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A NOTE ON SPACES WITH A α⊥COMPACT＿FINITE  
ⅥJEAK BASE＊  

By   

Shou LIN，LiYAN  

Abstract・In this paper spaceswith a cThCOmPaCt－finite weak base  

are discussed，and some characterizations ofg－metrizable spaces are  

Obtainedbyspaceswithq－COmPaCト氏niteweakbaseandspaceswith  
a q－Weakly hereditarily cIosure－preSerVed weak base．   

Inthispapera11spacesare T2・Readersmayreftrto［2］and［6】fbrunstated  

de百nitions．   

Let；クbeとlねmily orsubsetsoraspaceX．，ダiscalled co〃叩a（・tjinileifany  

COmPaCt Subset of X meets at mostfinitely mと1ny members of；ク；＃is called  

（・／（）．W（，TPre．Yen）edif再才う＝∪（P‥P∈；P，）fbreach：P／⊂．ダニ：クisca11edheredi－  

／af・iLv（・l＜｝SureTPreSe，rl，i］1gira fhmilyiH（P）：P∈：ク）isclosure－PreServed fbreach  

H（P）⊂P∈′ダ；■クis called －1，e（L叫′here・di［a叫一L・1（）SILreTPreSe・rL，ingif aねmily  

i†p（P）‡‥P∈：ク）isclosure－preSerVingfbreachp（P）∈P∈．ク．   

Obviously、alocally魚nitefhmilyfbraspaceiscompacト負niteandhereditarily  

Closure－preServ1ng，a hereditarily closure－PreSerVlngねmilylS Closure－PreServlng  

and weakly hereditarily closure－PreServlng．rn ak－SPaCe，aCOmPaCt一角niteねmi1y  

is a weakly hereditarily closure－PreSerVlng family・In certain conditions spaces  

determined by hereditarily cIosure－PreSerVlng払mi1ies have some similar prop－  

erties with spaces determined by compact－6nite fhmilies．   

First，We discuss some properties of weakly hereditarily closure－PreServlng  

ねmilies．Let x∈P＝X．Pis called a sequentialnetghborhood of xin Xir  

Whenever†xn）isasequenceconvergingtothepointx，thenlxn‥n≧m†⊂Pfbr  

SOme′〃∈〃．  
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The fbllowlng Lemmas can be checked directly・  

LEMMAl．エビJグムeα押eαたか毎red血r砂cわ∫〟r叩re∬γび吻ノわ別項ノ好一α甲〟ぐビ  

ユ’．け・ク／、、・（りi川中√イ、∫‘WJ州血／′′ぐ桓仙…・／抑′‘ムげ‘り，（血仁、－‘批／／／∫（れ一／・用仙＝－  

け汗血／．＼叩J川‘・＝・州l・ピ小堀／√，1一山・l′、J／け〃 ノ，′・ヾ、ル由仁  口  

LEMMA2．励ピサβ0血㌔如才ピα〃dll，紺ん抄録rどd血r項ノぐわ∫〟rビザrビ∫ピnク軸ノムm砂  

由ぐ0〝軍〟巧伽如． □  

LEMMA3．エビr♂占ピαW紺たレムどrg繭αr妙ぐわ∫〟rピザrど∫ビrび吻．舟椚坤q／、（J  

甲αrピガ．ア〟J♪＝（ズ∈∬：グム＝抑＝相加ザ扉植α仁可・乃酬（P＼β：P∈ノダ）∪  

〈i方）：∫∈β†由川明狛堕伽血・  

PROOF．Since（P＼β‥P∈iP）isapoint一点niteandweaklyhereditarilyclosure－  

PreServlng fhmi1y of X，itis compactM且nite by Lemma2．If KnDisinfinite  

fbr some compact subset K of X，there are anin6nite subsetixi：i∈N）of  

K and a subset（旦：i∈N）ofとクsuch that each xi∈旦，thus†xi：i∈N）is  

CloseddiscreteinK，aCOntradiction．Therefbre，iP＼β：P∈♂）∪（ix）‥X∈D）is  

COmPaCトfinite． □  

IfXis a k－SpaCe，then Din Lemma3is a closed discrete subset of X．   

Letg＝Ux∈X熱be acoverofa spaceXsuchthatfbreachx∈X，   

（1）熱isanetworkofxinX，i・e・，X∈∩猟andfbr・方∈UwithUopeninX，  

P＝U fbr some P∈∫名．   

（2）Ir U’，r∈免，町＝Unr】払r someⅣ∈洛．   

汐isaweakbasefbrXifwheneverG＝Xsatisfyingfbreachx∈Gthereisa  
P∈孝Y With P⊂G，then Gis openin X．9is an sn－netWOrk［7］fbr Xifeach  

member of猟is a sequentialneighborhood ofxin X fbr each x∈X．   

吼・aboveiscalleda wn－netWOrkand ansn－netWOrk ofx，reSPeCtively．Every  

Wn－netWOrkatxisansn－netWOrkatx［6，Corollaryl，6．18】．Aspace Xiscalled  

aaf二counlable岬aCeifeach point ofX has acountable wn－netWOrk．A regular  

SPaCe With a q－locally丘mite weak baseis called a針metri＝able3PaCe［10］．   

Everyg－metrizablespaceis aaflcountablespace，eVery釘二countable spaceis  

a sequentialspace，and every sequentialspaceis a k－SPaCe．   

For a space X，denoteI＝（x∈X：Xis anisolated point ofX）．  

THEOREMl・乃e♪／わ作物〟rピど卵油〟／ピ乃才力r〟甲αぐビガ：   
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（1）ガノk∫〟♂－ぐ州伊αぐJポ〃如w紺たゎα∫g．   

（2）ガねβん一甲紺㍗扉班α伊潮路叫ノカどrビ繭αr∫レビわ∫〟r叩rg甜r扉〃91Vビαん占α肥   

（3）∬ねα扉二co〟〃拍地平α〔lビl相方αJ－Wビαゆ力erg血αr～レビわ∫〟rビザre錐rび力柑  

仇，どαたゎα∫e．  

PROOF・We shallshow that（2）⇒（3）⇒（1）・Let X be a k－SPaCewith a  

q－Weakly hereditarily closure－PreSerVlng Weak base．X has a q－COmPaCt－6nite  

network by Lemma3，thus any compact subset ofX has a countable network，  

henceanycompactsubsetofXismetrizable［2，Theorem3．1．19］，andsoXisa  

Sequentialspace．Xis g／’－COuntable space by Lemmal．   

Let♂＝∪′ほN甥∫beacT－Weaklyhereditarilyclosure－PreSerVingweakbasefbr  

auf二countable space X，here each甥，isaweaklyhereditari1yclosure－PreSerVing  

fbmi1yand・4；，⊂i署什1．Foreachx∈Xputミガ1・＝（P∈：ク：Pisasequentialneigh－  

borhood ofxin X）・Ifx∈1，then（x）isopenin X，thus（x）∈♂，SOIisa o．－  

Closed discrete subspace ofX．For each fl∈N，and P∈貴賓7，Put  

Dn＝（x∈X：甥一is not poin卜伝nite at x），  

昭一げ）＝（P＼β〃）∪（ズ∈ガ＼Ⅰ＝ア∈旅立  

Then帆（P）⊂P・And put′酢ふ＝（杵L（P）：P∈j％），Then修ふis point－finite・  

Infhct．fbreachx∈Xwecanassumethatx∈X＼Ibythepoint一缶nitenessofthe  

fbmily（P＼仇‥P∈端），・堆∩甥，is6nite by Lemmal，thus甥′ニis poinト負nite・  

And／炒′ニis compact－finite by Lemma2．   

For each x∈X，take動＝（（x））if xEI，take B，V＝（町，（P）：n∈N，P∈  

・堆∩；乳）ifx∈れI，WeShallshowthatthesubsetU，、∈X乳ofU′ほN漸ム∪（（x）‥  

X∈l）is a weak basefbr X．First，fbreachx∈X andany open neighborhood  

Gofxin X，SuPPOSethatx∈X＼Ⅰ，then there are ann∈Nand a P∈t堆∩猟  

With P⊂G，thus x∈町，（P）⊂P⊂G．Secondly，fbr each x∈れI，and U，V∈  

．乳、there are n，m∈N and P∈範∩よ免，Q∈範∩甥”SuCh that U＝昭一（P），  

V＝町”（Q），thusthere are ak≧max†n，m）and R∈亡範∩クk With R⊂PnQ，  

hence fm（R）＝FV，（P）nW”（Q）．Thirdly，乳isansn－netWOrkofxinX．Infhct，  

fbreachx∈X＼l，n∈NandP∈堆∩猟，1et（x（）beasequenceconvergingtox  

inX，then（xi）iseventuallyinP，SO（ixi：i∈N）∪（x））nDnis丘nitebyLemma  

3，hence（xi）is eventuallyin（P＼D，．）∪（x‡＝FVl（P），therefbre昭一（P）is a se－  

quentialneighborhoodofxinX．Thus軌isansn－netWOrkofxin X．Suppose  

thatasubset GofXsatisfies B⊂GfbrsomeB∈i＠xfbreachx∈G，then Gisa  

Sequentiallyneighborhoodofeachpolntin G，then GisopeninXbecauseXis  

a sequentialspace，SO動is a wnqnetwork ofxin X．   
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Inaword，Ux∈X動isaq－COmpaCt掘niteweakbasefbrX・ □   

The main techniquein the proof ofTheoremlis the TyL（P）constructed，  

WhichgeneratedirectlyaweakbasefbraspaceX．The範inprooforTheorem  

is exactly a wn－netWOrk洛ofxin X，itis convenientin proofby uslng the  

Sequentialneighborhoodsinsteadoftheusualweakneighborhoods．Next，WeglVea  

direct proofofsome properties ofg－metrizable spaces by the垢（P）．  

CoROLLARYl【3，6，川．7‰♪Jわw吻αregヴ〟血Jど〃J♪rαreg〟J〟rjpβビeガ：   

（1）∬由α針〝㍑Jr加地平〟Cピ．   

（2）ズ■ね‘7た－岬鋸ど両班〟ロー毎rビ血加レビわ∫〟J一叩re館rむ軸lゲビαた占α∫ど．   

（3）ズ由α扉ニco〟J加地岬此・el再Jゐαか毎rど動αrめ，（イ鋸以㌣叩re館rL）吻Ⅵ7ピαた  

占（J∫ビ．  

PROOF・It only needs to show that（3）⇒（1）・Let汐＝Un∈N為be a o・－  

hereditarily cIosure－PreServingweak base fbr a gfcountable space X，here each  

範is a family of closed subsets of X by the regularity of X［6，Proposition  

2・5・2］・Foreachn∈Nde£nedDn，W7（P）and垢asinproofofTheoreml．To  

COmPlete the prootit su餓ces to show that垢islocally負nitein X fbr each  
n∈N by the proof of Theorem．For each P∈洛thereis a subset Dn（P）of  

Dn such thatl垢（P）＝（P＼Dn）UDn（P）because 垢（P）⊂P＝（P＼Dn）UDn・For  

each x∈X，ifx≠Dn，then範isIocallyfinite at x，thus現isIocally負nite at  

X．Ifx∈Dn，thereis at mostfinitely many sets（彗：i≦ml）of為such that  

X∈F7i，（彗）fbr鶴is poinト魚nite．Let（蛾‥k∈N）be a decreasing wn－netWOrk  

OfxinX，thereisak∈Nsuchthatatmost丘nitelymanymembersQi（j≦m2）  

Or；乳with仇∩（Qi＼（x））≠βas猟ishereditarilyclosureqpreserving・Let U＝  

ガ＼（∪げ＼‡ズ）：♪∈洛＼ia：ノ≦〝72）））∪（♪習＼（ズ））・Ir ズ∈P∈洛＼（a‥ノ≦椚2），  

then〟々nP＝（x），thus P＼（x）is closedin X by the closeness ofP and the  

de負nition ofweak bases，and Dn＼（x）is closedin X by Lemma3，SO Uis an  

OPen neighborhood ofxin X・For each P∈上熱，if Un勒（P）≠fZl，then Un  

（P＼D〝）≠3a SO Un（P＼（x））≠βor x∈垢（P），therefbre P＝Qifbr some  

j≦m20rP＝Pifbrsomei≦7nl，and解；lislocallyfiniteinX・Consequently，X  

has a q－loca11y丘nite weak base． □  

Y．Tanaka［11］proved that a Linde16fspace with a q－hereditarily closure－  

PreSerVlng Weak base has a countable weak base・The resultis true fbr spaces  

With a q－Weakly hereditarily closure－PreServ1ng Weak base．   
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CoROLLARY2・古びビり，エ血滋／打甲〟ぐどげ～才力αα－l′l，どαんかカビrピd血r坤cわ∫俳ピー  

／り・し一．＼ぐ＝、叫ノ－…J人／－（J．ヾ（・／＝．V‘J州〟机J／－ルーl・…人／，‘N・．  

PROOF・Let；ク＝∪”EN；猟beao・－Weaklyhereditarilyclosure－PreSerVingweak  

base fbr a Linde16f space X，here each署，is a weakly hereditarily closure－  

PreSerVingfhmily orX．First，WeShallshowthatXisag／ニcountablespace．For  

each．Y∈X＼Ⅰ，put P考r＝iP∈♂：Pis a sequentialneighborhood ofxin X）．If  

thereareann∈NandanuncountablesubsetiB崇：α＜（L）1）of班1∩為，thenfbr  

each∝＜（Uland any open neighborhood U ofxin X，B2nUn（れ（x））≠Q5  

because X＼（x†is not closedin X．By theinduction method，thereis a subset  

（・Y，：∝＜（Ul）of X such that each x∝∈＆∩（X＼（xp：β＜α））∩（X＼ix†），then  

†，Yx：3C＜（L）1）is an uncountable and closed discrete subspace of X，a COntra－  

diction with Linde16fhess of X，thus・ガしnE男，is a countable fhmily fbr each  

n∈N．Hence Xis昆／二countable．By Theoreml，X has a q－COmPaCt一色nite weak  

bとISe．To complete the proof，itis suf範cient to show that every compacト負nite  

fhmilylS COuntablein X．Let A be any compact一点nite fbmi1y ofX，if9is not  

COuntable，theni4containsanuncountablesubset（Qx：α＜wl）．Foreach∝＜（L｝l  

take a航∈Qch thusiqx：α＜（L）l）is countablebecause9is weakly hereditarily  

Closure－preSerVing，SOqisbelongtouncountablemanymembersofiQ2：C（＜Wl）  

fbr some q∈X，hence惑is not polnt一点nite，a COntradiction． □  

Put Sl＝iO†∪（1／n：n∈N）with the usualtopology．Next，SPaCeSwith a  

J－COmpaCt－6nite weak base are characterized by products．  

THEOREM2．乃ピノわ／わl再〃甜即ピ叩血αJピ〃′．わr（J．甲〟ぐピ〝：   

（1）∬力〟．－〟J－（事〃〃軍α〔・J㌦血ピ占α∫g・   

（2）ガ×∫l血＝＝町甜卿咋動血一伴‘∫んわα∬．   

（3）ガ×∫1力〟∫〟J珊ど〟妙カピrビ血融かcわ∫揖r叩rピ脚ひ吻仇，eαん占α館・  

PROOF．Put Z＝ガ×∫1．  

（1）⇒（2）・Suppose that♂＝∪．T∈XA，9＝∪∫。S19sisa q－COmPaCtNfinite  

Weak base of the space X and Sl，reSPeCtively．For each＝＝（x，S）∈Z，Put  

亡弟＝（PxQ：P∈猟，Q∈9．一），then革isansn－netWOrkofzinZ・SinceXisa  

k－SPaCe and Slis alocally compact space，Zis a k－SPaCe．And any compact  

SubsetofZismetrizable，thenZisasequentialspace，thusJ藍isawn－netWOrk  

。f＝inZ．Hen。eU＝∈Z革isa。一C。mPa。t－finiteweakbasez．   

（2）⇒（3）is obvious．（3）⇒（1）．Let g be a q－Weakly hereditarily closure－   
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PreSerVing weak base fbr a space Z．For each x∈X，n∈N，Put＝n＝（x，l／n），  

thenthe sequence（zn）convergesto（x，0）inZ，thusthefamily（P∈♂：Pisa  

Sequentialneighborhood of（x，0）inZ）iscountableby Lemmal，SO thepoint  

（x，0）is afニcountablein Z．Since Xis homeomorphic to a closed subspaces  

Xx（0）ofZ，Xis a afcountable space with a o・－Weakly hereditarily closure－  

PreServlngWeak base，Xhasao・－COmPaCト丘niteweakbasebyTheoreml． □  

CoROLLARY3．T71ejbllowing are equiualentjbr a reguhlr jPaCe X：   

（1）ガ由α♂－研e什加地軍αα．   

（2）ガ×∫lぬ＝＝晶皿勅坊痛＝相止玩眠．   

（3）ガ×∫1月α∫αα－毎re血αr妙ぐわ∫〟r叩rど館rびわ相伴eαた占α∫ど． □  

ExAMPLE・ThereisaspaceXwithacT－Weaklyhereditarilyclosure－PreSerVlng  

Weak base such that X does not any q－COmpaCト負nite weak base or any o・－  

hereditarily closure－PreServ1ng Weak base．   

LetXbethenon－metrizable，paraCOmPaCtSPaCeWithaq－Weaklyhereditarily  

Closure－PreServingbasein Example9in［1］．Then X has not any cr－hereditarily  

CIosure－PreServingbasebyTheorem5in［1］．Ithasbeen shownthatXisnota  

k－SpaCein［1］，thus X has not any q－COmPaCt－finite weak base．By the con－  

StruCtion orX，Xhas a unlquenOn－isolatedpolnt6．IfXhasa o・－hereditarily  

Closure－PreServlngWeakbase g，fbreach O∈P∈9，Pis open by the de負nition  

Ofweakbase，andfbreachx∈X＼（6），（x）∈gbecause（x‡isopeninX，thus  
X hasao’－hereditarilyclosure－PreSerVlngbase，aCOntradiction．Hence Xhas not  

any o’－hereditari1y closure－PreSerVlng Weak base． □  
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