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CONSTRUCT BI－FROBENIUS AIJGEBRAS VIA QUIVERS＊  

By  

Yanhua WANG and Pu ZHANG  

Abstract. The aim of this note is to construct explicitly a class 

Of bトFrobenius algebras via qulVerS．1n particular，this kind of  

bi～Frobenius algebras are not Hopfalgebras，and a necessary and  

Su軌＝ient condition fbr such algebras being symmetricis glVen．  

1．Introduction  

TypicalFrobenius algebras arefinite group algebras．In general，a且niteq  

dimensionalHopfalgebraisaFrobeniusalgebra（SeeLarsonandSweedler［LS］，  

Or2．l．3inMontgomery（M】）．RelationsoftheFrobeniusalgebraswiththeYang－  

Baxterequations and with the topologlCalquantumfield theorycan be fbunded  

in［Kad］and【A］，reSpeCtively．Asa naturalgeneralization of丘nite－dimensional  

Hopfalgebras，theconceptofabi－FrobeniusalgebrawasintroducedbyDoiand  

Takeuchi［DT］（seealso【Kop］）．Roughlyspeaking，thisisaFrobeniusalgebraas  

Wellasa Frobeniuscoalgebratogetherwithanantipode．Exceptfbranexample  

givenin2．5in［DTl，therearefbwexplicitconstructionsofbi－Frobeniusalgebras  

Whicharenot航nite－dimensionalHopfalgebras．Theaimofthisnoteistoprovide  

SuCh an explicit constructionvia qulVerS．   

Motivations of our construction is the quiver method in the representa- 

tiontheoryofalgebras，SeeRingel［Rj，COalgebrastructureonquiversconsidered  

by Chin and Montgomery［CMl，and construCting Hopf quiver and quiver  

quantumgroupsbyCibilsandRosso［C］，［CR］，andE．GreenandSolberg［GS］，  

etc．   

We startffomthealgebraK乙／Jd，WhereKZListhepathalgebraofthe  
basic cyclewith n vertices andJis theidealgenerated by arrowswith d≧2  
aninteger．Thisis an augmented Frobenius algebra，anditis a symmetricif  

and onlyifd≡l（modn）（See Theorem2．3below）．Endowedwith a suitable  
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Frobenius coalgebra structure、this Frobenius algebra becomes a bi－Frobenius  

algebra，Whichis not a Hopfalgebra（See Theorem3・3）・   

Theauthorsthank thereftree fbrpointingouttherefもrence［DトBy Lemma  
l．2in［D】，OneCanPrOVethebothFrobeniusnessofKZ，）／J‘／byshowingthとItit  
hasabiiectivebi－FrobeniusantlPOde．SoweleとIVetheproof’of’the Frobeniusness  

Ofalgebra（seeLemma2．1（ii））andorcoalgebra（seeLemma3・ヱ）toTheol’em3・3．   

Throughoutlet K be afield．Allalgebras and coalgebrとISとIre OVer K．The  

notations Hom and⑳are over K．  

ヱ．q血ers amd Frobeni㍑S A曇gebras  

AquiverQisanorientedgr叩hgivenbytheset QりOfverticesとIndtheset QI  
Ofarrows．Let KQbethepathと11gebra oraquiverQ（seee．g．【R＝，Wewritethe  

COlt］unCtion of pとIths什om right tolefl．  

A finite－dimensionalalgebl・とIAis silid to be elementilryirA／r；ldA≧Å”Llゝ  

之11gebras fbr some positiveinteger n，Wherel●adAis theJacobson rとIdicとIl．Bv  

Gabriers theoremと1n element之11■y algebraisisomorphic to KQ／I，Where QisとI  

finite quiver，andJis an admissibleidealorKQ（i．e．，J・へ7⊆I⊆J二王br somc  

positiveintegerNJistheidealorKQgeneratedbythearrows）．SuchとIquivel・Q  

is unlquely detennined by A，Whichis called the GabrielqulVer Or A．  

Let A be a点nite－dimensionalalgebra，and A＊＝Hom（A，K）．Then A＊has  

a naturalA－A－bimodule structuregiven by（q［）（b）＝f（b（］），（jb）（b）＝f（LLb），  

∀f．∈A＊，a，b∈A．We say thatAisa Frobenius algebra provided thatノIA芸AA＊  

asleft A－mOdules，Or equlValently AA≧A完as right A－mOdulesこ之1nd that Ais  

Symmetric provided that AAA芸AA3as A－A－bimodules▲   

LetAbeaFrobeniusalgebrawith⑳：AA芸AA＊．Then¢：＝0（1A）isacyclic  

generator ofAA＊・AIso¢is a cyclic generator orA完、and u巾¢ELis aniso－  

morphism AA2A3，We willcallthe pair（A，¢）is a Frobenius algebraif¢is  

neededtobe specified・Let（xi，j；），Xi∈A，f∈A＊，beadualbasis（i．e．，fbreach  

a∈A，Eij；（a）xi＝a），and yi∈Awith f；＝Qyl．Then we have  

∑∫舶〟）＝〟＝ ∑¢（叫）γf，∀〟∈」・  
i J  

Wereftrto¢asaFrobeniushomomorphism，（xi，yi）asadualbasis，∑i・Y∫⑳y，  

as a Frobenius element，and（¢．xi．yi）as a Frobeniuscoordinate，See【Kad】or  

［KS］・TheNakayamaautomorphismistheuniquealgebraisomorphismN：A→  
A，determined by  

如＝〃（〟）¢  

fbr alla∈A．Then we have   
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抑制＝∑再廟－f），∀〟∈月・  
J   

ltis welトknown that a Frobenius algebrais symmetricif and onlyifits  
Nakと1yとIma autOmOrPhismisinner（see e．g．［Yj）．   

Let Cbeilfinite－dimensionalcoalgebrawithcomultiplication△，C＊itsdual  

と11gebra・Then（「isとIC＊－C†－bimodule via  

ノと・＝∑‘・1ノ恒）・（ノ’＝∑ノ擁）（・2 ∀／－∈r＊，ぐ∈r・  

Bydefinitionapair（CJ）withl∈Cisca11edaFrobeniuscoalgebraifC＝＝tC＊、  

Or equivalently C＝C≠t．  

Let Z′．denote the basiccyclewith〃Vertices．The set of－verticesis denoted  

byiL，／Ii∈Z／nZト and the set of arrows byiai＝iji＋1Ii∈Z／nZ）．Set  

）・∫lt：＝‘′j十，”・・・ui＋I（ti，the path orlength m startlng at the vertex ei・Taking the  

indices modulo n．Notethat）・；）＝f・iand）・．1＝ai．   

The rollowlng fact seems to be welトknown，For uselater，We Write out a  

direct p王・00仁  

LlミMMA2．l．（i）As．mm（，that KZn／Iis u F＋obenius Etbebra，1t，hereIis an  

（J血血′仙′（ん′‘J／．乃7川J椚払－デカピ（？／－J／7どん〃）r川J＝J〟ノiル．y仰把β（ノL～柚フピ油岬r  

（J≧ユ．   

（ii）mピ〟擁舟〟∬乙／ノ‘／ね・α伽∂ピ〃血〟／〟ピか仏軒眈々正〟叩／7柑〃辞（Jけど．ナノ削■ピ  

山肌〟心血Ⅵ如拙刑叫伸助＝：d→∬）、  

PROOF．（i）Note that an admissibleidealIo［KZl，muSt be generated by  

SOme Paths．While KZtJIis a selトinjective algebra，it fbllows什om a direct  

calculation that［＝Jd fbr some positiveintegerd≧2・   

（ii）WriteA＝KZn／Jd．wehaveremarkedintheintroductionthattheproof  

orthe Frobeniusnessisle代toTheorem3．3．Butfbr uselater，We Write outaleft  

A－mOduleisomorphism⑳：A→A＊・Notethat（y：”Ii∈Z／nZ，0≦m≦d－1iis  

abasis orA・Let（（）｝：”）＊liEZ／nZ，0≦m≦d－1）denotethedualbasisofA＊，  

and（わ：A－－＞A＊thelinear map determined by  

¢（げ）＝（）′fL，！‾′け）＊，∀f∈Z／〃Z，0≦′ナ7≦d－1・  （1）  

Actual】y，¢isaleftA－mOduleisomorphismandhenceAisaFrobeniusalgebra・   

De触e E：A→K to be thelinear map determined by  

£（γ；習）＝∂J．0∂”用 ∀∫∈Z／〃Z，0≦m≦d－1  （2）   
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Where∂iJis the usualKronecker symbol，and∂iJis the one modulo n fbr  

i，j∈Z／nZ．Clearly8is an algebra map・  ■  

The fbllowlng facts can be obtained by direct calculations・We omit the  

details．  

LEMMA2．2．凡「血伽占ピ血∫〟匂どかⅥ」＝∬Z〃／Jd仇棚加用叩旭研◎  

函・川（ハ・【J／｝（）け．1ltぐ／J（汀t・  

（i）侮伽占ビ血∫力州70∽叩旭′〃由¢＝∑ご‡云（γゴー1）＊．  

（ii）乃ビ加古β血∫e／ピ〝‡ど〃J由∑㌶∑£三とげ7㊥γ缶，「′刀   
（iii）乃ピ軍αreげ柳α〃d吻加血♂r〟ねα′■ビ∬）七きα〃d∬γg‾1，r叩ビぐJ加レ．  

肋乃ぐどたZ〃／Jdね〟〃血0血ぬrグーα乃doゆ打d…1（mod〃）．   

（iv）乃ど噂加椚0血／αrノわ〃ぐ血〃∝：」→∬ねg加′7占γ∝（げ）＝∂吊－1∂肌0．  

（v）乃e肋ん町α〃1…〃細川叩揖∫∽〃：」→dね紳ピ〃毎呵γ∫”）＝γ；竺（‘トl）・  

乃〟∫才力g肌ねrげ〃g∫どズαrゆ〃／（d－l，乃），H，カピrど（d－1，′7）由J毎grピ〟Jど∫J  

co〃1椚0乃 dわねor．  

T肥OREM2．3．乃ピ丑β占e〃血αわe占r〟∬Z〃／〆ム＝岬卿舶扉〃－α乃〟〃ゆげ■  

d…1（mod〃）．  

PROOF．IfKろ，／Jdis symmetric，then KZn／Jdis unimodular，and hence  

d…1（modn），by Lemma 2・2（iii）・If d…1（modn），then N（γ：”）＝γ∫”by  

Lemma2．2（v），and hence4a＝a¢fbra∈K乙／Jd．It fb1lows that KZn／JEJis  

Symmetric．  暮  

REMARK 2・4・By［CHYZ］，the Frobenius algebras and the symmetric  

algebras constructed above are allpossible connected monomialFrobenius  

algebras and monomialsymmetric algebras，reSpeCtively．  

3．A Class ofBi－Frobenius Algebras  

DEFINITION3・l（［DT］）．LetA bea丘nite－dimensionalalgebraandcoalgebra  

With t∈A and4∈A＊．Suppose that   

（i）the counit eis an algebra map andlAis a group－1ike element；   

（ii）（A，¢）is aFrobenius algebra，and（A，t）is a Frobeniuscoalgebrawith  

COmultiplication△；   

（iii）Thelinear mapゆ：A→A，given by   
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（3）  

fbra11a∈A，is an anti－algebra map aswellas an anti－COalgebra map，  

Where△（り＝∑Jl㊥Jユー  

Thenthequadruple（A，Q，t，¢）isca11edabi－Frobeniusalgebra，andthemap¢is  

Ca11ed the antipode of A．  

Nowweattach a FrobeniuscoalgebrastructuretoKZJJd．  

LEMMA3．2．77zequadr叩Je（KZl，／Jd，t，△，e）isa cocommutatiue ETobenius  

…J／小イー…．11イ一爪一  

J＝γg‾1  
（4）  

〟J7〟  

△（），；”）＝ ∑：小机，∀庸，ヴ∈Z／〃Z，0≦椚，／，∫≦d－1，（5）  
／叶ヴ＝／，／＋．－＝桝  

〟J7（′血（・0〃〃〟ど由‘頓才7どdα．ゞ血（2）．  

PROOF．By a routine verincation one sees that（KZ，l／Jd、△，8）is a coalp  

gebra．The Frobeniusnessis provedin Theorem3・3below・  ■  

THEOREM3．3．乃ビヴ〟αか岬／ど（∬乙／Jd，折ル）ね〟鋸一伽占e〃血埴β∂rα加〟  

Jい＝JJ／岬／、‘J／小舟‘いl而J．打〟正中〃ビ〟【′・…／）‘汀ぐ・  

PROOF．Itiseasytochecktheidentityl＝∑㌫1γ？isagroup－1ikeelement・   
ByLemmal．2intD］，itremainstocheckthatゆisananti－algebraandanti－  

COalgebra automorphism．   

Since¢（a）＝∑4（tla）12，We have  

〃一1（トI J卜1（ト1  

刷り＝∑∑純伊）広ト′＝∑∑ちル”腑∫佃）γ㍍1‾′  
ノ＝OJ＝0  ノ＝OJ＝0  

－′  

＝宕軒▼恒也γ小堀  
ト′  

＝句再桝∂d一冊”γ告  

＝γ＿研・  

Itis clear that¢is bijective．   
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Obviously，¢（∑；ゴγP）＝∑芸，1γP，andEOQ＝E・Notethat  

”十′＝ 
腑出）＝∂小′叫）∂招け㌍”【′・  

On the other hand，  

′ ＝・ 
頼）腑；”）＝γ二卜′）竺1仙川＝∂十トけ〔‡竺：”ら帖つ二1竺1一雄J・  

So¢is an anti－algebra automorphism・   

Let T be the twist map．Then we have  

TO△（拙ブ））＝TO△（｝・竺iト川）＝ ∑ 
／トト（ノ・J‾川  

／一ト＼・ニⅢ   

and  

伸⑪¢）（△（フ・；”））＝伸⑳¢）  

＝∑ 
〃十I「＝J  

／十「＝Jフ丁  

∑ γL∫卜′㊥）・ニl・イ  

肝亡ノーJ－l’－「＝－「卜「り  
J＋r＝こ川  

Thismeans T。△ゆ＝（¢⑪¢）△、i．e．，¢is an anti－COalgebra automorphism・   

Since△is not an algebra map，it fbllows thatitis not a Hopfalgebra・  

■  

REMARKS3．4．   

（i）The orderof¢is2since the coalgebraiscocommutative・  

（ii）TheremaybeothercornultiplicationonKZn／Jd・Infhctwecanendow  
a non－COCOmrnutativecomultiplicationto KZ2／J2asfollows  

△（ピ0）＝ビ0（診eo＋ど1（診el  

△（ピ1）＝ビ1⑳ど0＋ど0⑳ビ1  

△（〟0）＝Po㊥α0＋ど1⑳α1十〟0⑳ピ0一頃㊥ピ1  

△（勘）＝ビ1⑳〟0＋po⑳〟1＋〟1⑪ビ0－α0㊥ピ1  

Thisis exactly Sweedler，s4－dimensionalHopfalgebra   
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2 仇＝〈針可㌔＝1，∫＝0，卯＋∬9＝0，△（g）＝g⑳g，△（ズ）＝針⑳ズ＋∬⑳1〉，  

via  

l＝ビ0＋ビ1，♂＝go－ど1，∬＝〟1一勒．   

（iii）Actually，ifd／n，thealgebraKZJJdcanneverbecomeaHopfalgebra，  

With any comultiplication，See［CHYZ】fbrdetail．   

（iv）Dually，We may Obtain a class ofbi－Frobenius algebras starting丘om  

path coalgebras．  
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