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HOLOMORPHIC VECTOR二8UNDLES ON（〕UADRIC   
HYPERSURFACES OFINFINITE－DIMENSIONAL  

PROJECTIVE SPACES  

By  

E．BALLICO  

Abstract．Here we prove the fbllowlng reSult and a fbw related  

StatementS．Let V be a Banach spacewith countable unconditional  

basis and thelocalizing property，Q＝P（V）a quadric hypersurface  

With finite－dimensionalslngularlocus and E a holomol・phic vector  

bundle or負nite rank on Q・Then E芸◎．≦f≦，OQ（ai）fbr some  

integersaiand hl（Q，E（t））＝O fbreveryinteger［．  

1．Introduction  

In［Ll］，Th．8．5 and Th．8．1，thereis a complete classincation of all  

holomorphicvectorbundlesoffiniterankonP（V）when Visa“good”in丘nite－  
dimensionalBanach space（e・g・a Separable Hilbert space）・ln this paper We  

COnSiderhoIomorphicvectorbundlesonquadrichyperSurfhcesofP（V）andprove  
the fbllowlng reSult．  

THEOREMl．1．エビJ打力ど〟此JJ7〟〔イ王jp〟rピIlイJゐぐ0〟〃〟J抽耕作〃繭わ乃αJぬゞね  

〟′‡d血わどαJた軸pr岬ど叫J〟月d¢⊂ダ（ド）α甲Jα（か∫〔・力Jpどr∫〟殖α．」∫∫〟椚ピ班毎r  

せ．明日りJ／J（げ／／＝／血．＼中神／〟r／冊ハ／．ヾ／ん山（ノーr／／川…油一…止 山／どわど（＝・（川ん r  

／仙／り′JMJ7J損（・∫て′仙J・hJ汀仙刷 p．刀J川／／～肌一（什（ノ川両肌小・‘ん一仙・／油肌＝血仰J・∫  

勘≧…≧αr∫L′rム血fg芸Op（勘）◎…⑳09（恥）・凡r血r椚Ore，が（e，g（g））＝0  

．舟rビぴビリ血ど♂ピ＝．  

Toavoidanymisunderstandingwestressthatinthispapereveryholomorphic  

VeCtOrbundleisassumedtobeloca11yholomorphicallytrivialinthesenseof［Ll］，  
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P．490．Hencein generalour assumpt10nS On holomorphic vector bundles are  

StrOngerthantheonesin［Ll］．ThelastassertionofTheoreml．1wasproved（for  

an arbitraryhyperSurface ofP（V））in［B2】．The proofofTheoreml．1givenin  

SeCtion4use［Ll］and【L2］in anessentialway；eVen Paper tB2］which willuse  
severaltimesintheproofofthesplittlngOrEgiveninsection4dependsheavily  

丘om［Ll］and［L2］．   

In section5we willalso provein a completely di能rent way the fb1lowlng  

more elementary result．  

THEOREMl．2．書方〟〃血ピ〟ピrr≧1．⊥ビJrあど〟月〟乃〟ぐ力軍〟（・ピIl†油（て用′〃〟仙  

川H…J‘／／／／州√J／／〉‘山＼・「川（／J／Jぐん町〃／た叫ノ／り・り／）（咋l・‘〃力／．l■⊂Jり「）‘JJ・t一‘／～両／）／（一／－∫′J  

rど血ぐど（Jヴ〟〟励∫r・力JpPr∫乙Jゆぐピ．エビ′g占ピ〟力〃／仰刀r）W址r〟′！ん′一王，糾・J〃r山肌‘鮎川  

．l’．r仇Ⅵ／／J畑n′／J・‘J川沃／机イl・（ん・J（リ・′扉〃（、（／川り卜山‖・…、ゾ叫／、・＝〃′州作り／、′一J′〃相川、一  

項≧…≧αr∫〃ぐ力血′g芸㊦1≦′≦，．恥（叫）・伽〟椚”（げど、叫ガ，g（り）＝（りiげ  

ぐけJT函呵押■／・   

lnsection3wewi11considerquadrichypersurfhcesofP（C（N））（seeRemarks3．1．  
3．2and3．3）．Insectiontwowecollectseveralresultseasilyobtained丘omtTい1nd  

［S］andwhicharerelated toP（C（N））．  

This research was partially supparted by MIUR and GNSAGA of INdAM 

（Italy）．Iwant to thank the reftree fbr very stimulating suggestions．  

2． Finite－DimensionaIResuJts  

Wewi11usethefbllowingresult（［T】、Th．1atp・1199，Or【S］，MainTheorem）．  

LEMMA2・1・nXan blteger r≧l・LelPl＝P2＝・・・⊂P77⊂Pn十l⊂…hL・  

〟〃吋ぎ〃血加′grq／一夕rq／ピC〟ぴど岬α化y，′．ど．ルrαJ7∫〃≧1∫ピピタ”〟．ゞα力．岬叩んJ′‡ピ〃〃  

州ア〃＋1．⊥どJ鳥，〃≧1，占ビαr〟〃んrぴ“・Jβrろ〟〃此〃〃タ′】∫〟ぐカ班〟J㌫＿←一世〃芸風～  
ノこげ‘′／／′′・仇′＝血作用で血叫甘、・〟ト‥‥、朽∫∫′ぐ／＝／…′仁∫≧申卜い・′恥′l‘い／仰  

ビぴどりノ乱  

PROPOS汀IONA 2．2．月ズ 〟〃 血聯r ′■≧1．エビJ〆⊂〆⊂…⊂ダ′～⊂  
タ叶1 ⊂…占ビα刀カ所〃血J川grq／’pr少（血ど軍〟ぐピ∫，エビ．ル＝叩用≧1∫どピタ〃‘∫∫〟  

カ〝叩ん∽g仇0〃タ′汁1．ェピ／¢′，⊂タ佃1，〃≧2，毎〟∫〃7〃βJ／z官紀〟め∫ぐ／押〝叩／わぐど  
．！ヱノぐカ才力〟J9〃l〃〝＝e〃岬l．舟rα／／〃≧3．エビJ古い〃≧1，占ピ〟r〟〃んr己「爪・Jrげ占！ノア㍑〟ぐ川  

e〃・ゞ乙J（l力〃沼J島＋11仇芸風∫ノわr〟J／〃．乃ピ〃伽rビαrど血ピグビ柑〟ト‥，〟r∫‡ノぐ力〟和才  

鳥芸◎1≦∫≦r（）¢〃（勘）♪rどl叩札  

PROOF・By［T］，Lemma3．2at p．1201，the tower of vector bundles Elい   
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n≧1，islevel，i・e・fbreveryn≧3andanytwolines D，Rcontainedin Q”，the  

VeCtOrbundles昂，IDandE；2lRhavethesamesplittingtype；Withtheterminology  

Of［OSS］，§3，and of［Bl］each vector bundle Ehis unifbrm．If n≧2r＋3，  

theneveryunifbrmrankrvectorbundleonQ〝isisomorphictoadirectsumofr  
lines bundles，Say E；，芸⑳l≦′≦，OQ，，（ai）withal≧…≧〟，（tBl］，Th・l）・Since  

QnIHn＝Q，，－1fbralln≧3、thenon－increasingsequenceofintegeral≧・‥≧a，  

is the same fbr alln．  

LEMMA2・3・nXinteoersrandasuch thatr≧1，LetScP3beanirredu（・－  

〟症（JJ仙／川・＝りJt，川〟／川／／J）如けⅢ≠⊥（・J∫／－ぐ‘川Jノ止J・け川〃・／－川圧／／＝川∫．ヾmイJ  

′／融．／わrど柑り′／如かl棚か⊂∫けど力〟びピEl♪芸恥（〟）針．抽〃g芸0ぶ（〟）針   

PROOF・Letu：A→Sbetheblowing－uPOrSat P．Seth：＝u－1（P）andlet  

f be the strict transfbrmin A of anyline D⊂S．Thus Ais smooth rational  

Su止ICeisomorphic to the Hirzebruch sur払ce Fiand his smooth and rational．  

Thereisa ruling7r：A→Plandwemaytakeasfany帥eroftheruling7T．  

We have Pic（A）芸ZO2and we may take handf asa basisorPic（A）．We  

haveh2＝－2，h・f＝1andf2＝0．Wehave仇（h＋y．）＝u＋（Os（1））．SetF：＝  

u＊（E）．TheconditionEID芸OD（a）⑳risequivalenttosaythatfbreveryBberT  
Or7r the vector bundle FITis the direct surnOrrline bundles ofdegree a．In  

particularthesplittlngtypeOfthe restriction orFisthesamefbrall負bersof花，  

i・e・Fisa7トunifbrmbundleofa7E－unifbrmbundleinthesenseofIshimura（［I］）．  

SinceF＝L（＊（E）andEislocallytrivialaroundP，thereisanopenneighborhood  

U of’hin A such that F暮Uistrivial．Since FIUistrivialand u＊（仇）＝Os、We  

haveE芸u＊（F）・Ifr＝1thetrivialityorFlhimpliestheexistenceoranintegerb  

SuCh that F芸仇（bh＋2好）・Thus E＝u．（F）芸Os（b），Since EED has degree a，  

We have b＝a，prOVing the case r＝1・Fix a smooth curve C∈蔓h＋訓．Thus  

C芸Pl，Cnh＝Q5、Cisasectionof7T，uisanisomorphisminaneighborhood  
OfCand u（C）isasmoothconiccontainedisS．Nowassumerr≧2．Forevery  

Bber Tof7rthevectorbundleF卜aC）ITistrivial．Thush（）（T，F（．aC）IT）＝r  

andhl（TJトah）IT）＝0．Thus7T＊（F（－aC））isarankrvectorbundleonPland  

the naturalmapが（7T．（F（－aC）））→FトaC）is anisomorphism（［OSS］，Base－  

Changetheorem at p．11）．Sinceが（B）lh芸Bfbrany vector bundle B on Pl  

and F［his trivial，We Obtain F芸仇（ah＋2‘そf’）⑳r．ThusE芸u＊（F）芸Os（a）＠r，  

PrOVlng thelemma．  

PROPOS汀ION2．4．魚油ビガビr∫r，占、〃仇府／z r≧1，占≧－1（7乃〟Jl≧2r＋5十占．  

⊥どJ∫⊂タ”占ピ〟〃加e血亡If朗どヴ〃α訪′ぐわpどr∫〟ゆce q／r〟戒〃－ゐ，g．ど．∫〟ぐ月血J  

∫わ7グ（9）ゐα∫dわ椚l∫わ〃わーl．エビg g占ど〟r〔〝7んrぴeぐJor占乙J乃（弛0乃∫．d∫∫以mど才如   
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ビ血ビ〃αq′如ダer∫恥‥・，〟r∫〟C力J力αJgtβ芸⑳l≦∫≦r恥（α′）、かどl叩J加  

β⊂ぶ・乃e〃g芸㊦1≦′≦rO∫（勘）・  

PROOF・Westressthattheproof盲in［Bl］arejustadaptationstothequadric  
CaSeandtosomemoregeneralsubvarietiesofPnoftheresultsprovedin［EF］fbr  
P’l・Thecaseb＝pl，i．e．thecaseSsmooth，is卜Bl］，Th．1．Thuswemayassume  

b≧0，i．e．we may assurne that Sis a quadric cone and assume that the result  

true fbr theinteger b／：＝b－1．Let W be the vertex of S．Thus Wis a b－  

dimensionallinear space．Consider the exact sequence  

O→Jぶ（り→0ァ′∫（り→0ぶ（り→0  （l）  

Since theidealsheafIs or Sin Pnisisomorphic to Op〃（－2），ftom（1）and  

the known cohomology ofline bundles on Pn we obtain hJ（PnJs（（））＝  

hi（S，Os（l））＝O fbra11integersi，lwithl≦i≦n－1．Thisisequivalent to say  

thatSisanarithmeticallyCohen－MacaulaysubvarietyofP”．LetHbeagener之11  

hyperplane ofPn．Set Y：＝SnH．Hence Y⊂His anirreducible quadriccone  

and WnHis the vertex of Y．By theinductive assumption on b EIY  

◎1≦′≦rOY（ai）・Weordertheintegers 

． 

Since dim（Y）≧2，the Brst part ofthe proorgives hl（Y，（EIY）（t））＝0丘）r all  

integers t・Since the conormalbundle of Yin Sisisomorphic to O）′卜1），n・Om  

［Bl］，Prop．1，WeObtainhl（S，E（t））＝Ofbrevery t∈Z．From thecohomology  

exact sequence associated to the exact sequence  

O→g（ト1）→g（り→g（引y→0  （2）  

we obtain hO（S，E（－al））＝k and that the restriction map HO（S，E（＜Il））→  

HO（Y，E（－al）‡Y）isbiiective．NoticethatHO（Y，E（－al）lY）spansatrivialrank  

k fhctor of Eトal）IY．Moving H between allhyperplanes not containing W  

we obtain that HO（S，E（－al））spans a trivialrank subbundle F of Eト（tJ）．  

Ifk＝r，thisimpliesE芸F（al），i・e・E芸㊦1＜i＜，Os（ai），PrOVing the resultin  

this case．Now assume k＜r．Foreverylin言b⊂S we have E／F（al＝D  

◎k・1≦′≦r OD（ai）・HencebyinductionontherankrwemayassmeE／F（al）芸  
＠k十1≦′≦，Os（ai）・Sincehl（S，Os（t））＝Ofbreveryt，eVeryeXtenS10nOfE／F（（］l）  

byF（al）splits・ThusE芸⑳l≦′≦，Os（ai）・  

3．Countable Vec紬r Space   

In this section we consider C（N）equlPPedwith the鮎ite－dimensional  

topology．   
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REMARK 3．1・For everyinteger n≧1consider the embedding or Cn  

intoC（N）madesending（＝l，‥．，＝n）into（＝1，．・．，＝n，0，・・・）・Inthiswayweobtain  

aninfinite countable tower of prq】eCtive spaces P（）＝Pl⊂P2⊂…C＝PJJ⊂  

Pn＋1⊂…⊂P（C（N））．Fix aninteger r＞0．Let E be a rank r holomorphic  

vector bundle on P（C（N））．Set E17‥＝EFP，1．Each ELis a holomorphic vector  

bundleonPnandEL．．1Pn箋ELfbralln．Conversely，thetopologyofC（N）is  
suchthatglVenanytOWer風l，n≧1，Ofholomorphicrankrvectorbundleswith  

theconditionEl什1FPn芸ELfbra11nthereisaunique（uptoisomorphisms）rank  

l・VeCtOrbundleEonP（C（N））suchthat旦，芸EtPnforalln・ByLemma2・lwe  

haveE芸⑳l≦i≦，0，（C（勅）（ai）fbrsomeintegersal、・‥，ar・   

From now onin this section we fix the tower Pu⊂Pl＝P2⊂・・・＝Pn⊂  

Pn＋l＝・・・⊂P（C（N））introducedin Remark3．1．  

REMARK3．2．Everyhomogeneous polynomialon C（N｝iscontinuous uDト  

Ex．1．63）．Hence to give a degree d hyperSurfbce（even not reduced or not  

irl・educible）X ofC（N）is equivalent togive fbr allintegersn≧la degreed  

hyperSurfhceXl卜10rPノ∫．LetEbearankrholomorphicvectorbundleonX・For  

a11n≧O set El，‥＝El弟J．Each El，is a hoIomorphic vector bundle on弟，and  

En．JXL芸En fbr a11n．Conversely，the topology or C（N）is such thatgiven  
any tower E17，n≧0，Orholomorphic rank rvector bundles with the condition  

Elけ‥弟．2；EL fbr a11n thereis a unique（up toisomorphisms）rank r vector  

bundle E on X such that En≧EIX7，fbr alln・  

REMARK3．3．BylG］，Th．1atp．63，eVeryquadraticfbl・mOn CtN＞may  
bediagonalized．Henceanyquadraticfbrm Qon C（N）isuniquelydetermined，  

uptotheactionorGL（C（N）），byapair（∝，P）、Where∝iseitheranon－negative  
integerorthesimbolズ）andβiseitheranon．negativeinlegerorthesymbol：n  

andif a≠∞，then b＝CXl：αis the rank of Q andβisits corank，i・e．βis  

thedimensionofthemaximallinearsubspaceA orC（N）suchthat Q（．r．y）＝O  

fbl・eVeryX∈Aandeveryy∈C㈱．conversely，anySuChpair（2、β）isassociated  
toaquadraticfbrmonC（N）ニifズis触ite，takeadiagonalfbrmQ＝∑】≦i≦ズ＝f：  

ifβis hite take Q＝∑i≧β＋l＝f；if（α，β）＝（策13C）take Q＝∑，≧l＝去・The  

quadratic fbrm Q associated to the pair（α、β）is non－degenerateifand onlyif  

β＝0．  

LEMMA3，4．エビJl′毎〟J7∫頑〃如成加ビ′痛〃J7〟／ぐ彿甲／どJ乙呼ぐ存〃・軍〟ぐどα月d e  

（Jれ如ピ血（、削ビヴ録〟drfrゐJやビ「叩／巌、ピ扉■p（打）．苗∫J加・一月，β川9・乃班血rど〟rピ  

Jげ0亡血血扉’クr（がど〔－J油甲αぐど∫dl⊂木⊂…⊂¢α′－dβ1⊂β二⊂…9∫〃（－カ血J   
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dよ椚（」〃）＝〟加1（β〃）＝〃♪rαJノア7，d＝dl，β＝月1（〝‡ddfn夙“淵而血相〟加軋か■  

上》0．  

PROOF．TakinglnStead of V any countablein丘nite vector subspace of V  

COntalnlng the vector subspace ofdimension at most4associated to thelinear  

span ofAUB，We reduce to the case V＝C（N）．since Qis diagonalizable、it  
iseasy to checkthatbothA and Barecontainedin anin丘niteincreaslngtOWer  
Ofprqjective spaces．If Qis singular andits singular set Sing（Q）is atleast a  

line，then takingaJOln Ofanytwo suchtowers ofprq）eCtive spaces withaline，  

then we obtain two towers Al＝A2＝・・・⊂Q and Bl⊂B2⊂‥・Q such that  

dim（An）＝dim（Bn）＝n fbr alln，A＝Al，B＝Bland AinBiCOntaining aline  

fbri》0．Call（∝（Q），β（Q））theinvariants associated to Qin Remark3・2・We  

have soIved a11cases except the oneswith O≦β（Q）≦l．We willdo the case  

β（Q）＝0（i．e．Q smooth）1eaving the very similar caseP（Q）＝lto the reader・  

Up to alineartransfbrmationwe may assume that Q＝i∑t≧l＝f）・Let n be  

any positiveinteger such that both A and B are containedin the prq）eCtivi－  

zation orthelinear subspace W＝Cn ofC（N）glVen by＝［＝O fbr alli＞n・  
We maychangethecoordinates ofC（N）keeplng触edtheonesof Win such  
a wayin the new homogeneous coordinates ＝1，…，＝n，Xi，yi，i≧1，Q＝  

i∑1≦協z＝f十∑i≧1Xiyi＝0）・Take as Al＝A2⊂・・・⊂Ak＝Q（resp・Bl⊂  

B2⊂… ＝Bk＝Q）any tower obtained from A（resp・B）taking the cone with  

VerteX Xi＝O fbrl≦i≦k－1，yj＝0・  

4． Proof of Theoreml．1  

LEMMA4．1．L／et VbeaBanachv，aCeWith countableunconditionalbasisanc！  

J／Jぐ／り川／た叫／／椚リー川．l・〃…／p＝Pけ）‘川机J（侶ぐム．り，仁一刷J小′ハ・llイ丁（川一・、ゾ′岬′／…・／川・上ノ・ヾ  

八川W〃（血J．ノ．‘イど／｝L′‘＝てJJ止J・／M／棚，（叩／J／√・け（イ仰／）川“／／‥川 ¢∴h・…′＝〔・血・  

亡・，血J川廿（イ（J／加 ♪⊂せ、制止J／J‘J／F；ハ ～・ヾ 両l血／．刀椚′ ∫ h・汀舟山／刷‘／  

か（e，g（r））＝0ノbrビひどげ血聯＝．  

PROOF．Let P be the singular point of Q．Take a closed hyperplane H of  

P（V）suchthatQnHisasmoothquadrichypersurfaceofH・Letu：Z→Qbe  
the blowing－uPOfQat P，i．e．theclosure ofu‾1（Q＼（P））in BIp（P（V）），Where  

t7：BIp（P（V））→P（V）istheblowing－upOfP（V）atPconsideredin［Ll］，尊7・Zis  

a smooth manifbld and thereis a holomorphic map7E：Z→QnH such that  
Z芸P（OQnH◎OQnH（－1））and花isthe associated Pl－bundle・The closed set  
u‾1（P）is a smooth manifbldisomorphic to QnH and7rlu－1（P）induces an   
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isomorphismbetweenu‾1（P）andQnH．Furthermore，uql（P）isaCartierdivisor  

OfZ．Set F：＝u＊（E）．Thus Fis a rank r holomorphic vector bundle on F・  

SinceEisloca11ytrivial，thereisanopenneighborhood UofuLl（P）suchthat  

ダIU芸0㌘r．   

Claim：Thesheaf7r＊（F）isalocallyh・eeSheafonQnHwithrank（花＊（F））＝r  

and the naturalmap∝：が（花＊（F））→Fis anisomorphism・  

PROOF．BytH］，Example5atp．38，Th．1／atp．46andTh，2atp・50，the  

Sheaf7r＊（F）is pseudo－COherentin the sense of［H］；here we use that QnHis  

locally paracompact．By Lemmas2．1and3．4fbr everyline R＝Q we have  

EIR芸0雷r．HencefbreverynberTof7rWehaveFIr芸0欝r．Themorphism7r  

isaloca11ytrivialPl－bundleandinparticularithasloca11ymanysections・Fix  

One SuCh section L7、a POint A∈MnH and an open neighborhood f20rA on  

whichqisde餌edandsuchthat7rl（f2）芸nXPl．sinceFislocallytrivial、We  

mayalsoassumethatFistrivialtoarbitraryorderinthesenseofLLl］，1inelOof  

P．505．Hence we may apply LLl］，Prop．5．7，and obtain that7r＊（F）is a rank r  

VeCtOr bundle on U；nOtice that［Ll］，Prop・5・7，StateS that花★（F）is holomoト  

Phicallylocally trivial・Furthermore，by rLl］，Prop．5．7，the map G（is爺berwise  

iqjective witha subbundle ofF asimage．Since rank（7T＊（F））＝rank（F），謀is an  

isomorphism，prOVlng the claim．   

Since Fis trivialin an open neighborhood of u－1（P）andが（7T＊（F川  

u‾1（P）芸7E＊（F），7T＊（F）is trivial．Hence the buectivity of∝implies the triviality  

OfF・We have7T＊（Oz）＝OQ and7T＊（（が（A））箋A fbrevery holomorphicvector  

bundleAonQ・ThusE箋n＊（F）・SinceF芸0望r，WeObtainE箋0謬r，PrOVing  
thefirst assertion of’thelemma．Thelast assertion orthelemma fb11ows丘om the  

trivialityorEandthevanishingtheoremprovenin［B2］，Cor．2．8，because【B2］，  

Remark2．11，ShowsthatthelinearprqjectionofQ丘omageneralpointofP（V）  

OntO a Closed hyperplane ofP（V）is c－natin the sense of［B2］．  

LEMMA4．2．エビJリムど〟β〟〃〟ぐ力乎（〟・どげf7月rβ以J〃〟ムk以J7（・0乃助ね〃〟／わ弘一加甜適  

〟ば／〟（1〟／た血gpr叩打Jγ〟乃de⊂タ（「）〟∫椚00r力押〟か～（－／リアピr∫〟ゆ化エビJgみど〟  

r〟乃んr力〟わ椚β′〆7～（Ⅷピ（側rみ〟〃繭β〃e．月∫∫〟椚ピ′毎e血相〝（Iビげα肋どβ＝¢∫揖ぐ力  

血Jgiβ由抒ね血J．乃ピ〃古山け雨α／〟〃dノパ9，g（り）＝0ノか押ピりフ加J聯＝．  

PROOF．By Lemmas2．1and3．4fbr everyline R⊂Q the holomorphic  

VeCtOr bundle EIRis trivial．Fix P∈Q andlet TbQ⊂P（V）the tangent space  

to Qat P．Let E］（P）芸Crbethe爺berof－Eat P．Thus71Qisacodimension  

OneClosedlinearpr可ective subspaceofP（V）．Set Y：＝QnTbQ．Thus Yisan   
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irreduciblequadrichypersurfhceofTbQandPisasingularpointofY．Since Q  

issmooth，TbQistangenttoQonlyatP．ThusPistheonlysingularpointofY・  

For anyline R⊂Ythe vectorbundle E‡Ristrivial．Hence by Lemma4．1the  

VeCtOr bundle EIYis trivial．Consider the exact sequence  

O→ガ（－1）→g→呵y→0  
（3）  

We have Hl（Q，Eト1））＝O by［B2］，Cor．2．8，because［B2】，Remark2．11、  

Shows that thelinear prqiection of Q n・Om a generalpoint of P（V）onto a  
closed hyperplane ofP（V）is c－natin the sense of［B2］．Since EIY芸0苧r，  
hO（T，E（－1）lT）＝O fbr alllines T＝Q，We Obtain hO（Q，E）＝r and that the  

restriction map HO（Q，E）→HO（Y，EfY）is biiective．In particular we see that  

theevaluationmapHO（Q，E）⑳OQ→El（P）isbuective・SincePisanarbitrary  

POintofQ，thisistruefbreverypointofQ，i・e・E窒0冨r・SinceEistrivialandQ  

is a smooth hypersurfhce，thelast assertion was also provedin［KトTh．8．7、at  

leastif V admits smooth partitions ofunlty．  

LEMMA4．3．エビ／r占e〟β〟〃αr力軍飢Iビ帆潮（－0〟〃Jα抽〟†7ぐOJl血山〃〟／ろα∫∴ゞ〟JJ（／  

J／圧・／〃川／／ニ極りげ叩〝J．l・‘〃圧／せ＝Pけ）‘J‘／凧‘・んイ‘・／叩几＼叩／〃n一け／附＼・し・．一両／〃／川・／り…ヾ  

hノブ′Jれ・一品＝川・～ゾ‘肋′／・⊥（りどわ‘J√′′・〟′止′・／M／川J…丁，／7／〔・仙・J＝・／）MJr／／（一＝Jせ‥血…川（・  

血・ハ山川（・L・・イ‘J〃〃（・♪＝9．ヾ…イJ／／7〃／上1β八／J■／J、山／．川川 上ー／．ヾ／J■舟山／（川（／  

が（e，g（り）＝0ノbrビリピサ血聯r g．  

PROOF．By［B2］，Cor．2．8and Remark2．11，We have Hl（Q，E（（））＝（）fbr  

everyintegertandinparticularHl（Q，Eト1））＝0．Setb：＝dim（Sing（Q））．The  

CaSe b＝－1（i・e・Qsmooth），isjust Lemma4．2．The caseb＝Oisjust Lemma  

4・2・Hence we may assume b≧1and that the resultis true fbr hyperquadrics  

Whose singularlocus has dimension b－1・Notice thatif V＝W◎Cl】（topo－  

logicaldirectsum）fbrsomeintegerx＞Oandsomeclosedlinearsubspace Wor  
the Banach space V，V has thelocalizing propertyifand onlyir W has the  

localizing property（see e．g．［K］，P．28）．Obviously，the sameis true fbr the  

PrOPertyOfhavingacountableunconditionalbasis．ThesingularsetofQisab－  

dimensionalsubspaceMofP（V）・LetH⊂P（V）beaclosedlinearsubspacenot  
COntainingMandP∈M＼MnH・ItiseasytocheckthatQnHisaquadriccone  
WhosevertexisexactlyHnMandthatQisaconewithvertexPandQnHasa  

basis・BytheinductiveassumptiononbthebundleEfQnHistrivial．Applythe  

exactsequence（3）with QnHinsteadofYandrepeattheprooforLemma4．l，  

PROOFOFTHEOREMl・1・Thelastassertionisjust【B2］，Cor．2．8andRemark   
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2．11，becausethe prqjection ofQ ftom a generalpoints ofP（V）onto a closed  

hyperplane ofP（V）is c－natin the sense of［B2］．For the same reason fbrany  

nnite－COdimensionalclosedlinearsubspaceA orP（V）wehavehl（A，（EIA）（t））＝  

Ofbreveryintegert．FixanylineD＝Q．Thereisanintegerssuchthatl≦s≦r  

and unlquely determinedintegers bl＞・・・＞b．1・andmi＞0、1≦i≦s，SuCh that  

ml＋…十m．Y＝randE！D芸①．≦j≦sOD（q）⑳lり（theHarder－Narasimhan丘Itra－  

tionofELD）becauseD芸Pl，eVeryVeCtOrbundleonPlisadirectsumofline  

bundlesanddeg（D）＝1・WewillshowthatE芸◎l≦j＜sOQ（q）⑳ml・ByLemma  
4・3thisis true（just twistingwith OQ（－あ1））ifs＝1・Hence we may assume  

S≧2，i．e．ml＜r．Let b be the dimension orthe singularlocus ofQ，with the  

COnVention b＝qlifand onlyif Qis smooth．   

（a）First assume b＝0．Hence Sing（Q）is one point，P・Take a closed  

hyperPlane HofP（V）such that QnHis a smooth quadric hyperSurfhce ofH．  

LetL（：Z→Qbetheblowing－uPOfQat P，i．e．thecIosure of打l（Q＼iP））in  

BIp（P（V）），Where z）：BIp（P（V））→P（V）is the blowing－uP OfP（V）at P con－  

Sideredi11［Ll］，§7．Zis a smooth manifbld and thereis a hoIomorphic map  

打：Z→QnHsuchthatZ芸P（OQnH⑳OQnHトl））and花istheassociatedPし  
bundle．The closed set LJJ（P）is a smooth manifbldisornOrphic to QnH and  

TrTu－1（P）induces anisomorphism between u～l（P）and QnH．Furthermore，  

ェ√■1（P）isaCartierdivisororZ．SetF：＝u＊（E）．ThusFisarankrholomorphic  

VeCtOrbundleonF．SinceEisloca11ytrivial，thereisanopenneighborhood Uof  

乙Lhl（P）suchthatFIU芸0警r．TwistingEwithOQ卜ゐ1）wereducetothecase  

bl＝0．The constructionin the proof of Lemma4．1is the same as the con－  

StruCtion glVenin the proofof－Proposition2．4and this construction commutes  

With taking alinear subspace of H．Thus7r＊（F）is a rank mlSubbundle of  

EIQnH、i．e．the quotient sheaf（EEQnH）／7r＊（F）is alocally n・ee sheafwith  

rankr－ml．Fixany負nite－dimensionallinearsubspaceB⊂HsuchthatBnHis  

SmOOth and dim（B）＞2r．Let Ac＝P（V）be thelinear span ofB and P．The  

COnStruCtiongivenintheproofofProposition2．4appliedtoQnAisthesameas  

theblowing－uPjustgivenandhence（calling7TAthemapinthatproofandFhthe  
COrreSPOnding bundle）we have7T＊（F）lB芸7EA．（fh）and（E‡QnH）／7r＊（F）lB茎  

（EIB）／7rA．（F14）．Thus fbr anyline RニB we have 7T＊（F）IR芸0欝mland  
（（EIQnH輝（F））lR芸軌≦］≦．一OD（ウ′）＠”’／・HencetheHarder－Narasimhan鈷  

tration of．7r．（F）has s’＝1blocks，While the Harder－Narasimhan別tration of  

（E慢nH）／7tJF）has s’＝S－1bloeks．By theinductive assumption on the  

integerswehave花♯（F）芸0罫詣and（EWnH）／花・（F）芸02≦ノ≦∫OQnH拘）OmI  
Since hl（QnH．OQnH（t））＝O fbr everyinteger t（［B2］，Cor・2・8and Remark  

2．11），We Obtain hl（QnH，Hom（（EJQnH）／花＊（F）），7E＊（F））＝0．Hence any ex一   
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tension of（EIQnH）／7T＊（F）by7T＊（F）splits．In particularwe have EIQnH箋  

（EEQnH）／冗＊（F）⑳花＊（F）andhence EIQnH芸◎1≦j≦∫OQnH（bj）Om／・Asin  

theproofofLemma4・2weobtainE芸①l≦ノ≦．，OQ（W＠”1］   
（b）Now assume Q smooth，i．e．b＝～1．The proorof Lemma4・2and the  

part b＝Ojust proven glVeS a PrOOfofTheoreml．1in this case・Now assume  

b＞0・The proof of－Lemma4．3 glVeS byinduction on b the generと11case、  

COnCluding the proof．  

5． Proof of Theoreml．2  

PROOFOFTHEOREMl．2．By assumptlOn X＝HUM with H and M．closed  

hyperplanesofP（V）and H≠M．Let＝（resp．lJtl）bethehomogeneousequation  

Of H（resp・M）・At each point P∈H（resp．PeM）the germ of、＝（resp．一lう  

generatestheidealsheafofH（resp．M）inP（V）．Ateach P∈〃nM thegcrms  

Of＝and wgenerate theidealsheafofMnHin P（V）．Thus we htIVeとIMayeト  

Vietoris exact sequence  

O→仇再）→0〃（り⑳0〟（り→0〟∩〟（J）→0  （4）  

Since HO（H，OH（t））（resp．HO（HnM，OHnM（t）））is the set or a11degrce［  

COntinuous homogeneous polynomials on H（resp．HnM），the restriction  

map HO（H，OH（t））→HO（HnM，OHnM（f））is suりective．Since hl（H，OJ］（［））ニ  

hl（M，OM（t））＝Ofbreveryintegert（［Ll］，Th．7．3and8．2），theexactsequcncc  

（4）gives hl（X，Ox（l））＝O fbr allt．By［Ll］，Th．8．5and Th．7．l，there are  

two non－increaslng SequenCeS Ofrintegers al≧‥・≧u，and hl≧・・・≧h，SuCh  

that EEH≡①1≦料・OH（ai）and EIM芸①．≦′≦，OH（bi）・Sincc EiHnM芸  

E‡MnH，We have bi＝alfbr everyi．   

SinceEislocallyftee，bytensoring（4）withEweobtainanexactsequencc  

0→g→gl〃⑳g‡〟→gl〟∩財→0  

1f al＝ar，Set k：＝r・lr al＞ar，1et k be the Brstinteger with  

（5）  

封
a
V
。
h
a
t
 
ん
 
h
 
t
 
 

≦
 
 

l
 
 

and ak＞ak＋l・By［Ll］、Th・8・4，fbr allintegers l、We  

／71（〟，g（′）l〟）＝か（〟，g（g）岬）＝か（〟∩〟，g（才）】〟∩〟）＝0．Notice  

が（〃，ガト叫）I〟）＝㌦（〟，g（一利）l〟）＝が（〃∩〟、gト舶岬∩凡才う＝ん．Fuト  

thermore†SinceE（t）lH芸⑳1≦′≦，OH（ai＋f），E（HnM≧Ol≦′≦，OH｛rM（u，＋り  
andhl（H，OH（＝））＝Ofbreveryinteger＝，therestrictionmapH（，（H、E洲Hト  

HO（HnMJ（f））is sudective・Hence ftom（6）we obtain hl（X．E刷ニO fbr  

everyintegerlandhO（X，E（－al））＝k．Thelastequalityandthede触itionorthe  

integerkimply thatfbranyline D＝X therestriction map Ht，（C，Et～al））   
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H｛）（D，Eトal）lD）isanisomorphism．SinceanypointoFXiscontainedinaline  

COntainedinX，WeObtainthatthenaturalmapHO（X，E（＜Ll））⑳Oxisi両ective  

andithasasimagearankktrivialsubbundle，F，OfE卜al）．Ifk＝rWeObtain  

E（叫）芸0要ELl，PrOVing the theoremin this case．Irk＜r，We Obtain that  

E／F（ul）isarankr－kvectorbundlesuchthatitsrestrictiontoanylineDofX  
hassplittingtype〟k．1≧・‥≧a，・ByinductionontherankweobtainE／F（al）芸  

①k＋1≦′≦′． Ox（ai）・Since hl（X，Ox（t））＝O for every t∈Z，eVery eXtenSion or  
E／F（al）byF（al）splits・ThusE芸F（al）◎E／F（al）芸Ol≦′≦，Ox（ai），aSWanted・  

TheunlqtleneSSPartinthestatementofTheoreml．2isobviousbecausefbrany  

lineD⊂X，thenonqincreaslngSequenCeOfrintegersal≧・・・≧aristhesplittlng  

typeOfEID．  
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