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Chapter 8

A FUNCTORIAL APPROACH TO THE INFINITESIMAL
THEORY OF GROUPOID

Hirokazu Nishimura*
Institute of Mathematics, University of Tsukuba
Tsukuba, Ibaraki, 305-8571, Japan

Abstract

Lie algebroids are by no means natural as an infinitesimal counterpart of groupoids.
In this paper we propose a functorial construction caMéshimura algebroidgor an
infinitesimal counterpart of groupoids. Nishimura algebroids, intended for differential
geometry, are of the same vein as Lawvere’s functorial noticadgébraic theoryand
Ehresmann’s functorial notion of theory callslletchesWe studytotally intransitive
Nishimura algebroids in detail. Finally we show that Nishimura algebroids naturally
give rise to Lie algebroids.

1. Introduction

Many mathematicians innocently believe tivdtnitesimalizatioris no other thadineariza-
tion. We contend that infinitesimalization is more than linearization. It is true that Lie al-
gebras are the linearization of Lie groups, but it is by no means true that Lie algebras are
the infinitesimalization of Lie groups. The fortunate success of the theory of Lie algebras
together with their correspondence with Lie groups unfortunately enhanced their wrong
conviction and blurred what are to be really the infinitesimalization of groups and, more
generally, groupoids.

In this paper we propose, after the manners of Lawvere’s functorial construction of
algebraic theoryand Ehresmann’s functorial notion of theory callekletchesa functo-
rial construction ofNishimura algebroidgor the infinitesimalization of groupoids. After
giving some preliminaries and fixing notation in the coming section, we will introduce
our main notion of Nishimura algebroid in 6 steps. Then we will study totally intransitve
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Nishimura algebroids, in which the main result is that the linear part of any totally intran-
sitve Nishimura algebroid is a Lie algebra bundle. As our final investigation we will show
that Nishimura algebroids naturally give rise to Lie algebroids.

2. Preliminaries

2.1. Synthetic Differential Geometry

Our standard reference on synthetic differential geometry is Lavendhomme [5]. In syn-
thetic differential geometry we generally work within a good topos. If the reader is willing
to know how to get such a topos, he or she is referred to Kock [4] or Moerdijk and Reyes
[9]. We denote byR the internal set of real numbers, which is endowed with a cornucopia
of nilpotent infinitesimals pursuant to the general Kock-Lawvere axiom. The internal cate-
gory Inf of infinitesimal spacesomes contravariantly from the external category of Weil
algebras over the set of real numbers by takipgcy. We should note that every infinites-
imal spaceD has a distinguished point, namelyp (often written simply0), and every
morphism inInf preserves distinguished points. An arbitrarily chosen microlinear space
M shall be fixed throughout the rest of this paper.

2.2. Groupoids

Our standard reference on groupoidsis [7]. Lebe an object idnf. Givenm € M and
a groupoidG over M with its object inclusion mapd : M — G and its source and target
projectionsa, 3 : G — M, we denote byd? G the totality of mappingsy : D — G with
v(0P) = id,, and(a o v)(d) = m for anyd € D. We denote byAPG the set-theoretic
union of A2 G’s for all m € M. The canonical projection : APG — M is defined as is
expected. Thanchorag : APG — MP is defined to be simply

ag(y) =Bony

for anyy € APG, whereMP is the space of mappings @ into M. We note that if the
groupoidd is the pair groupoidy/ x M, then AP (M x M) can canonically be identified
with MP. We writeIG for the inner subgroupoid off, for which the reader is referred to
p.14 of [7].

2.3. Simplicial Spaces

The notion ofsimplicial spacewvas discussed by Nishimura [10] and [12], where simplicial
spaces were callesimplicial objectsn the former paper, while they were callsonplicial
infinitesimal space the latter paperSimplicial spacesre spaces of the form

Dm{S} = {(dl, ey dm) € Dm|dlldzk = 0 for any(il, ,’Lk) € S},

whereS is a finite set of sequencés, ..., ix) of natural numbers with <i; < ... < i <

m. By way of example, we havB(2) = D?{(1,2)}andD(3) = D3{(1,2),(1,3),(2,3)}.
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Given two simplicial spaceD™{S} and D"{7}, we define another simplicial space
D™{S} @ D"{T} tobe

D"{S}® D"{T}
= {(dl, ceny dm, €1, .eny en) € Dm+n|dlldlk = 0 for any(il, ,’Lk) €S,
ej,...ej, = 0forany(ji,...,51) € 7,die; =0foranyl <i <mandl < j <n}

We denote bySimp the full subcategory oInf whose objects are all simplicial spaces.
Obviously the categorBimp is closed under direct products. The categStiynp has
finite coproducts. In particular, it has the initial objectwhich is also the terminal object.

3. Nishimura Algebroids

Let M be a microlinear space. We will introduce our main notioNighimura algebroid
over M step by step, so that the text is divided into six subsections.

3.1. NishimuraAlgebroids;

Definition 1 A Nishimura algebroid over M is simply a contravariant functorl from the
categorySimp of simplicial spaces to the categoM LS, of microlinear spaces ovev/
mapping finite coproducts iBimp to finite products iNMLS ;.

Given a simplicial spac® in Simp, we will usually writerr : AP — M for A(D).
In particular, we will often write A™ in place of AP". We will simply write 7 for the
projection toM in preference to such a more detailed notatiomas, which should not
cause any possible confusion. Givenc M, we write AL for {z € AP | n(z) = m}.
Given a morphisny : D — D’ in Simp, we will usually write A7 : A" — AP for A(f).
Givenm € M, there is a unique element ja! , which we denote bg! . Given an object
D in Simp, we defined? € AP to be

0, = AP~1(03)

Example 2 By assigning the spac&/? of mappings fronD into M to each objec® in
Simp and assigningVZ/ : M — MP to each morphisnf : D — D’ in Simp, we have
a Nishimura algebroig over M to be called the standard Nishimura algebreidver M
and to be denoted b¥;; or more simply bys.

Example 3 Let G be a groupoid overM/. By assigningd” G to each objec®D in Simp
and assigning4’/G : A?'G — AP G to each morphisnf : D — D’ in Simp, we have a
Nishimura algebroid over M to be denoted byG.

Eachos € &,, induces a morphisra : D™ — D™ in Simp such that

U(dlv ) dn) = (d0(1)7 ) dcr(n))

for any(di, ds) € D?. Givenx € A", we will often write “x for A7 (z). It is easy to see
that
TU.:L' :’T (U.:L')
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foranyz € A" and anyo, T € G,,.
Givenz € A" anda € R, we definez - x (1 <i < n) to be

a T = A((dl,,,,,dn)eD”»—»(dl,...,di,l,adi,di+1,...,dn)GD”) (.:L')
(2

3.2. NishimuraAlgebroids,

Definition 4 A Nishimura algebroig A over M is called a Nishimura algebroigover M
if the application of A to any quasi-colimit diagram itsimp results in a limit diagram.

Remark 5 The notion of Nishimura algebroidover M can be regarded as a partial alge-
brization of microlinearity.

Example 6 The standard Nishimura algebroidS,; over M is a Nishimura algebroigd
over M. This follows simply from our assumption thif is a microlinear space.

Example 7 LetG be a groupoid oveM/. Then the Nishimura algebrojdAG over M is a
Nishimura algebroid over M. This follows simply from our assumption thiat andG are
microlinear spaces.

Let A be a Nishimura algebroidover M. Letm € M with z,y € AL . By using the
guasi-colimit diagram (1) of small objects referred to in Propositiod&B2) of Lavend-
homme [5], there exists a uniquec AP®P with Al (z) = 2 and A2(z) = y, where
i; : D — D@ D is the canonical injectionj(= 1, 2). We definer + y to be A% (z), where
A :D — D& D assignyd,d) € D& Dtoeachd € D. Givena € R, we defineax to be
AldeD—adeD) (1) ¢ AL With these operations we have

Theorem 8 Given a Nishimura algebroiglA over M, Al is anR-module for anyn € M.

Proof. The proof is essentially a familiar proof th&t, is an R-module, for which
the reader is referred, e.g., to Lavendhomme §8]1, Proposition 1. What we should do
is only to reformulate the familiar proof genuinely in terms of diagrams. The details can
safely be left to the readem

Let A be a Nishimura algebroidover M with m € M.

Letx,y € A2, with

A((dl,dg)eDéBD»—»(dl,dg)€D2)(x)

— A((dl7d2)€D€BD’_’(d17d2)€D2)(y) (1)
By using the quasi-colimit diagram of small objects at page 92 of Lavendhomme [5], we
are sure that there exists a unique 42D with

Al(d1,d2)€D?=(d1,d2,0€D*®D) () — )

and
A((dl,dg)eDQ»—»(dl,dg,d1d2)€D2®D) (2) =y (3)
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Proposition 9 Letx,y € A2 abide by (1). Then we have
A((dl,dQ)eDQH(dQ,dl)eDQ)(y) ;A((dl,dg)GDQH(dg,dl)GDQ)(:L,)
Proof. Let z € AP*®D obedient to (2) and (3). Then we have
A((d1,d2)€D2'—>(d1,dQ,O)GDQQBD) OA((d17d27d3)€D2@D’_’(d27d17d3)€D2€BD)(Z)
_ A((dr,d2)ED%(da.dr 0)€D?0D)
_ A(drd2)€D(d2,d1)€D?) g ((dh ) €D%(d1 > 0) €D D) )

:A((dl,dg)GDQH(dg,dl)GDQ)(:E)

while we have
A((dl,dg)€D2»—>(d1,d2,d1d2)€D2®D) o A((dl,dg,d;;)eDQQBDH(dg,dl,d;;)€D2®D)(Z)
_ A((dl,d2)€D2b—>(d2,dl,d1d2)€D2®D)(z)
:A((dl,dg)eDQH(dg,dl)eDQ)OA((dl,dg)GDQH(dl,dg,d1d2)€D2®D)(z)

= A((d17d2)€D2’—>(d2,d1)€D2) (y)

Therefore we have
A((dl,dg)eDQH(dg,dl)eDQ)(y) ;A((dl,dg)eDQH(dg,dl)eDQ)(:L,)
_ A(deDH(O,O,d)eDQQBD) o A((dl,dg,d;;)eDQQBDH(dg,dl,d;;)€D2®D)(z)
_ A(deDH(O,O,d)eDQQBD) (2)

This completes the proofm

Proposition 10 Letz,y € .42 abide by (1). Then we have

v—y=—(y—x)
Proof. Let z € AP*®D apide by the conditions (2) and (3). Lete .AP*®D pe

u = Alld1,d2,d3)ED*O D (d1 3,1 dy ~dg)€D?®D)

Then we have
A((dl,dg)eDQH(dl,dg,0)€D2®D) (u)
— A((d1,d2)€D?—(d1,d2,0)€D?*®D)  A((d1,da,d3)€ D>*®Di—(d1,d2,d1da—d3)€D?*®D) (2)
:_A((dl7d2)€D2’—’(d17d27d1d2)€D2®D)(z)

=Yy
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while we have
A((dl,dg)GDQH(dl ,da,d1d2)€D2@®D) ()
— A((d1,d2)€D?—(d1,d2,d1d2)€D?*®D) A((d17d27d3)€D2@D'—>(d17d27d1d2—d3)€D2€9D)(Z)
_ A((dl,dg)eDQH(dl,dg,0)€D2®D)(Z)
=z
Therefore we have
r—y
_ A(deDH(O,O,d)eDQQBD) (u)
_ A(dGDH(O,O,d)GDQQBD) o A((d1,d2,d3)€D2®D»—>(d1,dz,d1d2—d:;)€D2®D) (Z)

_ A(deDH(O,O,—d)eDQQBD) (z)

=—(y—2)
This completes the proofm

Proposition 11 Letz,y € .42 abide by (1) withz € R. Then we have
ay—a-z=aly—z) (i=1,2)
1 1
Proof. Here we deal only with the cage= 1, leaving the other case to the reader. Let

z € AP*®D apide by the conditions (2) and (3). Lete AP*®D pe

U= A((d17d27d3)€D2€9D'—>(ad1,dz,ad;;)eDQ@D)(Z)

Then we have
A((dl ,d2)E€D?—(dy,d2,0)ED?*@® D) (u)
:A((dl,dg)eDQH(dl,dg,O)GDQQBD) OA((dl,dg,d;;)eDQ@DH(adl,dg,ad:;)eDQQBD)(z)
_ A((dl,dg)eDQH(adl,dg,O)eDQQBD)(Z)
:A((dl,dg)GDQH(adl,d2)€D2) OA((dl,dg)eDQH(dl,dg,O)eDQQBD)(Z)

=a-T
1

while we have
A((dl,dg)eDQH(dl,dg,d1d2)€D2®D) (u)
:A((dl,dg)eDQH(dl,dg,d1d2)€D2®D)OA((dl,dg,d;;)eDQQBDH(adl,dg,ad:;)eDQQBD)(z)
_ A((dl,dg)GDQH(adl,dg,adldg)GDQQBD)(Z)

:A((dl,dg)GDQH(adl,dg)eDQ)OA((dl,dg)eDQH(dl,dg,dldg)eDQQBD)(Z)

:aly
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Therefore we have

a-.y;a-.:n
:ZA(deDZ»—»(O,O,d)eDQGBD) (u)
:A(deD»—»(O,O,d)eDQQBD) OA((dl,dg,d;;)eDQQBD»—»(adl,dg,ad;;)eDQQBD)(Z)
_ A(deD»—»(O,O,ad)GDQQBD) (2)

_ A(d€D—adeD) g A(deD»—»(O,O,d)GDQQBD)(Z)
= a(y — 7)
This completes the proofm

Lemma 12 The following diagram is a quasi-colimit diagram:

D? & D& D
i ©1 i
/! N N
D& D D?¢DaD & D?
pY / /
i ©2 i
D2 «— DD

i

wherei : D @ D — D? is the canonical injection, angb;, @9, 3 : D> — D> ® D & D
are defined to be

Sol(dla d2) - (d17 d27 07 0)
wa(di, d2) = (di, d2, d1d2, 0)
w3(dy, d2) = (di,d2, 0, d1d2)

Proposition 13 Letz, y, z € A% with

A((dl,dQ)GD@DH(deQ)eDQ)(:L')
— A((dl,dQ)eD@D»—»(dth)€D2) (y)
— A((d1,d2)eDeBD»—»(deQ)eDz)(z)

Then we have _ _ _
(y—z)+(z-y)+(x—2)=0
Proof. Let u € AP*®P®D pe the unique one such that
r = A((d1,d2)€D?~(d1,d2,0,0)€ D>GD&D) ()
y = Al(B1d)ED> (1 > d1d2,0)€D*DED) (1)

o — A((d1,d2)€D?—(d1,d2,0,d1d2)€ D2GD&D) ()
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The unique existence of suche AP*®PED js guaranteed by the above lemma. Since we
have

T
— A((d1,d2)€D?(d1,d2,0,0)€D*®DDD) ()

:_A((Ch7d2)€D2’—’(d17d270)€D2€9D) oA((dl7d2,d3)€D2@D'—>(d17d27d370)€D2€BD€BD)(u)
and

Y
_ A((dl,dg)eDzH(dl,dg,dldg,O)eDz@D@D) (u)

— A((d1,d2) €D (d1,d2,d1dr)€D?@D)  A((da,d2,ds)€ D*BD—(dy,da,d3,0)ED*®DSD) (u)
we have

y—x
_ A(deDH(O,O,d)eDzeBD) o A((d1,d2,dg)EDZEBDH(Ch,dz,dg,O)EDZEBDéBD) (u)

_ A(deDH(O,O,d,O)eDzeBDéBD) (u) (4)
Since we have

Yy
— A((d1,d2)€D?(dy,d2,d1d3,0)€ D*SD&D) ()

:A((dl,dz)eDZH(dl,dz,O)eDz@D) OA((dl,dg,dg)eDzéBDH(dl,dg,dldg—dg,dg)eDzeBDeBD)(u)

and

z
_ A((dl,dg)eDzH(dl,dg,O,dldg)eDzeBDeBD) (u)

:A((dl,dg)eDzH(dl,dg,dldg)eDzeBD)OA((dl,dg,d_g)eDz@DH(dl,dg,dldg—dg,dg)eDzéBDeBD)(u)
we have

z=Y
_ A(deDH(O,O,d)GDzeBD) o A((dl,dg,dg)eDzeBDH(dl,dg,dldg—dg,dg)eDzeBDeBD) (u)

_ A(deDH(O,O,—d,d)eDZGBDeBD) (u) (5)

Since we have

z
_ A((dl,dg)EDZ»—>(d1,dg,O,dldg)eDzéBDeBD) (u)

:A((dl7d2)€D2D—>(d1,d2,0)€D2@D)OA((dl,dg,d_g)EDz@DH(dl,dg,O,dldg—d_g)GDz@D@D)(u)
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and

€T
= A((dlvdz)eDz’_}(dlvdZ7070)€D2®D®D) (u)

:A((dl,dg)GDzH(dl,dg,dldg)GDz@D)OA((dl,dg,d_g)GDz@DH(dl,dg,O,dldg—d_g)GDz@D@D)(u)

we have

r—z
_ A(dEDH(0,0,d)EDzéBD) OA((d1,d2,dg)EDzéBDH(Ch,dz,O,d1d2—d3)€D2®DéBD)(u)

— A(d€D—(0,0,0,—d)e D*®D&HD) (u) ©)
Since we have

Y - T

— A@€D—(00.4.0)€D*BDOD) (1)) [(4)]

:A(deDH(d,O)eDeBD)OA((dl,dg)eDeBDH(O,O,dl—dg,dg)eDzeBDeBD)(u)

and
z — Yy
:A(deDH(O,O,—d,d)eDzeBDeBD)(u) [(5)]
:A(dGDH(O,d)ED@D)OA((dl,dg)EDGBDH(O,O,dl—dQ,dz)EDZGBDGBD)(u)
we have

(y—2)+ (2 —y)
_ A(deD—(dd)eD@D)  A((d1,dz)€DSD—(0,0,d1~da,dp) € D*GDED) ()

_ A(dEDH(O,O,O,d)EDzeBDéBD) (u) (7)
Since we have

(y—2)+(z—y)
— AWED—(000.)ED*ODED) (1) [(7)]

:A(dEDH(d,O)eDéBD)OA((dl,dg)eDeBDH(O,O,O,dl—dg)GDZQBDQBD)(u)

and

z—z
= AAED=(0.00,~d)ED*SDED) (1)) [(6)]

:A(dGDH(O,d)GD@D)OA((dl,dg)GD@DH(O,O,O,dl—dQ)GDZGBDGBD)(u)
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we have

{y—2)+(=p}+@—2)
_ AdeD—(dd)eD®D) ; A((d1,d2)€DSD—(0,0,0,d1~d2)€ D*GDSD) (1)
_ A(deD»—»(O,O,O,O)eDQGBDeBD) (u)
=0
This completes the proofm
Letx,y € A3, with
A((dl,dg,d;;)eDX (D@®D)—(dy,dz2,d3)ED?) (z)
_ A((dl,dQ,d:;)eDX(D@D)'—*(dl,dg,d:;)eDfs) (y) (8)
. By using the first quasi-colimit diagram of small objects in Lemma 2.1 of Nishimura [10],
4
we are sure that there exists a unigue Aﬁ {24,609} yith
A((d17d27d3)€D3’_’(d17d27d370)€D4{(274)7(374)})(z) =
and
_A((dl7d2,d:s)GDfi’—’(dl7d27d37d2d3)€D4{(274)7(374)})(z) =y
We defmey _ = _Agn to be.A((dl’dQ)eDQ’_’(dl70’0’d2)€D4{(274)7(3’4)})(z)_
1
Letz,y € A2, with
A((dl,dg,d;;)€D3{(1,3)}'—>(d1,d2,d3)€D3) ([L')
:_A((dhdz7d3)€D3{(173)}’—’(d17d27d3)€D3)(y) (9)
By using the second quasi-colimit diagram of small objects in Lemma 2.1 of Nishimura
4
[10], we are sure that there exists a unique ADHADGDY \ith
A((d17d27d3)€D3’_’(d17d27d370)€D4{(174)7(374)})(z) =X
and
_A((dl7d2,d:s)GDfi’—’(dl7d27d37d1d3)€D4{(174)7(374)})(z) =y
We definey — z € A2, to be A((41:d2)€D%—(0.d1,0.d2)€DM{(1.4).(3:4)})  5),
2
Letz,y € A3, with
_A((dhdz,d:s)e(D@D)XD'—’(dez,da)GD:;) (;L') (10)

— A((d1,d2,d3)€(DeBD)><D»—>(d17d27d3)€D3) (y)

By using the third quasi-colimit diagram of small objects in Lemma 2.1 of Nishimura [10],
4
we are sure that there exists a unigue Aﬁ {2} with
A((d17d27d3)€D3’_’(d17d27d370)€D4{(174)7(274)})(z) =X
and
_A((dl7d2,d:s)GDfi’—’(dl7d27d37d1d2)€D4{(174)7(274)})(Z) =y

We definey — z € A2, to be A((41:d2)€D*—(0.0.d1,d2)eDM{(14).(2:4)})  5),
3
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Proposition 14 Letz,y € A3,.

1. If they satisfy (8), then we have
Y .y
1
= A((d17d2,d3)€D3'—’(d27d1,d:3)€D3) (y) g A((d17d2,d3)€D3'—’(d27d1,d:3)€D3) ()
)é_A((dl7d27d3)€D3’—’(d37d27d1)€D3)(:Lv)

:A((dl,dg,d;;)€D3»—>(d1,d3,d2)€D3)(y);A((dl,dg,d;;)€D3»—>(d1,d3,d2)€D3)(
1

= A((dl7d2,d3)€D3»—>(d37d27d1)€D3) (y

z)
2. If they satisfy (9), then we have

:A((d17d2,d3)€D3'—’(d27d1,da)GD:;)(y)jA((d17d2,d3)€D3'—*(d27d1,drs)GDB)(:E)
:_A((dl7d2,d3)€D3’—’(d37d2,d1)€D3)(y)?_A((d17d2,d3)€D3’—’(d37d2,d1)€D3)(:E)
) _ _A((dl7d2,drs)GDB'—*(d17d37d2)€D3)(

— A((dl7d2,d:;)eDf’»—»(dl7d37d2)€D3)(
3

y )

3. If they satisfy (10), then we have
Y —x
3
= A((d17d2,d3)€D3'—’(d27d1,d:3)€D3) (y) g A((d17d2,d3)€D3'—’(d27d1,da)GDB) ()
)j_A((dl7d27d3)€D3’—’(d37d27d1)€D3)(:L')

:A((dl,dg,d;;)€D3»—>(d1,d3,d2)€D3)(y);A((dl,dg,d;;)€D3»—>(d1,d3,d2)€D3)(
2

— A((d1,d2,d3)€ D?—(ds,da,d1) € D?) (y

z)
Proof. The proof is similar to that in Proposition 9. The details can safely be left to the

reader.m
Now we have

Theorem 15 The four strong differences, —, — and— satisfy the general Jacobi identity.
1 2 3

l.e., givenzias, 2132, T213, T231, T312, 321 € A3, as long as the following three expressions
are well defined, they sum up only to vanish:

(1'123 T 1'132) - (1'231 T$321)
(1'231 5 1'213) - (1'312 ; 1'132)

(53312 g 53321) - (53123 g 53213)



12 Hirokazu Nishimura

Proof. The theorem was already proved in case of the standard Nishimura algebroid
Sy in Nishimura’s [11],83. What we should do is only to reformulate the above proof
genuinely in terms of diagrams. The details can safely be left to the reader.

3.3. Nishimuraalgebroids;

Definition 16 A Nishimura algebroid A over M is called a Nishimura algebroiglover
M providing that it is endowed with a natural transformatienfrom A to the standard
Nishimura algebroid S;, to be called the anchor natural transformation.

Example 17 The standard Nishimura algebroidS;; over M is canonically a Nishimura
algebroid; over M endowed with the identity natural transformation®f; .

Example 18 Let G be a groupoid ovetM/. Then the Nishimura algebrojdAG over M is
a Nishimura algebroig over A/ endowed with the anchor natural transformation assigning
aZ : AP — MP to each objecD in Simp.

3.4. NishimuraAlgebroids,

We denote by 4, or more simply by, the contravariant functor which assigRs @Dy =
{(¢,x) € (AP2)Prx AP1 | a(x) = wP1(()} to each objectD;, Ds) in Simp x Simp and
whichassigng®g = (¢ € (AP2)P1 - AfoCo A € (AD2)P1, A9) : D@D, — D@D
to each morphisntf, g) : (D}, Dy) — (D1, D) in Simp x Simp, where(AP2)P1 denotes
the space of mappings from the infinitesimal sp@geto A”2, and=1 (¢) assignsr(¢(d))
to eachd € D;. We denote by 4, or more simply by®, the contravariant functor which
assignsD; @D, = AP1*P2 to each objectDy, D,) in Simp x Simp and which assigns
f@g = A*9 . AP1xP2 _, AP1XD; to each morphisntf, g) : (D), D) — (D1, D) in
Simp x Simp.

Definition 19 A Nishimura algebroid.A over M is called a Nishimura algebroigdover M
providing that it is endowed with a natural isomorphism (denoted more simphly unless
there is possible confusion) from the contravariant functoto the contravariant functor
® abiding by the following conditions:

1. Forany(¢, z) € Dy ® Dy with (Dq, D) in Simp x Simp, we have

(¢ * 2) = m(x)

and
a((xx) =a" ()
wherea? (¢) assignsa(¢(d;))(dz) to each(dy, dz) € Dy x Ds.

2. Leti; : D; — Dy x D, be the canonical injection witlp; : D; x Dy — D, the
canonical projection{ = 1, 2). Then we have

Al (Cxa) =z
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and ‘
AZ(¢x ) = ((0py,)
forany (¢, x) € D1 ® D,, while we have

APl (y) = (d € Dy O(D;y)(d)) *Y

foranyy € AP and

AP?2(2) = (d € D1 — 2) * 0?(12)

foranyz € APz,

3. Letf € RP. Forany(¢, x) € (Dy x ... x D) ® D, we have
A((d,dl,...,dn)ebxplx...anH(d,dl,...,di,l,f(d)di,diﬂ,...,dn)erDlx...an)(C * )
— {d c D — A((d17~~~7dn)€D1><~~~><Dn’_’(d17~~~7di717f(d)di7di+17~~~7dn)eDl><~~~><Dn)<'(d) c ADlX...XDn} * T

(1<i<n)

4. For anyr € ADl, anyCl € (ADQ)Dl and anyC2 c (Ang)D1><D2 with a(:n) —
7P1(¢p) andaPi(¢y) = nP1xP2(¢y), we have

G#(Grm)= (") *a
where(s xP1 ¢ € (AP1*P2)P1 s defined to be
(G2 P 1)(d) = Ga(d,-) + 1 (d)
foranyd € D;.

Remark 20 What we require in our definition of Nishimura algebrgidver M is that
while multiplication seen in groupoids is no longer in view in Nishimura algebroids, the
remnants of multiplication and its associativity are to be still in view. Multiplication seems
completely lost in the traditional definition of Lie algebroid.

Example 21 The standard Nishimura algebrojdS;; over M is canonically a Nishimura
algebroid, over M provided that xs,, = € S1*"* is defined to be

(dl, dg) € Dy X Dy +— C(dl)(dg) e M

Example 22 Let G be a groupoid overM. The Nishimura algebroil AG over M is a
Nishimura algebroid over M provided that * 4¢ = € (AG)P*P2 is defined to be

(dl, dg) € D1 X Dy — C(dl)(dg)lﬂ(dl) eG
Now we give some results holding for any Nishimura algebyoidover M.

Proposition 23 There is a bijective correspondence between the mapgding® — A
and the elements € A2, with Ad€D=(d0)€D?) (z) = oD,
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Proof. This follows simply from the first condition in the definition of Nishimura
algebroid over M, which claims that the assignment ®f+ 02 ¢ A2 to each mapping
®: D — Al gives such a bijective correspondenae.

It is easy to see that

Lemma 24 Letp; : D1 x Dy — D1 be the canonical projection as in the second condition
of Definition 19. Then we have

AP1 (021) — 021 XDa
As an easy consequence of the above proposition, we have

Theorem 25 Given a Nishimura algebroig.A over M with m € M, theR-moduleA., is
Euclidean.

Proof. We have already proved that! is naturally anR-module. Letp : D — AL
be a mapping. We will consider another mappibg D — Al defined to be

®(d) = ¢(d) — ¢(0)

foranyd € D. Letus consider = ® x 02 € A2 . We haveA(?€P—(40)(z) = 0L, while
it is easy to see thatl(*€P—~0:D) (1) = &(0) = 02. Therefore there is a uniquee Al
with A((d1,d2)€D*—~d1d2€D) (1)) — 2 Let us consided((@1:d2)€D*—d2€D) (1)) — 4 5 P ¢
A2,. Then itis easy to see that
(d € D — dy) 02
:A((dl,dg)GDQ»—>(d1,d1d2)€D2)(A((dl,dg)eDQ»—»dgeD)(y))
:A((dl,dg)eDQ»—»dldgeD)(y)
=z

Therefore we havé * 02 = (d € D — dy) x 02, which implies that

p(d) —»(0) = dy

for anyd € D. To see the uniqueness of sughe Al , let us suppose that somec Al
satisfies
dz =02

foranyd e D. Sincez « 02 = A((d1.d2)€D*~d>€D) () we have
(de D — 02)«0P
= (d e D — dz) « 0"
:A((dl,dg)GDQ»—>(d1,d1d2)€D2)(A((dl,dg)eDQ»—»dgeD)(z))
:A((dl,dg)eDQ»—»dldgeD)(z)

Since(d € D — 02) x 02 = 02” by Lemma 24 and the second condition of Definition

19, the desired uniqueness follows from Proposition 1 (§2.2) of Lavendhommaa[5].
Now we will discuss the relationship betweerand strong differences.
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Proposition26 1. For any(i, (» € (A?)” and anyz € A with
a(z) = 72(¢) = (&)
and
A((dl7d2)€D@D’_’(d17d2)€D2)(Cl(d))
:A((dl7d2)€D€BD’_’(d17d2)€D2)(Cz(d))
foranyd € D, we have
(Cz;ﬁ)*i’«”:Cz*ZEjQ*CE

where(, — ¢; € (AY)? is defined to be

(G2 — C1)(d) = Ca(d) — 1 (d)
foranyd € D.
2. Foranyz,y € A% and any¢ € (AY)P*®P with

a(z) = (d1,da) € D* — w(((dy, d3, 0))

a(y) = (dl, dg) S D2 — 7T(:L'(d1, dg, dldg))
and
A((dl,dg)GDéBD»—»(dl,dg)eDQ)(:L,)

— A((dl,dQ)GD@D»—r(deQ)eDQ) (y)

we have
A((dl,dg)GD@DH(dl,dg)GDQ)
({¢o(d€ D (0,0,d) € D& D)} * (y — )
= {Co((d1,dy) € D* = (dy,dy, drdy) € D* & D)} *yg
{Co((dy,ds) € D* = (dy,d2,0) € D*© D)} * x
Proof. It suffices to note that given an objebtin Simp, the contravariant functapD
(resp.DR) and therefore the functaD (resp. D®) map every quasi-colimit diagram of

small objects irSimp to a limit diagram. Therefore the proof is merely a reformulation of
Proposition 2.6 of Nishimura [10]. The details can safely be left to the reamler.
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3.5. NishimuraAlgebroids;

Definition 27 A Nishimura algebroid A over M is called a Nishimura algebroigdover
M providing that the anchor natural transformatiam from A to the standard Nishimura
algebroid; Sy is a homomorphism of Nishimura algebroidsver M. In other words, a
Nishimura algebroid .A over M is a Nishimura algebroiglover M providing that for any
(¢, z) € D1 ®4 Do with (Dy, Ds) in Simp x Simp, we have

a(¢ xax) = a” () xs,, alx)

Example 28 It is trivial to see that the standard Nishimura algebrqi&,,; over M is a
Nishimura algebroig over M, sincea is the identity transformation.

Example 29 Let G be a groupoid ovefM . It is easy to see that the Nishimura algebrpid
AG over M is a Nishimura algebroigover M. It is also easy to see that a homomorphism
¢ : G — G’ of groupoids overM naturally gives rise to a homomorphissy : AG —
AG’of Nishimura algebroidsover M. Thus we obtain a functad from the category of
groupoids overM to the category of Nishimura algebroigever M.

The following proposition should be obvious.

Proposition 30 Let ¢ : A — A’ be a homomorphism of Nishimura algebrojdsver
M. Then its kernel at eacln € M, denoted byker,,y, assigning (ker,,o)? =
{x € AP | ¢(z) = 0P} to each objectD in Simp and assigning the restriction
(ker )/ @ (ker,p)P — (ker,@)P of A7 : A”" — AP to each morphisnf : D — D/
in Simp is naturally a Nishimura algebroiglover a single point.

3.6. NishimuraAlgebroids;

Let A be a Nishimura algebroidover M. Since the anchor natural transformatian :

A — Sy is really a homomorphism of Nishimura algebrojdsser M, its kernelker,,,a 4

at eachm € M is a Nishimura algebroigdover a single point by dint of the last proposition

of the previous subsection. By collectingr,,a4 over allm € M, we obtain a bundle

of Nishimura algebroidsover a single point, which is called thiener subalgebroidf A

and which is denoted by.A. The reader should note that the inner subalgebFfgicf A

can naturally be reckoned as a Nishimura algebroiker M (as a subalgebroid afl in

a natural sense). In the next definition we will consider the frame groupoid of Nishimura
algebroids over a single point fol.A, which is denoted by y;spi; (LA).

Definition 31 A Nishimura algebroig A over M is called a Nishimura algebroigover
M providing that it is endowed with a homomorphism 4 (usually written simplyad)

of Nishimura algebroidg over M from A to A(® n;snis (IA)) abiding by the following
condition:

1. We have

ad(x)(d1) o ad(y)(dz) = (ad((ad(x)(d1))(y)))(d2) o ad(z)(d1)

for any objectsD;, D, in Simp, anyd;, € Dy, anyd, € D,, anyz € AP' and any
y € (LA)P2 with 7 (z) = 7 (y).
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2. Givenz,y € (LA)! with7(z) = n(y), we have

foranyd € D.

Example 32 Since the inner subalgebrokb,, of the standard Nishimura algebroidSy,
is trivial, Sy is trivially a Nishimura algebroid over M.

Example 33 Let G be a groupoid ovel/. By assigning a mapping
Y€ (IQ)qs — zyz ' € (I1G) g

to eachz € G, we get a homomorphism of groupoids ovdrfrom G to ®,,,(IG), which
naturally gives rise to a homomorphism of groupoids ogérfrom G to @ s, (A(IG)).
SinceA(IG) andI(AG) can naturally be identified, we have a homomorphism of groupoids
over M from G to ®nysnis (I(AG)), to which we apply the functo/d so as to get
the desiredad 4 as a homomorphism of Nishimura algebroidsver M from AG to
A(® Nishis (I(AG))).

4. Totally Intransitive Nishimura Algebroids

Definition 34 A Nishimura algebroid4 over M is said to be totally intransitive providing
that its anchor natural transformation 4 is trivial, i.e.,

aa(r) =0,
for anym € M, any objectD in Simp and anyz € AP.

Remark 35 A totally intransitive Nishimura algebroid4 over M can naturally be re-
garded as a bundle of Nishimura algebroids over a single point auver

In this section an arbitrarily chosen totally intransitive Nishimura algebrdidver A/
shall be fixed.

Definition 36 Givenz € AP andy € AP2 with 7(z) = 7(y), we define ®y € AP1*D>
to be
(d€Dy—z)xy
Proposition 37 For anyz € AP, y € AP? andz € A3 with 7(z) = n(y) = 7(2), we
have
r®(y®z)=(2®Y)® 2

Proof. This follows simply from the fourth condition in Definition 19m

Remark 38 By this proposition we can omit parentheses in a combinatiogby
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The following proposition is the Nishimura algebroid counterpart of Proposition 3
(§3.2) of Lavendhomme [5].

Proposition 39 Letz € A!. Then we have
A((d17d2)€D(2)’—’d1+d2€D)(:Lv)
= A((d1,d2)€D(@2)—(d1.d2)€D?) (1 @ 1)

= A((d1,d2)€D(2)—(d2,d1)€D?) (1 @ 1)

Proof. Let z = A((@1.d2)€D(2)—(d1.d2)€D?) (1 @ ). Then we have

A(deD»—>(d,0)€D(2))(z)
_ A(deD»—>(d,0)€D2)($ ® 1)
=z

and
A(dGD»—>(O,d)€D(2))(z)
_ A(deD»—>(0,d)€D2)($ ® )
=(de D+ z)(0)
=z

Therefore the desired first equality follows at once from the quasi-colimitdiagram in Propo-
sition 6 (§2.2) of Lavendhomme [5]. The desired second equality can be dealt with similarly.
[ ]

The following proposition is the Nishimura algebroid counterpart of Proposition 6
(§3.2) of Lavendhomme [5].

Proposition 40 Letx,y € A with 7(x) = 7(y). Then we have
z+y
_ A(deD»—>(d,d)€D2)(y ® 1)
_ A(deD»—>(d,d)€D2)($ ®y)

Proof. Let z = A(d1:2)€D(2)—(d1.d2)€D%) (;, @ 1), Then we have
A(dGD»—>(d,0)€D(2))(z)
_ A(deD»—>(d,0)€D2)(y ® :1:)
=z
and
A(dGD»—>(O,d)€D(2))(z)
_ A(deD»—>(0,d)€D2)(y ® :1:)

=Yy
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Therefore it follows from the quasi-colimit diagram in Proposition$2.2) of Lavend-
homme [5] that

Tty
_ A(deD»—>(d,d)€D(2))(z)

_ A(deD»—>(d,d)€D2)(y ® 1)

which establishes the first desired equality. The second desired equality follows similarly.
[ ]

Proposition 41 Givenz,y € A' with 7(2) = 7(y), there exists a unique € A'! with
m(x) = m(y) = w(z) such that
A((d17d2)€D2»—>d1d2€D)(z)

_ A((dl,dQ)eDQ’_)(d17d27_d17_d2)€D4)(y @ € @ y @ :L')

Proof. We will show that

A(dED—(d,0)€D?) A((dl,dg)eDQ»—>(d1,dg,—dl,—d2)€D4)(y ®r®Y®T)

oD
= 07

and

AED—(0,0)eD?) g A((dl,dg)eDQ»—>(d1,dg,—dl,—d2)€D4)(y ®r®Y®T)

_ nD
= 07y

Then the desired result will follow from the quasi-colimit diagram in Propositio§Z.4)

of Lavendhomme [5]. Now we deal with the first desired identity. Since the composition
ofd € D+ (d,0) € D? and(dy, do) € D? — (dy, do, —dy, —d3) € D*is equal to the
composition ofd € D + (d,d) € D? and(dy,ds) € D?* — (di,0, —d,0) € D*, we
have

A(deD»—»(d,O)eDQ) o A((dl,dg)eDQ»—>(d1,dg,—dl,—d2)€D4) (y®zr®y® 1)

_ A(deD»—»(d,d)eDQ) o A((dl,dg)GDQ»—>(d1,O,—d2,O)€D4) (y®zr®y® 1)

_ A(dGD»—»(d,d)GDQ)(A(dQGD»—>(—d2,O)€D2)(y ® :1:) ® A(dleD»—>(d1,0)€D2)(y ® :13))
_ A(deD»—»(d,d)eDQ)((_:L,) ® )

=x—x [by Proposition 40]

oD
=07

Now we turn to the second desired identity. Since the compositianofD — (0, d) € D?
and(dy, ds) € D? — (dy,ds, —d1, —d2) € D* is equal to the composition of € D
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(d,d) € D? and(dy, ds) € D? — (0,dy,0, —dg) € D*, we have

A(deD»—»(O,d)GDQ) o A((dl,dQ)emH(dl,dQ,—dl,—dQ)eD‘l) (y@z®y®a)
_ A(dGD»—»(d,d)GDQ) o A((dl,d2)€D2b—>(0,d1,0,—d2)€D4) (y ®T®Y® ZL')
_ A(dGD»—»(d,d)GDQ)(A(dgeD»—>(0,—d2)€D2)(y ® :13) ® A(dleD»—>(0,d1)€D2)(y ® :13))

_ A(deD»—»(d,d)eDQ)((_y) ®y)
=y —y [byProposition 40]

_ nD
= 07(y)

The proof is now completem

Notation 42 We will denote the aboveby [z, y].

Proposition 43 Givenz, y € Al with 7(x) = 7 (y), we have

[yv :L'] = _[:Ev y]
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Proof. Letm = 7 (z) = m(y). We have

A((d1,d2)€D2»—>d1d2€D) ° A(dGDH(d,d)GDZ)([$’ y] ® [y’ $])

T,y ® [y, z])
:A((dl,dg)eDz»—>(d1,dg,dl,d2)€D4)OA((dl,dg,dg,d4)€D4»—>(d1d2,d3d4)€D2)([

:A((dl,dg)eDZ»—>(d1d2,d1d2)€D2)([
z,y]® [y, z])
_ A((dl,dg)eDz»—>(d1,dg,dl,d2)€D4)(A((dl,dg)eDz»—mlldgeD)([ZE’y]) @A((dl,dg)eDz»—dldgeD)([y’$]))
_ A((dl,dg)eDz»—>(d1,dg,dl,d2)€D4)(A((dl,dg)eDz»—dldgeD)([ZE’y])®
A((d1,d2)€D*—(d2,d1)€D?) OA((dl,dg)eDszldgeD)([y’$]))
_ A((dl,dg)EDz»—>(d1,dg,dl,d2)€D4)(A((dl,dg)eDzH(dl,dg,—dl,—d2)€D4) (Y@ ®Yy®T)®
A((d1,d2)€D?*—(da,d1)€D?) § A((da,d2)€D*—(da,d2,~d1,~d2)€D*) (z@Yy®T®Y))
_ A((dl,dg)EDz»—>(d1,dg,dl,d2)€D4)(A((dl,dg)eDzH(dl,dg,—dl,—d2)€D4) (Y@ ®Yy®T)®
A((dl,dg)eDz»—>(d2,dl,—dg,—d1)€D4) (z@Yy®T®Y))
_ A((d1,d2)€D?—(d1,d2,d1,d2)€D?)  ((d1,d2,d3,ds) €D (d2,d1,~d2,~d1 d3,da,~d3,~da) € D)
(YRrRYRTRITRY®T®Y)
_ A((dl,dg)eDz»—>(d2,dl,—dg,—dl,dl,dg,—dl,—dg)eDg)(y PIOYRTRIDY®T®Y)
— A((d1,d2) €D —(da,d1,~dz,d1d2,~d1,~d2)€D")  ((d1,d2,d3,da,d5,ds,d7) €D (d1,d2,d3,~da,da,ds,ds,d7) €D®)
(YPrRYRTRTRY®T®Y)
_ A((d1,d2) €D —(dz,d1,~d2,d1 d2,~d1,~d2)€D)
(yoz®y® AEP=AIED) oy ey@r @ y)
_ A((dl,dg)eDz»—>(d2,dl,—dg,dg,—dl,—dg)eDG)(y PIOYRY®T DY)
_ A((dl,dg)EDz»—>(d2,dl,dg,—dl,—dg)eDs) ° A((dl,dg,d3,d4,d5)€D5»—>(d1,d2,—d3,d3,d4,d5)€D6)
(YPT@®Y®YB®T DY)
_ A((dl,dg)EDz»—>(d2,dl,dg,—dl,—dg)eDs)(y ®z® A(deDH(—d,d)eDz)(y ®Y) ®T®Y)
_ A((dl,dg)eDZ»—>(d2,dl,—dl,—d2)€D4)(y ®T®T®Y)
— A((d1,d2)€D?*—(dp,d1,—d2)€D?) A((dl,dg,d3)€D3»—>(d1,dg,—dg,d3)€D4)(y ®T®T®Y)
_ A((dl,dg)eDZ»—>(d2,dl,—d2)€D3)(y ® A(deDH(d,—d)eDz)(:E ®1)®Y)
_ A((dl,dg)eDZ»—>(d2,—dg)eDz)(y ® )
_ A((dl,dg)eDz»—wlgeD) o A(deDH(d,—d)eDz)(y ® y)
= 0P’

]
Proposition 44 Givenz,y € A! with 7(x) = 7 (y), we have

A((dl,dz)GD@DH(dl,dz)GDz)(y ® 1)

— A((dl,dg)GD@DH(dl,dz)GDZ) o A((dl,dg)GDzb—>(d2,d1)€D2) (iU ®y) (11)
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and

[l’, y] =y ®x _ A((dl,dg)GDQ»—)(dg,dl)eDQ)(:E ® y) (12)

Proof. Our proof is the proof of Proposition §8.4) of Lavendhomme [5] in disguise.
In order to show the identity (11), it suffices, by dint of the quasi-colimit diagram in Propo-
sition 6 (§2.2) of Lavendhomme [5], to show that

A(deD»—>(d,0)€DeBD) o A((dl,dg)GDéBDH(dl,dg)eDQ)(y ® :13)
— A(dED—(d,0)€D®D)  A((d1,d2)EDSD—(d1,d2)ED?)

Al(d1,d2)€D%—(d2,d1)ED%) (1 @ ) (13)

and

A(deD»—>(0,d)€DeBD) o A((dl,dg)GDéBDH(dl,dg)eDQ)(y ® :13)
— A(d€D—(0,)eD®D)  A((d1,d2)EDSD—(d,d2)€D?)

Al(d1,d2)€D%—(d2,d1)ED?) (1 @ ) (14)

Since the compositionaf € D — (d,0) € D & D and(dy,d2) € D& D — (dy,ds) €
D?is equaltod € D — (d,0) € D?, and since the composition dfc D —— (d,0) €

D& D, (dl, dg) ceDé&Dw— (dl, dg) e D? and(dl, dg) e D?— (dg, dl) e D?is equal

tod € D — (0,d) € D?, itis easy to see that both sides of the identity (13) are equal to
x by the second condition in Definition 19. The identity (14) can be established similarly.
Let

» — A((d1,d2,d3)€ D*®Dr—(da,d3,d1)€D?) (z@® [z,y] ®y)

Then we have

A((dl,dg)eDQ»—>(d1,dg,O)GDQQBD) (z)

— A((d1,d2)€D*—(d1,dp,0)€D*®D) _A((d17d2,d3)€D2@D'—>(d27d37d1)€D3)(:E ® [z, y] ® y)

= A(d1d2)€D*—(d2,0.d1)€D%) (1 @ [ y] @ )
_ A((dr.d2)eD?—(da,d1)€D?) A((dl,dg)€D2»—>(d1,0,d2)€D3)(:Lv ® [z, y] ® y)
= A((d1,d2)€D?—(d2,d1)€D?) (1 @ A(AED—(d0)ED?) (13 1] @ 1))

_ A((dl,dg)eDQ»—>(d2,d1)€D2)(:L, ®y)
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while we have

A((d1,d2)€D2’—’(d17d27d1d2)€D2€BD)(z)
_ A((dl,dg)eDz»—>(d1,dz,d1d2)€D2€9D) o A((dl,dg,d3)€D2€BD'—>(d2,d3,d1)€D3)(:E ® [ZE, y] ® y)
_ A((dl,dg)eDz»—%dz,d1d27d1)€D3)(:E ® [

z,y] ®y)
_ A((dl,dg)GDZ»—>(d2,dldg,d1)€D3) (JE ® A(dEDH—dGD) o A(dGDH—dED)([:E’ y]) ® y)
— A((dl,dg)GDzb—>(d2,dldg,dl)EDa) o A((dl,dg,d:;)EDaH(dl,—dg,d3)€D3) (':U @ A(dEDH—dED)([:p’ y]) @ y)
_ A((dl,dg)eDz»—>(d2,—dldg,d1)€D3) (z®y,z] ®7Yy)
[By Proposition 43]
= A((d1,d2)€D%—(dy,=d2,d1,d1)€DY) ¢ ((d1,d2,ds,da) €D (d1,d2d3,da)€D) (1 @ [y, 2] @ )
— A((dl,dz)Gsz—>(d2,—d27d17d1)€D4) (':U @ A((dl,dg)esz—)dldzeD)([y’ $]) @ y)
_ A((dl,dz)eDz’—’(dZ7_d27d17d1)€D4) (,:U ® A((dl,dz)eDzb—>(d17d27—d17—d2)€D4) (':U ® Y ®»xr® y) ® y)
_ A((dhdz)GDz'—%dz,—d27d1,d1)€D4) o A((d17d27d37d4)€D4'—>(d17d27d37—d27—d37d4)€D6)
(TRT®YRTR®Y DY)
— A((d17d2)€D2'—>(d27—d27d17d27—d17d1)€D6) (z@®rz®YRT@®YDY)
_ A((d1,d2)€D2'—>(d2,d1,d2,d1)€D4) o _A((d1,d27d37d4)€D4'—>(d17—d17d27d37—d47d4)€D6)
(zRT®YRTB®Y DY)
_ A((dl,dg)eDz»—>(d2,dl,dg,d1)€D4)(A(deDH(—d,d)eDz)(:E ®2)®Y®I®
(. — 2
A(dED (d,—d)eD )(y ®y))
_ A((dl,dg)eDz»—>(d2,dl,dg,d1)€D4)(Oﬁ YD T ® Oﬁ)
Therefore we have
y® T o A((d1,d2)€D2»—>(d2,d1)€D2) (JE ® y)
_ A(dEDH(O,O,d)EDzeBD) (2)

— A(d€D—(0,0,d)eD>®D) A((dl,dg,d3)€D2®D»—>(d2,d3,d1)€D3)(:E ® [z,y]®y)

= [z, 9]
This completes the proofm
Proposition 45 1. Givenz € A! andy, z € A?with 7(z) = n(y) = 7 (z), if we have

A((dl,dg)GD@DH(dl,dg)EDz)(y) _ A((dl,dg)ED@DH(dl,dg)eDz)(z)

then we have

A((dl,dg,dg)GDX(D@D)H(dl,dg,d(;)EDa) (y®$) — A((dl,dg,dg)GDX(D@D)H(dl,dg,d(;)EDa) (Z@lﬁ)

and . .
Z@:ETZJ@:E:(Z—ZJ)@:E
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2. Givenz,y € A? andz € Alwith 7(x) = 7(y) = 7(z), if we have

A((dl,dg)GDQBDH(dl,dg)GDQ)(:L,) :A((dl,dg)GDQBDH(dl,dg)GDQ)(y)

then we have

A((d1,d2,d3)e(D®D) X Di—(dy,dg,d3)€D?) (z®z) = A((d1,d2,d3)e(D®D) X Di—(dy,dg,d3)€D?) (z@y)

and

Ad1d2)€D?—(d2,d)ED?) (, gy~ s @ ) = 2 @® (y — x)
3
Proof. This follows simply from Proposition 26m

Proposition 46 Givenz, y, z € A! with 7(z) = 7 (y) = 7(2), letit be the case that

U123:Z®y®l’

Uizg = A((dl,dQ,d;)eD’H(dl,d;,dQ YED?) (y ®2® 1)
U1z = A((dl,dQ,d;)eDiH(dQ,dl,d; YED?) (z ®z®Y)
U3y = A((dl,dQ,d;)eD’H(dQ,d;,dl YED?) ( ®2®Y)
Uz1g = A((dl,dQ,d;)eD’H(d;,dl,dQ YED?) (y ®z®2)
I A((dl,dQ,d;)eD’H(d;,dQ,dl YED?) ( T®Y®2)

Then the right-hands of the following three identities are meaningful, and all the three
identities hold:

[, [y, 2] = (u123 T ui32) — (u231 jusm)
[y, [z, 7]] = (u231 5 u213) = (us12 §U132)

(2, [2, y]] = (us12 g u321) = (w123 éums)
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Proof. Here we deal only with the first identity, leaving the other two identities to the
reader. We have

[z, [y, 2]]

=y, ®z— A((d17d2)€D2*’(d2’d1)eD2)(:U ® [y, 2])

— {z @y — A BR)ED—(E2:d)ED”) (@ )} @

— Ald1,d2)€D*—(d2,d1)ED?) (1 {7 @ yy — AU d2)ED—(d2,d)ED?) () @ 1)}

={z@y®x T A((d17d2)€D2’—’(d2,d1)€D2)(y ® 2) ® x}
; {,fE @ > @ y g T @ A((d17d2)€D2b—>(d2,d1)€D2) (y @ Z)}

={z®y®z f A(d1d2.d5)€D%(d,ds,d2)€D?) () @ - @ 1)}
o {A((dl,dg,d;;)eD:’»—»(dz7d37d1)€D3)(:L' ®z®Y)

jA((dl7d27d3)€D3’_’(d27d37d1)€D3) (z® A((dlde)eDQ’_’(d%dl)eDQ)(y ®2))}

= 2oy ®a - AhBBED LD (6 - 6 )
N {A((dl,dg,d;;)eDf’»—»(dz7d37d1)€D3)(:L' ®2z®Y)

jA((dl7d2,d3)eD3»—>(d2,d3,d1)€D3) o A((d1,dz7d3)€D3’—’(d27d17d3)€D3) (r®y®2)}

fd {z @ y @ x T A((d17d27d3)€D3’_’(d17d37d2)€D3)(y @ z @ ,:L')}

_ {A((d17d2,da)GD:;'—’(Cb7d37d1)€D3)(ZE ®2®Y) _ _A((dl7d2,d3)€D3’—’(d37d2,d1)€D3) (z@®y®2)}
1

= (u123 n u132) — (u231 n u321)
n

Theorem 47 Givenm € M, the Jacobi identity holds ford!, with respect to the Lie
bracket[-, -]. I.e., we have

[z, [y, 2]] + [y, [z, x]] + [2, [, y]] = O
foranyz,y, z € Al .

5. From Nishimura Algebroids to Lie Algebroids

Let A be aNishimura algebroid oveil/. It is very easy to see that

Proposition 48 By assigningl'(.A)”=T"(AP) to each objectD in Simp and assigning
LA -y e T(AP) — A' oy € I(AP) to each morphisnf : D — D’ in Simp, we
have a Nishimura algebroidI'(A) over a single point, wher&(.A”) denotes the space
of global sections of the bundld” over M. Endowed with the trivial anchor natural
transformation, it is a Nishimura algebrojdover a single point.



26 Hirokazu Nishimura

Definition 49 GivenX ¢ I'(AP') andY € T'(AP2), we defin@” ® X € I'(AP*P2) to
be
YO X)m= (Y oa(Xn))* Xn

foranym € M.
Now we have
Proposition 50 GivenX € I'(AP1),Y € I'(AP2) and Z € T'(AP3), we have
Zo(YeoX)=(ZoY)oX
Proof. Letm € M. We have

(Zo (Y o X))n

=(Zoa(Y@©X)n))*x (Y ©X)mn
=(Zo(alY)®a(X))m) * {(Y oa(Xn)) * X}
=[{m' e M (Zoa(Yy)) * Yy} oa(Xm)] * Xm
[By the fourth condition in Definition 19]
=(ZeY)® X)n

[ ]
Remark 51 By this proposition we can omit parentheses in a combinatio@by

Proposition 52 By adopting@ as 4, our Nishimura algebroig T'(A) over a single
point is a Nishimura algebroigover a single point.

Proof. The fourth condition in Definition 19 follows from Proposition 50. The other
three conditions follow trivially. m
Therefore all the discussions of the previous section hold. In particular, we have

Theorem 53 Given X, Y € T'(A!), we can defingX, Y] € I'(A') to be the unique one
satisfying

A((dl,dg)GDQ;—wlldQGD) o [X, Y]

— A((d17d2)€D2»—>(d1,d2,—dl,—d2)€D4) o (Y @ X @ Y @ X),
with respect to whicli'(A!) is a Lie algebra.
Proposition 54 GivenX,Y € I'(A') and f € RM, we have

Y@fX:fi(Y@X)
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Proof. Letm € M.

(Y © FX)»
= (¥ oa(f(m)X,,)
= (¥ o (f(m)a(X,,
= J(m) : (Y © X),,

* (f(m)Xom)
) * (f (m) Xom)

Proposition 55 GivenX,Y € I'(A') and f € RM, we have
fYoX—f. (YoX)=X(HY

Proof. Letm € M. We defineu € A2*€D to be
= A((dl,dQ,dfi)eDQ@D'—)(dl,de(m)‘l'dfia(Xm)(f))eDQ)((Y ©® X)m)

wherea(X,,)(f) is the Lie derivative off with respecta(X,,). Itis easy to see that
A((dl,dg)eDQH(dl,dg,d1d2)€D2®D) (1)

— A((d1,d2)€D?—(dy,d3,d1da)€D?*®D) _A((dl7d2,d:s)GDQ@D'—’(Ch7d2f(m)+daa(Xm)(f))€D2)((Y © X)m)
= A((dlvdz)GDQ'—’(dl7d2f(m)+d1dza(Xm)(f))GDQ)((y ® X)m)

= A((dlvdz)GDQ'—’(dl7d2f(m)+d1dza(Xm)(f))GDQ)((y ® X)m)

= A((d17d2)€D2’_’(d17d2f(a(XTn)(d1)))€D2)((Y ® X))

=([YoX)n

By the third condition in Definition 1

[By the third dition finiti 9]

It is also easy to see that

A((dl,dg)eDQH(dl,dg,0)€D2®D) (1)

— _A((dl7d2)€D2’—’(d17d270)€D2€9D) o A((dhdz,d:s)GDQ@D’—’(dl7d2f(m)+daa(Xm)(f))€D2)((Y ©® X)m)
= A((dl7d2)€D2'—>(d17d2f(m))€D2)((y ® X)m)

By the third condition in Definition 1

[By the third dition finiti 9]

Therefore we have

_ A(deDH(O,O,d)eDQQBD) (1)

_ AED—00d)ED*ED) o A((dr.d.ds) DD (dh o f () +dsa(Xm) (IED) (" @ X))
_ A(deDH(o,da(Xm)(f))eDQ)((Y © X)m)

This completes the proof.
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Proposition 56 GivenX,Y € I'(A') and f € RM, we have
(X, fY] = fIX, Y] +a(X)(f)Y

n
Proof. We have

(X, Y]
— fY ® X _ A((d17d2)€D2b—>(d2,d1)€D2) (X ® fY)
={fYoX—f,(YoX)}-
{ A((d1,d2)€D?—(dz,d1)€D?) (¢ : (XoY))—f ; (Y ® X)}
[By Proposition 55]
=a(X) ()Y + fIX,Y]

This completes the proofm

Theorem 57 Given a Nishimura algebroicd over M/, A is a Lie algebroid over\/.

Proof. This follows from Theorem 53 and Proposition 54.
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