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Abstract

In the present paper we are interested to extend the Log-effect from wave equations
with time-dependent coefficients to 2 by 2 strictly hyperbolic systems 0,U — A(t)0, U =
0. Besides the effects of oscillating entries of the matrix A = A(t) and interactions
between the entries of A we have to take into consideration the system character
itself. We will prove by tools from phase space analysis results about H* well- or
ill-posedness. The precise loss of regularity is of interest. Finally, we discuss the cone
of dependence property.
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1 Introduction

Recent papers have dealt with the Log-effect for strictly hyperbolic wave models with time-
dependent oscillating coefficients. Let us explain the results by the aid of two examples.
Here and in the following we are interested in the oscillating behavior of coefficients near
t = 0. For this purpose we may choose in the following the interval [0, T] with a sufficiently
small positive T

Ezample 1.1. (see [5])
Let us consider the strictly hyperbolic Cauchy problem

U — a(t)uze = 0, w(0,2) = up(z), u(0,2) = uy(x), (1.1)

where the coefficient a satisfies the following conditions:
e a € C[0,T)NC*0,T], where

1/ Tynk
a®(1)] < Mk(g(log ¥)7> >0, k=1,2, forall € (0, 7). (1.2)
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Then the Cauchy problem is H* well-posed (even C'* well-posed due to the finite propa-
gation speed) with the (at most) loss of derivatives exp(Ci(log(D,))"), Cy > 0, that is, the
energy inequality

(s ) (2, )

holds for all s € R. In the following we use C' and C; as universal constants.

Example 1.2. (see [7])
Let us consider the strictly hyperbolic Cauchy problem

#e < O exp(Cr(10g(Da))7) (th, ue ) (0, -)]

. (1.3)

U + b(t) Uy — a(t)uze = 0, w(0,2) = ug(x), u(0,x) = uy(x). (1.4)

Then there exist coefficients a and b satisfying
e a, be C[0, T)NC?*0,T], where both coefficients fulfil (1.2) with v > 0, such that

(s, ) (8, ) e < Cll exp(Ca(log(Da))”) (g, ue)(0, )|

s (1.5)
holds for all s € R with 3 =+ 1, but the energy inequality (1.5) is in general not valid for
g <y+1

Remark 1.1. Let us compare the statements of both examples. Example 1.1 describes the
influence of oscillations. If we choose v = 0,7 € (0,1), v =1,y > 1 in (1.2), that is, we
assume very slow, slow, fast or very fast oscillations, respectively, then we obtain in (1.3) no
loss, at most an arbitrary small, a finite or an infinite loss of derivatives. In Example 1.2
we feel interactions of oscillations in a and b. Although the oscillations in a and b are slow,
the interaction implies an infinite loss of derivatives.

In the present paper we are interested to extend the Log-effect to 2 by 2 strictly hyperbolic
systems. Besides the effects of oscillating entries of the matriz A = A(t) and interactions
between the entries of A we have to take into consideration the system character itself.

Let us consider on [0,7] x R the 2 by 2 strictly hyperbolic Cauchy problem
QU — A1)DU =0, U(0,x) = Up(x), where A(f) — ( alt) b(t) ) )

We assume the following conditions:

strict hyperbolicity  there exists a positive constant § such that
(A1) A(t) = (a(t) — d(t))* + 4b(t)c(t) > 6 for t € [0, T7;
reqularity — we assume
(A2) A€ L>(0,T)N C*0,T);
oscillating behavior — we assume with a non-negative constant C' the estimate
(43) |4y~ S aor| + a4 - S| < o (3 (10s7))
v >0, fort € (0,T].



To characterize interactions and the system character we assume two conditions. To formu-
late these conditions we introduce the function

(c=b—ivVA)((a=d)(b+c) — (a—d)(b+c))

v =u(t) = 2VA((b+ P+ (a—d)) 7
gy (= D= d)b+ ) — (0 —dY(b+0)
(m = RY(t) = 2VA((b+ )2+ (a— d)?) >

Then we suppose with non-negative constants C'

(A4) ‘/T m(s)ds) < 0<1og %)a a>0, for t € (0,T);
t

T
(45) /t |§Rw(3)|d5§0<log%>ﬂ, 830, for t € (0,7].

Remark 1.2. Tt is clear that o < 3. In the following we will present concrete examples.
The Example 1.6 shows that in some sense both conditions (A4) and (A5) are independent.
Both have their meaning in explaining the structure of hyperbolic systems and interactions
between the entries of A.

Ezxample 1.3. Let us come back to Example 1.1. After transformation to a system of first
order (1.6) one gets R = 0. Consequently, the conditions (A4) and (A5) are satisfied with
a = =0and C =0. The condition (A3) is satisfied with v > 0.

Example 1.4. Let us come back to Example 1.2. After transformation to a system of first
order (1.6) one can show that both conditions (A4) and (A5) are satisfied with a = § = y+1.
The condition (A3) is satisfied with v > 0.

Ezxample 1.5. Let us choose the following entries in A(t):

a(t) = —cos(cosw(t)), d(t) = cos(cosw(t)),

b(t) = sin(cosw(t)) — ! !

S aremope (W= sleosel) F R
Here we take w(t) = (log1)? with p > 1. The condition (A3) is satisfied with v = p — 1.
Simple calculations yield
2
V14 (2 +sinw(t))?’
(2 + sinw(t))?
14+ (2+sinw(t))?

a(t) — d(t) = —2cos(cosw(t)), b(t) —ec(t) =—

b(t) + c(t) = 2sin(cosw(t)), A(t) =

_ (cos w(t))
2(2+sinw(t))

(cosw(s)) sinw(s)
‘/ 2—|—sm 3) ds‘ ‘/ 2 2—|—smw( )ds

Using the strict monotonicity of w(s), the last term can be reduced to

w(t)
/ sinx dx‘.
2(2 4 sinx)
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Hence, we get Ri(t) = Thus we have to consider




Taking account of

/7r —sinzx 443 -6

1\P
d w(t) = <1 —)
_x2+sinx 3 m and w(t) ©8

t
gives us the estimate to below

“®  ging

dx’ > C(log%)p.

w(m) 2+ sinz
We conclude immediately
/ |Rp(s)|ds < C’(l —1>p
R (s)|ds 0 .
) = g 7

Resume of this example: ~ We understand from this example that both conditions (A4)
and (A5) may have the same priority. The condition (A3) is satisfied for 7y = p — 1. The
conditions (A1) and (A2) are satisfied, too.

Example 1.6. Let us choose the following entries in A(t):
1 1
V2 V2

Here we choose w(t) = (log 1)"(2 — cos((log 1)?)) with p >0, r > 0 and p + 7 > 1.

a(t) = —cos(w(t)), d(t) = cos(w(t)), b(t) = sin(w(t)) + , c(t) = sin(w(t)) —

The condition (A3) is satisfied for v = p +r — 1. Simple calculations yield
a(t) — d(t) = —2cos(w(t)), b(t) — c(t) = V2, b(t) + c(t) = 2sin(w(t)), A(t) = 2.
We have Ry (t) = —( Thus we have to consider

/ Rep(s)ds _‘/ =GN ‘_ T)—W(t)lﬁC(log%Y.

Now let us devote to estimate

/ IRo(s)lds = / W,
t t
(R R R e e,
t

For T small (this is sufficient) we define to, tor_1 by

1 3
lo —) — i+ (1o
( & o 1 ( &

ds.

>p:k7r+:

tok—1 4

It is clear that on [toy, tog_1] the term with sin is the dominant one in the above sum. Thus
we can estimate

tok—1 r—
/ R (s) |ds>(JZ/ é(log%)w "ds
N()

= > ((kr+ 3:) — (km+ g)l+;) >CS kb= ON(@)'.

k=1 k=1



Using N(t) ~ (log )P we obtain the lower bound C(log 1)?*" for ftT IR (s)|ds. The same
we conclude for the upper bound.

Resume of this example: ~ We understand from this example that both conditions (A4) and
(A5) may have different priorities. On the one hand (A4) is satisfied for « = r > 0, on the
other hand (Ab) is satisfied with § = p+ r, p > 0. The assumption (A3) is satisfied for
v =p+r — 1. The conditions (Al) and (A2) are satisfied, too.

Remark 1.3. The term
(c=b)((a=d)(b+c) = (a—d)(b+c))
2VA((b +¢)? + (a — d)?)

is regarded as a very important term in the study of weakly hyperbolic systems (see [1],
[2], [11] and [13]). This paper explains its importance also in study of the Log-effect for
strictly hyperbolic systems. It seems to be interesting that our considerations for the strictly

hyperbolic case derive the term (Cfb)gj&%iﬂ:&:ﬁ%bﬂ)) in a different way than in the weakly

Rep =

hyperbolic case.

The content of this paper is organized as follows:

In Section 2 we present the main results and apply them to the above Examples 1.5 and
1.6. In Section 3 we prove H* well-posedness with an (at most) arbitrary small or finite
loss of derivatives. Section 4 is devoted to the question if we have at least such a loss, in
other words, if the loss of derivatives really appears. The example of Section 5 explains
the complexity of hyperbolic systems and the difficulty to get general results for H*> well-
posedness or ill-posedness. In Section 6 we discuss the question for the finite propagation
speed of perturbations.

2 The main results and examples

We will prove the following results for

Theorem 2.1. Let us assume that A = A(t) satisfies the assumptions (A1), (A2), (A3)
with v € [0,1] and (A5) with B € [0,1]. Then the Cauchy problem is H*® well-posed with
an (at most) loss of derivatives exp(Ci(log(D,))"), kK = max{y,8}. The following energy
inequality holds:

1, )]

s < C” eXp<Cl(10g<Dx>)N)U(Ov )|

s (2.2)
for all s € R.

Theorem 2.2. Let us assume that A = A(t) satisfies the assumptions (A1), (A2), (A3)
with v € [0,1] and (A4) with « = 0. Then the Cauchy problem is H* well-posed with an (at
most) loss of derivatives exp(Cy(log(D,))). The following energy inequality holds:

1U(-)]

e < Ol exp(C1(log(Dy))")U (0, )]

e (2.3)
for all s € R.



Theorem 2.3. Let us assume that A = A(t) satisfies the assumptions (A1), (A2), (A3)
with v = 0 and (A4) both sided with o € (0,1], that is,

C*1<1og %)a < )/tT %w(s)ds’ < C(log %)a (2.4)

with a positive constant C'. Moreover, we assume that there exists a function 0 = 6(t,§)
satisfying

Rep +0(t,€) 2 0 for all (t,€) € (0,T] x {|¢] = M}, (2.5)
and there ezists a positive zero sequence {ty}r>1 such that
tog—1
/ 0(s,&)ds =0 for all |§| > M, (2.6)
tok41
tak—1 N
‘/ 0(s,&)ds| < C for allt € [togy1,tor—1], t > E (2.7)
t

Here M and N are large constants. Under these conditions the Cauchy problem is H>
well-posed with an (at least) loss of derivatives exp(Cy(log(D,))%).

Remark 2.1. 1t is known that a finite loss of derivatives really appears for (1.1) if the coeffi-
cient a = a(t) satisfies the log-Lipschitz condition or (1.2) with v =1 (see [3], [6] and [10]).
While a finite loss of derivatives in Theorem 2.3 is caused from the structure of systems.
Actually, we can deal with coefficients consisting of ¢? exp(t~2) sin(exp(t~2)) which satisfy a
slightly better condition than log-Lipschitz and (1.2) with v = 0.

Remark 2.2. The condition (A3) with v = 0 implies the condition (A5) with § = 1. Thus we
have from Theorem 2.1 at most a finite loss of derivatives. Theorem 2.3 explains conditions
under which we have at least a loss of derivatives exp(C(log(D,))®).

Remark 2.3. The function € from Theorem 2.3 is an important auxiliary function. It is used
in the phase space analysis only in the interacting subzone. The main goal of this auxiliary
function is to control the oscillating behavior of R, to make Ry non-negative, that is to
guarantee the inequality (2.5) without having an essential influence in the Riemann integral
over time intervals [t, T] (see assumptions (2.6) and (2.7)). At the beginning of the proof to
Theorem 2.4 we explain one way how to find for Example 1.5 the function . Setting p =1
in Example 1.5 this construction can be used as one example satisfying all assumptions from
Theorem 2.3.

Theorem 2.4. There exists a matric A = A(t) satisfying the assumptions (A1), (A2) and
(A3) with v € (0,1) such that the Cauchy problem is H* ill-posed.

Remark 2.4. From Example 1.5 we conclude, that o > 0 in (A4) cannot be used to prove a
general H> ill-posedness result. Example 1.6 tells us, that § > 1 in (A5) cannot be used
to prove a general H> ill-posedness result because & = p = 0 can be chosen in (A4). The
following theorem shows that there exist examples with v € (0,1) in (A3), with a € (0,1)
in (A4) and with § > 1 in (A5) such that the Cauchy problem is H> well-posed.



Theorem 2.5. There exists a matriz A = A(t) satisfying the assumptions (A1), (A2), (A3)
with v € (0,1), (A4) with o < 1 and (A5) with 5 > 1 such that the Cauchy problem is H™

well-posed.

Remark 2.5. An assumption as (A4) was used in [8] in connection with the influence of oscil-
lations on Levi conditions. Following the proposed strategy from [8] it would be interesting
to understand the interplay between the assumptions (A4) with @ < 1 and (A5) with g > 1.

Remark 2.6. In the formulation of our main results we restricted to H* well- or ill-posedness.
In Section 6 we will study the property of finite propagation speed for systems (1.6). As a
consequence we obtain even C'*° well-posedness.

3 Proof of H* well-posedness

3.1 Proof to Theorem 2.1

After partial Fourier transformation the Cauchy problem (2.1) is transferred to

We divide the extended phase space [0,T] x {|{| > M} into the pseudo-differential zone
Zpa(N, M) and the hyperbolic zone Z,,(N, M). Both zones are defined by

Zpa(N, M) := {(t,€) € [0,T] x {[¢] = M} - t[¢] < N(log [£])"},
Znyp(N, M) := {(t,§) € [0, T] x {|¢] = M} - t[§] = N(log [€])"},

where k = max{y,3}. The separating line t, = t(|¢|) between both zones is defined by
tel¢] = N (log [¢])".
Considerations in Zyq(N, M)

Here we define the microenergy E(t, &) == |U(t, £)|?. By application of assumption (A2) we
obtain after differentiation

E'(t,€) = 2R(,U, U) < CIE|E(t,€).
The Gronwall’s inequality yields

{ E(t,€) < B(0,€) exp(CIElte) = E(0,€) exp(Cn (log €])").
0(t,6)] < |Us(6)] exp(Cu(log €])%) for all (1,) € Zya(N, M),

respectively. Here and in the following C' and C'y are used as universal constants.

Diagonalization procedure in Zp,,,(N, M)

Let us introduce the notations ui(t) := Then we define the first (non-

singular) globally invertible diagonalizer H = H(t) by

ro =0 (0 ) ) ea-a (e S0 )
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It holds

det H(t) = 2/ A )+ iV A(L)).
By assumptions (A1) and (A2) both matrices H and H=! belong to L>(0,T) N C?(0,T).
Thus, putting U(t,§) = H(t)V (t,£) we have

OV = H ' (OAMH 0V — H (O H' )V, V(0,€) = H(0)Uo(6)-

Since H is a diagonalizer and the eigenvalues of A are py + d the above system simplifies to

oV — ( ”+0+ d M_O+ p ) i€V + H YO H' (H)V = 0.

We obtain for the entries Ay, = hyn(t), 1 < I,m < 2, of the matrix H 'H’ the following
representations:

(det HY  (a—d)(b+c)— (a—d)b+c)

fan = 9det H det H ’
(det H)' (a—d)(b+c) —(a—d)(b+c)
hQQ + )
2det H det H
o detH VAD +c+i(d—a))
T 9A det H ’

, o detH VA d—a)—(b+e) )
27 A det H )

Now we are able to carry out the second step of diagonalization (but only in Zj,,(N, M))

for the system
o e td 0 . hir hio _
0V < 0 JT) > v+ ( hat  has V=0

Let us define the diagonalizer K = K (t,£) by

h12(t)

1
K(t6) = #VAO

h21(t)
i€/ A(t)

The entries hio and hg; depend on a — d, b, ¢ and their first derivatives. Due to assumption

(A3) we may estimate
1 1\~ 1 1\~
—(log—) < 1
_Ct|§|< Ogt) _Ct§|§|<0g )

haa(t) hoi ()
C e
<y (ogle)™ < & forall £€ [t 7], [¢] > M.

/A0

A large N guarantees the invertibility of K in Zj,, (N, M). Setting V (¢,£) = K(t,§)W(t,§)
in Zp,,(N, M) we arrive at the system

o pye+d 0 . 1 hir hio —1 g
— K K K K K'W =
oW — K ( 0 o+ d ) iEW + ( hot o W+ W =0,

W(te, &) = K (te, ) H ' (te)Ulte, €).
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Direct computations show that after two steps of diagonalization we deduce the system

. ,U++d 0 . h11 0 -
W ( . M+d)zgw+(o h22>W+J(t,§)W—

W(t§> 6) = K_1<t6’ f)H_l(té)U(tE’ f)a

where the matrix J = J(¢,€) is equal to

high21(h11—ha2)  2hiohor  hia [ hor ! __hia(ha2—h11) + h25ho1 + 1 ( hia !
_ 1 €A T /A @vAa\va ieVA ea Tie\va
detK _h21(h22—h11) + h12h21 1 hor ! h12h21(h22—h11) T 2h12ho1 _ _hoy hio !
VA &2A i€ \ VA £2A iEVA 2vVA\VA

Denoting the entries of J by Ji, = Jun(t,€), 1 < 1,m < 2, they depend on a — d,b and ¢,
and due to assumption (A3) we obtain the estimate

701 < C g (1oag) T Tor (4.6) € Zuy (V. 1),

Energy estimate in Zp,,(N, M)

(det H)'
2det H ’

Let us recall the structure of hy; and hyy. Both consist of the term and the term

(a—d)(b+c) —(a—dad)(b+c)

v=(t) = dotE

which coincides with (1.7).

The influence of the imaginary part &1 is not important, but we are forced to control the
real part R . Introducing W = W (t, &) = (det H(t))"2 Z(t,€) the above Cauchy problem
for W is transferred to

(g +d)E+S 0 . 1 0 B
8tZ—( * 0 (M_+d)€_%¢>zz—<0 _1)(%w)Z+JZ—O,

Z(te, &) = /det H(te) K~ (te, ) H ' (te)Ulte, €).

In Zyp(N, M) we define the micro-energy E(t,&) := |Z(t,&)|.
After differentiation with respect to ¢t we conclude from the last Cauchy problem

E'(t,€) = 2R(07, 2) < C(IR(0)] + o e (1Og ) v>E(t,5).

Now we control the influence of |Re| by condition (A5). Together with (A3) and the defini-
tion of ¢, it follows

E(L,€) < Elte,€)exp (c/tym(s>|ds+c/t@(mgéf”czs)
te

1 gl
< Bt Oexp (C(1 +o(1
= <f§)ep( <Ogt> (OgQ))
< E(te, &) exp(Ci(log [€])") for all (¢,£) € Zpyp(N, M).
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The backward transformation yields immediately
U(t,€)| < ClU(te, &) exp(Cr(log [¢])")  for all (£,€) € Zyyp(N, M). (3:2)

Conclusion
From (3.1) and (3.2) we conclude

U(t.€)] < ClU0,€)] exp(Ci(log [€])7)  for all t € [0,T], [¢ = M.

This a-priori estimate implies the statement of Theorem 2.1. O

3.2 Proof to Theorem 2.2

The proof to Theorem 2.2 is only a slight modification of that one to Theorem 2.1. Both
proofs coincide up to the second step of diagonalization (defining t, = ¢(|¢]), t¢|§] =

N(log [¢])7)

. M++d 0 . hn 0 _
oW < 0 M_+d)zgw+( o n, ) WHILOW =0,

Wite, €) = K~ (te, ) HH(t) U te, €).
To derive the energy estimate in Z,, (NN, M) we introduce the transformation
_1 exp(j;t R (s)ds) 0
W=W(e) = (detH(r) ( 0 bl [} R (5 ) 2(1,6)
= D(t,§)Z(t,€).

Then we obtain the following Cauchy problem

(M+ + d)f + %77/) 0 . =
Z — A 7 =
Z(te, €) = \/det H(te) K" (te, ) H ' (t)U (te, €).
Due to assumption (A4) with a = 0 we conclude that the entries Jy,,, = Jyn(t,€), 1 < I,m <

2, of the matrix J := D~'J D fulfil the same estimates as those for .J = J(t, &), that is, the
matrix J satisfies

Tt <€ s (loa ) for (1.6) € Zuy(V. ).

Defining the energy E(t,&) := |Z(t,£)|* we arrive as in the proof to Theorem 2.1 at

t

E(t, &) < E(t&)exp (C’/t§ @(log %)27d3> < E(te, &) exp (C(log éy)
< Blte, &) exp(Ci(log|¢])) for all (1,€) € Zuyp(N, M),
This implies (3.2), and together with (3.1) for kK = v it gives
U(t:€)] < CIU(0,&)|exp(Ci(loglg]))  for all ¢ € [0,7], [¢] > M,

the estimate (2.3) of Theorem 2.2, respectively. O
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4 Does the loss of regularity really appear?

With Theorem 2.3 and its proof we present a general approach how to show for the Cauchy
problem (2.1) which is H* well-posed that a loss of regularity really appears. This loss is
coming from interactions of oscillations.

4.1 The case of H* well-posedness
4.1.1 Proof to Theorem 2.3

We divide the extended phase space [0,7] x {|¢| > M} into the pseudo-differential zone and
the hyperbolic zone. Both zones are defined by

Zya(N, M) = {(t,€) € [0,T] x {|¢] > M} - tje] < NV,
Zn(N, M) = {(1,€) € [0.T] x {|€] > M} : t}e] > N}.
The separating line t¢ = ¢(|£]) between both zones is defined by ¢t = N|¢|~1

Considerations in the pseudo-differential zone

As in the proof to Theorem 2.1 we obtain
U(t,€)] < Cn|Uo(€)]  forall (£,€) € Zpa(N, M). (4.1)

There is no loss of derivatives coming from this zone.
Diagonalization procedure and an auziliary transformation in Zy,,(N, M)

As in the proof to Theorem 2.1 we have

B (g + d)E + Y 0 ., (1 0 B
0z ( 0 (1 + d)E — S 17 0 1 (RY)Z + JZ =0,
Z(te, &) = \/det H(te) K~ (te, ) H ' (te) U te, €)-
Introducing in Zp,, (N, M)
exp < - fti (s, &)ds — Ms ftt KI% ds) 0
Z(t,§) = Y(t,€),
0 exp (ft €)ds + M; ft msQ ds>
where the large constant M3 will be chosen later, we get the Cauchy problem
B (g + d)E + Y 0 .
w ( 0 (o +dg - )Y

((1) _?)(%w+6+|2|4t2>Y+JY 0. Y(te,§) = Z(te. ©).

Here we have to remark that due to the definition of Z,,,(N, M), (A3) with v = 0 and
assumptions (2.6) and (2.7) the following estimates hold:

CYZ(t, 6| <Yt 6| <C\1Z(t,6)], ||T( )| < My for all (¢,&) € Zpyp(N, M).

1
€l
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Ljapunov functional versus energy functional

We define in Zj,,(N, M) the Ljapunov functional E = F(t,&) and the energy functional
E = E(t,§) by

E~'<t7£) = ’y1<t7£)|2 - |y2(t7€>|27 E<t7£) = ’y1<t7£)|2 + ’yQ(t7£)|27 Y = (ylva)T-

Differentiation of E with respect to ¢ gives

E(ta §) = 2R(9wy1, 1) — 2R(9y2, y2)
= 23%(((/@ + d)§ + Sy )iy + <3%¢ +0+ |2|4152)y1 Juy — j12y273/1>

Ms ~ ~
_23?(((M+ +d)§ — SY)iys — (%1/1 +0+ |§|t2>y2 Ja1y1 — J22y2, y2>

> 2Ry 404 2 ) (il + 5al?) — 6Mar (ol + [gal?).

1
€[> [€]¢>

If we choose M3 > 3M,, then
DE(t,€) > 2(Ry + 0)E(t, ).

Using assumption (2.5) we can estimate to below in the last inequality the energy by the
Ljapunov functional. Hence,

OE(t,€) = 2(R + 0) E(t,€).
By Gronwall’s inequality we conclude
B(t,€) > B(te,€) exp (2 / (Re(s) +0(s,€))ds) for all (1,6) € Zyyy(N. M)
te

Finally, by using condition (2.4) with a € (0,1}, (2.6), (2.7) and the definition of ¢, it follows

oxp (2 [ 000(6) + 005, )ds) = oxp (€10 1)) 2 exnliog ).

Consequently, ) 3
E(T,§) = E(te, §) exp(Ci(log [€])%).
Conclusion

Let us choose with a sufficiently large Q the data yi(te,§) = (£)™% and ya(te,&) = 0,
thus E(te, &) = E(te,&) = (£)72?. Then from the estimate of the Ljapunov functional in
Zpyp(N, M) we conclude

E(T,€) > E(T,€) > E(te, ) exp(Cy(log |€])*) = E(te, £) exp(Cy (log |€])*)

= oxp(Ci(log [€))*) (y/det H (te) | K~ (te, ) H (te) Ulte, €)|) .
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From (4.1) we get for the backward Cauchy problem in Z,q(N, M) the estimate |Uy(€)] <
Cn|U(te, €)|. All together yields

E(T,€) = Cy exp(Ci(log [€])*)|Un(€) [
Finally, using
E(T,§) = Y(T,¢)[
exp (ftéT (0(3,5) + éf—j;) ds) 0
0 exp ( - ftf (9(575) + éf—;) ds)
x\/det H(T)K (T, &)H~"(T)U(T, g)‘z
brings with (2.4), (2.6) and (2.7) the desired estimate
U(T, )| = C exp(Ci(log [€))*)|To(€)].
Summarizing, the Cauchy problem is H* well-posed with an (at least) loss of regularity

exp(C1 (log(D,))?). O

4.2 The case of H* ill-posedness

One can be satisfied with Example 1.2 from [7]. But our goal is to have an example with
interactions of oscillations and with system character “far away from systems” appearing
after transformation of second order equations. Let us come back to Example 1.5. We
will show that p € (1,2] implies an example for A = A(t), that the corresponding Cauchy
problem (2.1) is H* ill-posed. Taking p € (1,2], then (A3) is satisfied for vy =p—1 € (0, 1].

4.2.1 Proof to Theorem 2.4

We choose the matrix A from Example 1.5 and get

sin((log %)p)dt(log %)p
2(2 4 sin((log 1)7))

Rep(t) =
With large constants N and M let us define for {|¢| > M} the functions t¢ and #¢ by
1 ~ 1\2
Slte = N log =, [¢lfe = N(log =) .
¢ e

Then we divide the extended phase space [0,7] x {|¢{| > M} into

the pseudo-differential zone — Z,q(N, M) = {(¢,€) : t < t¢},
the oscillations subzone  Zpso(N, M) = {(t,&) : te <t < 1},
the interacting subzone  Zipsae(N, M) = {(t,&) : te <t < T}.

Both subzones form the hyperbolic zone Zj,, (N, M).

13



Some auziliary functions and their properties

We introduce the sequence {tj}r>1 with 5 := exp(—(kﬁ)%). Then there exists a function
q = q(§&) such that to, 11 <t <tgp1.

We notice that Ri(t) > 0 for ¢t € [tog, tog—1] and R (t) < 0 for ¢t € [togy1,tox]. Now let us
introduce the functions

log )2
o) = L2 g € .77 x (1) 2 2,
«9(t 5) — _H%lpHLl(tz[(k+1)/2]+1:t2[(k+1)/2]—1) W)(t)

2||§Rw||L1(tk+17tk)

_Hw('ag)HLl(tk+1’tk) |R)(t)] + w(t, &) for t € [tryr, Ly
||§R¢||L1(tk+17tk)

The large constant L will be determined later.

Lemma 4.1. It holds .
L
t.Edt < — 1
| o< ¢ <

te
if N is chosen large enough in comparison with L.

Proof. The statement follows from

R X«
N T

. Tlogly | (log )
/w(t,é)dt:L/ 108 §)° gy < g, ~ e
e i

3

Lemma 4.2. We have for t € [tog, tox_1] the relation

lok—1 R
%Qﬂ(t) + Q(t, g) - w(t’ g) = </t %I/}(S)ds - 2”“}('7 §)||L1(t2kut2k71)> 2”%@1”26((5”15 )-

Proof. Choosing the above introduced definitions for w and 6 we have for t € [toy, tog_1]

H%wHLI(tzmhtzkd) )
R (t) +0(t, &) —w(t, &) = (1 - Rap(t
o)+ 60,6 = o(t.0) = ( Ry )

Hw('7 f) HLl(tQk tok—1)
- 7 R (t)].
H%w”LI(tQk’kafl)

Taking account of

tok—1
/ R (5)ds = RO 21 (meemr 1) — IR et

tok+1

14



we conclude

<||§}E¢||Ll(t2k’t2k71) - ||§R¢”L1(t2k+1¢2k))

Rop(t) +0(t,8) —w(t,§) = [Re(t))|
2||%¢||Ll(t2k7t2k—l)
||w('=§>HL1(t2k top—1)
- : 1R(t))|
||§R¢||L1(t2k7t2k—1)
fakt 1R (t))|
- R (5)ds — 201 )21 0 ) .
(/t2k+1 (t * ‘ g ) 2”§RwHLI(t2kvt2kfl)
O]
In the same way we are able to prove the following statement:
Lemma 4.3. We have for t € [tog,1, tay] the relation
1R (t)]

Rip(t) + 0(t, &) — w(t, &) = (/t . Ri)(s)ds — 2Hw('af)HLl(tQkﬂ,tzk)) 2(|RYI L2 (11 )

Corollary 4.4. We have fort € [tyy1,tx] the relation

Ru(t) + 0, ) — (1. ) = ( . %Rw(s)ds—z|1w<-,s>\|L1(tk+l,tk>) o)

2((k+1)/2]+1 2||§Rw||Ll(tk+1:tk) .

Proof. Setting k = 2n or k = 2n + 1 the statement follows from those ones of Lemmas 4.2
and 4.3. ]

Lemma 4.5. We have the following relations:

top—1 tog—1
/ Rip(s)ds > Mz > 0, / IR (s)|ds < 7 for all k > 1.

tokt1 tog+1

Proof. Tt holds
lok—1 tok—1 of 1 1\p ds 1 1\p (2k+1)7 )
/ §R¢(s)ds:/ sm((og.s)) (logs) ds:/ _&
Lok41 tok+1 2 (2 ~+ sin ((log ;)P)) (2k—1)r 2(2 T sin 9)

by using the definition of ¢;. From the calculations in Example 1.5 the first statement follows.
The second statement can be concluded from

lok—1 fak-1 1 1\ P
< - - - — .
/t IR (s)|ds < /t 2d8<10g S) ds =

2k+1 2k+1

[]

Corollary 4.6. In the interacting subzone Ziiae(N, M) it holds R(t) +0(t,&) —w(t, &) > 0
for p > 1 in the definition of the matriz A from Ezample 1.5.
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Proof. Let us choose without loss of generality T' = tor,—1. To a given £ : |{| > M there
exists an index g = ¢(£) such that to, 1 < te < tgy 1. For (,€) € [tag_1,T] x {|¢] > M} the
statement follows from those of Lemmas 4.1, 4.5 and Corollary 4.4. It remains to prove it
for (¢,€) € [te, tag_1] X {|¢] > M}. First we estimate

f20-1 (log 75)°
/ w(s,&)ds < L ﬁ
tog+1 2q+1

There exists a constant Mg such that t5,_1 < Mgtag41, where Mg is independent of g. This
follows from

tog— 1 1
2L = exp (((20+ D)7 — (29— 1)) (4:2)
2q+1
and from
1 1 C
((2g+ D)m)F — (2 — Dr)F < - <My for p>1. (4.3)
q P
Consequently,

2 2 2
M,
(log t2q1+1> <10g thfl) Mg M (log tzq:) M,
< < <
€] t2g+1 €] t2g—1 €] t2g—1 N

for ¢ > ko by taking into consideration the definition of Z;,ac(N, M).
Hence, a sufficiently large N in the definition of the zones implies

tog—1 tog—1
/ w(s,§)ds < / w(s,{)ds <Cyx with Cy—0 if N — 0. (4.4)

te tog+1

Together with the first statement from Lemma 4.5 we obtain the desired statement. O
Finally, let us study properties of 6 = (¢, ¢).

Lemma 4.7. We have the following properties:

t2k—1
/ 0(s,€)ds =0 for ko <k <g,

tok+1

| /t 7 (s, )ds

where the constant Mg is independent of (t,§).

<My for (t,€) € [fe, tag1] x {[¢] > M},

Proof. We use the definition of 6 in [togr1, tar], [tok, tak—_1], respectively, and get

ok 2t IR gy on 1) w21 (a1 t20)
0(8,€>d8 :/ < _ 2k+1502k—1 §R¢(S) _ 2k+1,02k |§Rw(3)‘ + (4)(8,6))(15
/tzkﬂ tog41 QH%wHLI(tQkJrLtZk) H§RwHL1(t2k+1yt2k)

RO ) (-, )|ttt
* B = RY(s) — 22U IR (s)] + w(s, €))ds.
/tzk ( 201R | L1 (191 1) U(s) e [Fb(s)| + w( f))
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Simple calculations give together with the positiveness of w, with Ry > 0 on [to, tor_1] and
with R < 0 on [togs1, tor]

tog—1 1 1
/ 9(8’€>d8 - §||§Rw||l¢1(t2k+1’t2k71) B §H§RwHLI(t2k+17t2k71) - HW(',f)HLl(t%H,t%)
tog+1
_||w('7§>||Ll(t2k,t2k—1) + ||w(.7£>||Ll(t2k+17t2k) + Hw('vg)”Ll(t%,t%fl) =0.

By (4.4) and Lemma 4.5 we have

tag—1 tog—1 l2g
‘/ (s,¢ ds‘ </ (s §)|ds+/ 10(s, €)|ds
tog+1

< H%wHLl (t2g+1,t2g—1) + ||w('>€>||Ll(t2q+1,t2q) + ||w<'7£>||Ll(t2q,t2q—1)
< ||§R¢||L1(t2q+17t2q71) + 2”(")('7S)“Ll(tzqﬂ,tgq,l) < M.

Considerations in the interacting subzone

We follow the proof to Theorem 2.3. After two steps of diagonalization we obtain the Cauchy
problem

(i +dE+SY 0 ). (1 0 _
atz_< + (M_M)g_%)zz_(O _1)(m¢)Z+JZ_o,

Z(le, ) = \/det H(fe) K" (e, ) H ' (Ee)U (¢, €).
Introducing in Z;,.(N, M)
exp(— |- O(s 0
Z(tvg) = ( p( OL (exi)f) dS) ) Y(tag)’ Y = (y17y2>T7

we get the Cauchy problem

(s + )+ 0 . 1 0 _—
8tY—( +0 (u_+d)€—%w>zy_(0 _1)(§Rw+9)Y+JY_O,

Y(t~€7£) = 2(5575)7

where the matrix J is given by

o Ju exp 2ft §)ds)Jr2 J— (Jn J12>
eXP 2ft S 5 dS J21 Jos | Jog Jan )
Here we have to remark that due to Lemma 4.7 we have C|Z(t,£)| < |Y(t,€)| < C|Z(¢,€)|
for all (¢,€) € Zintac(IN, M'). Moreover, we have

(log 3)*®~V

17t €)1 < Mo 2

for (t,f) S Zintac(N7 M)
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We define the Ljapunov functional E(t, &) = |yi(t,€)|? — |y2(t,€)|?. Then we conclude as in
the proof to Theorem 2.3

oo 1)2(p—1)
%)(Iyl(t,g)ﬁ +ya(t, )

> 2RY 46 — w)(ln (O + [w2(t, )

if we choose p € (1,2] and the constant L > My in the definition of w. Now Corollary 4.6 is
of importance. It allows to estimate to below the energy functional on the right-hand side
by the Ljapunov functional, and the application of Gronwall’s inequality implies

OE(tE) > 2Ry +6— M,

B(t.€) 2 B e (2 [ (RU5) +6(5.) — w(s.€))ds)

¢
te

for all (¢,€) € Zintace(IN, M). Applying systematically Lemmas 4.1, 4.7 and the computations
from Example 1.5 brings

t
exp (2 [ (R0(s) + 0(5.€) ~ (s, ))ds) = Cexp(Cra(€)).
te
From t¢ ~ ty, it follows ¢(&) ~ (log ;—g)p . With the definition of ¢ we conclude

B(T.€) > B(ie,€) exp(Ci (log(€))), (4.5)

that is, the desired estimate of the Ljapunov functional in Zipiae(N, M).
Considerations in oscillations subzone

We are interested in the backward Cauchy problem for ¢ € [t¢, ]

(e +d)E+SY 0 . 1 0 B
6tZ—( +0 (M+d>§_%>12—(0 _1)(3%¢)Z+JZ—O,

Z(le. €) = \/ det H(te) K" (Ie, ) H ' () U (7, €).
Differentiation of the energy E = E(t,€) = |21(t, &) |* + |22(t,&)|?, Z = (21, 22)7, gives

OE(t,E) = —C(RY@)|+ 1 OINE(ES)

S C A R B

Gronwall’s inequality yields

Be§) = Blteg)exp (-0 [ ((1 oz £) + 1 (s O as)
te
e q

o (o ) )

= E(te, &) exp ( - Cp<10g %)p
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On the one hand we use

1y 1y 1 te|€| 1\r-1 1
1 —> —<1 ~—> <C(1 —) log ISl <C<l —) log log —.
(ogt o8 ) <Gl log 8 ] o8 ;) losloa

But £ < e, £ < el so

(108 %)p ~ (1o )" < G, (og ¢l oglog ]

On the other hand

/f€ 1 (1 1 2<p—1)d 1 | 1\ 2(p—1)
o ) s i ()
e 1€]8? s €|s s

Hence, we conclude

/t& 1 (1 1\ 20— 1d - | 1\2(-1) ool 1203
g 1) s < (o) = (s )
e [€ls® S |€te te te

< Cy(log €))% < Cn(log [€])P~

Summarizing we derived the following energy inequality in Zys.(N, M):

E(fe, §) > E(t,€) exp(—Cy ((log¢])"" oglog [¢] + (log [¢])" "),
E(t,€) < exp(Cy(log |€])P~ loglog |€]) E(fe, €) for all (t,€) € Zyeel N, M), (4.6)

respectively.

Considerations in the pseudo-differential zone

We consider the backward Cauchy problem for ¢ € [0, ]

. A oA 1
U = A(t)i€U, Ul(le,€) = NV H{(te) K (te, ) Z(te, §).
As in the proof to Theorem 2.1 we get
E(t,€) < exp(Cylog [§]) E(te, &) for (£,€) € Zpa(N, M). (4.7)

Conclusion

Let us choose with a sufficiently large Q the data y; (e, &) = (€)™, ya(te, &) = 0, thus
E(fg, ) = E(te,€) = (€)72?. Choosing p € (1,2], then the energy estimate (4.7) gives an (at
most) finite loss of derivatives. But, the estimates (4.5), (4.6) for the Ljapunov functional,
the energy functional, respectively, imply

E(T,&) > B(T,€) > E(i¢,€) exp(Ci(log(€))") = E(le, €) exp(Cr (log(€))?)
> E(te, §) exp(Ch(log(s))")

that is, an infinite loss of derivatives in Zjuac(N, M) U Z,s.(N, M). So, we have H> ill-

posedness for p € (1,2]. The matrix A = A(t) from Example 1.5 satisfies assumptions (A1),

(A2) and (A3) with vy =p—1 € (0,1] if p € (1,2]. This completes the proof of Theorem 2.4.
O

19



Remark 4.1. One can construct other examples, where v in (A3) is independent of p in
Example 1.5. With the matrix A from Example 1.5 let us choose

A= (2 + sin (<log %>VH>)A.

Then, R is independent of v, and we can take any v € (0, 1] in (A3).

5 The complexity of hyperbolic systems

With Theorem 2.5 and its proof we explain the complexity of hyperbolic systems and the
difficulty to find general results about H* well-posedness or ill-posedness as we did in The-
orems 2.1 to 2.4.

5.1 Proof to Theorem 2.5

Choice of the matrix
We shall choose the matrix A(t) from Example 1.6 with

w(t) = (log%>T<2—cos ((1og%>p>>, re(0,1),p>1,andr+p<2-—r.

Then, we know that A(t) satisfies (A3) with vy =p+r—1¢€ (0,1), (Ad) witha =r € (0,1)
and (A5) with 8 =7+ p > 1. Moreover, R (t) = @ =: ¢1(t) + ¢2(t), where

o)== (o)™ (2o (1)) 0 =5 (b 3) i (o )'),

Properties of auxiliary functions
We define t¢ and #; by ||t = Nlog% and ||t = Nlogiexp(L(log %)T), respectively,

where the constant L will be determined later. We remark that t¢ < f¢, since f(t) =t/log
is an increasing function for small ¢ > 0 and

t Lt/logi )
;EZ; B tz/logi = &P <L<10g %) > > 1.

Now we introduce the sequence {f;}r>1 with ¢ := exp(—(lm)%), a function ¢ = ¢(§) such
that t9,41 < e < o1 and the hyperbolic subzones (cf. with the proof to Theorem 2.4)

Zz'mgac(M, N) = {(t,f) . t2q—1 S t S T}, Zosc(M7 N) = {(t,f) . tg S t S tgq_l}.

Finally, let us define the function 6*(¢) by

0 (t) _ H¢2||ngz[(k+1)/2J+1,t2[<k+1)/2]_1) 9252(15)
||¢2||L1(tk+17tk)
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for t € [tyy1,tx]. Taking account of ft”“ Y da(8)ds = [|O2]| L (tar o 1) — 102]| L1 (12541 ,120) WE have
for t € [tox, tog_1] the relation

o) + 67(1) = (1 B |’¢2||L1(t2k+1,t2k1)>¢2(t) _ </tzk1 gbg(s)ds) |pa(t)]

2||¢2||L1(t2kat2k—l) toki1 2||¢2||L1(t2k7t2k—1) .

Similarly, we have for ¢ € [to1, tox] the relation

Go(t) + 67 (t) = (/t%l (bg(s)dé’) |pa(t)]

tok+1 2||¢2||L1(t2k+1,t2k) .

Consequently, we find for ¢ € [tg41, tx] the relation
baf(k+1)/2) 1

Ba(t) + 0*(t) = (/ ¢2(5)d5> |pa(t)]
[

to[(k+1)/2]4+1 2”¢2HLl(tk+lytk).

From this identity we get the following estimate:

Corollary 5.1. [t holds

/t 6o (5) + 0°(5)|ds < 0<1og

tag—1 2g—-1

>’l"
Proof. Let us choose without loss of generality 7' = t;. Then we can estimate

|t o @lds< [ jouts) + 0 ()lds

tag—1 tog—1

t1 t1 1 r+p—1 1
< qﬁg(s)ds‘ = ‘ / La <log —) " sin ((log —>p> ds
toq_1 tog_1 28 S S
t t 1\r—1 1
— / (log ) coS <<log —>p> ds
tog—1 tog— 28 S

o) o (1)
< |- %<1og§>rcos <<log§>p> :q 1 +2—p(10g 1>r_psin ((logéyj) !

fOT all t € [tgq_l, T]

S_

tog—1
t _ 1\ 7—p—1 1
+/ rir=p) (log —) g sin ((log —) >ds‘
tog1  2DS s 5
1 r
<Cl|lo )
< (g7 -)
This is the desired estimate. [
Lemma 5.2. We have the following properties:
Liiile* ds =0 for k>1, (5.1)
;;2}:11 |pa(s)|ds < C(log i) for 1<k <gq, (5.2)
f”q-l [é(s)lds < C'log £ if p>1,2r+p<2, (5.3)
[ 7 (s)ds| < c(log ) for (t,€) € [togr, T] x {J€] = M}.  (5.4)
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Proof. From the definition of §*(t) we compute

tok—1 tog—1 Lok
/ 0*(s)ds = / 0*(s)ds + / 0% (s)ds

tok41 tok tok41
bak ||¢2||L1(t2k+17t2k—1)¢2(8)d8 —0.

_/t%_1 ||¢2||L1(t2k+17t2k—1)¢2(8)d8 _/
t tog4+1 2H¢2HL1(t2k+17t2k)

2”¢2”L1(t2k7t2k—1)

2k

Noting that ¢ = ¢(&) ~ (log i)p from t ~ ty, we get

[ e [ o) e () (e ) )
— c(((% + 1)7r> e <(2k: + 1)7r> 1+;) < Cki < Cgi < C(log tl)
3

Using (4.2) and (4.3) we conclude for p > 1 the inequalities
tag—1 < (exp(Ms))tags1 < (exp(Me))Le.

Hence, taking into consideration 2r +p —1 <1 and ¢, < fg we get
to. 1\ 7r+p—1 t~ 1\ r+p—1
24 1<log—> gc(1+1og—f)(1og—>
le le le te
1\7 1\rt+p—1 1y 2r+p—1 1
< C’L(log —) <log—> < C’L<log—> < CLlog —.
te t te te

log

3
This implies (5.3). By (5.1) and (5.2) with k = k(t) satisfying tor+1 < t < tor_1 we have

t t tog—1 1\7
‘/ 0*(s)ds| < C/ o (s)|ds < C o (s)|ds < C(log ~—> .
tog—1 tog+1 tok+1 t§
In this way we obtain all estimates (5.1) to (5.4).
Estimate in Zippae(M, N)
Putting in Z;,0.(M, N)
t
exp(— [, 0%(s)ds) 0
Z<t7€) = 2 t Y(t7£)7 Y = (3/1792)T7
0 e;~<p(ft2q_1 0+ (s)ds)
we shall transform
(s +d)E + S0 0 (10
W7z — Z — R)Z+JZ =0
t ( 0 rde-sw)? o o1 JBOET
into
(i +d)E+S0 0 (10 .
oY — Y — RY+607)Y +JY =0
t ( 0 (ot )T o oy JIRFEON =0,



where

J11 exp 2‘]; )dS)Jlg
exp( 2ft s)ds)Jo Joz
By (5.4) we have

(IOg )2(r+p 1 1\"
—ge e (L{losg) ) for (1) € Zuwu M)

We define in Zj1q.(M, N) the energy

E(tv g) = ’y1<t7 €)|2 + ’y2<t7 €)|2
and obtain with the definition of R the estimates

Il <c

E'(t,€) = 2R(8,Y,Y) < 2 (W(t) ()| + oot h exp (L<1og i)T))E(t, )

€]t2 te
log L)r—1 1 2(r+p—1) 1\
< 2<|¢2(t) L0 (1)| Lo Og;) L ologs yi\ﬁ exp <L<log E> ))E(t,g).

Thus, by Corollary 5.1 the application of Gronwall’s inequality yields

, o (log L)1) .,
t2q1_1> +C’/t L) GE ’ dsexp <L<log%> >>

2q—1

E(t,€) < Bltag1,€) exp (Clog

Sincer<1andr—i—p<2—r<2byusingt§<f§<t2q_1 we have

E(t, &) < E(tyg-1,€) exp (Clog _ _|_C/ |o§g|— ds exp (L(log%)r>>
te
(log 1)° log 1 .
e [ o (o))
< E(tag-1,§) exp (Clog %) < E(tgg—1,&) exp (Clog %) < €€ B(tag1,£).

NE
Estimate in Z,s.(M, N)
Using (5.3) we have the following estimate in Z,s.(M, N):

< E(tay_1,€) exp (Clog =+ O( -
3

E(tyg-1,&) < E(te, &) exp (C /th—l Rp(o)lda + Clog tl_,)
te
E(te, &) exp (C(lOg %)T + C/tqu |p2(s)|ds + C'log %)
3

1
E(te, §) exp (C1 log E> < [¢]9 E(te, €).
Combining the two estimates we get in the hyperbolic subzones

E(t,€) < [§] E(te, €) for all {(t,€) € [te, T] x {|¢] = M}}.

In the pseudo-differential zone we can repeat the estimate (3.1) with x = 1. All together
gives the desired H* well-posedness with an at most finite loss of reqularity. O
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6 About the (" well-posedness

The goal of this section is to prove the following result:

Theorem 6.1. Let us consider the strictly hyperbolic Cauchy problem for the 2 by 2 system
U — A(t)0,U =0, U(0,z) = Uy(x), Uy e A,

where the matriz A = A(t) € C[0,T] N C?(0,T] satisfies the assumption (A1). Then the
solutions U € C([0, Ty, A’) which are valued in the space of analytic functionals possess the
domain of dependence property in the following sense: If Uy = 0 in B(po), then U(t,-) =0
in B(p~(t)) for allt € [0, Ty]. Here B(p) denotes the ball around the origin with radius p and
p~(t) :== po — ct, where c is a constant depending on the coefficient A and Ty is sufficiently
small such that cTy < pg.

The statements of Theorems 2.1, 2.2, 2.3 and 6.1 allow us to draw the following conclusion.

Corollary 6.2. Let us assume additionally A € C[0,T]. Then the Cauchy problems from
Theorems 2.1, 2.2 and 2.3 are C*° well-posed.

Now let us devote to the proof of Theorem 6.1.

Proof. We know that without any new assumptions to A’(t) the only well-posedness results
we can expect for the above Cauchy problem are in spaces of analytic functions A or in
spaces of analytic functionals A" with respect to z. For this reason our strategy is to follow
the main steps of the proof of finite propagation speed for the Cauchy problem

Uy — a(t)uze = 0, w(0,2) = ug(z), u(0,2) =ui(z), a € L'(0,T),

from [4].
The key point for the proof to the above theorem seems to be the proof of a statement

similar to Lemma 2 from [4] which reads as follows in the system case:

Lemma 6.3. Let U belong to C'([0,Ty], A') as a solution to the strictly hyperbolic Cauchy
problem from Theorem 6.1. We define

To—7
(A, 1) = sup / At +7) — A@)ldE, 0< < Tp.
0

0<7<p
Then we have for all |(| > 1, { = & +in, and for all t € [0,Tp] the estimate
1o

O QP < Mexp (ew(4, T

1]+ eatlnl ) 100, Q)

with suitable constants ci,co and M.

Proof. 1t is sufficient to prove the result for a sufficiently small T, > 0 because of the
property A € C?[Ty, T]. In the case A € C?[Ty, T|] the Theorem 6.10 from [12] gives the cone
of dependence property. Let us suppose that ¢ € [0, Tp).

1.step: Regularization of the matrix A = A(t)
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Let us denote by a_ := minye ) a(t), ay := maxycp,n,a(t) and in the same way we may
introduce b_, by, c_, c¢;,d_,d,. Due to the smallness of T and the continuity of the matrix
on [0, Tp] we are able to introduce instead of (A1) the condition

(A].)l A(tl, tQ, tg, t4) = (a(tl) — d(t2>)2 —+ 4b(t3)€(t4) Z 5 for all tl, tQ, t3, t4 € [O, T()]

and with an eventually smaller, but positive constant 6. Now let us define the matrix A with
entries a, b, ¢, d, where

a(t):{a(t) if 0<t<Ty, 1 °a<t)dt‘

me if t>Tp, Mo =70

It is clear that there exists a time tg € [0,7] with a(ty) = m,. In the same way we define
b, ¢, d.

Now we are in position to define the desired regularization of A. It is the matrix B(t, ()
which is defined as follows:

Y [ 140t —e)Pe" if t€[0,¢],
Bit.c = [ Arnprin o= { THOLIT
where ¢ = T(2|¢]). Among a lot of useful properties of the function p; we only mention
that it belongs to C?[0, c0).
2.step: Properties of B(t, ()
Let us denote by a, 13, c, d the entries of B. Then due to the definition we have for all ¢ € 0, To)
a- <a(t,¢) <ay, bo<b(t,Q)<by, c <ét,Q) <cy, do<d(t,¢) <dy.

Using the property (A1) we conclude the next statement:

Lemma 6.4. The entries of the matriz B satisfy the condition

(A1) A(t,¢) = (a(t, ) — d(t,0))* + 4b(t, O)é(t, ¢) = 6 for all t € [0, Tp]

and with a positive constant 0.

Moreover, we know that B(-,¢) is C* on [0, Tp]. As in Section 3.1 we are able to define the
C? functions (in t) fi+(t,¢) and H(¢,¢) on the interval [0, Tp).

3.step: Diagonalization of our starting system
Setting A(t) = B(t,() + C(t,() we study instead of our starting system 0,U — A(t)0,U =
0, U(0,z) = Up(x), the system

Dtv - B(ta C)gv - C(ta g)gv = 07 V(O7 C) = VE)(C)
Introducing V (t,¢) := H(t, ()W (t,¢) we obtain for W the Cauchy problem
mw HN OB QH (L QCW + H (1 O DA <o
“HHQOCHQHE QW =0, W(0,¢) = H(0,O)Vo(()-
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This is equivalent to
W —iD(t,O)CW + HH(t, OO H (t, OOW —iH Y (t,)C(t, ) H (L, ()W = 0,
W(0,¢) = H71(0,O)Vo(€),

(O 0 (O +d( Q) 0 .
where D = ( 0 ds(t, ¢) > = ( + 0 A (t,0) —I—ci(t,f) ) is real.

4.step: Estimates of different terms
First we estimate the term R(:¢D(W, W). Using that D is real we conclude with { = £ + in

RGDCW, W) = —R(nDW. W) = —(DW, W),

and consequently,
[REDCW, W)| < calnl|W[*.

Now let us devote to the term
§R([:[71(157 C)at]f[(tv C)Wv W)

To estimate this term we have to estimate |,a(t, ¢)|, |3:b(t, €)], |8:é(t, ¢)| and |8,d(t, ¢)|. For
the first term we obtain for all 7 € [0, €]

/OTO |0, Q)ldt = /OTO /O‘X’(a(t) —a(t+7))pg(7)d7’dt
§/0T07|a(t)—a(t+7')|dt/ooo |p/g(T)|dT+/T0 |a<t)_ma\dt/ooo PAGILS

To—T

Using corresponding estimates for the other terms we conclude for all 7 € [0, €]

To
/ ROA (8, DL (1, )W, W) dt
0

. </OTO—T‘A(15)—A(t—i-T)]dt/Ooo\plg(T)]dT+/T° ‘A(t)_Ao\dt/OOO |p’c(7')‘d7'>(l/V,W)7

To—T

where A, denotes the matrix ( a1 ) )
me Mgy

Finally, let us estimate

RO, OC(E QH (W, W),
It is important to understand the estimate for C(¢, () for all ¢ € [0, T,]. We have

Ct.¢) = A(t) — /0 " At + T)pe(r)dr — /0 T (Al — At + 1))pe(r)dr

As in the previous estimate we conclude for all 7 € [0, €]
o R
| oo o oowwla
0

. (/OTO—T |A(t) — A(t + 7)|dt /000 pe(T)dT + /TO |A(t) — Ag|dt /0°° P<<T>d7') ICI(W, W)

To—T1

<(/ U A - A e+ / " A - Adlat) W ).

To—T

26



In this way we have estimates for all terms appearing in the energy estimate.

b.step: Estimate of the energy

To derive the energy estimate we define

To—T1
“(A) = s [ A - A, we 0.1),
0

T€[0,p1
Defining the energy E(W)(t, () = (W(t,(), W(t,()) we conclude

OHE(W)(t,¢) = 2R(O,W, W)
= OR(DCW, W) — 2R(H (¢, Q)8 H (t, )W, W) + 2R(H (¢, O)C(t, O)H(t, )W, W).

Using the above estimates from the previous step and a Gronwall argument implies imme-
diately

BO)(1.0) < M exp (exe (4, 5757 )I€1 + eatlal EOV) 0.0

with suitable constants c¢i,cy and M. The backward transformation leads to the desired
result. O

We denote the ball around the origin with radius p by B(p) and define p*(¢) := po = %t > 0,
where 2py > Ty (cf. with Theorem 6.1). An immediate consequence of Lemma 6.3 is the
following result:

Lemma 6.5. Let us consider the strictly hyperbolic Cauchy problem for the 2 by 2 system

If Uy € A’ with support in B(pg), then there exists a unique solution U € C([0,Tp], A"). For
all t € [0,Tp) the solution has its support in B(p™(t)).

Proof. Due to Paley-Wiener theorem for all ¢ > 0 there exists a constant C. such that for
all |¢| > 1 it holds X
Uo(Q)” < C-exp((2p0 + €)Inl + €[¢]).-

The solution U belongs to C'([0,Tp],.A’). By Lemma 6.3 we have

0. OF < M exp (cathn] + (4, 575 €1 IDo(O

< M., exp ((2p+(t) +e)|n| + <C1w< 2K|) >|C‘)

,%) = 0. Moreover,
the function w is increasing in |¢|~!. Therefore, there exists an increasing function ¢(p)
satisfying ¢(0) = 0 such that clw<A, m) < o(|¢I7Y). Let L. = ﬁ(s), ie., e = o(L71Y).

Then we get for 1 < |¢| < L. the inequalities

We remark that by Lebesgue’s convergence theorem lim¢—o ciw (A

(O < Meexp (w(1)Le ) exp ((2p* (1) + )l +I¢]) < Mexp (207 (2) + )l +<c]).
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and for || > L. the inequality

0 < Meexp ((29%(2) +2)nl + 2¢[c]),

respectively. In conclusion, for all ¢ > 0 and for all |(| > 1 we have
Ot Q)P < Meexp ((20% (1) + 2)lnl +2[¢]).

Using again Paley-Wiener theorem we see that U(t) belongs to A’ (B(p™(t))) what we wanted
to prove. ]

To complete the proof we recall a result from [9] about analytic functionals. If Uy € A’, then
Up=0in R\ By(R)
for a positive R, where B,,(p) denotes the ball around z, with radius p. We find that

supp Uy C Brisg (R—;@> U B _ Rring (R—_Zﬂ)
2 2

Therefore, Uy can be written as
Up=Us” + U,

where
supp Uéi) C B rin (%).
2

By Lemma 6.5 it follows that the strictly hyperbolic Cauchy problem for the 2 by 2 system
QU — AH)9,US =0, UH(0,2) = U (x)
has a unique solution U™*) € C([0, Ty], A’) with support in
B (52 + 1)

Since U = U™ + U) we conclude that U € C([0, Ty], A’) with

supp U C Bris (R;PO v %t) UB nin (R;PO + 315)
2 2

That is, U(t,-) = 0 in By(po — 2t) = B(p~(1)). O

Acknowledgement: Part of this research was done during a stay of the second author as
a JSPS fellow at University of Tsukuba in March 2008. The second author would like to
thank Japanese Society of the Promotion of Science and DAAD for the financial support
and the Institute of Mathematics of University of Tsukuba for the warm hospitality.

28



References

1]

[12]

[13]

M. D’Abbicco and G. Taglialatela, Some results on the well-posedness for systems with
time dependent coefficients, Annales de la Faculte des Science de Toulouse — Mathema-
tiques 18 (2009) 2, 247-284.

P. D’Ancona, T. Kinoshita and S. Spagnolo, On the 2 by 2 Weakly Hyperbolic Systems,
Osaka J. Math. 45 (2008) 4, 921-939.

M. Cicognani and F. Colombini, Modulus of continuity of the coefficients and loss
of derivatives in the strictly hyperbolic Cauchy problem, J.Differential Equations 221
(2006) 1, 143-157.

F. Colombini, E. De Giorgi and S. Spagnolo, Sur les équations hyperboliques avec des
coefficients qui ne dépendent que du temps, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4)
6 (1979), 511-559.

F. Colombini, D. Del Santo and M. Reissig, On the optimal regularity of coefficients in
hyperbolic Cauchy problems, Bull. Sci. Math 127 (2003) 4, 328-347.

F. Hirosawa, On the Cauchy problem for second order strictly hyperbolic equations with
non-regular coefficients, Math. Nachr. 256 (2003), 29-47.

F. Hirosawa and M. Reissig, About the optimality of oscillations in non-Lipschitz co-
efficients for strictly hyperbolic equations, Ann. Scuola Norm. Sup. Pisa Cl. Sci (5) 3
(2004), 589-608.

F. Hirosawa and M. Reissig, Levi condition for hyperbolic equations with oscillating
coefficients, J.Differential Equations 223 (2006) 2, 329-350.

L. Hérmander, The analysis of linear partial differential operators I. Distribution theory
and Fourier analysis, Grundlehren der mathematischen Wissenschaften, 256, Springer-
Verlag, Berlin-Heidelberg-New York-Tokyo, 1983.

X. Lu and M. Reissig, Does the loss of regularity really appear?, Mathematical Methods
in the Applied Sciences 32 (2009), 1246-1268.

L. Mencherini and S. Spagnolo, Well-posedness of 2 x 2 systems with C* coefficients,
in “Hyperbolic Problems and Related Topics, Cortona 2002”, F. Colombini and T.
Nishitani (Eds.), Graduate Series in Analysis, International Press, 2003, 235-241.

S. Mizohata, The theory of partial differential equations, Cambridge, University Press,
1973.

T. Nishitani, Hyperbolicity of two by two systems with two independent variables,
Comm. Partial Differential Equations 23 (1998), 1061-1110.

29



