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ISOTROPIC IMMERSIONS AND PARALLEL
IMMERSIONS OF SPACE FORMS INTO SPACE FORMS

By

Nobutaka Boumuki

Abstract. It is well-known that every parallel isometric immersion
of space forms into space forms is isotropic in the sense of O’Neill.
We characterize this parallel immersion from this point of view.

1. Introduction

Let f:M" — M"*" be an isometric immersion of an n-dimensional
Riemannian manifold M" into an (n+ p)-dimensional Riemannian manifold
M™" with metric {,». We recall the notion of isotropic immersions ([O]): Let o
be the second fundamental form of f is said to be isotropic at xe M" if
lo(X, X)||/I|X]]? is constant for all vectors X (s 0) on M" at x. If the immersion
is isotropic at every point, then we find a function 2 on M" defined by
x(e M") — ||la(X, X)]|/|| X||* and the immersion f is said to be A-isotropic or
simply, isotropic.

On the other hand it is known that all parallel immersions of compact
symmetric spaces M of rank one into space forms are isotropic. In this paper we
pay attention to the case that the submanifold M is a space form.

Space forms M"(¢) are Riemannian manifolds of constant curvature ¢ which
are locally isometric to either one of the standard spheres S”(c¢), Euclidean spaces
R" and hyperbolic spaces H"(c).

We characterize all parallel immersions of space forms M”"(c) into space
forms M"*"(¢) by using the notion of isotropic and two inequalities related to the
mean curvature H(:= ||bj]) of M"(¢) in M"*?(), where b:= (1/n) trace o.

The purpose of this paper is to prove the following:

THEOREM. Let [ be an isotropic immersion of an n-dimensional compact
oriented space form M"(c) of curvature ¢ into an (n+ p)-dimensional space form
M"(&) of curvature é. Let A denote the Laplacian on M"(c). Suppose that
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2(n+1) G

n

(ii) 0 < (1 —n)AH? + n¢h, Ab).
Then M"(c) is a parallel submanifold of M"?(¢). Moreover the immersion f is
locally equivalent to one of the following:

(1) f is a totally umbilic imbedding of M"(c) into M™P(G), where ¢ = ¢. Here
H? =c-¢. ‘ ,

() £ = frofi: M(c) L STrsD21(2n + 1) m)e) £ 81702(6), where J,
is a minimal immersion, f> is a totally umbilic imbedding and (2(n+ 1)/n)c = ¢.
Here H? = (2(n+ 1)/n)c — ¢.

(iy H? <

>

Note that our theorem is no longer true if we omit the condition (ii) in the
hypothesis (for details, see section 4).

The author is grateful to Professor Sadahiro Maeda for his valuable sug-
gestions.

2. Basic Terminology

Here we recall terminology in this paper. Let M" be an n-dimensional
Riemannian submanifold of an (n + p)-dimensional Riemannian manifold M"*"
with metric <,) via f. We denote by V (resp. V) the covariant differentiation
of M" (resp. M™P?). Then the second fundamental form o of f is defined by
o(X,Y) =VyY —VyY, where X and Y are vector fields tangent to M".
The curvature tensor R of M" is defined by R(X,Y)Z =VyVyZ - VyVyxZ —
Vix,v)Z, where X, Y and Z are vector fields tangent to M". For a vector field &
normal to M™", we write Vy¢& = —A: X + Dy&, where X is a vector field tangent
to M" and —A:X (resp. Dy&) denotes the tangential (resp. the normal) com-
ponent of Vy&. The curvature tensor RY of the normal connection D on the
normal bundle is defined by R*(X, Y )& = DyDyé — DyDy& — Dy y)&, where X
and Y are vector fields tangent to M" and ¢ is a vector field normal to M". We
define the covariant differentiation V’ of the second fundamental form o with
respect to the connection in (tangent bundle) + (normal bundle) as follows:

(Vyo)(Y,2) = Dx(o(¥,2)) = o(Vx ¥, Z) - o ¥, V4 Z).

where X, Y and Z are vector fields tangent to M".

The second fundamental form o is said to be parallel if V'o =0, namely
(Vy0)(Y,Z) =0 for all tangent vector fields X, Y and Z on M". We define the
second covariant differentiation of the second fundamental form ¢ with respect to
the connection in (tangent bundle) + (normal bundle) as follows:
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(ViyViyo)(¥.Z) = Dy (Vo) ¥ . Z)) = (Vo) (Vw Y. 2)
= (Vyo)(Y,VwZ) — (Vy, xo)(Y, Z),
where X, Y,Z and W are vector fields tangent to M".

We choose local orthonormal frames {e;,...,e,} on M” and define the mean
curvature vector field b as h = 3., (1/n)o(e;,¢;). The mean curvature H of M"
is defined by H = ||h|. The mean curvature vector field b is said to be parallel
if Db =0, namely Dyh =0 for all tangent vector fields X on M”. We denote
by ||o|| the length of the second fundamental form ¢, namely ”0’“2 =
Yot j=1€a(eiej),a(ere)). [[V'al|l is the length of the derivative of the second
fundamental form o, namely

h

Vo> = > (V,0)(eie). (V,0)(ene)>.

ijok=1
|IDb]|| denotes the length of the derivative of the mean curvature vector field b,

namely

IDB||* =" < Db, De b
i=1

3. Proof of Theorem

First of all we review the following lemma due to J. Simons [Si]. We here
write the proof of the lemma in detail for readers.

LemMma. If M" be an n-dimensional Riemannian submanifold of an (n + p)-
dimensional space form M"*P(E), then we can get the following equation:

1 . .
(3.1) 5Allall® = IV'al|* — en’H? + énllo]|®
n

+ Z {D,(De,(c(ex, ex))), olei, €))

ij k=1
+ ) [2oler,¢), olen, er)y<oler ex), aler e)>
ijok=1
— 2{o(ex,€),alex, er)>{a(er,e;),o(ei, )
+ (olex, ex), alei, er)y{alel e;), a(ei )

— {olei, e),a(er,ex) {alern ex), o(ei €))],
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where A denotes the Laplacian on M" and {e|,...,e,} are local orthonormal
Jrames on M".

Proor. We define local orthonormal frames {e\,...,e,} around a point x of
M?" by using parallel displacement for the vector ¢; (i =1,...,n) at x along each
geodesic with origin x. Then we easily find that (V,e;)(x) =0 (i,j=1,...,n). By
direct computation, using the notation in section 2, we have

Z ex(ex({alei ¢;), o(ej,e))))

1
5Allall* =
ij.k=

o] —

M

= 6’/((<D£.k(0'(£’j,(—)_j)).G'(ef,ej)>)
ijk=1

n

= [<Dt’A (0’(6’,‘, 6’,‘)), DL‘;. (0’(8,‘, £)/'))> + <D6’A (DL’A (O’((’,', ‘f/‘)))* 6"(6’,‘\ (]/') >}

ijok=1

.

n

IV'al® + (D¢ (De(a(e)rex))) oleie;)>
ijk=1

n

= |Va||* + [KDe, (Do (0, 1)), ales, €))>
i k=1

<

— D, (De, (a(ej,€r))), a(ei,€1)> + <D, (D, (a(ej, ex))), olei, €)) ]

= HV'GHZ + [(U(R(et,t’k)ejaek)aU(é’igé’j»
ij k=1

+{alej, R(er, ex)ex), olei e))> — (R (es, ex)(a(ey, ex)) olei, e))
+ <De,(De,-(J(ek1ek)))aa(ehej)>]'

Here we compute each term in the right-hand side in the this equation. We first
get

n

> Lo(R(er ex)es ex),alei e))

fjde=1

= Ko(6(0€i — dijex) + Aaies.e))€i — Aaer.e, €k €k), o(€r,€7) >
i.j k=1
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=loll* —anH> + ) [Coler,e), oler, e)X<aler, ex), olei )
ijk =1
- <G'(ei, ej)a U(@k, e])><0'(€[, ek)) U(efa e])>]
We compute similarly

Y <ole;, Rlei ex)er), oler,e)

ijok=1

n

= En“a]lz - 5”0'“2 -+ Z [<G(eka ek)7 U(ei,€[)><0(e[,€j),0'(e[, eJ)>

ij k=1

~ {olei, ex), o(ex, e) y{ales ), o(ei )]
Next, we have

S (R (enen)(ote ), ofen )

ijk=l1
- A DD ol 00 e )> = (Do Dot el )
- k (Do) e ) = B (Dol ). o))
- A [T (ol e)solen ) + Tl a0 o)
(T Tl e0)), 006 ) — T (At s o161 )))
- k [CRlenea)oley ). (60 = A Valolen )
ijk=

+ (Ao )€1, Ve, (011, €)))))

(where R is the curvature tensor of M"(¢))

n

= Z [<Aa(e,v.e‘)ekaAa(e,,y,)ei> - <A0((’,,ek)ei7A(t(t’i,f’j)ek>]
ijk=1
(because R(e;.er)(a(e;, ex)) = é(<ex, ole;, ex)de; — {ej.olej, ex)ex) = 0)

n
= Z [<O’(A,,(e"ek]€k,€,-),0'(€j,€j)> - <J(Ao(e,~,ek)€i’ek)’g(eﬁ ej)>]
ijk=1
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= [Kolej, ex), ale,ex)>{aler e),a(ei €)>
ijikl=1

- <0'(ej,£’k), 0'(6’1, e,')><0'(€/,3k), Ol(ei»ej)»'

Therefore by virtue of the above computation, we obtain equation (3.1).
Q.E.D.

In the following we study a A-isotropically isometric immersion f : M"(¢) —
M™P(&). It is known that the following equation holds (for details, see page 46 in
[Su]):

(3.2) <olX,Y),0(Z, W)

= SSEU YZ WY = X ZXCH W = KLY 2))

+%:(<X, YOZ, W5 + (X, Z5CY, W + (X, WY, Z3),

where X, Y,Z and W are vector fields tangent to M".
Equation (3.2) yields the following:
(3.3) o(X, V)P +c—é&= 1%

where X and Y are orthonormal vector fields tangent to M".

(3.4) g2 = A= (e =) + i (n+2)
. o .

(3.5) loll* = n*H? — n(n — 1)(c — &).

Here we compute the fourth term of the right-hand side in our lemma.
In order to compute this term easily we use again the condition that Ve, = 0 at
the point x, i€ {l,...,n}. It follows from the Codazzi equation (Vyo)(Y.Z) =
(Vyo)(X,Z), (3.2) and (3.4) that

n

> (D¢ (D, (olexex))), olernep))

ijk=1

n

= Y [ei({De (ol ex)) o(eie))) = <De(0(ex, ex)), De, (0(eir;)) ]

ijok=1
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n

> leilei(<olex, ex), aleie;)))) — ei(<olex, ex), D, (aler €))))

ij k=1

I

= Dy, {a(ex, ex)), De,(a(es, €1)))]

Z lei(ej({alex, ex), alei e;)))) — {olex,ex), De(De,(0(ej €))7

ij k=1

— 2{D,, (o(ex,ex)), De, (o(ei, €1)))]

n c—C . 3I1H2_2(n~ 1)((._5) ‘
l;l [e, (e‘i[ 3 (P = 2u0y) ¥ 3(n+2) (65 + 20ki5kj)D

]

— {olex.ex). Do, (D, (a(e), €:)))) = 2{ D, (o(ex. ex)), De, (e, eﬂ))}

nAH? — n2(Y, A — 2n°|| DY|}?

nAH? + n*¢ly, Ab> — n?(2]| Db||* + 2<b, Ab))

= n(l - n)AH? + n*{h, Ah).

Therefore we can get the following equation:

n

(36) D (Dy(Dy(aler,ex))),aleie)> = n((1 — n)AH? + nb, Ab).

ijok=1
Using our lemma, (3.2), (3.4), (3.5) and (3.6), we obtain the following
equation:

1 P 2_n3(n—1) s s , 2n+1)
2AHJ]| = ||V'a]| ) (H c+¢é)|H p c+e
+n((1 = n)AH? + nh, Ab).
Here it follows from (3.3) and (3.4) that

. A+2 5 -
Hz—c+c=—n——(i"—c+(‘)=

n-+2
el 0 i* =0,

for each orthonormal pair of vectors X and Y.

This, together with the inequalities (i), (ii) in the assumption of our theorem
and a well-known Hopf’s lemma, yields that V'c =0. Moreover we have
H2=c¢—¢ or H> = (2(n+1)/n)c — ¢. Therefore we get the conclusion ([F]).
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4. Remarks

(1) We comment on the inequality 0 < (1 —n)AH? + nlh,Ah>. By easy
computation we know that this inequality means that the mean curvature vector
b is parallel when the mean curvature H is constant.

In fact, when H is constant, from the inequality 0 < (1 — n)AH? + ndh, Ah)
we know that 0 < (h,Ah). Again, by using the condition that H is constant, we
get |lDE)||2 = —(b,Ab). It follows from these two inequalities that Db = 0.

(2) As an immediate consequence of our theorem we obtain the following:

COROLLARY. Let f be an isotropic immersion of an n-dimensional compact
oriented space form M"(c) of curvature ¢ into an (n + p)-dimensional space form
M"™P(&) of curvature &. Suppose that

(i) H < g(ij—llc— ;

(i) the mean curvature vector Yy is parallel.

Then M"(c) is a parallel submanifold of M™7P(&). Moreover the immersion f is
locally equivalent to one of the following:

() f is a totally umbilic imbedding of M"(c) into M"™P(Z), where ¢ > &. Here
H2=c¢-¢ , _

() f=fa0fi: M c) iR Sttt N/2=1((2(n 4 1) /n)c) £ M"™P (), where fi
is a minimal immersion, f, is a totally umbilic imbedding and (2(n+1)/n)c = C.
Here H? = (2(n+ 1)/n)c — ¢.

(3) We show that our theorem is no longer true if we omit the condition (ii) in
the hypothesis. We recall the following example due to Maeda ((M)).

ExamPLE. Let x,:S"(n/(2(n+1))) — S"+n+D/2-1(1)  be the second
standard minimal immersion and y, : S"(n/(2(n +1))) — S"(n/(2(n + 1))) be the
identity mapping. Using these minimal immersions, for f € (0,7/2) we define the
following minimal immersion:

(4.1 |
_ . on n —, grtn(n+1)/2-1 n n
xl= (o)) : S (Z(n + 1)) S (c052 t) xS <2(n + 1) sin? r)'

Here the differential map (y,), of x, is given by (x,).X = (cost- (x;).X,
sin 7-(y,),X) for each X € TS"(n/(2(n + 1))). The product space of spheres in
(4.1) can be imbedded into a sphere as a Clifford hypersurface:
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(4.2) A
Sn+n(n+1)/2—l< 17 ) x S" n — - Sn+n(n+3)/2 n -~ .
cos” 1 2(n+1) sin” ¢ n+(n+2)sin” ¢

Combining (4.1) with (4.2), we obtain the following isometric immersion f;:

n n
43 N grtamed)2p " )
3 /i <2(” + 1)) - n+ (n+2)sin’ ¢

By virtue of the result in [M], we obtain the following properties of f; for
each re (0,7/2):
(a) the mean curvature H, of f; is given by

(n+2)sintcost
V20n+ 1)+ (n+2) sin? 1)

(b) the mean curvature vector by, of f; is not parallel. The length of the
derivative of [, is given by:

H, = [|b|| = #0,

)
1D, |I* = :1—1%{—%5 sin” £ cos? 7 5 0.
n

(c) fi is constant A,-isotropic. 4, is given by

n—1 (& cos?t— ¢ sin®1)?
A = 1{/cos*t -|~((1 i );&0,
n+1 i %)

where ¢ = 1/cos? 1 and & =n/2(n+ 1) sin? ¢,
Now, in particular we set cost=1/v/n+1 and sint= /n/(n+ 1). Then we
have the following isometric immersion f:

(4.4)

- on hn nn(n+1)/2-1 1 a1l grnin+3)/2 n+1
f'S(z(n+1)>"’S (nt1)>x5%3) = Mm+3)
We shall show that this isometric immersion f given by (4.4) satisfies the
inequality (i) but not the equality (ii) in the statement of our Theorem.
In fact, we have

. , 2ntl) L (n+2? o a4l
0 T e a3
n(n+2)

N

——5<
2(n+1)
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(if) (1 — n)AH? + ndh, Ab) = nlh, Ah>

_n(n+ 2)?

= —n||Dy||* =
n|| Dyl 4(n+1)4

This shows that our Theorem does not hold without the inequality (ii).
We finally note that the isometric immersion f given by (4.4) is a counter-
example to theorem 5.1 in [IO].
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