (4.25), optimality of τ implies

Vi(r, r + y) = E(i,r,r+y)

(
A + 1{τ<κ}e

−δτ{VIτ (µ
(r+y)
τ , µ(r+y)

τ ) + C}
)
(4.26)

< Wi(0) +
(r + y + η)M

δ + η
+ C (4.27)

where E(i,r,r+y) (·) denotes expectation conditional on the initial state (i, r, r+
y),

A = rM

∫ min(τ,κ)

0

e−δtdt + 1{τ≥κ}e
−δκM

and 1B = 1 if B is true and 0 otherwise. For the same τ , (4.24) implies that

Vi(r, r + x) = Wi(0) +
(r + x + η)M

δ + η
+ C (4.28)

< E(i,r,r+x)

(
A + 1{τ<κ}e

−δτ{VIτ (µ
(r+x)
τ , µ(r+x)

τ ) + C}
)
(4.29)
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holds for the initial state (i, r, r + x). From (4.26)–(4.29), we obtain

(4.29) − (4.26) > (4.28) − (4.27) =
(x − y)M

δ + η
. (4.30)

However, since (4.26) and (4.29) share the same τ, κ and A which are inde-

pendent of x, and Vi(r, r) = Wi(0) + (r+η)M
δ+η

from (4.7), (4.20) implies

(4.29) − (4.26) = E(i,r,r+y)

(
1{τ<κ}e

−δτ (µ
(r+x)
τ − µ

(r+y)
τ )M

δ + η

)

= E(i,r,r+y)

(
1{τ<κ}e

−δτ (x − y)M

δ + η

)
<

(x − y)M

δ + η
.(4.31)

Since (4.31) contradicts (4.30), the proof has been completed. 2

B.2 Derivation of Eq. (4.9)

We will derive the simultaneous Bellman equations (4.9). Suppose that It = a
and x > θb at time t. Since it is not optimal to refinance in both regions for
x > θb, the state is in the continuation region where the borrower will wait
to refinance her mortgage. Partitioning by the events in (t, t+dt), we obtain

Wa(x) = e−δdt

{
(1−(η+qa)dt)E[Wa(x+dµt)|µt = rt+x, It = a]+qbdtWb(x)

}
.

(4.32)
Note that the probability of concurrent transition of µt and It is o(dt). From
Ito’s lemma and (4.1), we have

Wa(x + dµt) = Wa(x) + αaW
′

a(x)dt + σaW
′

a(x)dz̃t +
σ2

a

2
W

′′

a (x)dt (4.33)

Taking expectation of (4.33) and substituting e−δdt = 1 − δdt + o(dt) into
(4.33), we obtain the following Bellman equation of Wa(x) after dividing by
dt,

(δ + η + qa)Wa(x) = αaW
′

a(x) +
σ2

a

2
W

′′

a (x) + qbWb(x), x > θb. (4.34)

In the same way, Wb(x) satisfies

(δ + η + qb)Wb(x) = αbW
′

b(x) +
σ2

b

2
W

′′

b (x) + qaWa(x), x > θb. (4.35)

2
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B.3 Numerical Algorithm for Computing

Value Functions

We describe a numerical algorithm for computing unknown coefficients of
Wi(x) and the threshold θi. We will use the same notations as in Section 4.3.

By plugging (4.15) and (4.16) into (4.17)–(4.19), these boundary condi-
tions can be rewritten in a vector form as

AEβ1,β2(θb) = BEγ1,γ2(θb) + ϕa(θb), (4.36)

BEγ1,γ2(θa) + ϕa(θa) = ψ(θa) + A

(
1 0
1 0

)
, (4.37)

ALaEβ1,β2(θb) = ψ(θb) + AL̃a (4.38)

where

A = (A1, A2), B = (B1, B2), Li =

(
ℓi,1 0
0 ℓi,2

)
Ec1,c2(x) =

(
ec1x c1e

c1x

ec2x c2e
c2x

)
, L̃i =

(
ℓi,1 0
ℓi,2 0

)
ϕi(x) =

(
ϕi(x),

qiM

(δ + η + qi)(δ + η)

)
, ψ(x) =

(
ψ(x),

M

δ + η

)
.

To solve nonlinear equations (4.36)–(4.38), we propose the following nu-
merical procedure which reduces the original problem to find six unknowns
to a simpler problem with single variable.

1. Set a trial value of θb.

2. Compute A from (4.38) by A = ψ(θb)
[
LaEβ1,β2(θb) − L̃a

]−1

.

3. Compute B from (4.36) by B = [AEβ1,β2(θb) − ϕa(θb)]E
−1
γ1,γ2

(θb).

4. Compute θa from one of the equations in (4.37).

5. Check if θa obtained in Step 4 satisfies another equation in (4.37). If
the equation is not satisfied within a prescribed error, goto Step 1 and
revise the trial value of θb.

It should be noted that the above procedure converges only when we choose
the correct order of thresholds, i.e., θ1 < θ2 or θ1 > θ2. If the procedure
does not converge, we will again implement it for different order of threshold
values. Judging from the numerical results we exhibit in Sections 4.4 and
4.5, the procedure performs quite well. It is numerically stable and converges
quickly.



Chapter 5

Optimal Investment with
Regime Switches and Higher
Borrowing Rate

5.1 Introduction

Conventional wisdom suggests that people care about not only consump-
tion but also their wealth status. Individuals then accumulate wealth both
for future consumption (the consumption motive) and for their social status
(the wealth accumulation motive). The most straightforward way to include
this notion into the standard consumption and portfolio choice problem is to
modify the utility function to have direct preference for wealth. Obviously,
the wealth accumulation motive changes the individual’s saving behavior,
which has important implications both for asset demand, asset pricing, and
economic growth. After Bakshi and Chen (1996) apply this notion to explain
the equity premium puzzle, there has been growing attention to researches
in economics and finance, such as growth theory [e.g. Futagami and Shi-
bata (1998), Clemens (2003)], equity premium puzzle [e.g. Bakshi and Chen
(1996), Smith (2001)], and household saving behavior [e.g. Zhou (1995)].
Natural implications studied by these researches are that the model with
direct preference can induce excess accumulation on capital, a higher equity
premium, and a higher saving rate, all of which have advantages to explain
empirical observations in the economy and financial markets.

In this chapter, we extend the consumption and investment choice prob-
lem for an individual investor with preference for wealth among two dimen-
sions. First, the borrowing rate is allowed to be higher than the risk-free
rate. Second, rather than being constant, the parameters of return processes
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are allowed to vary over time. By introducing regime switches into the re-
turn processes, the dynamic property of the decision variables is subject to
discrete regime shifts at random times. Building on the work of Xu and
Chen (1998a,1998b) and of Bakshi and Chen (1996), we develop an analyti-
cally tractable model which encompasses the model with the standard CRRA
preference, the model with a borrowing rate equal to the risk-free rate, and
the model with a constant regime. We obtain a semi-analytical form and
characterize the optimal policy for the consumption and investment decision
with regime switches. The semi-analytical form is simple and easily solved
for optimal policies numerically and yields the closed form solution for a
constant regime as the special case of our general model.

The closed form solutions allow us to do explicit comparative statics, and
clarify precise properties for the optimal consumption and investment poli-
cies. In particular, we pay attention to the effect that the regime switches
has on the optimal investment policy under a preference for wealth and a
higher borrowing rate. To investigate these effects, we numerically solve the
optimal policies, by changing the associated parameters. The main analyt-
ical result shows that the optimal investment policy depends only on the
current regime, while optimal consumption depends on both the future and
the current regime. The combination of these effect results in a time-varying
risky investment share and a relatively stable consumption-wealth ratio, both
of which have been observed in aggregate time series data over the business
cycle.

Introducing a higher borrowing rate than the deposit rate into the stan-
dard model is a natural extension for an investor’s problem. As Davis,
Kubler, and Willen (2005) pointed out, household borrowing costs on un-
secured loans exceed the risk-free return by about six to nine percentage
points on an annual basis. This motivates our study on the implication of
higher borrowing rate for individual’s investment behavior under an ana-
lytically tractable regime switching framework. Allowing the states to vary
across regimes has the advantage of capturing stochastic investment opportu-
nities observed in the asset returns. Building on the model with external so-
cial wealth proposed by Bakshi and Chen (1996), we also incorporate regime
switches into an external social wealth process. External social wealth can be
modeled to reflect the average wealth level of a specific socioeconomic group
to which the investors belong. Regime switches in the external social wealth
can be interpreted to represent changes in the state of the macroeconomy or
the changes in the standards of living of “the Joneses ”.

This chapter stands on a substantial number of literatures on consump-
tion and portfolio choice problems first developed by Merton (1969). The
analytical studies focusing on the wedge between the borrowing rate and
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risk-free rate are conducted by Fleming and Zariphopoulou (1991) and Xu
and Chen (1998). They derived a closed form solution for the consumption
and portfolio choice problem with a higher borrowing rate under the stan-
dard CRRA utility. The studies focusing on modifying the investor’s utility
are growing. Sundaresan (1989) and Constantinides (1990) introduce utility
with habit formation where an individual’s utility depends on the level of
excess consumption to the habit or past standard of living level. Abel (1990)
proposes the model with external habit where he defines the period utility as
a function of the ratio of one’s own consumption to aggregate consumption.
Bakshi and Chen (1996) modify the preference for wealth to contain not only
one’s wealth but also the external average wealth level.

The motivation of these studies is mainly to resolve the equity premium
puzzle. From a technical view point, the advantages of the model with di-
rect preference for wealth, more specifically, with preference for the “ratio”
of investor’s wealth is that it admits an analytical solution with a higher
borrowing rate. From an economic view point, the other advantage is that
the wealth accumulation motive helps to understand the saving behavior.
Zou(1995) argues that the accumulation motive explains “the saving puzzle”,
namely, why wealth increases with age and why individuals do not reduce
their wealth after retirement. Our work is most closely related to the above
work of Xu and Chen (1998) and of Bakshi and Chen (1996). We extend
these studies to allow the investment opportunities to vary across regimes.
As a result, each model can be independently nested in our more general
model as a special case with changing model parameters.

Finally, this work is related to a number of studies on investment un-
der uncertainty with regime switches. The most attractive characteristic in
the regime switching framework is that the model with regime shifts can
capture a number of stylized features of asset returns documented by empir-
ical finance literature: stock and bond returns are time-varying and partly
predictable [Campbell (1987); Fama and French (1988,1989)], their volatil-
ity change over time [Bollerslev, Chou, and Kroner (1992)], and correlations
behave quite differently during a bear market [Ang and Chen (2002)]. Our
model setup where drift and volatility are governed by the Markov regime
switching is applied to several works. Notable analytical studies include op-
tion pricing [Guo and Zhang (2004)], firm’s investment decision [Guo, Miao,
and Morellec (2005); Makimoto (2008)], and mortgage refinancing [Kimura
and Makimoto(2008)].

The structure of this chapter is as follows. Section 5.2 contains the model
setup. In Section 5.3 we solve the model and describe the analytical re-
sults with and without regime switches. Section 5.4 discusses the numerical
simulation of the model. Section 5.5 concludes.
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5.2 The Model

We consider an investor who maximizes the expected value of her utility,
where in each period the utility function is of the constant relative risk aver-
sion (CRRA) form with the preference for her wealth ratio to an external
social wealth. The investor faces stochastic investment opportunities with a
higher borrowing rate than the deposit rate, where the drift and the volatility
of asset returns shift between different states at random times.

5.2.1 Preference

The investor maximizes

E

[∫ ∞

t

e−δsu(cs, ws, vs)ds

]
(5.1)

where u(cs, ws, vs) is a utility function over the investor’s consumption cs,
her wealth ws, and an external reference wealth vs. We assume the utility
function has a general form,

u(c, w, v) =
c1−γ

1 − γ

(
w

v

)−ϵ

(5.2)

where γ > 0, and ϵ ≥ 0 when γ ≥ 1 and ϵ < 0 otherwise. It encompasses
a popular CRRA utility function when ϵ = 0, and that with the individual
investor’s utility to absolute wealth when v is a constant.

The external wealth v can be interpreted to represent the wealth of the
economy, which contains both tangible and intangible wealth such as real
estate, or a social wealth standard for the investor’s group. Then, the ratio
of the investor’s wealth to the social wealth wt/vt determines her status in
the specific group. Specifically, an investor is said to be in the middle class
if wt/vt = 1, in the lower class if wt/vt < 1 and the upper class otherwise.
The utility structure of the model thereby shares the same spirit with Abel’s
(1990) “catching up with the Jones” model, where the investor’s preference
for consumption is not absolute consumption but the ratio of her consump-
tion to the external consumption standards (i.e. the consumption of “the
Jones”).



5.2 The Model 81

5.2.2 Return Processes

The investor’s wealth is held in two assets. One asset is a money market
account whose price satisfies

dXt

Xt

=

{
r(t)dt, Xt ≥ 0
R(t)dt, Xt < 0

(5.3)

where r(t) is the risk-free interest rate (i.e. the deposit rate of a money market
account) and R(t) is the borrowing rate. The other asset is a nondividend-
paying stock with price St that follows a stochastic differential equation

dSt

St

= µS(t)dt + σS(t)dzt (5.4)

where we assume µS(t) > R(t) > r(t) and σS(t) > 0. The parameter σS(t)
represents the volatility of the stock. The external wealth index Vt follows

dVt

Vt

= µV (t)dt + ρSV σV (t)dzt +
√

1 − ρ2
SV σV (t)ẑt (5.5)

where {ẑt} is a standard Brownian motion independent of {zt}. The correla-
tion between stock market returns and social wealth returns is ρSV dt, where
−1 ≤ ρSV ≤ 1, and the parameter σV (t) is the volatility of the social wealth
index.

5.2.3 Regime Switches

We assume that the dynamics of the drift and volatility parameters follow a
two-state, continuous time Markov chain. The two states might capture dif-
ferent states of the economy where the low (high, respectively) mean returns
with high (low) volatility in contraction (expansion) over the business cycles.

Let {It} be a continuous time Markov chain on {1, 2}, which represents
“the state of the economy”. Let (ri, Ri, µS,i, σS,i, µV,i, σV,i) denote the set of
six parameters of the model when the state of the economy It = i (i = 1, 2).
More specifically, (r1, R1, µS,1, σS,1, µV,1, σV,1) might represent the parame-
ters of return processes in contraction state and (r2, R2, µS,2, σS,2, µV,2, σV,2)
might represent those in expansion state. With the notation in Sec-
tion 5.2.2, we can write Θ(t) = (r(t), R(t), µS(t), σS(t), µV (t), σV (t)) =
(rIt , RIt , µS,It , σS,It , µV,It , σV,It). The time varying parameter set therefore
forms piece-wise constant processes. In what follows, we assume µS,i > Ri >
ri (i = 1, 2) so as to hold µS(t) > R(t) > r(t) for all t with probability 1.

We assume {It} is stochastically independent both of {zt} and {ẑt}.
Hence {Θ(t)} is also stochastically independent of {zt} and {ẑt}. In other
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words, the parameters of return processes, such as drift and volatility, in-
dependently shift between different states at random times. The state of
the model at time t is therefore represented by a triplet (w, v, i) if Wt = w,
Vt = v, and It = i. As in Section 2.3.1 and Chapter 4, the regime process
{It} is governed by the transition rate matrix

Q =

(
−q1 q1

q2 −q2

)
.

5.2.4 Investor’s Optimization Problem

Given the investor’s wealth Wt at time t, she is assumed to consume the rate
of ct, invest πt into equity and save the rest Wt − πt into the money market
account, which allows the investor to borrow money at a higher borrowing
rate. These assumptions on investment opportunities imply that the wealth
dynamics for the investor are given by

dWt = [(µS,It −rIt)πt +rItWt−ct−(RIt −rIt)(Wt−πt)
−]dt+σS,Itπtdzt (5.6)

where a function (a)− = −a if a < 0 and 0 otherwise.
The investor’s problem is to determine optimal instantaneous consump-

tion cs and amount of stock to be invested πs to maximize her expected
utility,

E

[∫ ∞

t

e−δs c1−γ
s

1 − γ

(
Ws

Vs

)−ϵ

ds

∣∣∣∣∣Wt = w, Vt = v, It = i

]
, (5.7)

subject to the wealth dynamics in (5.6). For the above problem, we define
J (i)(w, v) as the investor’s value function in regime i,

J (i)(w, v) ≡ max
{cs},{πs}

E

[∫ ∞

t

e−δs c1−γ
s

1 − γ

(
Ws

Vs

)−ϵ

ds

∣∣∣∣∣ Wt = w, Vt = v, It = i

]
.

(5.8)

5.3 Solution to the Investor’s Optimal Policy

Since (w, v, i) are jointly Markov, the value function J (i)(w, v) satisfies the
following nonlinear HJB equation (See Appendix C.1 for the derivation)

δJ (i) = sup
c>0

{u(c, w, v) − cJ (i)
w } + Ai(w, v) − qiJ

(i) + qiJ
(3−i) i = 1, 2 (5.9)
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where
Ai(w, v) = max

[
sup
π≤w

{fi(π)}, sup
π>w

{gi(π)}
]
, (5.10)

fi(π) = riwJ (i)
w + µV,ivJ (i)

v +
1

2
σ2

V,iv
2J (i)

vv

+ (µS,i − ri)πJ (i)
w +

1

2
π2σ2

S,iJ
(i)
ww + πσiJ

(i)
wv, (5.11)

gi(π) = RiwJ (i)
w + µV,ivJ (i)

v +
1

2
σ2

V,iv
2J (i)

vv

+ (µS,i − Ri)πJ (i)
w +

1

2
π2σ2

S,iJ
(i)
ww + πσiJ

(i)
wv. (5.12)

Here, J
(i)
w , J

(i)
v , I

(i)
ww, I

(i)
vv , and I

(i)
wv are defined by J

(i)
w ≡ ∂J (i)/∂w, J

(i)
v ≡

∂J (i)/∂v, J
(i)
ww ≡ ∂2J (i)/∂w2, J

(i)
vv ≡ ∂2J (i)/∂v2, and J

(i)
wv ≡ ∂2J (i)/∂w∂v.

Note that the superscript (3 − i) in (5.9) represents the other state of i,
implying (3− i) = 2 for i = 1 and (3− i) = 1 for i = 2. The parameter σi in
(5.11) and (5.12) is the instantaneous covariance of stock return with return
on social-wealth index defined by

σi = ρSV σS,iσV,i. (5.13)

Note that the HJB equation (5.9) depends on whether the investor borrows
money to invest (π > w) or not, and also on the regime i. Differentiating
(5.9) with respect to c gives the optimal consumption ĉ as

ĉ ≡ arg sup
c>0

{u(c, w, v) − cJ (i)
w } = (J (i)

w )−1/γ

(
w

v

)−ϵ/γ

. (5.14)

Substituting (5.14) into the first term of the right hand side of (5.9) yields

sup
c>0

{u(c, w, v) − cJ (i)
w } =

γ

1 − γ
(J (i)

w )1−1/γ

(
w

v

)−ϵ/γ

. (5.15)

Similarly, differentiating (5.11) and (5.12) with respect to π gives

πf
i (w) ≡ arg sup

π∈R
fi(π) = −(µS,i − ri)

σ2
S,i

J
(i)
w

J
(i)
ww

− σi

σ2
S,i

J
(i)
wv

J
(i)
ww

v, (5.16)

πg
i (w) ≡ arg sup

π∈R
gi(π) = −(µS,i − Ri)

σ2
S,i

J
(i)
w

J
(i)
ww

− σi

σ2
S,i

J
(i)
wv

J
(i)
ww

v. (5.17)
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In the same way, substituting (5.16) and (5.17) back into (5.11) and (5.12)
yields

sup
π∈R

fi(π) = riwJ (i)
w + µV,ivJ (i)

v +
1

2
σ2

V,iv
2J (i)

vv − 1

2

(µS,i − ri)
2

σ2
S,i

J
(i)2
w

J
(i)
ww

− 1

2

σ2
i

σ2
S,i

J
(i)2
wv

J
(i)
ww

v2 − (µS,i − ri)σS,i

σ2
S,i

J
(i)
w J

(i)
wv

J
(i)
ww

v, (5.18)

sup
π∈R

gi(π) = RiwJ (i)
w + µV,ivJ (i)

v +
1

2
σ2

V,iv
2J (i)

vv − 1

2

(µS,i − Ri)
2

σ2
S,i

J
(i)2
w

J
(i)
ww

− 1

2

σ2
i

σ2
S,i

J
(i)2
wv

J
(i)
ww

v2 − (µS,i − Ri)σi

σ2
S,i

J
(i)
w J

(i)
wv

J
(i)
ww

v. (5.19)

It should be also noted that

fi(w) = gi(w) = µV,ivJ (i)
v +

1

2
σ2

V,iv
2J (i)

vv

+ µS,iwJ (i)
w +

1

2
σ2

S,iw
2J (i)

ww + σiwvJ (i)
wv. (5.20)

From the assumption that ri < Ri < µS,i, (5.16) and (5.17) imply

πf
i (w) > πg

i (w). (5.21)

Thus, the second term of the right hand side in (5.10) is expressed as

Ai(w, v) =


gi(π

g
i (w)), w < πg

i (w)

fi(w) = gi(w), πg
i (w) ≤ w < πf

i (w)

fi(π
f
i (w)), πf

i (w) ≤ w

(5.22)

The resulting HJB equation (5.9) is, therefore,

δJ (i) =
γ

1 − γ
(J (i)

w )1−1/γ

(
w

v

)−ϵ/γ

+ Ai(w, v) − qiJ
(i) + qiJ

(3−i). (5.23)
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To solve the above HJB equation, we need the following assumption on the
parameters of the model. We define

Di =



(1 − γ − ϵ)
{

Ri +
(µS,i−Ri+ϵσi)

2

2(γ+ϵ)σ2
S,i

+
ϵµV,i+

1
2
ϵ(ϵ−1)σ2

V,i

1−γ−ϵ

}
,

for (γ + ϵ)σ2
S,i − ϵσi < µS,i − Ri

(1 − γ − ϵ)
{

µS,i − (γ+ϵ)
2

σ2
S,i + ϵσi +

ϵµV,i+
1
2
ϵ(ϵ−1)σ2

V,i

1−γ−ϵ

}
,

for µS,i − Ri ≤ (γ + ϵ)σ2
S,i − ϵσi < µS,i − ri

(1 − γ − ϵ)
{

ri +
(µS,i−ri+ϵσi)

2

2(γ+ϵ)σ2
S,i

+
ϵµV,i+

1
2
ϵ(ϵ−1)σ2

V,i

1−γ−ϵ

}
,

for µS,i − ri ≤ (γ + ϵ)σ2
S,i − ϵσi

(5.24)
and

δ∗ =
D1 − q1 + D2 − q2 +

√
(D1 − q1 − D2 + q2)2 + 4q1q2

2
. (5.25)

Assumption 1 The discount rate satisfies δ > δ∗.

Under the Assumption 1, we can solve the HJB equation and obtain the
optimal policy as in Propositions 3 and 4. Their proofs are presented in
Appendix C.2.

Proposition 3 (Value function) Let the utility be given in (5.2). Sup-
pose the parameters satisfy Assumption 1. Then, the value function for each
regime i has the form

J (i)(w, v) =
1

1 − γ − ϵ
Kiw

1−γ−ϵvϵ (5.26)

and Ki is the solution for the following simultaneous non-linear equations

δKi = θKζ
i + DiKi − qiKi + qiK3−i, i = 1, 2 (5.27)

where ζ = 1 − 1/γ and θ = γ(1−γ−ϵ)
1−γ

> 0.

Proposition 3 states that, given w and v, the investor’s value function with
regime switches depends on Ki, which is determined once Di and qi are given.
In other word, to characterize optimal policy, we only need to focus on the
values of Di for i = 1, 2 in (5.24). Regime dependent parameters affect the
value function only through Di.
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The next proposition provides the optimal consumption and investment
policy, both of which are obtained straightforwardly by substituting the value
function (5.26) into (5.14), (5.16) and (5.17).

Proposition 4 (Optimal Policy) Let the utility be as given in (5.2).
Suppose the parameters satisfy Assumption 1. Then, the optimal consump-
tion ĉi and investment policy π̂i for regime i to the consumption-portfolio
problem in (5.8) are

ĉi = K
−1/γ
i w, (5.28)

π̂i =


1

γ+ϵ

(
µS,i−Ri+ϵσi

σ2
S,i

)
w, (γ + ϵ)σ2

S,i − ϵσi < µS,i − Ri

w, µS,i − Ri ≤ (γ + ϵ)σ2
S,i − ϵσi < µS,i − ri

1
γ+ϵ

(
µS,i−ri+ϵσi

σ2
S,i

)
w, µS,i − ri ≤ (γ + ϵ)σ2

S,i − ϵσi.

(5.29)

Form Proposition 4, the optimal consumption and investment policies are
determined by (5.28) and (5.29). Optimal consumption-wealth ratio is equal

to K
−1/γ
i . Optimal investment policy, on the other hand, does not directly

depend on K
−1/γ
i but depends on the associated parameters in the current

regime: the equity premium (µS,i−ri, µS,i−Ri), the volatility (σS,i, σV,i, σi),
and the investor’s preference parameter (γ, ϵ). Moreover, the investment
policy takes three strategies: “Borrow money to invest into stock”, “No
borrowing but all in stock”, and “No borrowing and partly invest into stock”,
depending on the investment opportunities in the current regime i.

For a single regime case, we can obtain a closed form solution to the
consumption-portfolio problem in (5.8). Applying Propositions 3 and 4 to the
model without regime switches straightforwardly gives the following result.

Proposition 5 (Optimal Policy without Regime Switches) Let the
utility be given in (5.2). Suppose the parameters satisfy Assumption 1. Then,
the optimal solution to the consumption-portfolio problem in (5.8) without
regime switches is

J(w, v) =
1

1 − γ − ϵ
Kw1−γ−ϵvϵ, (5.30)

ĉ = K−1/γw, (5.31)

π̂ =


1

γ+ϵ

(
µS−R+ϵσ

σ2
S

)
w, (γ + ϵ)σ2

S − ϵσ < µS − R

w, µS − R ≤ (γ + ϵ)σ2
S − ϵσ < µS − r

1
γ+ϵ

(
µS−r+ϵσ

σ2
S

)
w, µS − r ≤ (γ + ϵ)σ2

S − ϵσ

(5.32)
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where

K =

[
γ − 1

γ(γ + ϵ − 1)

(
δ − D

)]−γ

(5.33)

and D is defined by (5.24).

As a final note, we compare the optimal policies for regime switches,
with those for a single regime. The next corollary gives the result. Let
K(i) (i = 1, 2) be given by (5.33) for D = Di. Thus, K(i) denotes the
coefficient of the value function (5.30) for a single regime case.

Corollary 1 (Property of Ki) Without loss of generality, we suppose
D1 < D2. Then, K(1) < K1, K2 < K(2) where Ki (i = 1, 2) is the coefficient
of the value function for two regime case.

Corollary 1 implies that Ki lies between K(1) and K(2), both of which are
determined by myopic value function under a single regime. A value maxi-
mizing policy with regime switches is therefore derived so that the optimal
consumption policy in each regime recognizes the possibility of a regime shift.

These propositions and corollary state important properties of consump-
tion and investment policies. The amount invested into stock is determined
by the combination of the current regime-specific optimal investment strategy
and both current and future regime dependent optimal consumption (saving)
strategy, through the coefficient of the value function Ki.

5.4 Implication for Household Investment

The different time variations in an aggregated household’s investment and
consumption are a salient feature of the data. Figure 5.1 plots the aggregate
risky asset shares of financial wealth invested in equity and the consumption-
wealth ratio for the U.S. households. To highlight the business cycle, the
contraction periods are shaded. As Figure 5.1 shows, equity share of financial
wealth exhibits strong cyclical patterns, whereas the consumption-wealth
ratio has a comparatively negligible cyclical component.

In this section, we explore how optimal investment and consumption poli-
cies are affected by three aspects of generalization: (1) a higher borrowing
rate, (2) a direct preference for wealth, and (3) regime switches in return
processes. To distinguish each effect on optimal behavior, we numerically
solve optimal polices, using the semi-analytical form or the closed form ex-
pression described in the previous section. Then we compare the results to
those for the standard CRRA model developed by Merton (1969). Finally,
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we consider the implication for household investment behavior, such as the
time-variation observed in Figure 5.1.
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Figure 5.1: Equity Share and Consumption-Wealth Ratio in the U.S.

Note: Author’s calculation by using data from Flow of Funds Account in the U.S.

5.4.1 Parameter Settings

Table 5.1 summarizes our parameter settings. We set the coefficient of rel-
ative risk aversion γ to 4 in our baseline specification. Following Campbell
(1999), we set the annual expected return on equity to 8 percent, the stan-
dard deviation of equity return to 15 percent, and the risk-free rate to 2
percent. As the alternatives, we set the preference for wealth to the values
ranging from 0.0 to 3.0.

Following Davis, Kubler, and Willen (2005), we adopt an average borrow-
ing cost to be 6 percent and consider other values ranging from 5 to 7 percent,
depending on the regime. Most empirical studies applying the regime switch-
ing framework have documented that the expected return and the volatility
of equity are different between contraction and expansion. It has been widely
recognized that the volatility of equity returns are higher during contraction
(bear market) than during expansion (bull market). We first fix the volatility
in regime 2 at 15 percent (σS,2 = .15), and change the volatility in regime
1 (σS,1) to the values ranging from 5 percent to 25 percent. We next adopt
different values as the return and volatility of equity among both regimes.
We pick a lower equity return and risk-free rate in regime 1 (Bear market)
than in regime 2 (Bull market) and consider the volatility values in regime 1
ranging 0.05 to 0.25.
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For the parameters of social-wealth index, we set both drift and volatility
in the baseline at 5 percent. We assume the drift values reflect the nominal
growth rate of the economy. The drift value of 5 percent can be interpreted
as the sum of 3 percent real growth rate and 2 percent inflation rate. We
change the volatility values depending on regimes. We consider volatility
parameter σV,1 in regime 1 ranging from 0.05 to 0.25 and set that in regime
2 to 0.05. We set the correlation of equity return and social-wealth index to
0.75. The positive correlation is the natural assumption about the relation
between the asset market and aggregate economy.

Table 5.1: Parameter Settings
Parameter Baseline Higher Borrowing Rate

Alternatives Regime 1 Regime 2
Discount factor δ 0.25
Risk Aversion γ 4.00
Preference for wealth ϵ 0.00 1.0 to 3.0
Risky asset return µS 0.08 0.02 0.10
Volatility of dSt/St σS 0.15 .05 to .25 0.15
Borrowing rate R 0.02 0.06 .05 0.07
Risk-free rate r 0.02 0.01 0.03
Social-wealth return µV 0.05 0.01 to .10
Volatility of dVt/Vt σV 0.05 .05 to .25 0.05
Correlation ρSV 0.75
Transition Parameter q 0.5 0.5

5.4.2 Effect of Volatility Switches with a Higher Bor-
rowing Rate

We first focus on the effect of switches in volatility parameter on optimal pol-
icy. Table 5.2 compares the optimal risky investment policies for the baseline
parameters to those for a higher borrowing rate, switches in volatility, and
preference for wealth. Several interesting patterns are evident from this ta-
ble. First, the optimal risky asset share is regime specific: the optimal risky
asset share to wealth (π̂/w) is different across regime, conditional on the
current regime It = i in the economy. More precisely, the risky asset share
in regime 1 has a different value from that in regime 2, depending on the
volatility in regime 1. Note that the volatility in regime 1 ranges from 0.05
to 0.25 while volatility in regime 2 is fixed at 0.15. Second, a higher borrow-
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Table 5.2: Optimal Risky Asset Share under Changes in Volatility.
Baseline Higher Borrowing Rate: R = .04 > r = .02

ϵ = 0 ϵ = 1 ϵ = 2
σS,1 σS,2 = .15 σS,2 = .15 σS,2 = .15

Regime 1 2 Regime 1 2 Regime 1 2
0.05 6.00 2.00 0.67 1.75 0.58 1.58 0.53
0.10 1.50 1.00 0.67 1.00 0.58 1.00 0.53
0.15 0.67 0.67 0.67 0.58 0.58 0.53 0.53
0.20 0.38 0.38 0.67 0.34 0.58 0.31 0.53
0.25 0.24 0.24 0.67 0.22 0.58 0.21 0.53

Note: Optimal risky asset share (π̂/w) calculated for the baseline parameters and the
alternative values with changes in volatility σS,1 and ϵ. σS,2 is fixed at .15.

ing rate dampens risky investment in the leverage region where the investor
borrows money to invest a larger amount than her wealth w into risky assets
(π̂/w > 1). Compared to the baseline case in the second column in Table
5.2, the risky assets share in the leverage region is smaller than that in the
baseline result where the borrowing rate is equal to the deposit rate. This
result is obvious because the wedge between equity return and borrowing
rate (µS,i − Ri) is smaller than the equity premium (µS,i − ri). However,
the share does not increase continuously. Instead the optimal risky asset
share with a higher borrowing rate stays equal to 1 in specific combinations
of volatility σS,1 and preference coefficient ϵ. It reflects the analytical result
that the optimal investment policy has the different formulas in equation
(5.29), depending on the associated parameters. Third, the risky asset share
(π̂/w) decreases with the preference parameter for the investor’s wealth ϵ.
In other words, when the investor cares about her wealth status, the wealth
accumulation motive makes the investor more risk averse.

Table 5.3 highlights the effect that regime switches have on optimal con-
sumption policy. In contrast to the optimal investment policy, the optimal
consumption wealth ratio (ĉ/w) in regime 2 (σS,2 fixed to 0.15) varies, de-
pending on the volatility in the other regime (σS,1). It should be noted
that the optimal consumption wealth ratio in regime 1 has much smaller
ranges than that under the single-regime baseline model. This reflects the
fact that the volatility in the other regime (regime 2) is fixed at 0.15. A
value maximizing policy is derived in such a way that in each regime the
optimal consumption policy recognizes the possibility of a regime shift. As
a result, the optimal consumption wealth ratio tends to be more stable than
the current regime specific risky investment policy. These consumption and
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Table 5.3: Optimal Consumption-Wealth Ratio under Changes in Volatility

Baseline Higher Borrowing Rate: R = .04 > r = .02
ϵ = 0 ϵ = 1 ϵ = 2

σS,1 σS,2 = .15 σS,2 = .15 σS,2 = .15
Regime 1 2 Regime 1 2 Regime 1 2

0.05 0.213 0.108 0.105 0.110 0.106 0.108 0.104
0.10 0.111 0.101 0.099 0.100 0.098 0.098 0.096
0.15 0.093 0.093 0.093 0.089 0.089 0.085 0.085
0.20 0.086 0.089 0.090 0.085 0.086 0.081 0.081
0.25 0.083 0.087 0.088 0.083 0.084 0.078 0.079

Note: Optimal consumption-wealth ratio (ĉ/w) the baseline parameters and the alternative
values with changes in volatility σS,1 and ϵ. σS,2 is fixed to .15.

investment patterns in optimal policy are qualitatively supported by their
empirical time variation observed in Figure 5.1.

Table 5.3 also represents the effect of the preference for wealth on con-
sumption policy. As the coefficient ϵ increases, the investor cares more about
her social wealth status, which results in a smaller consumption wealth ratio.
The “catching up with the Joneses” motive induces the investor to consume
less and raise the saving rate.

These results are robust whether or not we change the other parameter
such as the trend, the risk-free rate, and the borrowing rate across regimes.
Table 5.4 and Table 5.5 represent the results. Rather than being constant,
the drift of equity return and interest rate are set to vary across regimes.
We set a pair of drifts (µS,1, µS,2) to (0.02, 0.05), a pair of borrowing rates
(R1, R2) to (0.05, 0.07), and a risk-free interest rate (r1, r2) at (0.01, 0.03).

The results and their implications under changes in both drift and volatil-
ity are almost the same as the ones we discussed in Table 5.2 and Table 5.3:
the current regime specific investment policy, relatively stable consumption
policy, risk averse investment with preference for wealth, and the catching
up with the Jones motive in consumption. One notable differences lies in the
optimal consumption policy across different regimes. As Table 5.4 shows, the
wedges between regime 1 and regime 2 in an optimal consumption ratio are
larger than those in Table 5.2. This reflects the fact that the changes in all
parameters induce bigger changes in Di in equation (5.24), through which
the associated parameter for optimal consumption policy, Ki is determined.
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Table 5.4: Optimal Risky Asset Share with Changes in Trend, Volatility, and
Interest Rates

Baseline Higher Borrowing Rate: R = .04 > r = .02
ϵ = 0 ϵ = 1 ϵ = 2

σS,1 σS,2 = .15 σS,2 = .15 σS,2 = .15
Regime 1 2 Regime 1 2 Regime 1 2

0.05 6.00 1.00 0.78 0.95 0.67 0.92 0.60
0.10 1.50 0.25 0.78 0.28 0.67 0.29 0.60
0.15 0.67 0.11 0.78 0.14 0.67 0.16 0.60
0.20 0.38 0.06 0.78 0.09 0.67 0.11 0.60
0.25 0.24 0.04 0.78 0.06 0.67 0.08 0.60

Note: Optimal risky asset share (π̂/w) calculated for µS,1 = .02, µS,2 = .10, R1 = .05,
R2 = .07, r1 = .01, and r2 = .02. The others are the alternative values with changes in
volatility σS,1 and ϵ. σS,2 is fixed to .15.

Table 5.5: Optimal Consumption-Wealth Ratio under Changes in Trend,
Volatility, and Interest Rates

Baseline Higher Borrowing Rate: R = .04 > r = .02
ϵ = 0 ϵ = 1 ϵ = 2

σS,1 σS,2 = .15 σS,2 = .15 σS,2 = .15
Regime 1 2 Regime 1 2 Regime 1 2

0.05 0.213 0.088 0.083 0.086 0.077 0.108 0.081
0.10 0.111 0.086 0.081 0.084 0.075 0.098 0.078
0.15 0.093 0.086 0.080 0.083 0.074 0.085 0.078
0.20 0.086 0.085 0.080 0.083 0.074 0.081 0.077
0.25 0.083 0.085 0.080 0.083 0.073 0.078 0.077

Note: Optimal consumption-wealth ratio (ĉ/w) calculated for µS,1 = .02, µS,2 = .10,
R1 = .05, R2 = .07, r1 = .01, and r2 = .02. The others are the alternative values with
changes in volatility σV,1 and ϵ. σS,2 is fixed to .15.
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5.4.3 Effect of Changes in Social Wealth Volatility and
Growth

To conclude the numerical analysis, we investigate the effect that the change
in the external social wealth has on the investor’s optimal policy. Table 5.6
represents the optimal investment policies for the changes in the volatility
of social wealth index. As the first column in Table 5.6 shows, we change
the volatility of social wealth in regime 1 (σV,1) while we fix the volatility
in regime 2 to 5 percent (σV,2 = .05). It is worthwhile to note that the
optimal investment policy in the baseline in the second column in Table 5.6
is constant because the standard CRRA model has no preference both for
one’s own wealth and for external social wealth.

Table 5.6: Optimal Risky Asset Share with Changes in Social Wealth Volatil-
ity

Baseline Higher Borrowing Rate: R = .04 > r = .02
ϵ = 0 ϵ = 1 ϵ = 2

σV,1 σV,2 = .05 σV,2 = .05 σV,2 = .05
Regime 1 2 Regime 1 2 Regime 1 2

0.00 0.67 0.53 0.58 0.44 0.53 0.38 0.49
0.05 0.67 0.58 0.58 0.53 0.53 0.49 0.49
0.10 0.67 0.68 0.58 0.69 0.53 0.70 0.49
0.15 0.67 0.78 0.58 0.86 0.53 0.92 0.49

Note: Optimal risky asset share (π̂/w) calculated for the baseline parameters with changes
in volatility σV,1 and ϵ. σV,2 is fixed to .15.

As Table 5.6 shows, a higher volatility of external wealth in regime 1 (σV,1)
induces the investor to put a higher proportion into risky asset in regime
1. This is due to the positive correlation between equity return and the
return on the social wealth index. As Bakshi and Chen (1996) pointed out,
adding the risky asset to the investor’s portfolio does increase the correlation
between her wealth Wt and external wealth Vt, which serves to insure against
future uncertain declines in status that can result from rises in external social
wealth.

Such hedging demand against the volatility of external social wealth is
enhanced as the preference for status ϵ increases. Specifically, the risky in-
vestment wealth ratio increases from 0.53 to 0.78 under ϵ = 1, while the
ratio increases from 0.38 to 0.92 under ϵ = 3. Consequently, even though
the drift and volatility parameters for risky asset return are constant, the
optimal investment policy does vary with a wider range when the volatilities
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σV are different across regimes. In terms of life-cycle investment patterns,
these results add insightful view points. When we interpret the social wealth
standard as representing the life-cycle wealth profile in a specific group, the
results might enhance the age-related risky investment pattern. Since it is
natural to assume that the drift and volatility of external wealth standards
increase with age, reflecting the income profile of “ the Jones”, the risky asset
share tends to increase with age.

Finally, we consider the effect that the growth rate of social wealth has
on the consumption policy. Table 5.7 highlights the results. Given a pref-
erence for wealth ϵ, a higher drift in the dynamics of social wealth index
(µV ) induces the investor to consume less and raise the saving rate. These
results also might be applied to the analysis of saving behavior in different
countries with different growth patterns. A higher growth economy enhances
the tendency towards higher saving rate in the economy under a preference
for wealth status. As a final note, in terms of life-cycle investment patterns,
the combination of the drift (µV ) and volatility (σV ) might have a sizable
effect on the life-cycle investment pattern.

Table 5.7: Optimal Consumption-Wealth Ratio with Changes in Social
Wealth Growth
µv Baseline Higher Borrowing Rate: R = .04 > r = .02

ϵ = 1 ϵ = 2 ϵ = 3
Regime 1 2 Regime 1 2 Regime 1 2

−.10 0.09 0.13 0.13 0.17 0.17 0.20 0.20
−.05 0.09 0.12 0.12 0.14 0.14 0.17 0.16
0.00 0.09 0.10 0.10 0.11 0.11 0.12 0.12
0.05 0.09 0.09 0.09 0.09 0.09 0.09 0.09
0.10 0.09 0.08 0.08 0.07 0.07 0.05 0.05

Note: Optimal consumption-wealth ratio (ĉ/w) calculated for the alternative values with
changes in trend µv and volatility σv,i. The volatility pair in 2 regime (σV,1, σV,2) is set
to (.15,.05).

5.5 Concluding Remarks

Building on the work of Xu and Chen (1998) and of Bakshi and Chen (1996),
we develop an analytically tractable model with direct preference for wealth,
higher borrowing rate, and regime switches. The model is more general and
useful in the sense that it encompasses models with the standard CRRA
preference, a borrowing rate equal to a risk-free rate, and a single regime.
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We obtain a semi-analytical form and characterize the optimal policy for
the consumption and investment decision with regime switches. The an-
alytical form is simple and easily solved for optimal policies numerically,
depending on the associated parameters. We also present the closed form
solution for the problem with a constant regime as the special case of our
general model. Main analytical results show that the optimal investment pol-
icy depends only on the current regime, while optimal consumption depends
on both the future and the current regime.

Numerical analysis demonstrates that the extended model has favorable
features to explain a household’s investment behavior, such as the stable
consumption to wealth ratio and time varying risky investment observed
in time series data. In addition, numerical results also indicate that by
combining the evolution of social wealth with return processes, our model
can be potentially applied to analyzing various life-cycle risky investment
profiles observed in cross-sectional data.

C.1 Derivation of Eq. (5.9)

Suppose It = 1 at time t. Partitioning by the events in (t, t + dt), we obtain

J (i)(w, v) = max
{cs},{πs}

{
u(c, w, v)dt + e−δdt

{
(1 − qidt)

×E
[
J (i)(w + dWt, v + dVt)

∣∣ Wt = w, Vt = v, It = i
]

+qidtJ (3−i)(w, v)
}

+ o(dt)
}

. (5.34)

Applying Ito’s lemma to J (i)(w+dWt, v+dVt), taking conditional expectation,
we obtain from e−δdt = 1 − δdt + o(dt)

δJ (i) = sup
c>0

{u(c, w, v) − cJ (i)
w } + riwJ (i)

w + µV,ivJ (i)
v +

1

2
σ2

V,iv
2J (i)

vv

+ sup
π

{
(µS,i − ri)πJ (i)

w − (Ri − ri)(w − π)−J (i)
w

+
1

2
π2σ2

V,iJ
(i)
ww + πσiJ

(i)
wv

}
− qi(J

(i) − J (3−i)). (5.35)

Since

riwJ (i)
w + µV,ivJ (i)

v +
1

2
σ2

V,iv
2J (i)

vv + (µS,i − ri)πJ (i)
w − (Ri − ri)(w − π)−J (i)

w

+
1

2
π2σ2

V,iJ
(i)
ww + πσiJ

(i)
wv =

{
fi(π), π ≤ w
gi(π), w < π,

(5.36)

we obtain (5.9) by taking supremum for (5.36) with respect to π.
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C.2 Proofs of Propositions in Chapter 5

Proof of Proposition 3. The proof consists of the following three steps:

1. (5.27) has unique pair of positive solutions K1 and K2.

2. The value function (5.26) satisfies the HJB equation (5.9).

3. The value function (5.26) satisfies the tranversarity condition.

(Step 1) (5.27) can be written as{
F1(K1) = K2,
F2(K2) = K1

(5.37)

where

Fi(Ki) =

(
δ − Di

qi

+ 1

)
Ki −

θ

qi

Kζ
i , i = 1, 2. (5.38)

Since

δ∗ ≥
D1 − q1 + D2 − q2 +

√
(D1 − q1 − D2 + q2)2

2
= max(D1 − q1, D2 − q2), (5.39)

δ−Di

qi
+ 1 = {δ − (Di − qi)}/qi > 0.

(i) ζ < 0: It is easy to check that Fi(Ki) is concave and increasing,
limKi→0 Fi(Ki) = −∞, and Fi(Ki) ≈ ( δ−Di

qi
+ 1)Ki as Ki → ∞, where

f(x) ≈ g(x) means that f(x)/g(x) → 1 as x → ∞.
(ii) 0 < ζ < 1: It is easy to check that Fi(Ki) is convex, limKi→0 Fi(Ki) = 0,
limKi→0 F ′

i (Ki) = −∞, and Fi(Ki) ≈ ( δ−Di

qi
+ 1)Ki as Ki → ∞.

0

0

0

0

Figure 5.2: Examples of two curves (K1, F1(K1)) and (F2(K2), K2). Left
panel: ζ < 0. Right panel: 0 < ζ < 1.
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In both cases, the simultaneous equation (5.37) has unique pair of positive
solutions if two curves (K1, F1(K1)) and (F2(K2), K2) have unique positive
intersection (c.f., Figure 5.2). Since Fi(Ki) ≈ ( δ−Di

qi
)Ki in both cases, this

condition is equivalent to that their asymptotic straight lines K2 = ( δ−D1

q1
)K1

and K1 = ( δ−D2

q2
)K2 intersect each other. Comparing with their slopes, this

condition is reduced to(
δ − D1

q1

+ 1

)(
δ − D2

q2

+ 1

)
> 1. (5.40)

Since δ∗ is the larger solution to the quadratic equation(
x − D1

q1

+ 1

)(
x − D2

q2

+ 1

)
= 1, (5.41)

(5.40) is satisfied for δ > δ∗.
(Step 2) Since the simultaneous equation (5.27) has its unique pair of solu-
tions, the value function (5.26) is uniquely determined. It is straightforward
to check that the value function (5.26) satisfies the HJB (5.23).
(Step 3) In general, the solution of the HJB provides a candidate of the
value function. To ensure that it is indeed the optimal value function, we will
use the verification theorem which gives a sufficient condition for optimality.
Specifically, if we can show

lim
t→∞

e−δtE
(
J (It)(Wt, Vt)

∣∣W0 = w, V0 = v, I0 = i
)

= 0 (5.42)

for any initial state (w, v, i), then the solutions of the HJB equation are the
value function, cf., Chang (2004).

To prove (5.42), we prepare some preliminary results. Recall that Ki

denotes unique positive solution of (5.37) for δ > δ∗. Then, (5.37) is rewritten
as  K1 = 1

δ−G1+q1

{
1−γ−ϵ
1−γ

Kζ
1 + q1K2

}
K2 = 1

δ−G2+q2

{
1−γ−ϵ
1−γ

Kζ
2 + q2K1

} (5.43)

where Gi = Di − (1 − γ − ϵ)Kζ−1
i . Let

L
(n)
i (t) =

1 − γ − ϵ

1 − γ
E

(
1{Nt≤n}K

ζ
It
e

R t
0 GIsds

∣∣∣ I0 = i
)

, n = 0, 1, . . .

where 1A stands for indicator random variable of event A and Nt denotes the
number of regime shifts in (0, t]. We further define

L̃
(n)
i =

∫ ∞

0

e−δtL
(n)
i (t)dt, n = 0, 1, . . .
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provided that the integral is convergent. It is obvious that L
(n)
i (t) and hence

L̃
(n)
i is increasing in n.

Lemma 1 L̃
(n)
i exists for δ > δ∗. Moreover, limn→∞ L̃

(n)
i ≤ Ki.

(Proof) By dividing both sides of (5.37) by Ki > 0 and noting that θ =
−(1 − γ − ϵ) + 1−γ−ϵ

1−γ
> −(1 − γ − ϵ), we obtain

δ = θKζ−1
i +Di−qi +qi

K3−i

Ki

> −(1−γ− ϵ)Kζ−1
i +Di−qi = Gi−qi. (5.44)

By considering the first epoch of the regime shift, L
(n)
i (t) satisfies

L
(0)
i (t) =

1 − γ − ϵ

1 − γ
Kζ

i e
Gite−qit,

L
(n)
i (t) =

1 − γ − ϵ

1 − γ
Kζ

i e
Gite−qit

+

∫ t

0

eGiuqie
−qiuL

(n−1)
3−i (t − u)du, n = 1, 2, . . . . (5.45)

Then, L̃
(0)
i is calculated as

L̃
(0)
i =

1

δ − Gi + qi

1 − γ − ϵ

1 − γ
Kζ

i (5.46)

which is assured to exist from (5.44). By comparing (5.46) with (5.43), L̃
(0)
i <

Ki for i = 1, 2. To apply an inductive argument, we suppose L̃
(n−1)
i < Ki for

i = 1, 2 and for some n ≥ 1. A similar argument as above applied to (5.46)
then gives

L̃
(n)
i =

1

δ − Gi + qi

{
1 − γ − ϵ

1 − γ
Kζ

i + qiL̃
(n−1)
3−i

}
<

1

δ − Gi + qi

{
1 − γ − ϵ

1 − γ
Kζ

i + qiK3−i

}
= Ki.

Thus, L̃
(n)
i < Ki for all n and hence limn→∞ L̃

(n)
i ≤ Ki. 2

Now we are in a position to prove (5.42). By substituting (5.26) into
(5.42), we obtain

E
(
J (It)(Wt, Vt)

∣∣W0 = w, V0 = v, I0 = i
)

=
w1−γ−ϵvϵ

1 − γ − ϵ
E

(
KItW

1−γ−ϵ
t V ϵ

t

∣∣W0 = w, V0 = v, I0 = i
)

=
w1−γ−ϵvϵ

1 − γ − ϵ
E

(
KIte

R t
0 GIsds

∣∣∣ I0 = i
)

. (5.47)
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On the other hand, we obtain

lim
n→∞

L̃
(n)
i =

1 − γ − ϵ

1 − γ

∫ ∞

0

e−δtE
(

Kζ
It
e

R t
0 GIsds

∣∣∣ I0 = i
)

dt ≤ Ki (5.48)

from Lemma 1 and the monotone convergence theorem. Since KIt in (5.47)
and Kζ

It
in (5.48) are bounded both from above and below, the existence of

the integral in (5.48) implies (5.42). 2

Proof of Corollary 1. Note that K(1) and K(2) satisfy

δK(1) = θ(K(1))ζ + D1K
(1),

δK(2) = θ(K(2))ζ + D2K
(2)

It should be noted that K(1) (K(2), respectively) is the solution of (5.37)
when D2 (D1) is replaced by D1 (D2). On the other hand, Fi(Ki) in (5.38)
is a decreasing function of Di irrespective of ζ < 0 or 0 < ζ < 1. It is
therefore obvious from Fig.5.2 that both K1 and K2 increase as Di increases.
Summarizing these arguments, we conclude K(1) < K1, K2 < K(2) if D1 <
D2. 2



Chapter 6

Conclusion and Future Issues

The main objective of research in household finance is to develop theoreti-
cally well-founded models to analyze an individual’s optimal decisions under
uncertainty. Better models will improve both investment advice and our
understanding of the pricing mechanisms in the financial markets. To sat-
isfy such motives, there have been mainly two approaches: (a) developing a
simple analytical model and (b) constructing a large model which takes into
account realistic factors as much as possible. One notable advantage in the
analytical approach is that the closed form solution allows us to do explicit
comparative statics and give a precise characterization of the optimal policy.
We follow the former direction for our research. Although some of the model
assumptions are often too simple and unrealistic, we can obtain rich insights
and implications for realistic problems.

In this thesis, we investigate how investment opportunities associated
with debt influences investment under uncertainty. For this purpose we at-
tempt to propose analytically tractable models in household finance, build-
ing on three well-established literatures: Merton’s consumption and portfolio
choice model, option based rational refinancing model, and a regime switch-
ing framework. In Chapter 3, we focus on the variations of the ratio of equity
investment to financial wealth. We construct a consumption and portfolio
choice model in which the debt repayment term decision is incorporated.
With an explicit link between the debt-repayment term and consumption-
investment policy in hand, we demonstrate the effect that the long term debt
repayment has on the portfolio policy both numerically and empirically. The
main conclusion from this study is that debt repayment dampens wealth ac-
cumulation, which results in a higher risky asset share to financial wealth.
The model can produce a hump-shaped investment profile before and after
the debt repayment term. While our empirical results almost support the
prediction of the model, we also find that the equity share to the individual’s
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net worth decreases monotonically with age. This suggests that any serious
study on household investment behavior needs to pay attention to both the
total financial wealth and the net worth or home equity.

Optimal mortgage refinancing is a big issue the typical individual with
mortgage debt faces over the life-cycle. Chapter 4 provides a new explanation
for why the timing of refinancing ought to vary, and in particular why early
or late refinancing arises, countering the optimal refinancing timing implied
by standard option-based approaches. The main analytical result is that
because of the possibility of a regime shift, the optimal refinancing policy
takes the form of the different trigger threshold of the interest spread between
mortgagor’s borrowing rate and the current market mortgage rate for each
regime. We evaluate the predictions of the model, based on the estimated
parameters for a two-regime model to capture the evolution of the mortgage
rates in the US. Our model explains the late refinancing in the 1980s as well
as the tendency toward early refinancing in recent periods, both of which
have been documented empirically.

In Chapter 5, we return to the individual’s consumption and portfolio
choice problem. Relating to our main interest (borrowing behavior) and an
attractive tool (regime switching) in the previous two chapters, we develop a
model with direct preference for wealth, where the individual faces stochastic
investment opportunities with a higher borrowing rate and regime switches.
The model is more general and useful in the sense that it encompasses the
model with the standard CRRA preference, the model with a borrowing rate
equal to the deposit rate, and the model with a single regime. With obtained
semi-analytical solutions, we demonstrates numerically that our tractable
model has favorable features to explain a household’s investment behavior,
such as the stable consumption to wealth ratio, time varying risky investment
observed in time series data, and various life-cycle risky investment profiles
observed in cross-sectional data.

Throughout this thesis, we attempt to develop analytically tractable tools
and to demonstrate that analytical models in household finance can produce
useful insights and implications for realistic problems. Three extensions are
pointed out for future research. First, in terms of optimal mortgage refinanc-
ing with regime switches, incorporating a more realistic interest rate process,
such as Vasicek (1977) or Cox, Ingersoll and Ross (1985), into the model with
regime switches is an important research topic. Second, applying such models
to develop the pricing model of MBS is a challenging task. Finally, modify-
ing the model developed in chapter 5 to empirical framework for explaining
time-series and cross-sectional household behavior and the implication for
asset pricing is an attractive research field.



Bibliography

[1] A. B. Abel (1990), “Asset Prices under Habit Formation and Catching
Up with the Jones,” American Economic Review, 80(1):38-42.

[2] J. Ameriks, and S. P. Zeldes (2004), “How Do Household Portfolio Share
Vary with Age?,” Working paper, Columbia University.

[3] A. Ang and G. Bekaert (2002), “International Asset Allocation with
Regime Shifts,” Review of Financial Studies, 15(4):1137-1187.

[4] A. Ang and G. Bekaert (2002), “Regime Switches in Interest Rates,”
Journal of Business and Economic Statistics, 20(2):163-182.

[5] A. Ang and J. Chen (2002), “Asymmetric Correlations of Equity Port-
folios,” Journal of Financial Economics, 63(3):443-494.

[6] S. Agarwal, J. C. Driscoll, and D. I. Laibson (2002), “When Should Bor-
rowers Refinance Their Mortgages?,” Working paper, National Bureau
of Economic Research, Summer Institute.

[7] S. Agarwal, J. C. Driscoll, and D. I. Laibson (2004), “Mortgage Refi-
nancing for Distracted Consumers,” Mimeo, Federal Reserve Bank of
Chicago, Federal Reserve Board, and Harvard University.

[8] S. Agarwal, J. C. Driscoll, and D. I. Laibson (2007), “Optimal Mortgage
Refinancing: A Closed Form Solution,” Working paper 13487, National
Bureau of Economic Research.

[9] W. Archer, D. Ling (1993), “Pricing Mortgage-Backed Securities: Inte-
grating Optimal Call and Empirical Models of Prepayment,” Journal of
the American Real Estate and Urban Economics Association, 21(4):373-
404.

[10] G. S. Bakshi and Z. Chen (1996), “The Spririt of Capitalism and Stock-
Market Prices,” American Economic Review, 86(1):133-157.



BIBLIOGRAPHY 103

[11] R. Bansal and H. Zhou (2002), “Term Structure of Interest Rates with
Regime Shifts”, Journal of Finance, 57(5):1997-2043.

[12] P. Bennett, R. W. Peach, and S. Peristiani (2000), “Implied Mortgage
Refinancing Thresholds,” Real Estate Economics, 28(3):405-434.

[13] P. Bennett, R. W. Peach, and S. Peristiani (2001), “Structural Change
in the Mortgage Market and the Propensity to Refinance,” Journal of
Money, Credit and Banking, 33(4):955-975.

[14] M. Boileau and R. Braeu (2007), “The Spririt of Capitalism, Asset Re-
turns, and the Business Cycle,” Macroeconomic Dynamics, 11(2):214-
230.

[15] T. Bollerslev, R. Chou, and K. Kroner (1992), “ARCH Modeling in Fi-
nance: A Review of Theory and Empirical Evidence,” Journal of Econo-
metrics, 52(1):5-59.

[16] M. J. Brennan, E. S. Schwartz, and R. Lagnado (1997), “Strategic Asset
Allocation,” Journal of Economic Dynamics and Control, 21:1377-1403.

[17] J. Y. Campbell (1987), “Stock Returns and Term Structure,” Journal
of Financial Economics, 18:373-1238.

[18] J. Y. Campbell (1999), “Asset prices, consumption and business cycle,”
In Taylor,J. and Woodford,M. (Eds.), Handbook of Macroeconomics, Vol
1C. North-Holland, Amsterdam.

[19] J. Y. Campbell (2006), “Household Finance,” Journal of Finance,
56(4):1553-1604.

[20] J. Y. Campbell and J. F. Cocco (2003), “Household Risk Management
and Optimal Mortgage Choice,” The Quarterly Journal of Economics,
118(4):1449-1494.

[21] J. Y. Campbell and L. M. Viceira (1999), “Consumption and Portfolio
Decisions when Expected Returns are Time Varying,” The Quarterly
Journal of Economics, 114(2):433-495.

[22] J. Y. Campbell and L. M. Viceira (2002), Strategic Asset Allocation,
Oxford University Press.

[23] F.-R. Chang, (2004), Stochastic Optimization in Continuous Time,
Cambridge University Press.



BIBLIOGRAPHY 104

[24] N. C. Canner, N. G. Mankiw, and D. N. Weil (1997), “An Asset Allo-
cation Puzzle”, American Economic Review, 87(1):181-191.

[25] C. K. Chun (2005), Optimal Asset Allocation Problems Under the
Discrete-Time Regime-Switching Model, Ph.D. thesis, University of
Hong Kong

[26] C. Clemens (2004), “Status, Risk-Taking and Intertemporal Substi-
tution in an Endogenous Growth Model,” Journal of Economics,
83(2):103-123.

[27] J. F. Cocco (2005), “Portfolio Choice in the Presence of Housing”, The
Review of Financial Studies, 18(2):535-567.

[28] G. M. Constantidides (1990), “Habit Formation: A Resolution of the
Equity Premium Puzzle”, Journal of Political Economy, 98(3):519-543.

[29] Q. Dai, K. J. Singleton and W. Yang (2007), “Regime Shifts in a Dy-
namic Term Structure Model of U.S. Treasury Bond Yields”, The Review
of Financial Studies, 20(5):1669-1706.

[30] Q. J. Davis, F. Kubler and P. Willen (2005), “Borrowing Costs and
the Demand for Equity over the Life Cycle”, Working paper No.05-7,
Federal Researve Bank of Boston.

[31] A. Dickinson and A. Hueson (1994), “Mortgage Prepayments: Past and
Present,” Journal of Real Estate Literature, 2(1):11-33.

[32] C. Downing, R. Stanton, and N. Wallace (2005), “An Empirical Test of
a Two-Factor Mortgage Prepayment and Valuation Model: How Much
Do House Prices Matter?,” Real Estate Economics, 33(4):681-710.

[33] K. B. Dunn, and J. McConnel (1981a), “A Comparison of Alternative
Models of Pricing GNMA Mortgage-Backed Securities,” Journal of Fi-
nance, 36(2):471-484.

[34] K. B. Dunn, and J. McConnel (1981b), “Valuation of GNMA Mortgage-
Backed Securities,” Journal of Finance, 36(3):599-617.

[35] K. B. Dunn, C. Spatt (2005), “The Effect of Refinancing Costs and
Market Imperfections on the Optimal Call Strategy and the Pricing of
Debt Contracts,” Real Estate Economics, 33(4):595-617.

[36] E. Fama and K. French (1988), “Dividend Yields and Expected Stock
Returns,” Journal of Financial Economics, 22(1):3-25.



BIBLIOGRAPHY 105

[37] E. Fama and K. French (1989), “Business Conditions and Expected Re-
turns on Stocks and Bonds,” Journal of Financial Economics, 99(3):385-
415.

[38] M. Flavin and T. Yamashita (2002), “Owner-occupied Housing and the
Composition of the Household Portfolios”, American Economic Review,
92(1):345-363.

[39] W. H. Fleming and T. Zariphopoulou (1991), “An Optimal Invest-
ment/Consumption Model with Borrowing,” Mathematics of Operations
Research, 16(4):802-822.

[40] J. Follain, L. Scott, and T. T. Yang (1992), “Microfoundations of a
Mortgage Prepayment Function”, Journal of Real Estate Finance and
Economics, 5(1):197-217.

[41] M. C. Fratantoni (1998), “Homeownership and Investment in Risky As-
sets”, Journal of Urban Economics, 44:27-42.

[42] M. C. Fratantoni (2001), “Homeownership, committed expenditure risk,
and the stockholding puzzle”, Oxford Economic Papers, 53(1):241-259.

[43] K. Futagami and A. Shibata (1998), “Keeping one step ahead of the
Joneses: Status, the distribution of wealth, and long run growth,” Jour-
nal of Economic Behavior and Organization, 36(2):109-126.

[44] S. M. Giliberto and T. G. Thibodeau (1989), “Modeling Conventional
Residential Mortgage Refinancing”, Journal of Real Estate Finance and
Economics, 2(1):285-299.

[45] L. Gong and H. Zou (2002), “Direct Preferences for Wealth, the Risk
Premium Puzzle, Growth, and Policy Effectiveness,” Journal of Eco-
nomic Dynamics and Control, 26(2):247-270.

[46] R. K. Green (1999), “Some Truths about Ostriches: Who Doesn’t Pre-
pay Their Mortgages and Why They Don’t”, Journal of Housing Eco-
nomics, 8:233-248.

[47] S. J. Grossman and G. Laroque (1990), “Asset Pricing and Opti-
mal Portfolio Choice in the Presence of Illiquid Durable Consumption
Goods”, Econometrica, 58(1):25-51.

[48] S. J. Grossman and J. -L. Vila (1992), “Optimal Dynamic Trading
Strategies with Leverage Constraints”, Journal of Financial and Quan-
titative Analysis, 27(2):151-168.



BIBLIOGRAPHY 106

[49] M. Guidolin and A. Timmermann (2005a), “Strategic Asset Alloca-
tion and Consumption Decisions under Multivariate Regime Switching,”
Working paper No.2005-002A, Federal Reserve Bank of St.Louis

[50] M. Guidolin and A. Timmermann (2005), “Optimal Portfolio Choice un-
der Regime Switching, Skew and Kurtosis Preferences,” Working Paper
No.2005-018A, Federal Reserve Bank of St.Louis

[51] M. Guidolin and A. Timmermann (2007), “Asset Allocation under Mul-
tivariate Regime switching,” Journal of Economic Dynamics and Con-
trol, 122:37-59.

[52] L. Guiso, M. Haliassos, and T. Jappelli ed. (2002), Household Portfolios,
MIT Press.

[53] X. Guo, J. Miao, and E. Morellec (2005), “Irreversible Investment with
Regime Shifts,” Journal of Economic Theory, 122:37-59.

[54] X. Guo and Q. Zhang (2004), “Closed-Form Solutions For Perpetual
American Put Options With Regime Switching”, SIAM Journal of Ap-
plied Mathematics, 64(6):2034-2049.

[55] J. Hamilton (1989), “A New Approach to the Economic Analysis of
Nonstationary Time Series and the Business Cycles”, Econometrica,
57(2):357-384.

[56] P. H. Hendershott and R. V. Order (1987), “Pricing Mortgages: An
Interpretation of the Models and Results,” Journal of Financial Service
Research, 1:77-111.

[57] A. Hindy and C. Huang (1993), “Optimal Consumption and Portfolio
Rules with Durability and Local Substitution”, Econometrica, 61(1):85-
121.

[58] T. Honda (2003), “Optimal portfolio choice for unobservable and regime-
switching mean returns”, Journal of Economic Dynamics and Control,
28:45-78.

[59] E. Hurst and F. Stafford (2004), “Home Is Where the Equity Is: Mort-
gage Refinancing and Household Consumption”, Journal of Money,
Credit and Banking, 36(6):985-1014.

[60] T. Iwaisako (2003), “Household Portfolios in Japan,” Working Paper
No.9647, National Bureau of Economic Research



BIBLIOGRAPHY 107

[61] J. B. Kau and D. C. Keenan (1994), “An Overview of the Option-
Theoretic Pricing of Mortgages,” Journal of Housing Research, 6(2):217-
244.

[62] T. Kimura (2006), “A Note on Optimal Consumption and Portfolio
Choice Problem with Debt Repayment Term Decision”, Proceedings on
No.15 Conference of Nippon Finance Association, 192-214.

[63] T. Kimura and N. Makimoto (2008), “Optimal Mortgage Refinancing
with Regime Switches”, Asia-Pacific Financial Markets, 15:47-65.

[64] Y. Lax (2001), Habit Formation and Lifetime Portfolio Selection, Ph.D.
thesis, Wharton School, University of Pennsylvania

[65] M. L. Little (1999), “Another Look at the Role of Borrower Characteris-
tics in Predicting Mortgage Prepayments”, Journal of Housing Research,
10(1):45-60.

[66] J. Liu (2007), “Portfolio Selection in Stochastic Environments”, The
Review of Financial Studies, 20(1):1-39.

[67] F. Longin and B. Solnik (2001), “Extreme Correlation of International
Equity Markets”, Journal of Finance, 56(4):649-675.

[68] F. A. Longstaff (2004), “Optimal Recursive Refinancing and the Valua-
tion of Mortgage-Backed Securities,” Working Paper No.10422, National
Bureau of Economic Research

[69] A. W. Lynch and S. Tan (2004), “Labor Income Dynamics at Business-
Cycle Frequencies: Implications for Portfolio Choice,” Working Paper
No.11010, National Bureau of Economic Research

[70] N. Makimoto (2008), “Optimal Time to Investment under Uncertainty
with a Scale Change,” Journal of the Operations Research Society of
Japan, 51(3):225-240.

[71] R. C. Merton (1969), “Lifetime Portfolio Selection Under Uncertainty:
The Continuous-Time Case”, Review of Economics and Statistics,
51(2):247-257.

[72] R. C. Merton (1971), “Optimum Consumption and Portfolio Rules in a
Continuous-Time Model”, Journal of Economic Theory, 3(2):373-413.

[73] R. C. Merton (1973), “An Intertemporal Capital asset Pricing Model”,
Econometrica, 41(3):867-887.



BIBLIOGRAPHY 108

[74] C. Munk (2007), “Portfolio and Consumption Choice with Stochastic
Investment Opportunities and Habit Formation in Preferences”, Forth-
coming in Journal of Economic Dynamics and Control.

[75] C. Munk and C. Sorensen (2004), “Optimal Consumption and Invest-
ment Strategies with Stochastic Interest Rates”, Journal of Banking and
Finance, 28:1987-2013.

[76] C. Munk and C. Sorensen (2007), “Dynamic Asset Allocation with
Stochastic Income and Interest Rates”, Working Paper, Department of
Business and Economics, University of Southern Denmark

[77] V. Polkovnichenko (2004), “Life-Cycle Portfolio Choice with Additive
Habit Formation Preferences and Uninsurable Labor Income Risk”,
Working Paper, Department of Economics, University of Minnesota

[78] M. Schroder and C. Skiadas (2002), “An Isomorphism Between Asset
Pricing Models With and Without Linear Habit Formation”, The Review
of Financial Studies, 15(4):1189-1221.

[79] E. S. Schwartz and W. Torous (1989), “Prepayment and the Valuation
of Mortgage-Backed Securities”, Journal of Finance, 44(2):375-392.

[80] W. T. Smith (2001), “How Does the Spririt of Capitalism Affect Stock
Market Prices?,” The Review of Financial Studies, 14(4):1215-1232.

[81] R. Stanton (1995), “Rational Prepayment and the Valuation of
Mortgage-Backed Securities”, Review of Financial Studies, 8(3):677-708.

[82] S. M. Sundaresan (1989), “Intertemporally Dependent Preferences and
the Volatility of Consumption and Wealth”, The Review of Financial
Studies, 2(1):73-89.

[83] S. M. Sundaresan (2000), “Continuous-Time Methods in Finance: A
Review and Assessment”, Journal of Finance, 65(4):1569-1622.

[84] O. E. Vasicek (1977), “An Equilibrium Characterization of the term
structure”, Journal of Financial Economics, 5(2):177-188.

[85] J. -L. Vila and T. Zariphopoulou (1997), “Optimal Consumption and
Portfolio Chioce with Borrowing Constraints”, Journal of Economic
Theory, 77(3):402-431.



BIBLIOGRAPHY 109

[86] A. Vissing-Jorgensen (2002), “Towards an Explanation of Household
Portfolio Choice Heterogeneity: Nonfinancial Income and Participation
Cost Structures”, Working Paper No.8884, National Bureau of Economic
Research

[87] J. Wachter (2002), “Portfolio and Consumption Decisions Under Mean-
Reverting Returns: An Exact Solution for Complete Markets”, Journal
of Financial and Quantitative Analysis, 37(1):63-91.

[88] W. Xu and S. Chen (1998), “Optimal Consumption/Portfolio Choice
with Borrowing Rate Higher than Deposit Rate,” Journal of Australian
Mathematical Society Series, 39(B):449-462.

[89] R. Yao and H. H. Zhang (2005), “Optimal consumption and portfolio
choices with risky housing and borrowing constraints”, Review of Fi-
nancial Studies, 18:197-239.

[90] T. Zariphopoulou (1992), “Investment-Consumption Models with Trans-
action Fees and Markov-Chain Parameters”, SIAM Journal on Control
and Optimization, 30(3):613-636.

[91] T. Zariphopoulou (1994), “Consumption-Investment Models with Con-
straints”, SIAM Journal on Control and Optimization, 32(1):59-85.

[92] Q. Zhang (2001), “Stock Trading: An Optimal Selling Rule”, SIAM
Journal on Control and Optimization, 40(1):64-87.

[93] X. Y. Zhou and G. Yin (2003), “Markowitz’s Mean-Variance Portfolio
Selection with Regime Switching: A Continuous-Time Model”, SIAM
Journal on Control and Optimization, 42(4):1466-1482.

[94] H. Zou (1995), “The Spirit of Capitalism and Saving Behavior,” Journal
of Economic Behavior and Organization, 28(1):131-143.


