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DIOPHANTINE PHENOMENAIN COMMUTING VECTOR  

FIELDS AND DIFFEOMORPHISMS  

By   

Masafumi YosHINo 

Abstract．This paper studies the simultaneous Diophantine phe－  

nomenaofcommutlngSyStemSOfvectorBelds anddi能omorphisms．  

We consider how these conditions are related with the Diophantine  

Phenomena ofevery element orthe system．  

1．Introduction  

In［4］）．Moser studied a commuting system of smooth circle maps4v  
k k 

（v＝l，…，d）with the rotation numbersαv＝1imk→C。（（Ql．）－I）／k，（（Qv）＝  

4v。・・・04v）satisfyingasimultaneousDiophantinecondition，i．e．，aSimultaneous  

approximation ora set ofnumbers by rationals．He showed that there exists a  

SetOfαv（v＝l，…，d）satisfyingasimultaneousDiophantinecondition，Whereas  

∑S＝1町v isaLiouvillenumberfbrany（pl，．‥，Pd）∈ZdlO．（cLTheorem20f  
【4］）・Thisimplies that evenin the Diophantine case one cannot reduce the si－  

multaneouslinearizationproblem undercertain regularltytO thecase ofa slngle  

map・   

In this paper we show that the same phenomenon occurs for a commuting 

mapsin Cnfixing the origin．（cf．Theorem5．1）．On the contrary，in the case  

Of vector丘elds we wi11show that a simultaneous Diophantine conditionis  

equlValent to a Diophantine condition fbr some elementin the system．More  

PreCisely，there exists an elementin the system having the same Diophantine  

PrOPerty and the resonance as those fbr the system．In case no Diophantine  

COndition appears we wi11show that both fbr maps and fbr vector Belds a si－  
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multaneousPoincarるconditionisequlValentto theonefbrsomeelementin the  
SyStem．  

2．Sim山taneous Siegelamd BⅢnO Cond摘on  

Let x＝（xl，．，．，Xn）be the variablein Rn・We denote the di能rentials  

by∂x＝（∂和・・・，∂xn），∂勺＝∂／旬，（j＝1，・・・，n）・Let d≧lbe aninteger・We  

COnSider a commuting system ofanalytic vector Belds g：＝（範；FL＝1，・・・，d），  

Where 範‥＝∑芸1ギ（x）∂勺（FL＝1，・・・，d），and【乳，％］＝0（v，FL＝1，‥・，n）・  

De丘neXP：＝（Xr，・‥，X＃）and＾P＝∇xXP（0）・Notethatx＾Pisthelinearpart  

OfXFL．We assume that gis slngular at the orlgln．Hence we can write  

（2・1） ガ〃（ズ）：＝∬〟＝（ギ（ズ），…，裾（ズ））＝ズA〟＋月〟（ズ），1≦〃≦d，  

Where R〃（x）is analyticin xin some neighborhood ofthe origin such that   

（2・2）  
月〟（0）＝∂∫月〟（0）＝0，1≦〃≦d・  

Weassumethatthediagonalentriesofa（real）Jordannormalfbrmof＾FLis  
givenby（＾で，…，∧霊1，E㌫．1，…，E荒＋n2），Whereギ∈R，（2nl＋n2＝＝n），andギis  

given by 

（2・3）   
ペ＝（茅胡，弼∈点，  

Where7jL≠OfbrsomeFL，1≦〟≦d・   

Wedefineギ（j＝l，…，n，FL＝1，…，d）by堪＿1＝g＋i＃，堵＝ダーi＃  

fbr j＝l，・・・，nlandギ＝箪nlfbr j＝2nl＋l，…，n・Then we set㌦＝  

（杵‥・，l：），（FL＝1，・・・，d）・For a multiinteger∝＝（∝l，‥・，αn）∈Zニ we set  

くIV，α〉＝∑芸1ギqfanddefine  

d  

（2・4）  叫α）＝忠言榊Vトゲト   

DEFIN汀ION2・1・杵セ∫叩J如才g：＝（乳；V＝1，…，d）由即〃∫血〟J加紺〟∫ケ  

re∫β〃α乃〆げ山（∝）≠0ノbrαJJα∈Zヱ，lαl≧2・乃e∫eJげ∝∈Zヱ，l叫≧2∫〟C力血J  

∽（∝）＝0ま∫CαJわdα∫加ⅢJJα〃紺〟∫re∫0乃αJICeげg．  

D肝IMTION2．2．エビJ鞘（た＝2，3，．‥）如♂加〃毎  

（2・5）  α旭＝inr（叫α）；∽（∝）≠0，α∈Zヱ，2≦匝l＜2り・   
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‖ぐ㌧、叩一丁ム〃J血一．、：l、．、・J川＝．†‘JJ坤ぐ．、・〔＝ノ川〃／／刷t川ハ・ゝJ用【イ（川J（山／（札‘＝イ…上一／／仙川ハ・  

β川仙J叩＝・川上／／J／川川仙／【＝／ノ仙／／刷州ハ・β川神州〃／両州J・呵｝（でJhイl・（／、  

叫≧C（1＋2た）∴  

嘲≧exp（－C2り（た十1）l十T），  

ノわJ■川田ビ“状況抑徳C＞0〟〃d T＞0加如ビ〃滋〃J扉’ん，α〃〟   

エ  

ー∑声明／2々＜∞・  

んニ2  

In the case d＝1we say that the vectorfield g＝郵 satis爺es a Siegel  

COndition，a BrunO tyPe COndition and a Bruno condition，reSPeCtivelyif the  

COrreSPOnding simultaneous conditionis verified．  

THEOREM2．3．エビJg＝†署ノ；V＝1，…，〟〉毎〟（・Om什MJ和平∫J即－q／uビ（－仙一  

．βビ／血 乃錯ゴー∫〟J′所ビ∫0月ビ扉’〟∫わ7以加〃紺〟∫∫軸ピ／c州血わ乃，α∫血〟J加ピ〟〟∫  

β川仙J叩‘ノ川m／／J山‖〃肌／く＝州J／／J刷‘・刷、・β川仙川〃（／油川〟1仙／＝申、f／J／′＝■‥一．ヾ血  

r（り山7〟〃血r∫（l、，（l′＝1，…，‘∫）∫批・力血相）伽uビC如月ど／d郵，＝∑た1（・、，，グ1，∫〟J′所ビ∫  

〟ぶ軸ピア（－釧d′血1，〟βr〟〃〃キ岬ピ〔・〟〃d〟わ〃〟〃dαβ川㈲COJl加わ〃，rピ甲ビ〃わ肥加（ii）  

J／‡ピ化∫OJlα枇・どq／一新）α血佑適錯†り加血∫血以／加eβ弘一re∫0〃α〃re q／J加斗，∫抒〝7普1．  

The proofofthis theoremis glVenin Section3．  

REMARK2．4．動＝ゐピ．ゞ〟アブ7ピ〟r〟以J刀ビ〃J7Ⅵ紺rピ椚2．3如／めノわr〟H）J刀川〃油〝  

り，∫JピⅢげ－力〃／りJ77（〃アブ血びα－Jorノぎピ仏げl祀J■甲ね〔・ピノ如ぐ0〃繭わJ7亡・y∈尺（γ＝1，…，〟）  

lt▼如〟把0〃ど（・、，∈C（t，＝1，…，可．  

3．Proor of Theorem 2．3  

PROOFOFTHEOREM2．3．Wewillshowthenecessityof（i）and（ii）．Wenote  

that the commutativlty Of署．implies that thelinear parts of＃1，are Palrwise  

commutlng．WithoutlossofgeneralitywemayassumethatthelinearpartAlOf  

椚is putin aJordan normalfbrm．  

Let cl，．．．，Cd be realnumbers．By the commutativlty，the realparts of  

eigenvalues of thelinear part of動‥＝∑た．cv郵，are given by∑S＝1C、′ぢ  
（j＝1，．．．，nl＋n2）．Forc＝（cl，‥・，Cd）∈R空and∝∈ZニWede丘ne  

咄r）＝麿源一榊卜可   
（3．1）  
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Letα）（α）and wk be given by（2・4）and Dennition2・2，reSpeCtively・Then we  

de丘ne  

（3．2）  dた＝（c＝（c，…，Cd）∈轄］α∈Zユ，2≦l可＜2斤  

suchthatw（α）≠0，0（∝，C）＜2－nk－kwk）．  

Wewantto showthattheLebesguemeasureofthe setA：＝1imk→C。Akisequal  

tozero．WithoutlossofgeneralitywemayassumethatAkiscontainedinsome  

bounded ballB．By assumption and Definition2．2thelength ofthe vector  

∽；1（〈α，Å1ト宥‥・，〈α，Adトゲ），ノ＝1，…，乃  

is bounded ftom the below by some constant Kl＞independent ofj and k．It  

fbllowsthattheLebesguemeasureofthesetofc＝（cl，．．．，Cd）intheba11Bsuch  

thatf2（α，C）＜2q17k－kwkisboundedbyK22‾nk‾kfbrsomeK2＞Oindependentor  

k．BecausethenumberofαSuChthat25；l可＜2kisboundedbyK32nkfbrsome  

K3＞Oindependentofk，the Lebesguemeasure ofAkisbounded byK2Nk fbr  

SOmeK＞Oindependent ofk．Hence the Lebesgue measure ofAis bounded by  

Klimk→C。∑芝k2，V＝O fbrsome K＞Oindependent ofk・  

Therefbre，ifc≠A there exists ko≧1such that  

n（α，C）＞叫2‾〃＝，耽≧ん0．  

This proves that豹Satis丘es a Siegel，a BrunO typeand a Bruno condition，  

respectively．   

In order to show（ii）we note thatif∝is notin a simultaneous resonance  

setofg，thesetofc∈Rnsuchthat∑た1Cv（〈α，ll’）－4；’）＝Oisahyperplanefbr  
eachj・TheLebesguemeasureofthesumorthesehyperplanesiszero．Byadding  

Atothesumofthesehyperplaneswecanchoosec≠A suchthattheresonanceor  
豹is equalto the simultaneous resonance of－g－．   

We wi11prove the su侃ciency．We de丘neゐ（∝）by  

ゐ（∝）＝輔写cvAVト写ぐvヰ  

We also de丘ne（らk by（2・5）with w（α）replaced byゐ（α）．We can easily show  

thatゐ（∝）≦Mw（∝）fbr some M＞Oindependent ofα．If fbllows丘om the  

assumption（ii）thatゐk≦Mwk・Thisimpliesthatifgb satis6es a Siegelcondi－  

tion（orBrunOtyPeCOndition）thesystemgalsosatis鮎sasimultaneousSiegel  
and Bruno type condition，reSPeCtively．Now，1et us assume that動satis鮎s a  

BrunOCOndition・Becauseblゐk＜blM＋b7Wk，itfb1lowsthat－∑kh2ゐk／2k＞   



Diophantine Phenomena  393  

q∑k（加M＋1nwk）／2k．HencegsatisfiesasimultaneousBrunocondition・This  

ends the proof．  

4．Note on tbe mon Diophamtime Case   

Weknowthatfbrcommutlngdi拝もomorphisms，aSimultaneousDiophantine  

COnditiondoesnotnecessarilylmPlyaDiophantineconditionfbranyelementof  

the system．Inthissectionwewillshowthatno suchphenomena occurboth fbr  

COmmutlng di鮎omorphisms and fbr vector Aeldsifwe assume much stronger  
COnditionthanaDiophantinecondition，namely asimultaneousPoincaricondi－  

tion．Althoughthefbllowlng reSults hold fbrcommutlngVeCtOr鮎Ids aswellas  

fbr（local）commuting di能omorphisms we state onlyin the case ofdi鮎omor－  
Phisms fbr the sake of simplicity．The precise statementsin the case ofvector  

fields areleft to the reader．   

Let us start with（seemingly）weaker de伝nition ofa Poincar占condition fbr  

a system■Letg－‥＝（恥（x）；P＝l，…，Cl）be acommuting system ofdi能omor－  

Phisms nearthe origin ofC71，［⑳〃，⑳v］＝0（∀v，∀／L）such that  

（4・1）  ⑳〟（ズ）＝∧〟ズ＋¢〟（ズ），れ（ズ）＝0（が），八〃∈Gエ（〃，C）・  

Bythecommutativity，＾〃（FL＝1，‥・，d）commutewitheachother．Henceevery  

∧FL（〟＝1，．．．，d）has the sameJordan block structure with diagonalentries  

glVen by  

（4・2）  （Ai‘，…，A㍑ ギ≠0，  

where we denote with multiplicity・We setち＝（log吋［，・・・，log圃）fbr  

j＝1，…，n and de丘ne  

r＝蛤榊d；り≧帖‥・＋紳〉・   

DEFIN汀ION4－1・7Ⅵe∽叩∫◎〟（〃＝1，…，d）∫βgfめ，〟∫∫m以J伽紺〟∫アβ加cαr∂  

ビ0〃dわわ〃げ「（わe∫榊Jco乃J〟∫乃血org♂加．  

REMARK4．2．血J如ぐ即e d＝l，r毎αムβUg瑚〃fJわ〃 ね叩〟加ゎ如才∂ 血  

〃∫乙′αJ蝕乃Cαr∂ビ0〃鵡川カrα加納椚叩，抑＞l（ノ＝1，…，乃）or勅＜1  

（ノ＝1，…，〃）．  

WesetlP＝（杵・・・，lS）and（AP）α＝（ギ）∝l・・・（lS）‰・   

We say that gis simultaneously nonresonantif   
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〟  

（4・3） 謹軌≦ノ≦〝l（A”）α‾ゲl≠0わー川＝2，3，‥‥  
1α．＝m， 

The set ofmultiintegers∝Which does not satisfy（4．3）is called asimultaneous  

resonance ofg．In the case d＝l，it coincideswith the resonance ofa single  

map・  

THEOREM4．3．乃e即∫Je用g∫αJ榔e∫α∫g椚〃血〃eO〟∫Po血αr∂co乃繭わ〃打d乃d  

一  0習秒打血re eズねf  

♪β加cαr∂co乃虎Jわ乃；  

（！／、．／、．  

）
 
 

〃
‥
1
1
 
 

．
ナ
l
 
 
（
 
 

血re∫β〃α〃Cビq／⑳oco加C滋∫Wわ力α∫わ7㍑／Jα〃紺〟∫rピ∫β〃〟〃（lピ  

PROOF．Let r／be the dualcone of－r  

（4・4） r′＝〈（cl，…，Cd）∈慮d；写刷∀（…）ヰ  
TheeigenvaluesofthelinearpartofOoisgivenbynた1（ギ）与，j＝1，‥・，n・  
Hence⑳osatisfiesaPoincaricondition賦byreplaclngt〃with－t〟，ifnecessary，  

（ブ  

∑いOg卿＞O fbrノ＝1，‥・，軋  
〃＝1  

Itfbllowsthatr′nzd≠β，Wherer′isadualconeofr．Becauser］isanopen  

cone thisis equivalent to r′≠m．Because O≠rif and onlyif r′≠＠，g  

SatisBes a simultaneous Poincar畠condition．This proves the sufBciency partand  

the necessity of（i）・   

In orderto showthe necessity of（ii）wewant to showthatwecanchoose  
（tl，・．・，td）sothattheresonanceofOoisequaltothesimultaneousresonanceor  

g．We丘rstnotethat（poisresonantfbrasimultaneousresonanceofg．Suppose  

thatαisnotasimultaneousresonanceofg．Bydefinitionαisnotaresonanceof  

◎oir，  

Jよ（ノ （メ  

ロH（御車一口（桝≠0，ど＝1，…，〃・  
ノ＝1JJ＝1  ／ノ＝1  

（4．5）  

By taking alogarithm ofboth sides of（4．5）we have  

（4・6）  宕ヰg師隼－logユダ）≠0，ど＝1，…，仇   
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The condition（4・6）holds fbr allexcept afinite number ofα’sin view of  

a Poincaricondition．On the other hand，fbr eachαand t，1≦t≦n the  

Simultaneous nonresonant conditionimplies the existence of FL SuCh that  

logロ仁1（ギ）叫－1ogAF≠0・Because（4・6）meansthat（tl，・‥，td）doesnotlieon  

asumofhyperplanesandbecauserIisanopenconethereexistst〃∈r／＝Zd  
Satisfying（4．6）．Henceαis not a resonance of◎0． □  

Finally we glVe eXpreSSions ofa simultaneous Poincar畠condition．  

REMARK4．4．7伽∫血〟J加紺〟∫Po加αr占co乃加わ乃由印〟わαJe〃Jわど〟C力げ血  

ノわJJ川吻Cβ〃血わ肛   

（a）丁鮎rどビガ扇ぐ1＞0α乃dc2＞0∫〟C力J加  

（4・7）   n】（AV）∝‡≧ど川 口l（AV）αl，∀∝∈Zユ，l叫＞c2・  
v，l（ユー’）α】≧1  項（AV）J】＜l   

（b）乃ピrピピ血／ぐ1＞0α〃dc2＞0∫〟ビカ血J♪rビαC力∝∈Z空，l可＞Cl押ピCα乃  

（血0∫＝ノ＝申），l≦1′≦d∫〟Cカ血Je血rl（AV）α1＞ピ刷orI（AV）∝l＜ビ‾刷加払   

（c）乃e血〟／rβJlビr′げ「ね〃0乃e〝甲伊．  

Because the proofofthese fhcts are elementary we omit the proof．  

5．Di鮎omorphisms  

Inthissectionwewi11showthatthesimultaneousDiophantineconditionfbr  

a commutlngSyStem Ofdif詣omorphismsin Cn does notimplythe Diophantine  
COndition fbr any element of the system．We consider the commutlng SyStem  

Ofdi能omorphisms asin（4．1）．We continue to use the same notations asin  

Section4．WeassumethatweareinaSiegeldomain．Namelyweassumethatthe  

elgenValues satisfy  

（5・1）  
岬＝1，（v＝1，…，琉ノ＝1，…，刀）・  

Wesaythatthesystem（◎v）たISatis鮎sasimultaneousDiophantineconditionif  
there exist c＞O and a realnumber T SuCh that  

（5・2） 

盈離畔一人g！≧榔っ∀瞞α∈Zニ・  

Ifweset4；’＝eXp（2niy），0≦町≦1andOV＝（0㌻，…，0：），〈∝，OV〉＝2：≡1qi町，  

（5．2）is equivalent to the fbllowing condition   
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d  

（5・3） 1碧空〝呂‖くα，βVト捌≧抑∀障2，α∈Zニ，  

where州＝inち。Ztt－PLLetpv∈Z（v＝1，．．．，d）andset句＝∑た1鞭t・and  
∂＝（∂1，．．．，∂n）．We say that the vector∂satis鮎s a Liouvi11e conditionififbr  

everyl＞O theinequality  

（5・4）  0＜1要望〃t‡〈α，∂ト∂たIl＜軒ユ，  
holdsfbrinfinitelymanyα∈Zヱ・Wenotethat∂givestheelgenValuesofthemap  
◎…◎アl…⑳雲d・   

In the fbllowlng，Withoutloss ofgenerality we assume that Ol＝〟entio）・  

Then we have  

T肥OREM5．1．ぶ乙即0∫ピ才力αJd＞乃≧2．乃g〃才力ビrピビ∬加∫α∫ピJq／’／加αゆ  

加‘桓好乃血ひどC初句＝吋，…，牢）（ノ＝l，…，′－）w混血滋乃叫‘イ抑7拍…Z刷  

W地力∫αJ～所ビ∫α∫如〟J加紺〟∫朗呼力α乃血g co〃加わ乃（5．3），Wカビrビα∫．かα〃γク＝  

（祈‥，伽）∈Zd＼0∫力ど∂＝（∂l，…，∂”），句＝∑たl町クv∫α′埴…エ血l肋c紳  
助わ〃（5．4）・  

In order to prove Theorem5．1we need a resultin［4］．We stateit fbr the  

reader，sconvenience．（Forthedetail，See［4］）．LetEn⊂Rdbearealsubspacein  
Rd．withthenorml・lin（5．3）wedefine  

dis申，且”）＝付－γ巨 ズ∈点d・   

DEnMTION5・2・杵セゆe／上：＝〃（β〃）α∫J毎∫岬rem以∽q／血〃〟mムgr∫A♪r  

11ゾ豆（・力  

dist（j，En）＜Jjrl，j∈Zd  

β0∫∫g∫∫e∫わが乃如砂川〟〃γ∫∂加わ〃∫．月セre〃＝∝）由（加わ痛仇ね．  

Clearly，thede血itionisindependentofthenorm．Notethat，ifZdnEn＝  

（0）and T＞IL then there exists a positive constant c such that  

（5・5）  dist（j，En）≧cljrT，fbrallj∈Zd＼iO）．  

A subspace En satisfying ZdnEn＝（0）and（5．5）is called a Diophantine  
subspacewithrespecttoZd．ThefbllowingtheoremisgiveninMoser［Theorem  
2・1，4］・（See also【5】）．   
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THEOREM5．3．凡用ムⅢ）∫Jα／／g〃山鹿Grβ∫∫椚α珊〃7〟月拘〟G柁岬〟）川ピ厄∫  
〟（g〃）ニ〃／（d－〃）・  

PROOF OFT肥OREM5．1．We use the argumentin Moser［4］・Suppose that  

thereexistsasubspaceEninRdgeneratedbythelinearlyindependentvectors  
¢＝（P：，・‥，q］），（j＝1，・・・，n）suchthatp（En）＝n／（d－n）・LetTbesuchthat  
T＞n／（d－n）．Then we have（5．5）．We consider theleft－hand side of（5・3）  

【J 〟  

（5・6） 

1票望〃妄l榊l’ト捌＝l豊望〃妄盛lくα弟‾βg‾pvト  

We set  

γ＝γん＝（〈α，伊′〉一船、′lしd∈g”，ん＝1，・t・，〝・  

Letj＝（pv）v↓1，．．．、d∈Zdbeamultiintegerfbrwhichthein丘mumintheright－hand  

Sideof（5．6）istaken．Thentheright－handsideof（5・6）isboundedn●Omthebelow  

byclminl≦k≦nIj－ykE fbrsomepositiveconstantclindependentorjandk・By  
theinequalityEj－ykf≧dist（j，En）fbrk＝1，．‥，nand（5．5）wecanestimatethe  

right－hand side of（5．6）丘om the belowin the fbllowing way  

（5■7）  ≧ぐ1 1〃 

fbrsomepositive constant c2independentofj．Becausethein丘mumin（5・6）is  

takenfbrjsuchthatlj－ykl≦叫γんEforsomeconstantMindependentofk，We  

Obtain，by the condition fαl≧2  

川≦（l＋〟汁舶≦ビ′（1＋l刷≦c′′l可  

fbrsomepositiveconstantscIandc”．Itfbllowsthattheright，handsideof（5・7）  

isboundedftomthebelowby申l‾Tfbrsomepositiveconstantcindependentof  
∝．This proves（5・3）・   

We wantto showthat there exists En satisfyingFl（En）＝n／（d－n）and the  

Liouville property（5．4）fbr any p＝（p．，…，Pd）∈Zd＼0．Letg，h∈Zd be the  
given twolinearlyindependent vectors and define a r2＝Zdn（spanig，h））⊥．  
ThesetnisasublatticeorZdofcodimension2・Wechooseabasisγ3，・・・，γd  

ofIland，eXtendit byγl，γ2tO a basis ofZd．with rl＝SPanz（γl，γ2）we  
haveasplittingZd＝rl⑳n．Wede点nearationalprqectionP‥Zd→rlby  

P（vl＋v2）＝Vlfbr vl∈r7．The dimension ofrlis called a rank ofP・   

Letも，q（j＝l，…，n－1）be a basis of En，and defineち＝鳩＋q fbr  

j＝1，‥．，n－1，WhereAisarealparameter．Supposethatwecanchoose77∈En  

SO that Pq≠0．We de丘ne   
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馴）＝・  
（5．8）   

Wewanttoshowthatj；hi（l）isnotconstantfbrsomej，1≦j≦n－1・Suppose  

that thisis not true・Thenthe di鮎rentiation vanishes，jXi（l）＝O for j＝  

1，…，′卜1・By simple calculations we have  

（5・9）   

， 

ノ＝1，・・ル1・  

ThentheslopesofthevectorsPEiandPqintheplanecoincides・Itfbllowsthat  
thereexistnumbers町andβノSuChthatthelinearcorrlbination叫＝隼も＋伽  
Satis鮎sタ叫＝O and叫≠Ofbrノ＝1，▲‥，乃－1・   

Wewi11show that叫（j＝1，…，n－1）arelinearlyindependent・Assume  

that∑jり叫＝0・lt fb1lows that∑′Cj鴎＋（∑kCkPk）q＝0・Hence we have  

（ン巧j＝O fbrj＝l，・・・，n－l・Supposethat4≠0・BecauseP71≠OandP叫＝O  

WehaveO≠4Pq＝一瞥Pも・Thuswehave隼≠0・Itfbllowsthatり＝0・lncase  
且＝0，it fbllows丘om the definition of叫that O≠叫＝隼も・Hence we have  

∝j≠0・Because‘撒＝0，it fbllows thatり＝0・Hence we have〔ン＝O forj＝  

1，．・‥牒－1．It fbllows that，ifFisarationalsubspaceofcodimension2de負ned  

by Tz we have 

（5・10）  dim（g”nf’）≧〃－1・  

Nextwe considerthecasewheretheredoesnotexistan77∈En suchthatP77≠0．  

It fblJows ftom the definition of P that dim（EnnF）＝n≧n－l．Hence we  

Obtain（5．10）．  

We want to show that the Lebesgue measure ofthe subspace En satisfying  

（5．10）inaGrassmannrnanifbldiszero・WeconsideronlythespecialsubspaceEn  

glVen by  

〝 g〃：ズ叶〃－∑c叩み＝0，V＝1，2，…，d一肌  
〃＝1  

（5・11）  

We de触e the matrix A by A＝（cvp）vp・Let s＝（sl，…，Sd）∈Zd and t＝  
（J】，…，td）∈ZdspanF⊥・By（5・10）thed－nVeCtOrSWhichde丘neE〃andsJare  

notlinearlyindependent・It fbllows that every d－n＋2cofhctor matrix of   



399  Diophantine Phenomena   

Vanishes▲On the other hand，Since t and s arelinearlyindependent the deterq  

minantisapolynomialofcvpofdegreed－nWhichdoesnotvanishidentically・  
It fbllows that the n（d－n）dimensionalLebesgue measure or Enin the  
Grassmann manifbldis zero．   

Since the set ofsubspace Enin a Grassmann manifbld satisfying a Diop－  

hantineconditionFL（E〝）＝n／（dMn）haspositivemeasurewecantakeEnsothat  

（5・10）doesnothold・Therefbrej；hj（l）isnotconstantfbrsomej，1≦j≦n－1・  

Inthefbllowlng，Wetakesuchajandwefixit・BecausetheLiouvi11enumbers  

forrna reSidualset eY on R，i．e．⊃COuntableintersection ofopendense sets，the  

SameprOpertyholdsfbrn瑞（g），Wheretheintersectionistakenoveral11inearly  

independentvectorsg，h∈Zd．Hencethe setis residual，denseinRandofthe  

Cardinalityorcontinuum・Foreverylinthissetthevectorち＝鳩＋77SatisAes  
thatくg，ら〉／〈h，ら〉isaLiouvi11enumber・Weseth＝（1，0、・・・，0）andde鮎e隼by  

q＝ら／む，Whereg：isthef汀stcomponentofら・汀wetakea basisorET7  
COntaining6！iWe have（5・4）・ □  
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