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GORENSTEININJECTIVE MODULES AND EXT  

By  

Edgar E．ENOCHS and Overtoun M．G．JENDA  

Abstract．The aim of this paperis to characterize n－Gorenstein  

rlngSin terms ofGorensteinlrUeCtive modules and the Extfunctor．  

We willshow thatifRis alen and right noetherian rlng andnis  

a positiveinteger，then Ris n－Gorensteinirand onlyif M being  

Gorensteinirdective means that Extl（L，M）＝O fbr allcountably  
generated R－mOdules L ofprdective dimension at most n．In par－  

ticular，if Ris n－Gorenstein，then an R－mOdule Mis Gorenstein  

lnJeCtiveirand onlyifitis U－GorensteinlnJeCtive whenever Uis a  

丘ee R－mOdule with a countable base．   

1Introduction  

Throughout this paper，R willdenote an associate rlng Withland all  

modules are unitary．By an RLmOdule，We Sha11mean aleft R－mOdule．   

An R－mOdule Mis said to be G（）renStein坤e（・tlueirthere exists an exact  

SequenCe  

…→gl→go→gO→gl→・‥  

Ofir函ctiveR－mOduleswithM＝Ker（EO→El）suchthatHomR（E，－）1eavesthe  

SequenCe eXaCt Whenever Eis anlnJeCtive Rrmodule．These modules were Brst  

introducedin［1］・Clearly，eVeryirtjectiveR－mOduleisGorenstein叫ectiveanda  

GorensteinlnJeCtive R－mOdule has丘nitelnJeCtive dimensionifand onlyifitis  
lqeCtive．  

ItisalsoeasytoseethatifMisGorensteininjective，thenExt去（L，M）＝O  

fbr a11R－mOdules L offinite prq）eCtive dimension．Furthermore，the converse  

holdsifRisn－Gorenstein（or［tllanaga－Gorenslein），thatis，irRisleft andright  

noetherian and hasirりective dimension at most n on either side（see【2，Prop－  
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OSitionl．11］）．In this paper，We Willshow thatin fhct fbr a positiveintegern，  

aringRisn－GorensteinifandonlyifExtム（L，M）＝OfbrallR－mOdulesLof  
PrqeCtive dimension at most nimplies Mis GorensteinlrUeCtive，and that the  

Same holdstrueifwereplacethe modules L by countablygenerated R－mOdules  

OrPrqjective dimension at most n（Theorem2・5）．   

Nowlet U be an R－mOdule．Then we willsay that an R－mOdule Mis  

U－Gorensteb7ifdectiueif Hom（U，M）→Hom（K，M）→Ois exact fbr allsub－  

modules K⊂U suchthatpdU／K＜cX）．Wewillarguethat anR－mOdule Mis  

U－GorensteinirtiectivefbrallR－mOdulesUifandonlyifExt去（LM）＝Ofbrall  
R－mOdules L of丘nite prqjective dimension（Proposition3．2）．Soin particular、  

OVerIwanaga－Gorenstein rlngS，an R－mOdule Mis GorensteinlrUeCtiveifand  

OnlyifMis U－GorensteinmJeCtivefbra11R－mOdules Uandifand onlyifMis  
U－GorensteiniItjectivewhenever U＝R⑳R◎R◎…（thatis，Uis n・eewitha  

COuntable base）（Theorem3．3）．   

As usual，We Wi111et pd denote the prq］eCtive dimension・  

2 Main Result  

We start with the fbllowlng tWO Wellknown results and weinclude proofs  

here fbr completeness．  

LEMMA2．1．〝♪ね〟〝画畑如月一別0血Jビ，血〃タ◎ダブ∫．ル紺♪r∫0〝7ピ♪どピ  

尺一別0血Jピfl  

PROOF．SincePis a prqiective R－mOdule，Q◎Pisn’eefbrsome R－mOdule  

Q．Soir welet F＝Q◎P◎Q◎P◎…，then Fis a丘ee module and the  

module P◎Fis alsofree．Thisis called the Eilenberg trick．  □  

REMÅRK2．2．Wenote that Kaplansky［4，Theorem180］provedthisresult  

fbr prq］eCtive modules with a丘nitefree resolution．  

LEMMA2．3．L，et n be a positiveinteger．UpdL＝n，then L has aPee  

re∫0血如〃0→鳥→凡＿l・‥→ダ1→昂→エ→0．  

PROOF．Since pdL＝n，n≧1，L has a prq】eCtive resolution O→Pn→  

El卜1・L・→Fl→Fb→L→Owith each F；丘ee and Pn prq】eCtive．Butthenthere  

is a什ee R－mOdule Q such that Pn⑳Qis什ee by thelemma above．Thus  

O→Pn⑳Q→FL＿1㊨Q・・・→Fl→Fb→L→Ois a ffee resolution of－L．口   
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WenowprovethefbllowlngreSultthatisanalogoustoProposition7・4・50r  

［3］．  

PROPOS汀ION2．4．エビJ〃占ど〟′和∫抽ビ如g♂ピr．〝’pdエ＝乃，血〃即ピ甘ぐ仙J7ト  

‘J／一章小り出目J／‖／．…ハ＝川山／ぐ∫L⊥八川〃J山／肌J血‘＝…Jけ‘J／中世J椚・‘JJぐ（／・…九朋机山九  

エ′げエlγ〟力pdエ′≦軋   

pROOF．ByLemma2．3above，LhasaresolutionO→Fh・・・→Fb  

L→00fLwitheach ofFl．，，．．，Fb丘ee．Let X；bea base ofF；fbreachi．Our  

aimistochoosecountablesubsets Y；⊂X；suchthatO→〈㍍〉→‥・→〈Yo〉is  

an exact subcomplex ofO→fL→・・・→Fh．Thiswi11glVe the desired L／／・   

We start bychoosing a countably subset Zo＝弟SuCh that ao（〈Zo〉）⊃S・  

Then we choose a countable subset Zl⊂XISO that al（〈Zl〉）⊃Ker（瑚〈Zo〉）・  

We then choose a countable subset Z2⊂X2SO that∂2（〈Z2〉）⊃Ker（裾〈Zl〉）・  

We repeat this procedure untilwe have a countable subset Zn＝XL with  

Pn（〈Zn〉）⊃Ker（∂′卜‥くZ′卜1〉）．WenowenlargeZ′卜ItOaCOuntablesubsetZニⅦ1  

in such a way that an（〈Zn〉）⊂〈ZLl〉・Then we enlarge ZLp2tO a COuntable  

Z；一ヱSO that∂′卜l（くZ：＿）〉）⊂〈Z；＿2〉・Continuingin this manner，We COnStruCt  

COuntable sets Zヱ，ZLl，・‥，Z6satisfying the obvious conditions・Now westart  

OVer and enlargeZ；to acountableZ；／so that∂1（〈Z；l〉）⊃Ker（∂ol〈Z占〉）・We  

thenenlargeZ；toZ；′andsoon・Wethencontinuewiththiszlg－ZagPrOCedure  
and eventuallylet Yi⊂弟be the union ofallthe countable subsets of弟We  

Chose at each stage ofthe procedure．   

Then the sequence O→〈YL〉→・・・→〈拓〉is exact and each nis  

COuntable．So welet L，′＝ao（〈拘〉），  □  

We are nowin a position to prove the fbllowlng．  

T肥OREM2．5．乃ビル／J川和〟rg印血αね〃J♪r〟／所〟〃d痴加〃βeJ加r∫α〃rわ柑  

〟刷（り′ノ．V／／／け／ノ肌・小り・〃．  

1）月ね〃一Gβrビ〃∫Jgれ   

2）如月一別β血お〟えーGorビ〃∫Jg∫乃坤PCJ加打〟〃dβゆ打Extl（ム〟）＝0カrαJJ  

月－〝70血Jビ∫エl再班pdエ≦玖   

3）加R朝適正〟ねα相加血殉ぬ血け心血呵再Extl（⊥，〟）＝0ノわ用／J  

（1仙肋J坤♂ピ脚〟Jビガ月一肌0血／ピ∫エ附加pdエ≦〃・  

PROOF．1⇒2fbllows丘omEnochs－Jenda［2，Propositionl・111notingthatif  

Ris n－Gorenstein then pdL＜∞ifand onlyifpdL≦n・   
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2⇒1．Let N be an R－mOdule and O→N→EO→El→…→En－l→  
Cn→O be an exact sequence with each EiiI再ective・Then Extl（LCn）芸  
Extn＋l（L，N）fbranyR－mOduleL．HenceExtl（L，Cn）＝OfbrallRrmodulesL  
withpdL≦n．ButthenCnisGorensteinlqjectivebyassumpt10n・Soeverynth  

cosyzygyisGorensteinirjectiveandthusRisnhGorensteinby［2，Theorem3・2j・   
2⇒3．Againbydefinition，ifMisGorensteiniI再ective，thenExtl（L，M）＝O  

fbr allcountably generated R－mOdules L with pdL／≦n・   

Fortheconverse，letLbeanR－mOduleof丘niteprq］eCtivedimensionandlet  

O→S→P→L→O be exactwith P prqjective．Set Sb＝S・Then thereis a  

countablygeneratedsubmoduleSl／Sb ofP／Sh such that pdSl／Sh＜cO by the  
PrOpOSition above．   

But then pdP／Sl＜cO Since P／Sl芸（P／Sb）／（Sl／So）and P／昂）＝L・and  

Sl／So havefinite prqjective dimension・Then thereis a countably generated  

SubmoduleS2／SlOrP／SIWithpdS2／Sl＜∞・WerepeattheprocesstoconstruCt  
a continuous chain of submodules   

叉  

範＝∫⊂∫1＝量＝・・・＝㌫＝∪∫∫⊂扶り＋1＝…  
i＝0  

0fPsuchthatSa＋1／S∝iscountablygeneratedandhasfiniteprqjectivedimension・  

We note that Sa＋1／S∝茎（Sa．1／Sb）／（Sα／So）and so Sα．1／Sbis countably  

generated since Sa＋1／S∝and Sα／So are．Wealso notethattoconstruct S賃十IWe  

need pdP／Sa＜cx3 Which we establish by trans負niteinduction・For P／S2芸  

（P／Sb）／（S∝／So）and SJSois a directlimit of submodules of鮎1ite prqjective  

dimension and so pdS∝／So＜∞Since RisIwanaga－Gorenstein by2⇒1．So  

indeed pdP／Sα＜CO．   

Thus given anylinear map f：S→M and the continuous chain．坑）＝  

S⊂Sl＝S2＝・・・＝Sw＝S；。＋1＝・・・＝P constructed above，We See that f can  

beextendedtoSl→MsinceExtl（Sl／Sb，M）＝Obyassumption．ThenSl→M  
Canbeextendedto S2→Mandsoontogetthatfcanbeextendedto P－M．  

HenceExtl（L，M）＝Ofbra11R－mOdulesLofBniteprqiectivedimension．SoMis  
Gorensteinirjectiveby（2）againnotingthatovern－Gorensteinrings，PdL＜エir  

and onlyifpdL≦n．  

3＝＞2is trivial．  □  

3 U－GorensteinInjective Modules  

We startwith the fbllowlng eaSy Observation．  

LEMMA3・1・∫仰∂∫e dねα〃尺－∫〟ム∽0血ねげβll而pdβ／月＜カ．ゲ〟〃   
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月－〃柑血ノビ〟ねふGore〃∫Jど∫乃叫ビCJ加，血刀〟ねα在0月α〃dβ／」一Gβrビ〃∫Je～乃  

〃ぴど〔・J／ぴピ．  

PROOF．Let K⊂A be such that pdA／K＜∞．Then pdB／K＜∞  

and so Hom（B，M）→Hom（K，M）→Ois exact．But then Hom（A，M）→  

Hom（K，M）→Ois exact and so Mis A－Gorensteinirtjective・   

NowletLl＝B／A besuchthatpd（B／A）／L／＜cxj．ThenL／≧L，／A fbrsome  

SubmoduleLニBandsowehavethefb1lowlngCOmmutativediagramwithexact  
rows and columns．  
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But B／A has6nite prqjective dirnenSion．So we have the fbllowing cornー  

mutative diagramwith exact rows．  

0→Hom（B／A，M）→Hom（B．M）～Hom（A，Mトーー→0  

1   1   

0→Hom（L／A，M）→Hom（L，M）→Hom（A，M）  

But B／L also has触ite prqjective dimension．So themiddle verticalmap  

is sudective．Thus Hom（B／A，M）→Hom（L／A，M）→Ois exact and so we are  

done．  □  

PROpOS汀ION3．2．乃ビ．ル〟彿吻〟rピピヴめ〟桁〟ノわJ・∽7月－ノ刀0血／ピ財．   

1）〟ね佑Gorビ〃封ビ加吋erJ油♪r（才J／月1川口血Jビ．－U．   

2）〟ねダーG卯仇捏ビゴ乃坤ビぐ血pカr〟Jノダrq如才如月一〃柑血Jピ∫P．   

3）〟f∫声Gorg那Jビ加坤ど〔血肥ノbrαJ／♪ピど月－〃70血／ど∫Å   
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4）〟fぷいGorg乃∫fe加呵ec血カr〟J7月一別0血ナビ∫U雨月pdこ／＜L£・   

5）Extl（エ，〝）＝0ノ∂rαJJ月一肌仇丸正∫エ＝両班pdエ＜乱  

PROOF．1⇒2⇒3is trivial．   

3⇔4．3⇒4easily fb1lows ftom thelemma above，and the converseis  

trivial．   

3⇒5．LetO→L／→F－→⊥→ObeexactwithpdL＜cO andFn・ee・Then  

Hom（F，M）→Hom（L′，M）→Oisexactbyassumption■SoExtl（L，M）＝0・   

5⇒1．LetK⊂UbesuchthatpdU／K＜∞．ThenExtl（U／K，M）＝Oand  

so we are done．  ロ  

Wenotethatthepropositionabovesti11holdsifwereplace＝fbrall‥by”fbr  
allcountably generated”．We are nowin a position to state the fbllowlng・  

THEOREM3．3．エビ7月占ど〃・Gorピ〃∫Jど如．乃ピJ7Jカピ．榊わげ殉〟r（ノ（坤√′用／川りわr刷  

月一明∂d〟Jビ 〟．  

1）〟i∫Gore乃ぶJgf習坤ビCr加・   

2）〟ねいGore乃∫′ビ如吋ビC抽ビ♪r〟／／月－′刀0血／ビ∫U・   

3）〟え！レGore那Je加坤ビC〟ぴど♪rα／／月一肌0血わ∫ぴげprqノピぐJ加〟油川∫′棚‘′J  

J刀0∫′ 〃．   

4）〟ねレGore那Je加わゆC抽ピ押毎〃どぴ〝〃＝月⑳月◎月◎‥・（才力〟JれUムゞ  

ノi・（で両J／川州′J‖〃／－Jぐわ‘ハ（〉）．  

PROOF．1⇔2⇔3fbllows n・Om Proposition3．2and Theorem2．5above．  

3＝＞4is trivial．   

4⇒l．This fbllows ftom the remark above and we statetheargument here  

forcompleteness・Let L be a countably generated R－mOdule of危nite prq）eCtive  

dimension．ThenLhasanexactsequenceO→L／→F→L→OwhereFisan・ee  

R－mOdulewith a countable base．So Hom（F，M）→Hom（L′，M）→Ois exact  

byassumption，ThusExtl（L，M）＝0．Thatis，Extl（L，M）＝Ofbrallcountably  
generated R－mOdules L offinite prqective dimension．Hence Mis Gorenstein  

lTUeCtive by Theorem2．5．  口  
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