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A WEIGHTED POINTWISE ESTIMATE FOR TWO

DIMENSIONAL WAVE EQUATIONS AND ITS

APPLICATION TO NONLINEAR SYSTEMS

Dedicated to professor Kunihiko Kajitani on his sixtieth birth day

By

Yuki Kurokawa* and Hiroyuki Takamuray

Abstract. This paper is devoted to some weighted pointwise esti-

mate for solutions of two dimensional wave equations. It gives a

simple proof to obtain the best order of the lower bound of the

lifespan of classical solutions to nonlinear systems.

1. Introduction

We are first concerned with pointwise estimates of a classical solution of the

following initial value problem for inhomogeneous wave equations in low space

dimensions.

ju ¼ H in Rn � ½0;yÞ;
ujt¼0 ¼ f ; utjt¼0 ¼ g;

�
ð1:1Þ

where j is an usual D’Alembertian in Rn and f ; g are given smooth functions of

compact support in Rn. H ¼ Hðx; tÞ is a smooth function in Rn � ½0;yÞ whose

support is admissible to the initial data. Our attention goes to pointwise esti-

mates, so that we consider the case of n ¼ 2; 3 only, in which a fundamental

solution of j is positive.

Most of weighted Ly estimates of a solutions of (1.1) are global type.

Actually, one can prove
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kwukLyðRn�½0;yÞÞ aCf ;g þ CkwpHkLyðRn�½0;yÞÞ ð1:2Þ

for a suitable weight w and some power p, where Cf ;g is a positive constant

depending on the initial data. This inequality is often applied to nonlinear prob-

lem. For example, putting H ¼ jujp�1
u, or jujp ðpb 2Þ, we have a global exis-

tence of a classical solution of (1.1) with small initial data by (1.2) together with

a contraction mapping argument, namely, a constructive method. See early works

on this problem, F. John [6] and R. T. Glassey [4]. In this sense, the global esti-

mate (1.2) is enough.

However, in order to investigate the lower bound of the lifespan of the

solution when a blow-up occurs in the nonlinear problem, more precise estimate

will be required rather than (1.2). To see this, we put a small parameter e > 0

into the initial data, i.e.

f ðxÞ ¼ ejðxÞ; gðxÞ ¼ ecðxÞ ð1:3Þ

for arbitrarily fixed functions j;c. Then we have a similar estimate to (1.2) such

that

kwukLyðRn�½0;T �Þ aCj;ceþ CkwpHkLyðRn�½0;T �ÞF ðT ; pÞ; ð1:4Þ

where F is a function of p and a time T . But we have to improve this. Because

a function space in which we will make a contraction has a bad order of e

such as

kwukLyðRn�½0;T �Þ ¼ OðeÞ: ð1:5Þ

Hence the local in time existence of a solution is guaranteed by

ep�1FðT ; pÞf 1 ð1:6Þ

in the contraction. Unfortunately, this condition does not make a optimal order

of e of the lifespan, sup T . For example, see R. Agemi & H. Takamura [2] for

n ¼ 2.

In three space dimensions, n ¼ 3, one can improve (1.4) easily by making use

of strong Huygens’ principle. Actually, there is a space-time domain A in which

we find Cj;c 1 0 by compactness of the support of the initial data. Therefore we

have new estimates

kwuk
LyðAÞ aCfkwpHk

LyðAÞF ðT ; pÞ þ kwpHkLyðBÞg;

kwukLyðBÞ aCj;ceþ CkwpHkLyðBÞGðT ; pÞ;
ð1:7Þ
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where B ¼ R3 � ½0;T �nA and F ;G are functions of T ; p. Then the good orders

of e in function spaces are obtained such as

kwuk
LyðAÞ ¼ OðepÞ; kwukLyðBÞ ¼ OðeÞ: ð1:8Þ

Hence the local in time existence of a solution is guaranteed by

epðp�1ÞF ðT ; pÞ; ep�1GðT ; pÞf 1 ð1:9Þ

in the contraction. The first quantity is always bigger than the second one, and

makes the optimal lifespan. See F. John [6] for a quadratic nonlinearity, or Zhou

Yi [10] and R. Agemi & Y. Kurokawa & H. Takamura [1] for any power.

On the contrary, it is hard to prove a suitable weighted Ly estimate in two

space dimensions like (1.7) by lack of the strong Huygens’ principle. However,

other clever proofs overcome the di‰culity, which can be found in H. Lindblad

[9] and Zhou Yi [11]. They made pointwise estimates and extended a local in

time solution to the longest time by continuation principle, namely the contra-

diction argument. This method is sharper than constructive one. The lower and

upper bounds of the lifespan coincide with each other and can be written by

known quantity when e goes to 0. But it works only for the sub-critical case of

the nonlinear problem because a scaling argument is essential. For the critical

case, the optimal lower bound of the lifespan has been obtained. We also remark

that the pointwise estimate with some special function is required in two space

dimensions.

The aim of the present paper is to prove some weighted pointwise estimate

in two space dimensions by almost the same way as the three dimensional case.

Moreover, as an application, we easily obtain the weighted Ly estimates like

(1.7). This gives us the two dimensional version of R. Agemi & Y. Kurokawa &

H. Takamura [1] in which the lifespan of a classical solution to the initial value

problem for

ju ¼ jvjp;
jv ¼ jujq
�

ð1:10Þ

is precisely estimated from below and above in three space dimensions. This

system was first studied by D. Del Santo & V. Georgiev & E. Mitidieri [3].

This paper is organized as follows. In the next section, we state our main

result. Section 3 is devoted to its proof which proceeds along with the method

originally introduced by F. John [6]. In section 4, main result is applied to non-

linear systems. From section 5 to section 8, we get the lower bound of the life-

span in a very simple way.
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2. Main Result

We shall consider the linear problem (1.1) with a scaled data (1.3). A key

assumption on the present problem is

supp j; supp cH fx A R2; jxja kg: ð2:1Þ

Without loss of generality, we may assume that k > 1. By finite propagation

speed of the wave, the admissible support of H is

supp HH fðx; tÞ A R2 � ½0;yÞ; jxja tþ kg: ð2:2Þ

The weight function w is defined by

wðjxj; tÞ ¼ tþ jxj þ 2k

k

� �1=2

Nðt� jxjÞ; ð2:3Þ

where NðsÞ is a given function of s.

Our main result is the following theorem.

Theorem 1. Let u be a classical solution of the initial value problem (1.1) in

R2 � ½0;T � with a scaled data (1.3) under the assumptions on the compactness of

support of the initial data, (2.1), and H, (2.2). Then, for 0 < e < 1 and p A R, there

exist positive constants Cj;c depending on the initial data not on e, and C inde-

pendent of k; e such that the following inequality holds for any ðx; tÞ A R2 � ½0;T �.ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ jxj þ 2k

k

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� jxj þ 2k

k

r
juðx; tÞjaCj;ceþ CkIðjxj; tÞ; ð2:4Þ

where, when p > 3,

Iðr; tÞ ¼
ð t�r

�k

1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

t� r� b

s
w½0;yÞðt� rÞ

 !
Fðp�2Þ=2ðt� r; bÞ

NðbÞp kwpHkðbÞ db: ð2:5Þ
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Here FPðb; aÞ and k � k are defined by

FPðb; aÞ ¼

aþ 2k

k

� �1�P

when P > 1;

log 2
bþ 2k

aþ 2k
when P ¼ 1;

bþ 2k

k

� �1�P

when P < 1

8>>>>>>>>><
>>>>>>>>>:

ð2:6Þ

and

kukðt� jxjÞ ¼ sup
tþjxj

sup
x=jxj AS 1

juðx; tÞj: ð2:7Þ

For the case pa 3, Fðp�2Þ=2ðt� r; bÞ in I is replaced by Gpðtþ r; t� rÞ, where

Gpða; bÞ ¼

b þ 2k

k

� �1=2

log 2
aþ 2k

b þ 2k
when p ¼ 3;

b þ 2k

k

� �1=2
aþ 2k

k

� �ð3�pÞ=2

when p < 3:

8>>>><
>>>>:

ð2:8Þ

Remark 2.1. For p > ð3 þ
ffiffiffiffiffi
17

p
Þ=2, a weighted Ly estimate in two space

dimensions,

kwukLyðR2�½0;yÞÞ aCj;ceþ Ck2kwpHkLyðR2�½0;yÞÞ ð2:9Þ

has been obtained by R. T. Glassey [4] with a suitable weight w. See also

Appendix of R. Agemi & H. Takamura [2] for a simplified proof. This estimate is

enough for the global existence for nonlinear problem.

3. Proof of the Main Theorem

First, we shall follow some basic facts of a representation formula of a

solution of (1.1) with (1.3) which has to satisfy the following integral equation.

uðx; tÞ ¼ eu0ðx; tÞ þ LðHÞðx; tÞ; ð3:1Þ

where u0 is a solution of ju0 ¼ 0 with the same initial data to u=e. Moreover,

LðHÞ is a solution of jLðHÞ ¼ H with zero data. In two dimensional case, u0

and LðHÞ can be expressed by

u0ðx; tÞ ¼ q

qt
Rðj j x; tÞ þ Rðc j x; tÞ; LðHÞðx; tÞ ¼

ð t
0

RðHð� ; tÞ j x; t� tÞ dt; ð3:2Þ
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where a function R is defined by

Rðc j x; tÞ ¼ 1

2p

ð t
0

r drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � r2

p ð
joj¼1

cðxþ roÞ dSo: ð3:3Þ

Applying this formula to LðHÞ in our problem, we note that the weight

function is spherically symmetric. So the method of the spherical mean developed

by F. John [5] gives us the following useful formula.

jLðHÞðx; tÞja 2

p

ð t
0

dt

ð t�t

0

r drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt�tÞ2 �r2

q ð rþr

jr�rj

kwpHkðt�lÞlw�pðl; tÞ dlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 �ðr�rÞ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþrÞ2 �l2

q ; ð3:4Þ

where r ¼ jxj. Then, it follows from inverting the order of ðl; rÞ-integral that

jLðHÞðx; tÞja 2

p

ð t
0

dt

ð t�tþr

jt�t�rj
dl

ð t�t

jl�rj
drþ

ððt�rÞþ

0

dt

ð t�t�r

0

dl

ð lþr

jl�rj
dr

( )

� kwpHkðt� lÞlw�pðl; tÞrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt� tÞ2 � r2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � ðl� rÞ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ rÞ2 � r2

q : ð3:5Þ

After some estimates, one can find that r-integral will disappear byð b
a

r drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � a2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � r2

p ¼ 1

2
B

1

2
;
1

2

� �
¼ p

2
: ð3:6Þ

Introducing characteristic variables

a ¼ tþ l; b ¼ t� l ð3:7Þ

and extending the domain of the integral, we have

jLðHÞðx; tÞjaCðI1ðr; tÞ þ I2ðr; tÞÞ; ð3:8Þ

where

I1ðr; tÞ ¼
ð t�r

�k

kwpHkðbÞ db
ð tþr

jt�rj

lwðl; tÞ�p

ð
ffiffi
r

p
or

ffiffiffi
l

p
Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� ðt� rÞ

p da ð3:9Þ

and

I2ðr; tÞ ¼
ð t�r

�k

kwpHkðbÞ db
ððt�rÞþ

b

awðl; tÞ�p

ð
ffiffi
r

p
or

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� r� b

p
Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� r� a

p da: ð3:10Þ

All detailed proofs of inequalities above can be found in R. Agemi & H.

Takamura [2]. Here we use a slightly modified form of I2. The bottom of the

a-integral is replaced by b instead of 0 which is made by di¤erent extension of the
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domain. The estimate for I1 and I2 will be divided into two cases. Here and

hereafter, a constant C independent of e and k may change from line to line.

Case 4rb tþ rþ 2k, i.e. tþ rþ 2kb 2ðt� rþ 2kÞ.
In this case,

ffiffi
r

p
must be taken in the definition of I1, (3.9). Then it follows

from the definition of w, (2.3), that

I1ðr; tÞa
kffiffi
r

p
ð t�r

�k

kwpHkðbÞNðbÞ�p
db

ð tþr

t�r

ððaþ 2kÞ=kÞð2�pÞ=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� ðt� rÞ

p da: ð3:11Þ

With the help of integration by parts, the a-integral is dominated by

C
ffiffi
r

p tþ rþ 2k

k

� �ð2�pÞ=2

þ Cffiffiffi
k

p
ð tþr

t�r

aþ 2k

k

� �ð1�pÞ=2

da

aC
ffiffiffi
k

p

t� rþ 2k

k

� �ð3�pÞ=2

when p > 3;

log 2
tþ rþ 2k

t� rþ 2k
when p ¼ 3;

tþ rþ 2k

k

� �ð3�pÞ=2

when p < 3:

8>>>>>>>>>><
>>>>>>>>>>:

ð3:12Þ

Hence, by simple inequality

ffiffi
r

p
b

ffiffiffi
k

p

2

tþ rþ 2k

k

� �1=2

; ð3:13Þ

we obtain, when p > 3,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ rþ 2k

k

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

k

r
I1ðr; tÞaCk

ð t�r

�k

Fðp�2Þ=2ðt� r; bÞ
NðbÞp kwpHkðbÞ db; ð3:14Þ

Because we have

t� rþ 2k

k

� �ð4�pÞ=2

aFðp�2Þ=2ðt� r; bÞ: ð3:15Þ

It is clear that, when pa 3, Fðp�2Þ=2ðt� r; bÞ is replaced by Gpðtþ r; t� rÞ.
Similarly to I1,

ffiffi
r

p
is taken in the definition of I2, (3.10). Here we have to

assume that t� rb 0. Then we get

I2ðr; tÞa
kffiffi
r

p
ð t�r

�k

kwpHkðbÞNðbÞ�p
db

ð t�r

b

ððaþ 2kÞ=kÞð2�pÞ=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� r� a

p da: ð3:16Þ

In order to investigate the a-integral, we need the following inequality.
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Lemma 3.1. For P A R, b > 0 and bb ab�k, it holds that

J1

ð b
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bþ 2k

b� a

r
aþ 2k

k

� ��P

daaCkFPðb; aÞ; ð3:17Þ

where FP is the one in (2.6).

Proof. When bb ab b=2 � k, we have

Jffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bþ 2k

p aC
bþ 2k

k

� ��Pð b
b=2�k

daffiffiffiffiffiffiffiffiffiffiffi
b� a

p ð3:18Þ

which implies

JaCk
bþ 2k

k

� �1�P

aCkFPðb; aÞ: ð3:19Þ

When b=2 � kb a, we have

Jffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bþ 2k

p a
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b=2 þ k
p ð b=2�k

a

aþ 2k

k

� ��P

daþ C
bþ 2k

k

� ��Pð b
b=2�k

daffiffiffiffiffiffiffiffiffiffiffi
b� a

p ð3:20Þ

which implies

JaCk FPðb=2 � k; aÞ þ bþ 2k

k

� �1�P
( )

aCkFPðb; aÞ: ð3:21Þ

Therefore the lemma follows.

Applying Lemma 3.1 to our case with P ¼ ðp� 2Þ=2, b ¼ t� r, a ¼ b, we

can find that the a-integral is dominated by

CkFðp�2Þ=2ðt� r; bÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

p : ð3:22Þ

Hence it follows from (3.13) thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ rþ 2k

k

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

k

r
I2ðr; tÞaCk

ð t�r

�k

Fðp�2Þ=2ðt� r; bÞ
NðbÞp kwpHkðbÞ db: ð3:23Þ

Case 2. 4ra tþ rþ 2k, i.e. tþ rþ 2ka 2ðt� rþ 2kÞ.
In this case,

ffiffiffi
l

p
must be taken in (3.9). Then we have

I1ðr; tÞa
ffiffiffi
k

p ð t�r

�k

kwpHkðbÞNðbÞ�p
db

ð tþr

t�r

ððaþ 2kÞ=kÞð1�pÞ=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� ðt� rÞ

p da: ð3:24Þ

The a-integral is dominated by

Yuki Kurokawa and Hiroyuki Takamura424



C
t� rþ 2k

k

� �ð1�pÞ=2ð tþr

t�r

daffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� ðt� rÞ

p aC
ffiffiffi
k

p t� rþ 2k

k

� �ð2�pÞ=2

ð3:25Þ

because 2r < t� rþ 2k. This implies (3.14). Similarly, taking
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� r� b

p
in (3.10),

we have

I2ðr; tÞa k

ð t�r

�k

kwpHkðbÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� r� b

p NðbÞ�p
db

ð t�r

b

ððaþ 2kÞ=kÞð2�pÞ=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� r� a

p da: ð3:26Þ

The a-integral is estimated in completely the same way of previous case. Hence

we haveffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ rþ 2k

k

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

k

r
I2ðr; tÞaCk

ð t�r

�k

kwpHkðbÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� r� b

p Fðp�2Þ=2ðt� r; bÞ
NðbÞp db: ð3:27Þ

We note that Fðp�2Þ=2ðt� r; bÞaGpðtþ r; t� rÞ is always valid for pa 3.

As for u0, we employ the well-known estimate.

Proposition 3.2. Let u0 be a solution of ju0 ¼ 0 in R2 � ½0;yÞ with an

initial data ujt¼0 ¼ j, utjt¼0 ¼ c of compact support such as (2.1). Then there exists

a positive constant Cj;c such that

ju0ðx; tÞja Cj;ckffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ jxj þ 2k

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� jxj þ 2k

p : ð3:28Þ

Proof. For example, see R. T. Glassey [4].

Therefore the proof of Theorem 1 is finished.

4. Application to Nonlinear Systems

Now, as announced in Introduction, our attention goes to the following

nonlinear systems.

ju ¼ jvjp; jv ¼ jujq; in R2 � ½0;yÞ;
uðx; 0Þ ¼ ef1ðxÞ; ðqu=qtÞðx; 0Þ ¼ eg1ðxÞ;
vðx; 0Þ ¼ ef2ðxÞ; ðqv=qtÞðx; 0Þ ¼ eg2ðxÞ

8><
>: ð4:1Þ

We shall investigate the lifespan defined by

TðeÞ ¼ supfT A ð0;y�: There exists a unique solution ðu; vÞ

A fC 2ðR2 � ½0;T �Þg2 of ð4:1Þ:g: ð4:2Þ

The full histories on (4.1) including the general space dimensions can be found
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in the introduction of R. Agemi & Y. Kurokawa & H. Takamura [1]. Therefore

we omit all of them and shall prove the existence part of the following theorem.

Theorem 2. Let p; q > 3. Suppose that both fi A C 3
0 ðR2Þ and gi A C2

0 ðR2Þ do

not identically vanish for each i ¼ 1; 2. Then there exists a positive constant e0 such

that, for any e with 0 < ea e0, the lifespan TðeÞ of the classical solution ðu; vÞ of

(4.1) satisfies

TðeÞ ¼ y ð4:3Þ

provided F ðp; qÞ < 0,

expðce�minfpðpq�1Þ;qðpq�1ÞgÞaTðeÞa expðCe�minf pðpq�1Þ;qðpq�1ÞgÞ: ð4:4Þ

provided F ðp; qÞ ¼ 0 with p0 q,

expðce�pðp�1ÞÞaTðeÞa expðCe�pðp�1ÞÞ ð4:5Þ

provided F ðp; qÞ ¼ 0 with p ¼ q, and

ce�Fðp;qÞ�1

aTðeÞaCe�Fð p;qÞ�1

ð4:6Þ

provided Fðp; qÞ > 0, where c and C are positive constants independent of e, and

F ðp; qÞ1max
pþ 2 þ q�1

pq� 1
;
qþ 2 þ p�1

pq� 1

� �
� 1

2
: ð4:7Þ

For the upper bound, the positivity on the initial data is required which makes the

spherical mean of the solution to be positive.

Remark 4.1. H. Kubo & M. Ohta [8] have proved the upper bound of

Theorem 2.

Remark 4.2. According to the short time existence of a classical solution of

(4.1), we must have the same result when 2a p; qa 3. But the technical di‰culty

will appear. Actually we cannot apply Theorem 1 directly. The proof will be

much complicated if we can prove by similar estimate to Theorem 1. The in-

teresting result on (4.1) comes from the neighborhood of a cusp p ¼ q on the

critical curve fFðp; qÞ ¼ 0g. So, in this sense, the case 2a p; qa 3 is not essential

in Theorem 2. We shall discuss this case in another paper.

Now we shall estimate the lower bound of the lifespan by the following

proposition.
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Proposition 4.3. Under the same assumption as Theorem 2, there exists

a positive constant e0 such that (4.1) admits a unique solution ðu; vÞ A fC2ðR2 �
½0;T �Þg2, as far as T satisfies

T a

y if F ðp; qÞ < 0;

expðce�minfpð pq�1Þ;qð pq�1ÞgÞ if F ðp; qÞ ¼ 0 with p0 q;

expðce�pðp�1ÞÞ if F ðp; qÞ ¼ 0 with p ¼ q;

ce�Fðp;qÞ�1

if F ðp; qÞ > 0

8>>><
>>>:

ð4:8Þ

for 0 < ea e0 and some positive constant c independent of e.

Proof. We note that our system (4.1) has a symmetry on p; q and u; v.

Hence it su‰ce to investigate only the case

pa q and Fðp; qÞ ¼ qþ 2 þ 1=p

pq� 1
� 1

2
: ð4:9Þ

Without loss of generality, we may assume that, for k > 1,

supp fi; supp gi H fx A R2; jxja kg ði ¼ 1; 2Þ: ð4:10Þ

Then it follows from the dependence domain of the solution of (4.1) that

supp u; supp vH fðx; tÞ A R2 � ½0;T �; jxja tþ kg: ð4:11Þ

This fact is established as an easy application of the single case as well as the

uniqueness of the solution. See Appendix of F. John [7] for example. Hence we

can adapt jujq and jvjp to H in Theorem 1.

We shall define the function space X by

X ¼ fðu; vÞ A fC2ðR2 � ½0;T �Þg2 : suppðu; vÞH fjxja tþ kg;

kðu; vÞkX < yg: ð4:12Þ

Here we put

kðu; vÞkX ¼
X
jaja2

ðk~ww‘a
x ukLyðR2�½0;T �Þ þ k~ww‘a

x vkLyðR2�½0;T �ÞÞ; ð4:13Þ

where ~ww stands for suitable weight functions which will be defined later. Remark

that qu=qt and qv=qt are expressed by ‘xu and ‘xv in view of the representa-

tion formula of the solution. So, it is su‰cient to consider the spatial derivatives

only. A classical solution ðu; vÞ of (4.1) will be constructed by the iteration

argument in X as a classical solution of the corresponding systems of integral
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equations. More precisely, a solution will be obtained by convergence in a closed

subspace in X of a sequence fðun; vnÞgN defined by

un ¼ u0 þ Lðjvn�1jpÞ; u0 ¼ eu0;

vn ¼ v0 þ Lðjun�1jqÞ; v0 ¼ ev0;

�
ð4:14Þ

where all u0; v0 and a operator L appeared in the integral representations of u

and v. See the beginning of the previous section.

In order to apply Theorem 1 to (4.1), we have to define suitable weights

w1;w2 for u; v, respectively;

wðr; tÞ ¼ tþ rþ 2k

k

� �1=2
t� rþ 2k

k

� �1=2

;

wiðr; tÞ ¼
tþ rþ 2k

k

� �1=2

Niðt� rÞ ði ¼ 1; 2Þ;

ð4:15Þ

where

N1ðsÞ ¼

sþ 2k

k

� �1=2

when p > 4;

sþ 2k

k

� �1=2

log
sþ 3k

k

� ��1

when p ¼ 4;

sþ 2k

k

� �ðp�3Þ=2

when 3 < p < 4;

8>>>>>>>>>><
>>>>>>>>>>:

ð4:16Þ

N2ðsÞ ¼

sþ 2k

k

� �1=2

when mb 1=2 except for p ¼ q ¼ 4;

sþ 2k

k

� �1=2

log
sþ 3k

k

� ��1

when p ¼ q ¼ 4;

sþ 2k

k

� �m
log

sþ 3k

k

� �n
when F ðp; qÞ ¼ 0 with p0 q;

sþ 2k

k

� �m
otherwise.

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

ð4:17Þ

Here we set

m ¼ qðp� 3Þ
2p

þ ðq� pÞðpq� 5Þ
2pðpq� 1Þ ;

n ¼ qðp� 1Þ
pðpq� 1Þ :

ð4:18Þ
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Remark 4.4. Note that m > 0 when 3 < pa q and that m satisfies

1 � pm ¼ pðq� 1ÞF ðp; qÞ: ð4:19Þ

This relation gives us the fact that, in ðp; qÞ-plane, a curve fF ðp; qÞ ¼ 0g is under

a curve fm ¼ 1=2g and over a curve fm ¼ 0g. Moreover, one can find that two

curves, fm ¼ 1=2g and fm ¼ 0g, cross a line fp ¼ qg at p ¼ q ¼ 4 and p ¼ q ¼ 3,

respectively. Therefore we don’t have to consider the case ma 0. We also note

that n satisfies

1 � pn ¼ q� 1

pq� 1
> 0: ð4:20Þ

The proof of Proposition 4.3 will be devided into the following four cases.

5. Proof for pb 4

In this case, due to Remark 4.4, we have

mb 1=2 and Fðp; qÞ < 0: ð5:1Þ

For the sake of simplicity, we shall put

kunk ¼ kw1unkLyðRn�½0;T �Þ; kvnk ¼ kw2vnkLyðRn�½0;T �Þ: ð5:2Þ

First we define a closed subspace Y of X by

Y ¼ fðu; vÞ A X : kuka 2Cf1;g1
e; kvka 2Cf2;g2

eg: ð5:3Þ

Then we presumably assume that

kun�1ka 2Cf1;g1
e;

kvn�1ka 2Cf2;g2
e:

ð5:4Þ

When Theorem 1 is applied to u, we put w ¼ w1, j ¼ f1, c ¼ g1 and N ¼ N2,

wpH ¼ ðw2jvjÞp in the b-integral. Similary, when Theorem 1 is applied to v, we

put w ¼ w2, j ¼ f2, c ¼ g2 and N ¼ N1, p ¼ q, wqH ¼ ðw1jujÞq in the b-integral.

Then it follows from

Fðp�2Þ=2ðt� r; bÞ ¼

b þ 2k

k

� �ð4�pÞ=2

when p > 4;

log 2
t� rþ 2k

b þ 2k
when p ¼ 4

8>>><
>>>:

ð5:5Þ

that
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w1ðr; tÞjunðx; tÞjaCf1;g1
eþ Ckð2Cf2;g2

eÞpIpðr; tÞ;

w2ðr; tÞjvnðx; tÞjaCf2;g2
eþ Ckð2Cf1;g1

eÞqIqðr; tÞ;
in R2 � ½0;T � ð5:6Þ

where

Ipðr; tÞ ¼
ð t�r

�k

1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

t� r� b

s
w½0;yÞðt� rÞ

 !
b þ 2k

k

� �2�pþpd

db ð5:7Þ

because of

4 � p

2
� p

2
¼ 2 � p: ð5:8Þ

Here d < ðp� 3Þ=p appears only in the case p ¼ 4 and comes from the loga-

rithmic term in the weight. Hence applying Lemma 3.1 with P ¼ p� 2 � pd > 1

to Ip. We obtain Ipðr; tÞ; Iqðr; tÞaCk, so that

kunka 2Cf1;g1
e;

kvnka 2Cf2;g2
e

ð5:9Þ

if the following inequalities hold.

Ck2ð2Cf2;g2
eÞp aCf1;g1

e;

Ck2ð2Cf1;g1
eÞq aCf2;g2

e:
ð5:10Þ

Therefore the boundedness of a sequence fðun; vnÞgN in Y is obtained for any

T > 0 if e satisfies (5.10). Because we can take

ku0kaCf1;g1
e;

kv0kaCf2;g2
e:

ð5:11Þ

Next we shall estimate the di¤erences under (5.10). The iteration frame (4.14)

gives us

kunþ1 � unk ¼ kLðjvnjp � jvn�1jpÞk

a pkLðjvn � vn�1jðjvnj þ jvn�1jÞp�1Þk: ð5:12Þ

Hölder’s inequality for the norm k � k and above estimates yield that

kunþ1 � unka pCk2kðjvnj þ jvn�1jÞðp�1Þ=pjvn � vn�1j1=pkp

a pCk2ðkvnk þ kvn�1kÞp�1kvn � vn�1k: ð5:13Þ
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Similarly we get

kvnþ1 � vnka qCk2ðkunk þ kun�1kÞq�1kun � un�1k: ð5:14Þ

Therefore a convergence of fðun; vnÞg follows from

kunþ1 � unka 2�1kun�1 � un�2k
kvnþ1 � vnka 2�1kvn�1 � vn�2k;

�
ð5:15Þ

provided

2pþq�2pqC2k4ð2Cf2;g2
eÞp�1ð2Cf1;g1

eÞq�1
a 2�1: ð5:16Þ

(5.16) is always valid for su‰ciently small e while T can be arbitrarily. Hence

we get a C 0 solution ðu; vÞ in Y .

In order to establish the existence of a classical solution, we require the

convergence of sequences fðqxi
un; qxi

vnÞg; fðqxi
qxj un; qxi

qxj vnÞg in Y . At the same

step in [1], trivial mistakes have appeared in the form of the derivatives of non-

linearlities. But they are not essential, meaning that one can find a correct proof

very easily, for example along with the original proof of F. John [6]. A key role

in estimating of fðqxi
un; qxi

vnÞg is the following.

ðjsjpÞ0js¼unþ1
� ðjsjpÞ0js¼un

¼
ð unþ1

0

ðjsjpÞ00 ds�
ð un

0

ðjsjpÞ00 ds

¼
ð unþ1

un

ðjsjpÞ00 ds: ð5:17Þ

Similary to C 0 solution with this argument, one can verify the existence of C1

and C2 solutions. Hence here and hereafter we shall check only the existence of

C 0 solution in each cases.

6. Proof for 3 < p < 4 and mb 1=2

In this case we note that

F ðp; qÞ < 0 and q > 4: ð6:1Þ

See Remark 4.4 again. The condition mb 1=2 makes the restriction qb 4,

but q ¼ 4 is valid only when p ¼ 4 under this condition. The case p ¼ q ¼ 4 is

already investigated in the previous case. We shall put

kunkS11
¼ kwunkLyðS11Þ; kunkS12

¼ kw1unkLyðS12Þ: ð6:2Þ

First we define a closed subspace Y of X by
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Y ¼ fðu; vÞ A X : kukS11
a 2Cf1;g1

e; kukS12
a 2M1e

p; kvka 2Cf2;g2
eg: ð6:3Þ

Then we presumably assume that

kun�1kS11
a 2Cf1;g1

e;

kun�1kS12
a 2M1e

p;

kvn�1ka 2Cf2;g2
e;

ð6:4Þ

where domains S11 and S12 are defined by

S11 ¼ fðx; tÞ A R2 � ½0;T �;�k < t� jxjaK1e
�L1kg;

S12 ¼ fðx; tÞ A R2 � ½0;T �; t� jxjbK1e
�L1kg:

ð6:5Þ

Here we put

K1 a ð2p�ðp�4Þ=2Ck2C
p
f2;g2

C�1
f1;g1

Þ2=ðp�4Þ;

L1 ¼ 2ðp� 1Þ
4 � p

;

M1 ¼ 2Cf1;g1
K

ðp�4Þ=2
1 þ 2Ck2ð2Cf2;g2

Þp:

ð6:6Þ

K1 will be fixed later.

Now, we assume that

K1e
�L1 b 2: ð6:7Þ

Then it follows, similarly to the previous case, from Theorem 1 with

Fðp�2Þ=2ðt� r; bÞ ¼ t� rþ 2k

k

� �ð4�pÞ=2

ð6:8Þ

that

w1ðr; tÞjunðx; tÞjaCf1;g1
e

t� rþ 2k

k

� �ðp�4Þ=2

þ Ckð2Cf2;g2
eÞpJ11ðr; tÞ;

w2ðr; tÞjvnðx; tÞjaCf2;g2
eþ Ckfð2Cf1;g1

eÞqJ21ðr; tÞ þ ð2M1e
pÞqJ22ðr; tÞg;

ð6:9Þ

where

J11ðr; tÞ ¼
ð t�r

�k

1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

t� r� b

s
w½0;yÞðt� rÞ

 !
b þ 2k

k

� ��p=2

db ð6:10Þ

and
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J21ðr; tÞ ¼
ð t�r

�k

1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

t� r� b

s
w½0;yÞðt� rÞ

 !
b þ 2k

k

� ��q=2

Fðq�2Þ=2ðt� r; bÞ db;

J22ðr; tÞ ¼
ð t�r

�k

1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

t� r� b

s
w½0;yÞðt� rÞ

 !
b þ 2k

k

� ��qðp�3Þ=2

Fðq�2Þ=2ðt� r; bÞ db;
ð6:11Þ

where we denote a characteristic function of a set S by wS. Applying Lemma 3.1

with P ¼ p=2 > 1 to J11, we have

J11ðr; tÞaCk: ð6:12Þ

On the other hand, since

Fðq�2Þ=2ðt� r; bÞ ¼ b þ 2k

k

� �ð4�qÞ=2

; ð6:13Þ

we get

J21ðr; tÞ ¼
ð t�r

�k

1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

t� r� b

s
w½0;yÞðt� rÞ

 !
b þ 2k

k

� �2�q

db ð6:14Þ

as in the previous case. Therefore Lemma 3.1 yields again that

J21ðr; tÞaCk: ð6:15Þ

In order to estimate J22, we need the following fact.

Remark 6.1. It follows from Remark 4.4 that

3 � q

2
þ 1 � q

p� 3

2
¼ �mþ qðp� 1ÞF ðp; qÞ: ð6:16Þ

This means that, in ðp; qÞ-plane, a curve f1 � qðp� 3Þ=2 ¼ 0g is over a curve

fF ðp; qÞ ¼ 0g. Both two curves meet only on a line fp ¼ qg. Because,

mþ 3 � q

2
¼ ðp� qÞðpqþ 1Þ

pðpq� 1Þ a 0 ð6:17Þ

holds by (4.18).

Due to Remark 6.1, one can find

J22ðr; tÞ ¼
ð t�r

�k

1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

t� r� b

s
w½0;yÞðt� rÞ

 !
b þ 2k

k

� ��1þqðp�1ÞFðp;qÞ
db ð6:18Þ
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because of 1=2 � ma 0. Hence we have

J22ðr; tÞaCk: ð6:19Þ

Summing up three estimates, we obtain

kunkS11
a 2Cf1;g1

e;

kunkS12
a 2M1e

p;

kvnka 2Cf2;g2
e

ð6:20Þ

if the following inequalities hold.

Ck2ð2Cf2;g2
eÞp t� rþ 2k

k

� �ð4�pÞ=2

aCf1;g1
e in S11;

Cf1;g1
ð2K1Þðp�4Þ=2ep þ Ck2ð2Cf2;g2

eÞp a 2M1e
p in S12;

Ck2fð2Cf1;g1
eÞq þ ð2M1e

pÞqgaCf2;g2
e in R2 � ½0;T �:

ð6:21Þ

The first and second lines of (6.21) are always valid by definition of each con-

stants in (6.6). Therefore the boundedness of a sequence fðun; vnÞgN in this

weighted Ly space is obtained for any T > 0 if e satisfies the third line of (6.21)

and (6.7). Because we can take

ku0kS11
aCf1;g1

e;

ku0kS12
aM1e

p;

kv0kaCf2;g2
e:

ð6:22Þ

Next we shall estimate the di¤erences under (6.21). Similarly to above case,

by (6.5), (6.6) and (6.7), we have

kunþ1 � unkS11
a 2p�1pCk2ð2Cf2;g2

eÞp�1ð2K1Þð4�pÞ=2e1�pkvn � vn�1k

kunþ1 � unkS12
a 2p�1pCk2ð2Cf2;g2

eÞp�1kvn � vn�1k

kvnþ1 � vnka 2q�1qCk2ð2Cf1;g1
eÞq�1kun � un�1kS11

þ 2q�1qCk2ð2M1e
pÞq�1kun � un�1kS12

:

ð6:23Þ

Therefore a convergence of fðun; vnÞg follows from

kunþ1 � unkS11
a 4�1kun�1 � un�2kS11

þ 4�1kun�1 � un�2kS12

kunþ1 � unkS12
a 4�1kun�1 � un�2kS11

þ 4�1kun�1 � un�2kS12

kvnþ1 � vnka 2�1kvn�1 � vn�2k;

8><
>: ð6:24Þ
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provided all the following inequalities hold.

Ceq�1
a 4�1; Cepðq�1Þ

a 4�1

Cepþq�2
a 4�1; Cepq�1

a 4�1:
ð6:25Þ

In (6.25), C ¼ Cð f1; f2; g1; g2; p; q; kÞ > 0 may be a di¤erent constant from each

other. In fact, we have by (6.24)

kunþ1 � unkS11
þ kunþ1 � unkS12

a 2�1fkun�1 � un�2kS11
þ kun�1 � un�2kS12

g: ð6:26Þ

(6.25) is always valid for su‰ciently small e. In this case, the proof is completed

by taking K1 as

K1 ¼ ð2p�ðp�4Þ=2Ck2C
p
f2;g2

C�1
f1;g1

Þ2=ðp�4Þ: ð6:27Þ

7. Proof for 3 < p < 4 and 0 < m < 1=2 except for the Case Fðp; qÞ ¼ 0

with p0 q

We shall put

kvnkS21
¼ kwvnkLyðS21Þ; kvnkS22

¼ kw2vnkLyðS22Þ: ð7:1Þ

First we define a closed subset Y of X by

Y ¼ fðu; vÞ A X : kukS11
a 2Cf1;g1

e; kukS12
a 2M1e

p;

kvkS21
a 2Cf2;g2

e; kvkS22
a 2M2e

qg: ð7:2Þ

Then we presumably assume that

kun�1kS11
a 2Cf1;g1

e;

kun�1kS12
a 2M1e

p;

kvn�1kS21
a 2Cf2;g2

e;

kvn�1kS22
a 2M2e

q:

ð7:3Þ

where M1;S11;S12 are defined in (6.6), (6.5) and

S21 ¼ fðx; tÞ A R2 � ½0;T �;�ka t� jxjaK2e
�L2kg;

S22 ¼ fðx; tÞ A R2 � ½0;T �; t� jxjbK2e
�L2kg:

ð7:4Þ
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Here we put

K2 a ð2q�ðm�1=2ÞCk2C
p
f1;g1

C�1
f2;g2

Þ1=ðm�1=2Þ;

L2 ¼ q� 1

1=2 � m
;

M2 ¼ 2Cf2;g2
K

m�1=2
2 þ 2Ck2ð2Cf1;g1

Þq:

ð7:5Þ

K1;K2 will be determined later. For the sake of simplicity, we put E1;E2 by

E1ðTÞ1F1�pðq�1ÞFðp;qÞðT ;�kÞ

¼

1 if Fðp; qÞ < 0

log 2
T þ 2k

k
in Fðp; qÞ ¼ 0; p ¼ q

T þ 2k

k

� �pðq�1ÞFðp;qÞ
if Fðp; qÞ > 0;

8>>>>>>><
>>>>>>>:

ð7:6Þ

E2ðTÞ1F1�qðp�1ÞFðp;qÞðT ;�kÞ

¼

1 if Fðp; qÞ < 0

log 2
T þ 2k

k
in Fðp; qÞ ¼ 0; p ¼ q

T þ 2k

k

� �qðp�1ÞFðp;qÞ
if Fðp; qÞ > 0:

8>>>>>>><
>>>>>>>:

ð7:7Þ

Now, we assume that

min
i¼1;2

Kie
�Li b 2: ð7:8Þ

Then it follows from Theorem 1 and (7.3) that

w1ðr; tÞjunðx; tÞjaCf1;g1
e

t� rþ 2k

k

� �ðp�4Þ=2

þ Ckfð2Cf2;g2
eÞpJ11ðr; tÞ þ ð2M2e

qÞpJ12ðr; tÞg;

w2ðr; tÞjvnðx; tÞja
t� rþ 2k

k

� �m�1=2

� fCf2;g2
eþ Ckð2Cf1;g1

eÞqJ21ðr; tÞ þ Ckð2M1e
pÞqJ22ðr; tÞg;

ð7:9Þ
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where J11; J21 and J22 are the one in (6.10) and (6.11). J12 is defined by

J12ðr; tÞ ¼
ð t�r

�k

1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

t� r� b

s
w½0;yÞðt� rÞ

 !
b þ 2k

k

� ��pm

db: ð7:10Þ

Due to Remark 4.4 together with Lemma 3.1, we get

J12ðr; tÞaCkE1ðTÞ: ð7:11Þ

J11 is estimated in the completely same way as in the previous case. Hence we

obtain

J11ðr; tÞaCk: ð7:12Þ

For J21 and J22, we need to divide into the following three cases.

Case 1, q > 4.

In this case it follows from

Fðq�2Þ=2ðt� r; bÞ ¼ b þ 2k

k

� �ð4�qÞ=2

ð7:13Þ

that

J21ðr; tÞ ¼
ð t�r

�k

1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

t� r� b

s
w½0;yÞðt� rÞ

 !
b þ 2k

k

� �ð4�qÞ=2�q=2

db;

J22ðr; tÞ ¼
ð t�r

�k

1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

t� r� b

s
w½0;yÞðt� rÞ

 !
b þ 2k

k

� �ð4�qÞ=2�qðp�3Þ=2

db:

ð7:14Þ

Hence we simply obtain by Remark 6.1 and Lemma 3.1 that

J21ðr; tÞaCk;

J22ðr; tÞaCk

t� rþ 2k

k

� �qðp�1ÞFðp;qÞþ1=2�m

when Fðp; qÞ > 0;

t� rþ 2k

k

� �1=2�m

when Fðp; qÞa 0:

8>>>><
>>>>:

ð7:15Þ

Case 2, q ¼ 4.

In this case we have

Fðq�2Þ=2ðt� r; bÞ ¼ log 2
t� rþ 2k

b þ 2k
: ð7:16Þ

Hence it follows from Lemma 3.1 that
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t� rþ 2k

k

� �m�1=2

J21ðr; tÞaCk
t� rþ 2k

k

� �m�1=2

log 2
t� rþ 2k

k
aCk ð7:17Þ

because of 0 < m < 1=2.

When 1 � qðp� 3Þ=2 > 0, one can find a small d satisfying 1 � qðp� 3Þ=2�
d > 0. Hence we have

J22ðr; tÞaC
t� rþ 2k

k

� �dð t�r

�k

1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

t� r� b

s
w½0;yÞðt� rÞ

 !
b þ 2k

k

� ��qðp�3Þ=2�d

db

ð7:18Þ
which implies that, by Remark 6.1,

t� rþ 2k

k

� �m�1=2

J22ðr; tÞaCk
t� rþ 2k

k

� �qðp�1ÞFðp;qÞ
: ð7:19Þ

When 1 � qðp� 3Þ=2a 0, we have

J22ðr; tÞa log 2
t� rþ 2k

k

ð t�r

�k

1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

t� r� b

s
w½0;yÞðt� rÞ

 !
b þ 2k

k

� ��qðp�3Þ=2

db:

ð7:20Þ

Hence we obtain

t� rþ 2k

k

� �m�1=2

J22ðr; tÞaCk: ð7:21Þ

Case 3, 3 < q < 4.

In this case we have

Fðq�2Þ=2ðt� r; bÞ ¼ t� rþ 2k

k

� �ð4�qÞ=2

: ð7:22Þ

Hence it follows from Lemma 3.1 that

t� rþ 2k

k

� �m�1=2

J21ðr; tÞaCk
t� rþ 2k

k

� �mþð3�qÞ=2

aCk ð7:23Þ

because Remark 6.1 implies that

mþ 3 � q

2
¼ ðp� qÞðpqþ 1Þ

pðpq� 1Þ a 0: ð7:24Þ

For J22 we get

J22ðr; tÞa
t� rþ 2k

k

� �ð4�qÞ=2ð t�r

�k

1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

t� r� b

s !
b þ 2k

k

� ��qðp�3Þ=2

db: ð7:25Þ
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When 1 � qðp� 3Þ > 0, Remark 6.1 yields that

t� rþ 2k

k

� �m�1=2

J22ðr; tÞaCk
t� rþ 2k

k

� �qðp�1ÞFðp;qÞ
: ð7:26Þ

When 1 � qðp� 3Þ ¼ 0, we have

t� rþ 2k

k

� �m�1=2

J22ðr; tÞaCk
t� rþ 2k

k

� �mþð3�qÞ=2

log
t� rþ 2k

k
: ð7:27Þ

Hence (7.24) implies that

t� rþ 2k

k

� �m�1=2

J22ðr; tÞaCk

1 when p0 q;

log
T þ 2k

k
when p ¼ q:

8<
: ð7:28Þ

We note that p ¼ q in this case means Fðp; qÞ ¼ 0 by Remark 4.4 and Remark

6.1. When 1 � qðp� 3Þ=2 < 0, the situation is the same as J21. We get

t� rþ 2k

k

� �m�1=2

J22ðr; tÞaCk: ð7:29Þ

Now, three cases above are combined and the following estimates hold.

J11ðr; tÞaCk;

J12ðr; tÞaCkE1ðTÞ;

t� rþ 2k

k

� �m�1=2

J21ðr; tÞaCk;

t� rþ 2k

k

� �m�1=2

J22ðr; tÞaCkE2ðTÞ:

ð7:30Þ

Therefore we obtain

kunkS11
a 2Cf1;g1

e;

kunkS12
a 2M1e

p;

kvnkS21
a 2Cf2;g2

e;

kvnkS22
a 2M2e

q

ð7:31Þ

if the following inequalities hold.
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Ck2fð2Cf2;g2
eÞp þ ð2M2e

qÞpE1ðTÞgð2K1e
�L1Þð4�pÞ=2

aCf1;g1
e;

2Ck2ð2M2e
qÞpE1ðTÞaM1e

p

Ck2fð2Cf1;g1
eÞq þ ð2M1e

pÞqE2ðTÞgð2K2e
�L2Þ1=2�m

aCf2;g2
e;

2Ck2ð2M1e
pÞqE2ðTÞaM2e

q:

ð7:32Þ

Hence the boundedness of a sequence fðun; vnÞgN in this weighted Ly space is

obtained if (7.8) and (7.32) hold. By definition of all constants in (6.6) and (7.5),

one can see that (7.32) follows from

ð2M2Þpepðq�1ÞE1ðTÞamaxfð2Cf2;g2
Þp; ðCk2Þ�1

M1g;

ð2M1Þqeqðp�1ÞE2ðTÞamaxfð2Cf1;g2
Þq; ðCk2Þ�1

M2g:
ð7:33Þ

This proves Proposition 4.3 except for the case Fðp; qÞ ¼ 0 with p0 q because

we can take

ku0kS11
aCf1;g1

e;

ku0kS12
aM1e

p;

kv0kS21
aCf2;g2

e;

kv0kS22
aM2e

q:

ð7:34Þ

Next we shall estimate the di¤erences under (7.32). Similarly to the above

case, by the definition of the devided domain and (7.8), we have

kunþ1 � unkS11
a 2p�1ð2K1Þð4�pÞ=2e1�pfpCk2ð2Cf2;g2

eÞp�1kvn � vn�1kS21

þ pCk2E1ðK1e
�L1kÞð2M2e

qÞp�1kvn � vn�1kS22
g

kunþ1 � unkS12
a 2p�1pCk2ð2Cf2;g2

eÞp�1kvn � vn�1kS21

þ 2p�1pCk2E1ðTÞð2M2e
qÞp�1kvn � vn�1kS22

kvnþ1 � vnkS21
a 2q�1ð2K2Þ1=2�m

e1�qfqCk2ð2Cf1;g1
eÞq�1kun � un�1kS11

þ qCk2E2ðK2e
�L2kÞð2M1e

pÞq�1kun � un�1kS12
g

kvnþ1 � vnkS22
a 2q�1qCk2ð2Cf1;g1

eÞq�1kun � un�1kS11

þ 2q�1qCk2E2ðTÞð2M1e
pÞq�1kun � un�1kS12

ð7:35Þ
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Therefore a convergence of fðun; vnÞg follows from (6.26) provided

2pþq�2pqC2k4ð2K1Þð4�pÞ=2ð2K2Þ1=2�mð2Cf2;g2
Þp�1ð2Cf1;g1

Þq�1

þ Ceq�pþqðp�1ÞE1ðK1e
�L1kÞa 4�1

Ce1�qþpðq�1ÞE2ðK2e
�L2kÞ þ Ce1�pþpðq�1Þþqðp�1ÞE1ðK1e

�L1kÞE2ðTÞa 4�1

Cep�1 þ Cepq�1E1ðTÞa 4�1

Cep�qþpðq�1ÞE2ðK2e
�L2kÞ þ Cepðq�1Þþqðp�1ÞE1ðTÞE2ðTÞa 4�1

2pþq�2pqC2k4ð2K1Þð4�pÞ=2ð2K2Þ1=2�mð2Cf2;g2
Þp�1ð2Cf1;g1

Þq�1

þ Cep�qþpðq�1ÞE2ðK2e
�L2kÞa 4�1

Ce1�pþqðp�1ÞE1ðK1e
�L1kÞ þ Ce1�qþpðq�1Þþqðp�1ÞE1ðTÞE2ðK2e

�L2kÞa 4�1

Ceq�1 þ Cepq�1E1ðTÞa 4�1

Ceq�pþqðp�1ÞE1ðK1e
�L1kÞ þ Ceqðp�1Þþpðq�1ÞE1ðTÞE2ðTÞa 4�1:

ð7:36Þ

Here C ¼ Cð f1; f2; g1; g2; p; q; kÞ > 0 may be a di¤erent constant from each other.

Now we can fix K1 and K2 to satisfy (6.6) and (7.5), so that the first term

of the first and fifth inequalities in (7.36) is less than 8�1. When F ðp; qÞ < 0 or

F ðp; qÞ ¼ 0 with p ¼ q, the other inequalities in (7.36) are valid for a su‰ciently

small e > 0. When Fðp; qÞ > 0, they follow from the same requirement to (7.32)

and the following Lemma with a su‰ciently small e. We note that all powers of e

of indistinct terms in the left-hand side of (7.36) are summarized in the following

quantities.

P1 1 1 � p� L1pðq� 1ÞF ðp; qÞ þ qðp� 1Þ;

P2 1 1 � q� L2qðp� 1ÞFðp; qÞ þ qðp� 1Þ:
ð7:37Þ

Lemma 7.1. Let 3 < p < 4, F ðp; qÞ > 0 and pa q. Then the following in-

equalities hold.

P1 > 0; P2 > 0: ð7:38Þ

Proof. First we prove the first inequality. By the definition of L1 in (6.6),

we see that

P1 ¼ ðp� 1Þðq� 1Þ 1 � 2pF ðp; qÞ
4 � p

� �
: ð7:39Þ
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Then, it follows from another expression of Fðp; qÞ such as

Fðp; qÞ ¼ 1

p
þ 2ðpþ 1Þ

pðpq� 1Þ �
1

2
ð7:40Þ

that qqFðp; qÞ < 0 is always valid for a fixed p. Making use of this fact together

with

ðp� 1Þð4 � p� 2pFðp; pÞÞ ¼ ðp� 1Þð4 � pÞ þ p2 � 3p� 2

¼ 2ðp� 3Þ > 0; ð7:41Þ

we have

Fðp; qÞaF ðp; pÞ < 4 � p

2p
: ð7:42Þ

Therefore P1 > 0 holds.

Next we prove the second inequality. Remark 4.4 implies that

1 � L2Fðp; qÞ ¼
p� 2

2pð1=2 � mÞ : ð7:43Þ

Hence we get

P2 ¼ qðp� 1Þðp� 2Þ � pðq� 1Þ þ 2pðq� 1Þm
2pð1=2 � mÞ : ð7:44Þ

We note that, when p; q > 3,

m ¼ qðp� 3Þ
2p

þ q� p

2p
1 � 4

pq� 1

� �

>
qðp� 3Þ

2p
þ q� p

4p
: ð7:45Þ

Then the numerator of P2 in (7.44) is estimated from below in the following way.

qðp� 1Þðp� 2Þ � pðq� 1Þ þ qðp� 3Þðq� 1Þ þ ðq� pÞðq� 1Þ
2

> ðp� 3Þq2 þ ðp2 � 5pþ 5Þqþ pþ ðq� pÞðq� 1Þ
2

> ðp� 3Þq2 � qþ pþ ðq� pÞðq� 1Þ
2

¼ ðp� 3Þq2 þ ðq� pÞ q� 3

2
: ð7:46Þ
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The third line in (7.46) follows from the fact that p2 � 5pþ 5 is monotonously

increasing in 3 < p < 4. Therefore P2 > 0 holds.

8. Proof for F ðp; qÞ ¼ 0 with p0 q

In this case, it follows from Remark 4.4 that

3 < p < 4 and 0 < m ¼ 1

p
<

1

2
: ð8:1Þ

A key fact is that the strict inequality in (7.24) holds here. We shall put

kvnkS1
¼ kwvnkLyðS1Þ; kvnkS2

¼ kw2vnkLyðS2Þ: ð8:2Þ

First we define a closed subspace Y of X by

Y ¼ fðu; vÞ : kukS11
a 2Cf1;g1

e; kukS12
a 2M1e

p;

kvkS1
a 2Cf2;g2

e; kvkS2
a 2Meqg: ð8:3Þ

Then we presumably assume that

kun�1kS11
a 2Cf1;g1

e;

kun�1kS12
a 2M1e

p;

kvn�1kS1
a 2Cf2;g2

e;

kvn�1kS2
a 2Meq;

ð8:4Þ

where M1;S11;S12 are defined in (6.6), (6.5) and

S1 ¼ ðx; tÞ A R2 � ½0;T �; t� rþ 2k

k

� �m�1=2

log
t� rþ 3k

k

� �n
bKeq�1

( )
;

S2 ¼ ðx; tÞ A R2 � ½0;T �; t� rþ 2k

k

� �m�1=2

log
t� rþ 3k

k

� �n
aKeq�1

( )
:

ð8:5Þ

Here we put

Ka 2Ck2ð2Cf1;g1
ÞqC�1

f2;g2
;

M ¼ Cf2;g2
K þ Ck2ð2Cf1;g1

Þq:
ð8:6Þ

K1;K will be determined later.

Now, we assume that

K1e
�L1 b 3; ðlog 2Þn bKeq�1: ð8:7Þ
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Then it follows from Theorem 1 and (8.4) that

w1ðr; tÞjunðx; tÞjaCf1;g1
e

t� rþ 2k

k

� �ðp�4Þ=2

þ Ckfð2Cf2;g2
eÞpJ11ðr; tÞ þ ð2MeqÞpJ1ðr; tÞg;

w2ðr; tÞjvnðx; tÞja
t� rþ 2k

k

� �m�1=2

log
t� rþ 3k

k

� �n

� fCf2;g2
eþ Ckð2Cf1;g1

eÞqJ21ðr; tÞ

þ Ckð2M1e
pÞqJ22ðr; tÞg;

ð8:8Þ

where J11 is the one in (6.10) and J21; J22 are already defined by (6.11). Here we

have

J1ðr; tÞa
ð t�r

�k

1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� rþ 2k

t� r� b

s
w½0;yÞðt� rÞ

 !
b þ 2k

k

� ��1

log
b þ 3k

k

� ��pn

db:

ð8:9Þ

In order to estimate J1, we need the following lemma.

Lemma 8.1. For l < 1, b > 0 and bb ab�k, it holds that

J 0 1

ð b
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bþ 2k

b� b

s
b þ 2k

k

� ��1

log
b þ 3k

k

� ��l

dbaCk log
bþ 3k

k

� �1�l

: ð8:10Þ

Proof. This is almost the same as Lemma 3.1. When bb ab b=2 � k,

we have

J 0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bþ 2k

p a
b=2 þ k

k

� ��1

log
b=2 þ 2k

k

� ��lð b
b=2�k

dbffiffiffiffiffiffiffiffiffiffiffi
b� b

p ð8:11Þ

which implies that

J 0
aCk log

b=2 þ 3k

k

� ��l

: ð8:12Þ

When b=2 � kb a, we have

J 0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bþ 2k

p a
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b=2 þ k
p ð b=2�k

a

b þ 2k

k

� ��1

log
b þ 3k

k

� ��l

db

þ b=2 þ k

k

� ��1

log
b=2 þ 2k

k

� ��lð b
b=2�k

dbffiffiffiffiffiffiffiffiffiffiffi
b� b

p : ð8:13Þ

Therefore the lemma follows.

Yuki Kurokawa and Hiroyuki Takamura444



The application to J1 is trivial by l ¼ pn < 1. We note again that Remark 6.1

implies

1 � q
p� 3

2
> 0 when Fðp; qÞ ¼ 0 with p0 q: ð8:14Þ

Hence it follows from estimates in the previous case of 0 < m < 1=2 that

J11ðr; tÞaCk;

J1ðr; tÞaCk log
T þ 3k

k

� �1�pn

;

t� rþ 2k

k

� �m�1=2

log
t� rþ 3k

k

� �n
J21ðr; tÞaCk;

t� rþ 2k

k

� �m�1=2

J22ðr; tÞaCk:

ð8:15Þ

The di¤erence can be found in only the estimate for J21. The logarithm term

disappears by (7.24) with p0 q.

Therefore we obtain

kunkS11
a 2Cf1;g1

e;

kunkS12
a 2M1e

p;

kvnkS1
a 2Cf2;g2

e;

kvnkS2
a 2Meq

ð8:16Þ

if the following inequalities hold.

Ck2 ð2Cf2;g2
eÞp þ ð2MeqÞp log

T þ 3k

k

� �1�pn
( )

ð2K1e
�L1Þð4�pÞ=2

aCf1;g1
e;

2Ck2ð2MeqÞp log
T þ 3k

k

� �1�pn

aM1e
p

Ck2 ð2Cf1;g1
eÞq þ ð2M1e

pÞq log
T þ 3k

k

� �n� �
ðKeq�1Þ�1

aCf2;g2
e;

Cf2;g2
Keq þ Ck2 ð2Cf1;g1

eÞq þ ð2M1e
pÞq log

T þ 3k

k

� �n� �
a 2Meq:

ð8:17Þ
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Hence the boundedness of a sequence fðun; vnÞgN in this weighted Ly space is

obtained if (8.7) and (8.17) hold. By definition of all constants, one can see that

(8.17) follows from

ð2MÞpepðq�1Þ log
T þ 3k

k

� �1�pn

amaxfð2Cf2;g2
Þp; ðCk2Þ�1

M1g;

ð2M1Þqeqðp�1Þ log
T þ 3k

k

� �n
amaxfð2Cf1;g1

Þq; ðCk2Þ�1
Mg:

ð8:18Þ

This completes the proof of Proposition 4.3 by Remark 4.4 because we can

take

ku0kS11
aCf1;g1

e;

ku0kS12
aM1e

p;

kv0kS1
aCf2;g2

e;

kv0kS2
aMeq:

ð8:19Þ

Next we shall estimate the di¤erences under (8.17). Similarly to above case,

by the definition of the each domain and (8.7), we have

kunþ1 � unkS11
a 2p�1ð2K1Þð4�pÞ=2e1�pfpCk2ð2Cf2;g2

eÞp�1kvn � vn�1kS1

þ pCk2ðlog 2K1e
�L1Þ1�pnð2MeqÞp�1kvn � vn�1kS2

g

kunþ1 � unkS12
a 2p�1pCk2ð2Cf2;g2

eÞp�1kvn � vn�1kS1

þ 2p�1pCk2 log
T þ 3k

k

� �1�pn

ð2MeqÞp�1kvn � vn�1kS2

kvnþ1 � vnkS1
a 2q�1K�1e1�qfqCk2ð2Cf1;g1

eÞq�1kun � un�1kS11

þ qCk2ð2M1e
pÞq�1kun � un�1kS12

g

kvnþ1 � vnkS2
a 2q�1qCk2ð2Cf1;g1

eÞq�1kun � un�1kS11

þ 2q�1qCk2 log
T þ 3k

k

� �n
ð2M1e

pÞq�1kun � un�1kS12
:

ð8:20Þ

Therefore a convergence of fðun; vnÞg follows by (6.26) provided
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2pþq�2pqC 2k4ð2K1Þð4�pÞ=2
K�1ð2Cf2;g2

Þp�1ð2Cf1;g1
Þq�1

þ Cepðq�1Þðlog 2K1e
�L1Þ1�pn

a 4�1

Ceðp�1Þðq�1Þ þ Ce1�pþqðp�1Þþpðq�1Þðlog 2K1e
�L1Þ1�pn log

T þ 3k

k

� �n
a 4�1

Cep�1 þ Cepq�1 log
T þ 3k

k

� �1�pn

a 4�1

Ceqðp�1Þ þ Ceqðp�1Þþpðq�1Þ log
T þ 3k

k

� �1�pnþn

a 4�1

2pþq�2pqC 2k4ð2K1Þð4�pÞ=2
K�1ð2Cf2;g2

Þp�1ð2Cf1;g1
Þq�1 þ Ceqðp�1Þ

a 4�1

Ceðp�1Þðq�1Þðlog 2K1e
�L1Þ1�pn þ Ce1�qþpðq�1Þþqðp�1Þ log

T þ 3k

k

� �1�pn

a 4�1

Ceq�1 þ Cepq�1 log
T þ 3k

k

� �n
a 4�1

Cepðq�1Þðlog 2K1e
�L1Þ1�pn þ Ceqðp�1Þþpðq�1Þ log

T þ 3k

k

� �1�pnþn

a 4�1

ð8:21Þ

where C ¼ Cð f1; f2; g1; g2; p; q; kÞ > 0 may be a di¤erent constant from each

other.

Now we can fix K1 and K to satisfy (6.6) and (8.6), so that the first term

of the first and fifth inequalities in (8.21) is less than 8�1. The other inequalities

follow from (8.17) with a su‰ciently small e.
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