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BOUND FOR THE WEIERSTRASS WEIGHTS OF POINTS

ON A SMOOTH PLANE ALGEBRAIC CURVE

By

Satoru Kikuchi

Abstract. Let C be a smooth plane algebraic curve of degree nb 3.

We give the upper bound for the weights of points on C and if C

has an involution, i.e., an automorphism of order 2, then we give

the lower bound for the weights of fixed points of the involution on

C. Furthermore, we obtain all the possible Weierstrass gap sequences

and weights of fixed points of the involution for the case n ¼ 5 or 6.

1. Introduction

Let C be a smooth plane algebraic curve of genus g and let P be a point

on C. Then we can choose a basis of holomorphic di¤erentials j1; j2; . . . ; jg such

that

0 ¼ k1 < k2 < � � � < kg a 2g� 2;

where ki is the order of the zero of ji at P. We define the (Weierstrass) weight

of P by wðPÞ ¼
Pg

j¼1ðkj þ 1 � jÞ. A point P on C is called a Weierstrass point

if wðPÞ > 0. The sequence k1 þ 1; k2 þ 1; . . . ; kg þ 1 is called the Weierstrass gap

sequence at P. In particular, we call the sequence k1; k2; . . . ; kg the order sequence

at P. (See [2]). Furthermore, suppose that the degree of C is n and let T be the

tangent line to C at P. If ðC � TÞP ¼ eb 3, then P is called an ðe� 2Þ-inflection
point, where ðC � TÞP is the intersection number of C and T at P. In particular,

an ðn� 2Þ-inflection point is called a total inflection point. (See [1]).

In Section 2, we give the upper bound for the weights of points on a smooth

plane algebraic curve. Moreover, concerning the weights for fixed points of an

involution, Towse [9] gave the lower bound for the weights of fixed points of an

involution on the Fermat curve. We give the lower bound for the weights of fixed

points of an involution on a smooth plane algebraic curve.

Received March 7, 2002.

Revised September 11, 2002.



It is known that all the possible order sequences of the points on a smooth

plane algebraic curve of degree 4 is either 0; 1; 2 or 0; 1; 4. In Section 3, we obtain

all the possible order sequences of the points which are fixed by an involution

on a smooth plane algebraic curve of degree 5 or 6. We see that the five cases,

f0; 1; 2; 3; 4; 6g, f0; 1; 2; 3; 4; 8g, f0; 1; 2; 3; 4; 10g, f0; 1; 2; 4; 5; 8g or f0; 1; 2; 5; 6; 10g
occur for a plane curve of degree 5 and the ten cases occur for a plane curve of

degree 6.

In Section 4, we give examples of curves having order sequence appeared

in Proposition 1, thus we can find curves having Weierstrass points on which

equality does not hold in Propositions 1 or 2.

The author would like to thank Professor T. Kato for his invaluable com-

ments. He would also like to thank the referee for his useful suggestions.

2. Results

First we give the upper bound for the weights of points on a smooth plane

algebraic curve.

Theorem 1. Assume that C is a smooth plane curve of degree nb 3. Then

wðPÞa 1

24
ðn� 1Þðn� 2Þðn� 3Þðnþ 4Þ

for all P on C, where equality holds if and only if P is a total inflection point.

Proof. Assume that D is a divisor on C of degree k. Let r¼ lðDÞ� 1, where

lðDÞ ¼ dimf f is a meromorphic function on C j ð f Þ þDb 0g. Noether [6] (cf.

[4]) proved the following fact:

(i) If k > nðn� 3Þ, then r ¼ k � ð1=2Þðn� 1Þðn� 2Þ:
(ii) If ka nðn� 3Þ, then write k ¼ tn� s with 0a ta n� 3 and 0a s < n.

Then one has

ra 1
2 ðt� 1Þðtþ 2Þ if s > tþ 1;

ra 1
2 tðtþ 3Þ � s if sa tþ 1:

�

Choose a point P on C and let D ¼ kP. Let

rðkÞ ¼
1
2 ðt� 1Þðtþ 2Þ; tn� ðn� 1Þa ka tn� ðtþ 1Þ; 1a ta n� 3;
1
2 tðtþ 3Þ þ k � tn; tn� ta ka tn; 1a ta n� 3;

k � 1
2 ðn� 1Þðn� 2Þ; kb nðn� 3Þ þ 1;

8><
>:
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and

N ¼ fk A N j ðt� 1Þnþ 1a ka ðt� 1Þnþ n� t� 1Þ; 1a ta n� 2g;

where N is the set of non-negative integers. Then rðkÞ is monotone increasing

and N satisfies #N ¼ ð1=2Þðn� 1Þðn� 2Þ ¼ g. In this case, the weight of N is

given by

Xn�2

t¼1

Xn�t�1

l¼1

ððt� 1Þnþ lÞ �
Xðn�1Þðn�2Þ=2

l¼1

l

¼ 1

24
ðn� 1Þðn� 2Þðn� 3Þðnþ 4Þ:

We show that N gives the maximum weight. Let

fm1; . . . ; mgg ¼ f1; . . . ; 2ggnN

¼ fk A N j tn� ta ka tn; 1a ta n� 3gU fðn� 3Þnþ 2g;

where mi < mj if i < j. In order to prove that N gives the maximum weight, it is

enough to prove that for any non-gap sequence fm1; . . . ;mgg, where mi < mj if

i < j,

mj amj; j ¼ 1; . . . ; g:

From

rðtn� tÞ � rðtn� t� 1Þ ¼ 1; 1a ta n� 3;

we have

rðmjÞ � rðmj � 1Þ ¼ 1; j ¼ 1; . . . ; g:

Furthermore, from

rððtþ 1Þn� ðtþ 1ÞÞ � rðtnÞ ¼ 1; 1a ta n� 2;

and

rððn� 3Þnþ 2Þ � rððn� 3ÞnÞ ¼ 1;

we have

rðmjÞ � rðmj�1Þ ¼ 1; j ¼ 2; . . . ; g:

Since rðm1Þ ¼ 1, it is easily seen that

rðmjÞ ¼ j; j ¼ 1; . . . ; g:
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It follows that

minf1a ka 2g j rðkÞ ¼ jg ¼ mj; j ¼ 1; . . . ; g:

From rðmjÞ ¼ j and lðmjPÞ ¼ j þ 1 for any point P on C, we have

rðmjÞ þ 1 ¼ j þ 1 ¼ lðmjPÞ:

On the other hand,

lðmjPÞa rðmjÞ þ 1:

Hence we have

rðmjÞ þ 1a rðmjÞ þ 1;

i.e.,

rðmjÞa rðmjÞ:

Since rðkÞ is monotone increasing, if rðmjÞ < rðmjÞ, then

mj < mj;

and since mj ¼ minf1a ka 2g j rðkÞ ¼ jg, if rðmjÞ ¼ rðmjÞ, then

mj amj:

Therefore we have

mj amj; j ¼ 1; . . . ; g:

M. Coppens and T. Kato [1] proved that P is a total inflection point on a

smooth plane algebraic curve of degree n if and only if the set of non-gaps at P is

faðn� 1Þ þ bn j a; b A Ng: Hence, we see that the weight of a total inflection point

of a smooth plane algebraic curve of degree n is ð1=24Þðn� 1Þðn� 2Þðn� 3Þ �
ðnþ 4Þ. Q.E.D.

We next consider the lower bound for the weights of points which are fixed

by an involution on a smooth plane algebraic curve.

Theorem 2. Let C be a smooth plane algebraic curve of degree nb 3 given

by FðX ;Y ;ZÞ ¼ 0. Let s be the involution of the projective plane given by

sðX : Y : ZÞ ¼ ðX :�Y : ZÞ. Suppose that C is invariant by s. Then, for each fixed

point P A C of s, we have

wðPÞb ðn� 1Þðn� 3Þ=8; n odd;

ðn� 2Þðn� 4Þ=8; n even:

�
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Proof. The fixed points of s in the projective plane are the points of the

line Y ¼ 0 and the point Q ¼ ð0 : 1 : 0Þ. Since C is invariant by s, we have

F ðX ;Y ;ZÞ ¼
X½n=2�

j¼0

Xn�2j

k¼0

cn�2j�k;2j;kX
n�2j�kZk

 !
Y 2j:

Put GðXÞ ¼ FðX ; 0; 1Þ. Then GðX Þ is a polynomial of degree n. Furthermore,

we see that GðXÞ has no multiple factors. For, if X ¼ a is a multiple root of

GðXÞ ¼ 0, then GðaÞ ¼ G 0ðaÞ ¼ 0. From

GðXÞ ¼
Xn�1

k¼0

cn�k;0;kX
n�k þ c00n;

we have

G 0ðXÞ ¼
Xn�1

k¼0

cn�k;0;kðn� kÞX n�k�1:

On the other hand, from

FðX ;Y ;ZÞ ¼
X½n=2�

j¼0

Xn�2j�1

k¼0

cn�2j�k;2j;kX
n�2j�kZk þ c0;2j;n�2jZ

n�2j

 !
Y 2j;

we have

qFðX ;Y ;ZÞ
qX

¼
X½n=2�

j¼0

Xn�2j�1

k¼0

cn�2j�k;2j;kðn� 2j � kÞX n�2j�k�1Zk

 !
Y 2j:

Hence we obtain

qF ðX ;Y ;ZÞ
qX

����
ðX ;Y ;ZÞ¼ða;0;1Þ

¼
Xn�1

k¼0

cn�k;0;kðn� kÞan�k�1:

We also obtain

qF ðX ;Y ;ZÞ
qY

����
ðX ;Y ;ZÞ¼ða;0;1Þ

¼ 0:

Therefore, if G 0ðaÞ ¼
Pn�1

k¼1 cn�k;0;kðn� kÞan�k�1 ¼ 0, then

qF

qX
ða; 0; 1Þ ¼ qF

qY
ða; 0; 1Þ ¼ 0:

Hence the point ða : 0 : 1Þ on C is a singular point. This contradicts that C is

smooth. Thus the line Y ¼ 0 intersects the curve C at n distinct points. The point
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Q belongs to C if and only if n is odd. Putting all together, we obtain that there

are n (resp. nþ 1) fixed points of s on C if n is even (resp. n is odd). Now the

result follows from [9, Theorem 5] if nb 5. (This result was first proved by Torres

in [8] under some additional hypothesis.) If n ¼ 3, then the dimension of the

space of holomorphic di¤erentials on C is 1. Hence wðPÞ ¼ 0. If n ¼ 4, then the

order sequence at P is either 0; 1; 2 or 0; 1; 4. Hence wðPÞ ¼ 0 or 2. Q.E.D.

3. Case of Degree 5 or 6

We can obtain all the possible Weierstrass gap sequences of the points which

are fixed by an involution on a smooth plane algebraic curve of degree 5 or 6.

Proposition 1. Let ða : 0 : 1Þ be a fixed point of the involution ðX ;Y ;ZÞ !
ðX ;�Y ;ZÞ on a smooth plane algebraic curve of degree 5 defined by F ðX ;Y ;ZÞ ¼P2

j¼0ð
P5�2j

k¼0 c5�2j�k;2j;kX
5�2j�kZkÞY 2j ¼ 0. Put p2jðxÞ ¼

P5�2j
k¼0 c5�2j�k;2j;kx

5�2j�k

ð j ¼ 0; 1; 2Þ and p0ðxÞ ¼ ðx� aÞ~pp0ðxÞ. Then the order sequence at ða : 0 : 1Þ is

(i) 0; 1; 2; 4; 5; 8 if a2 ¼ 0,

(ii) 0; 1; 2; 3; 4; 6 if a2 0 0, a6 0 2a2
4=a2,

(iii) 0; 1; 2; 3; 4; 8 if a2 0 0, a6 ¼ 2a2
4=a2, a8 0 5a3

4=a
2
2

or

(iv) 0; 1; 2; 3; 4; 10 if a2 0 0, a6 ¼ 2a2
4=a2, a8 ¼ 5a3

4=a
2
2 ,

where

a2 ¼ �p2ðaÞ=~pp0ðaÞ;

a4 ¼ �ða2 p
0
2ðaÞ þ a2

2 ~pp
0
0ðaÞ þ p4ðaÞÞ=~pp0ðaÞ;

a6 ¼ �ða2
2 p

00
2 ðaÞ=2 þ a3

2 ~pp
00
0 ðaÞ=2 þ a4 p

0
2ðaÞ þ 2a2a4 ~pp

0
0ðaÞ þ a2 p

0
4ðaÞÞ=~pp0ðaÞ;

a8 ¼ �ða3
2 p

ð3Þ
2 ðaÞ=6 þ a4

2 ~pp
ð3Þ
0 ðaÞ=6 þ a2a4 p

00
2 ðaÞ þ 3a2

2a4 ~pp
00
0 ðaÞ=2 þ a2

4 ~pp
0
0ðaÞ

þ a6 p
0
2ðaÞ þ 2a2a6 ~pp

0
0ðaÞ þ a4 p

0
4ðaÞÞ=~pp0ðaÞ:

Furthermore, the order sequence at ð0 : 1 : 0Þ is

(v) 0; 1; 2; 3; 4; 6 if b3 0 0

or

(vi) 0; 1; 2; 5; 6; 10 if b3 ¼ 0,

Satoru Kikuchi364



where

b3 ¼
X3

k¼0

ð�1Þkpk
4 ð0Þfp 0

4ð0Þg
�k
p
ðkÞ
2 ð0Þ=k!:

Proof. Put f ðx; yÞ ¼ Fðx; y; 1Þ. Since fxða; 0Þ ¼ p 0
0ðaÞ0 0, there exists a

function

x ¼ xðyÞ ¼ aþ a2y
2 þ a4y

4 þ � � �

which is analytic in some neighborhood of y ¼ 0 such that f ðxðyÞ; yÞ1 0. Then

we consider the order sequence of

xiy j

fy
dx j 0a i þ ja 2

� �

at ða; 0Þ. Since ordða;0Þðdx=fyÞ ¼ 0, it is enough to check the order sequence of

f1; x; y; x2; xy; y2g at y ¼ 0, where x ¼ aþ a2y
2 þ � � � . Since x is an even function

of y, we consider the even functions part f1; x; x2; y2g and the odd functions part

fy; xyg, separately. From x2 ¼ a2 þ 2aa2y
2 þ ð2aa4 þ a2

2Þy4 þ ð2aa6 þ 2a2a4Þy6 þ
ð2aa8 þ 2a2a6 þ a2

4Þy8 þ ð2aa10 þ 2a2a8 þ 2a4a6Þy10 þ � � � , the coe‰cient matrix of

the terms, y0; y2; y4; . . . ; y10 of f1; x; x2; y2g is

1 0 0 � � � 0

a a2 a4 � � � a10

a2 2aa2 2aa4 þ a2
2 � � � 2aa10 þ 2a2a8 þ 2a4a6

0 1 0 � � � 0

0
BBB@

1
CCCA

and the coe‰cient matrix of the terms, y; y3; y5 of fy; xyg is

1 0 0

a a2 a4

� �
:

After a suitable elementary deformation, we have

1 0 0 0 0 0

0 0 a4 a6 a8 a10

0 0 a2
2 2a2a4 2a2a6 þ a2

4 2a2a8 þ 2a4a6

0 1 0 0 0 0

0
BBB@

1
CCCA

and

1 0 0

0 a2 a4

� �
:
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If a2 ¼ 0, then we have

1 0 0 0 0 0

0 0 a4 a6 a8 a10

0 0 0 0 a2
4 2a4a6

0 1 0 0 0 0

0
BBB@

1
CCCA

and

1 0 0

0 0 a4

� �
:

If a2 ¼ 0, then a4 0 0. Therefore, if a2 ¼ 0, then the order sequence at ða; 0Þ is

0; 1; 2; 4; 5; 8.

Assume a2 0 0. Then we have

1 0 0 0 0 0

0 0 0 a6 �
2a2

4

a2
a8 � 2a4a6

a2
� a3

4

a2
2

a10 � 2a4a8

a2
� 2a2

4
a6

a2
2

0 0 a2
2 2a2a4 2a2a6 þ a2

4 2a2a8 þ 2a4a6

0 1 0 0 0 0

0
BBBB@

1
CCCCA

and

1 0 0

0 a2 a4

� �
:

Hence, if a6 0 2a2
4=a2, then the order sequence at ða; 0Þ is 0; 1; 2; 3; 4; 6.

Assume a6 ¼ 2a2
4=a2. Then we have

1 0 0 0 0 0

0 0 0 0 a8 �
5a3

4

a2
2

a10 � 2a4a8

a2
� 4a4

4

a3
2

0 0 a2
2 2a2a4 5a2

4 2a2a8 þ
4a3

4

a2

0 1 0 0 0 0

0
BBBB@

1
CCCCA:

Hence, if a8 0 5a3
4=a

2
2 , then the order sequence at ða; 0Þ is 0; 1; 2; 3; 4; 8.

Assume a8 ¼ 5a3
4=a

2
2 . Then we have

1 0 0 0 0 0

0 0 0 0 0 a10 �
14a4

4

a3
2

0 0 a2
2 2a2a4 5a2

4

14a3
4

a2

0 1 0 0 0 0

0
BBBB@

1
CCCCA:

Hence the order sequence at ða; 0Þ is 0; 1; 2; 3; 4; 10. Note that the maximum value

of the order is 10.
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Next we study the representations of a2; a4; a6 and a8. Put ~pp0ðxÞ ¼ d4x
4 þ

� � � þ d1xþ d0. Note that ~pp0ðaÞ0 0. Consider the coe‰cient of y2 of f ðxðyÞ; yÞ.
Then only p2ðxðyÞÞy2 and p0ðxðyÞÞ have nonzero coe‰cient of y2. Hence we

have

0 ¼ f ðxðyÞ; yÞ

¼ ððc320a
3 þ c221a

2 þ c122aþ c023Þ þ a2ðd4a
4 þ � � � þ d1aþ d0ÞÞy2 þ � � � :

It follows that

a2 ¼ � p2ðaÞ
~pp0ðaÞ

:

Similarly, we have

a4 ¼ �ða2 p
0
2ðaÞ þ a2

2 ~pp
0
0ðaÞ þ p4ðaÞÞ=~pp0ðaÞ;

a6 ¼ �ða2
2 p

00
2 ðaÞ=2 þ a3

2 ~pp
00
0 ðaÞ=2 þ a4 p

0
2ðaÞ þ 2a2a4 ~pp

0
0ðaÞ þ a2 p

0
4ðaÞÞ=~pp0ðaÞ;

a8 ¼ �ða3
2 p

ð3Þ
2 ðaÞ=6 þ a4

2 ~pp
ð3Þ
0 ðaÞ=6 þ a2a4 p

00
2 ðaÞ þ 3a2

2a4 ~pp
00
0 ðaÞ=2 þ a2

4 ~pp
0
0ðaÞ

þ a6 p
0
2ðaÞ þ 2a2a6 ~pp

0
0ðaÞ þ a4 p

0
4ðaÞÞ=~pp0ðaÞ:

Finally, we check the order sequence at ð0 : 1 : 0Þ. Put gðu; vÞ ¼ F ðu; 1; vÞ.
Since we may assume that guð0; 0Þ0 0, there exists a function

u ¼ uðvÞ ¼ b1vþ b3v
3 þ � � �

which is analytic in some neighborhood of v ¼ 0 such that gðuðvÞ; vÞ1 0. Then

we consider the order sequence of

uiv j

gv
du j 0a i þ ja 2

� �

at ð0; 0Þ. Since ordð0;0Þðdu=gvÞ ¼ 0, it is enough to check the order sequence of

f1; v; u; v2; uv; u2g at v ¼ 0, where u ¼ b1vþ b3v
3 þ � � � . Since u is an odd function

of v, we consider the even functions part f1; v2; uv; u2g and the odd functions part

fv; ug, separately. From u2 ¼ b2
1v

2 þ 2b1b3v
4 þ ð2b1b5 þ b2

3Þv6 þ 2ðb1b7 þ b3b5Þv8 þ
ð2b1b9 þ 2b3b7 þ b2

5Þv10 þ � � � , the coe‰cient matrix of the terms, v0; v2; v4; . . . ; v10

of f1; v2; uv; u2g is

1 0 0 � � � 0

0 1 0 � � � 0

0 b1 b3 � � � b9

0 b2
1 2b1b3 � � � 2b1b9 þ 2b3b7 þ b2

5

0
BBB@

1
CCCA
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and the coe‰cient matrix of the terms, v; v3; v5 of fv; ug is

1 0 0

b1 b3 b5

� �
.

After a suitable elementary deformation, we have

1 0 0 0 0 0

0 1 0 0 0 0

0 0 b3 b5 b7 b9

0 0 0 b2
3 2b3b5 2b3b7 þ b2

5

0
BBB@

1
CCCA

and

1 0 0

0 b3 b5

� �
:

Hence, if b3 0 0, then the order sequence at ð0; 0Þ is 0; 1; 2; 3; 4; 6.

Assume b3 ¼ 0. Then we have

1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 b5 b7 b9

0 0 0 0 0 b2
5

0
BBB@

1
CCCA

and

1 0 0

0 0 b5

� �
:

Hence, if b3 ¼ 0, then the order sequence at ð0; 0Þ is 0; 1; 2; 5; 6; 10.

Using the same method as getting the representation of a2; . . . ; a8, we can

obtain

b3 ¼ 1

p 0
4ð0Þ

4

X3

k¼0

ð�1Þkþ1
pk

4 ð0Þfp 0
4ð0Þg

3�k
p
ðkÞ
2 ð0Þ=k!:

Note that p 0
4ð0Þ ¼ c140 0 0. Since our concern is whether b3 is equal to 0 or not,

we may take

b3 ¼
X3

k¼0

ð�1Þkpk
4 ð0Þfp 0

4ð0Þg
�k
p
ðkÞ
2 ð0Þ=k!: Q:E:D:

Using a similar method to the proof of Proposition 1, we can obtain the

following:
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Proposition 2. Let ða : 0 : 1Þ be a fixed point of the involution ðX ;Y ;ZÞ !
ðX ;�Y ;ZÞ on a smooth plane algebraic curve of degree 6 given by F ðX ;Y ;ZÞ ¼
0. Then the order sequence at ða : 0 : 1Þ is

(i) 0; 1; 2; 3; 4; 5; 6; 8; 9; 12,

(ii) 0; 1; 2; 3; 6; 7; 8; 12; 13; 18,

(iii) 0; 1; 2; 3; 4; 5; 6; 8; 9; 10,

(iv) 0; 1; 2; 3; 4; 5; 6; 10; 11; 12,

(v) 0; 1; 2; 3; 4; 5; 6; 12; 13; 14,

(vi) 0; 1; 2; 3; 4; 5; 6; 7; 8; 10,

(vii) 0; 1; 2; 3; 4; 5; 6; 7; 8; 12,

(viii) 0; 1; 2; 3; 4; 5; 6; 7; 8; 14,

(ix) 0; 1; 2; 3; 4; 5; 6; 7; 8; 16

or

(x) 0; 1; 2; 3; 4; 5; 6; 7; 8; 18.

Remark. Put F ðX ;Y ;ZÞ ¼
P3

j¼0ð
P6�2j

k¼0 c6�2j�k;2j;kX
6�2j�kZkÞY 2j ¼ 0, p2jðxÞ

¼
P6�2j

k¼0 c6�2j�k;2j;kx
6�2j�k ð j ¼ 0; 1; 2; 3Þ and p0ðxÞ ¼ ðx� aÞ~pp0ðxÞ: Then each

order sequence appeared in Proposition 2 occurs under the following condition:

(i) a2 ¼ 0, a4 0 0,

(ii) a2 ¼ 0, a4 ¼ 0,

(iii) a2 0 0, a6 ¼ 2a2
4=a2, a8 0 5a3

4=a
2
2 ,

(iv) a2 0 0, a6 ¼ 2a2
4=a2, a8 ¼ 5a3

4=a
2
2 , a10 0 14a4

4=a
3
2 ,

(v) a2 0 0, a6 ¼ 2a2
4=a2, a8 ¼ 5a3

4=a
2
2 , a10 ¼ 14a4

4=a
3
2 ,

(vi) a2 0 0, a6 0 2a2
4=a2, a10 0A10,

(vii) a2 0 0, a6 0 2a2
4=a2, a10 ¼ A10, a12 0A12,

(viii) a2 0 0, a6 0 2a2
4=a2, a10 ¼ A10, a12 ¼ A12, a14 0A14,

(ix) a2 0 0, a6 0 2a2
4=a2, a10 ¼ A10, a12 ¼ A12, a14 ¼ A14, a16 0A16,

(x) a2 0 0, a6 0 2a2
4=a2, a10 ¼ A10, a12 ¼ A12, a14 ¼ A14, a16 ¼ A16,

where

a2 ¼ �p2ðaÞ=~pp0ðaÞ;

a4 ¼ �ða2 p
0
2ðaÞ þ a2

2 ~pp
0
0ðaÞ þ p4ðaÞÞ=~pp0ðaÞ;

a6 ¼ �ða2
2 p

00
2 ðaÞ=2 þ a3

2 ~pp
00
0 ðaÞ=2 þ a4 p

0
2ðaÞ þ 2a2a4 ~pp

0
0ðaÞ þ a2 p

0
4ðaÞ þ p6ðaÞÞ=~pp0ðaÞ;

a8 ¼ �ða3
2 p

ð3Þ
2 ðaÞ=6 þ a4

2 ~pp
ð3Þ
0 ðaÞ=6 þ a2a4 p

00
2 ðaÞ þ 3a2

2a4 ~pp
00
0 ðaÞ=2 þ a2

4 ~pp
0
0ðaÞ

þ a6 p
0
2ðaÞ þ 2a2a6 ~pp

0
0ðaÞ þ a4 p

0
4ðaÞ þ a2

2 p
00
4 ðaÞ=2Þ=~pp0ðaÞ;
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a10 ¼ �ða4
2 p

ð4Þ
2 ðaÞ=24 þ a5

2 ~pp
ð4Þ
0 ðaÞ=24 þ a2

2a4 p
ð3Þ
2 ðaÞ=2 þ 2a3

2a4 ~pp
ð3Þ
0 ðaÞ=3

þ a2
4 p

00
2 ðaÞ=2 þ 3a2a

2
4 ~pp

00
0 ðaÞ=2 þ a2a6 p

00
2 ðaÞ þ 3a2

2a6 ~pp
00
0 ðaÞ=2 þ 2a4a6 ~pp

0
0ðaÞ

þ a8 p
0
2ðaÞ þ 2a2a8 ~pp

0
0ðaÞ þ a6 p

0
4ðaÞ þ a2a4 p

00
4 ðaÞÞ=~pp0ðaÞ;

a12 ¼ �ða6
2 ~pp

ð5Þ
0 ðaÞ=120 þ a3

2a4 p
ð4Þ
2 ðaÞ=6 þ 5a4

2a4 ~pp
ð4Þ
0 ðaÞ=24 þ a2a

2
4 p

ð3Þ
2 ðaÞ=2

þ a2
2a

2
4 ~pp

ð3Þ
0 ðaÞ þ a3

4 ~pp
00
0 ðaÞ=2 þ a2

2a6 p
ð3Þ
2 ðaÞ=2 þ 2a3

2a6 ~pp
ð3Þ
0 ðaÞ=3 þ a4a6 p

00
2 ðaÞ

þ 3a2a4a6 ~pp
00
0 ðaÞ þ a2

6 ~pp
0
0ðaÞ þ a2a8 p

00
2 ðaÞ þ 3a2

2a8 ~pp
00
0 ðaÞ=2 þ 2a4a8 ~pp

0
0ðaÞ

þ a10 p
0
2ðaÞ þ 2a2a10 ~pp

0
0ðaÞ þ a8 p

0
4ðaÞ þ a2

4 p
00
4 ðaÞ=2 þ a2a6 p

00
4 ðaÞÞ=~pp0ðaÞ;

a14 ¼ �ða5
2a4 ~pp

ð5Þ
0 ðaÞ=20 þ a2

2a
2
4 p

ð4Þ
2 ðaÞ=4 þ 5a3

2a
2
4 ~pp

ð4Þ
0 ðaÞ=12 þ a3

4 p
ð3Þ
2 ðaÞ=6

þ 2a2a
3
4 ~pp

ð3Þ
0 ðaÞ=3 þ a3

2a6 p
ð4Þ
2 ðaÞ=6 þ 5a4

2a6 ~pp
ð4Þ
0 ðaÞ=24 þ a2a4a6 p

ð3Þ
2 ðaÞ

þ 2a2
2a4a6 ~pp

ð3Þ
0 ðaÞ þ 3a2

4a6 ~pp
00
0 ðaÞ=2 þ a2

6 p
00
2 ðaÞ=2 þ 3a2a

2
6 ~pp

00
0 ðaÞ=2

þ a2
2a8 p

ð3Þ
2 ðaÞ=2 þ 2a3

2a8 ~pp
ð3Þ
0 ðaÞ=3 þ a4a8 p

00
2 ðaÞ þ 3a2a4a8 ~pp

00
0 ðaÞ þ 2a6a8 ~pp

0
0ðaÞ

þ a2a10p
00
2 ðaÞ þ 3a2

2a10 ~pp
00
0 ðaÞ=2 þ 2a4a10 ~pp

0
0ðaÞ þ a12 p

0
2ðaÞ þ 2a2a12 ~pp

0
0ðaÞ

þ a10 p
0
4ðaÞ þ a4a6 p

00
4 ðaÞ þ a2a8 p

00
4 ðaÞÞ=~pp0ðaÞ;

a16 ¼ �ða4
2a

2
4 ~pp

ð5Þ
0 ðaÞ=8 þ a2a

3
4 p

ð4Þ
2 ðaÞ=6 þ 5a2

2a
3
4 ~pp

ð4Þ
0 ðaÞ=12 þ a4

4 ~pp
ð3Þ
0 ðaÞ=6

þ a5
2a6 ~pp

ð5Þ
0 ðaÞ=20 þ a2

2a4a6 p
ð4Þ
2 ðaÞ=2 þ 5a3

2a4a6 ~pp
ð4Þ
0 ðaÞ=6 þ a2

4a6 p
ð3Þ
2 ðaÞ=2

þ 2a2a
2
4a6 ~pp

ð3Þ
0 ðaÞ þ a2a

2
6 p

ð3Þ
2 ðaÞ=2 þ a2

2a
2
6 ~pp

ð3Þ
0 ðaÞ þ 3a4a

2
6 ~pp

00
0 ðaÞ=2

þ a3
2a8 p

ð4Þ
2 ðaÞ=6 þ 5a4

2a8 ~pp
ð4Þ
0 ðaÞ=24 þ a2a4a8 p

ð3Þ
2 ðaÞ þ 2a2

2a4a8 ~pp
ð3Þ
0 ðaÞ

þ 3a2
4a8 ~pp

00
0 ðaÞ=2 þ a6a8 p

00
2 ðaÞ þ 3a2a6a8 ~pp

00
0 ðaÞ þ a2

8 ~pp
0
0ðaÞ þ a2

2a10 p
ð3Þ
2 ðaÞ=2

þ 2a3
2a10 ~pp

ð3Þ
0 ðaÞ=3 þ a4a10p

00
2 ðaÞ þ 3a2a4a10 ~pp

00
0 ðaÞ þ 2a6a10 ~pp

0
0ðaÞ þ a2a12 p

00
2 ðaÞ

þ 3a2
2a12 ~pp

00
0 ðaÞ=2 þ 2a4a12 ~pp

0
0ðaÞ þ a14p

0
2ðaÞ þ 2a2a14 ~pp

0
0ðaÞ þ a12p

0
4ðaÞ

þ a2
6 p

00
4 ðaÞ=2 þ a4a8 p

00
4 ðaÞ þ a2a10p

00
4 ðaÞÞ=~pp0ðaÞ;

A10 ¼ �ð3a6
4 � 6a2a

4
4a6 þ 2a2

2a
2
4a

2
6 � 3a3

2a
3
6 þ 2a2

2a
3
4a8

þ 4a3
2a4a6a8 � a4

2a
2
8Þ=ða3

2ð�2a2
4 þ a2a6ÞÞ;

A12 ¼ �ða9
4 � 24a2a

7
4a6 þ 45a2

2a
5
4a

2
6 � 15a3

2a
3
4a

3
6 þ 7a4

2a4a
4
6 þ a2

2a8ð9a6
4 � 32a2a

4
4a6

þ 9a2
2a

2
4a

2
6 � 7a3

2a
3
6Þ þ a4

2a4a
2
8ð�a2

4 þ 8a2a6Þ � a6
2a

3
8Þ=ða4

2ð�2a2
4 þ a2a6Þ2Þ;

Satoru Kikuchi370



A14 ¼ ð17a12
4 � 60a2a

10
4 a6 þ 18a2

2a
8
4a

2
6 þ 52a3

2a
6
4a

3
6 þ 15a4

2a
4
4a

4
6 � 24a5

2a
2
4a

5
6

þ 12a6
2a

6
6 � 4a2

2a4a8ða2
4 � 3a2a6Þð7a6

4 � 18a2a
4
4a6 þ 9a2

2a
2
4a

2
6 � 4a3

2a
3
6Þ

þ 6a4
2a

2
8ð�7a6

4 þ 10a2a
4
4a6 � a2

2a
2
4a

2
6 þ 2a3

2a
3
6Þ þ 4a6

2a4a
3
8ða2

4 � 3a2a6Þ

þ a8
2a

4
8Þ=ða5

2ð�2a2
4 þ a2a6Þ3Þ;

A16 ¼ �ð�95a15
4 þ 628a2a

13
4 a6 � 1481a2

2a
11
4 a2

6 þ 1652a3
2a

9
4a

3
6 � 1159a4

2a
7
4a

4
6

þ 683a5
2a

5
4a

5
6 � 255a6

2a
3
4a

6
6 þ 60a7

2a4a
7
6 � 5a2

2a8ð37a12
4 � 76a2a

10
4 a6

� 39a2
2a

8
4a

2
6 þ 98a3

2a
6
4a

3
6 � 11a4

2a
4
4a

4
6 � 9a5

2a
2
4a

5
6 þ 9a6

2a
6
6Þ

þ 5a4
2a4a

2
8ð14a8

4 � 132a2a
6
4a6 þ 177a2

2a
4
4a

2
6 � 80a3

2a
2
4a

3
6 þ 27a4

2a
4
6Þ

� a6
2a

3
8ð�74a6

4 þ 76a2a
4
4a6 þ 7a2

2a
2
4a

2
6 þ 18a3

2a
3
6Þ

þ a8
2a4a

4
8ð�7a2

4 þ 16a2a6Þ � a10
2 a5

8Þ=ða6
2ð�2a2

4 þ a2a6Þ4Þ:

4. Examples

Let Fn be the Fermat curve defined by X n þ Y n þ Zn ¼ 0. As mentioned in

[7, p. 72], Leopoldt pointed out that the 3n2 points

ð1 : a :
ffiffiffi
2

n
p

bÞ; ð1 :
ffiffiffi
2

n
p

b : aÞ; ð1 : b=
ffiffiffi
2

n
p

: ab=
ffiffiffi
2

n
p

Þ; an ¼ 1; b n ¼ �1;

are Weierstrass points on Fn. We call them the Leopoldt Weierstrass points on Fn.

In [5], T. Kato and S. Kikuchi proved that equality in [9, Corollary 8] holds for

the Leopoldt Weierstrass points for na 14. We use Propositions 1 and 2 to give

an alternative proof for n ¼ 5 and 6. Furthermore, in [3], Hasse proved that the

3n trivial points

ð1 : 0 : bÞ; ð0 : 1 : bÞ; ð1 : b : 0Þ; bn ¼ �1;

are Weierstrass points on Fn and its weight is

1

24
ðn� 1Þðn� 2Þðn� 3Þðnþ 4Þ:

We see that our results agree with Hasse’s.

Example 1. For n ¼ 5 or 6, each Leopoldt Weierstrass point has weight 1.

Furthermore, each trivial Weierstrass point has weight 9 for n ¼ 5 or weight 25

for n ¼ 6.

Proof. Let P;Q be Leopoldt Weierstrass points or trivial Weierstrass

points on Fn. Then there exists an automorphism T of Fn such that TðPÞ ¼ Q.
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Hence it is enough to consider the special points ð1 : 1 : ð�2Þ1=nÞ and ð1 : �1 : 0Þ
if n is odd. Let FðX ;Y ;ZÞ ¼ 0 be the equation of the Fermat curve transformed

by t : ðX ;Y ;ZÞ ! ð21=n�1ðX þ Y Þ � ð�1Þ�1=n
Z; 21=n�1ðX � Y Þ; ð�1Þ�1=n

ZÞ. We

have tð1 : 1 : ð�2Þ1=nÞ ¼ ð0 : 0 : 1Þ and tð1 : �1 : 0Þ ¼ ð0 : 1 : 0Þ. Putting f ðx; yÞ ¼
F ðx; y; 1Þ, we have

f ðx; yÞ ¼ p2½n=2�ðxÞy2½n=2� þ � � � þ p2ðxÞy2 þ p0ðxÞ

where p0ðxÞ ¼ ðxþ 1Þn � 1 ¼ x
Pn�1

k¼0
n
k

� �
xn�k�1 and pkðxÞ ¼ n

k

� �
ðxþ 1Þn�k ðk ¼

2; . . . ; 2½n=2�Þ. Put ~pp0ðxÞ ¼
Pn�1

k¼0
n
k

� �
xn�k�1.

For n ¼ 5, we obtain p4ðxÞ ¼ 5ðxþ 1Þ, p2ðxÞ ¼ 10ðxþ 1Þ3 and ~pp0ðxÞ ¼ x4 þ
5x3 þ 10x2 þ 10xþ 5. Then we have p4ð0Þ ¼ 5, p 0

4ð0Þ ¼ 5, p2ð0Þ ¼ 10, p 0
2ð0Þ ¼

30, p 00
2 ð0Þ ¼ 60, p

ð3Þ
2 ð0Þ ¼ 60, ~pp0ð0Þ ¼ 5, ~pp 0

0ð0Þ ¼ 10 and ~pp 00
0 ð0Þ ¼ 20. Hence we

have a2 ¼ �2, a4 ¼ 3, a6 ¼ 0 and b3 ¼ 0, which satisfy the conditions (ii) and (vi)

in Proposition 1. It follows that the order sequences at ð0 : 0 : 1Þ and ð0 : 1 : 0Þ
are 0; 1; 2; 3; 4; 6 and 0; 1; 2; 5; 6; 10 respectively. Hence, the weights of ð0 : 0 : 1Þ
and ð0 : 1 : 0Þ are 1 and 9 respectively.

For n ¼ 6, we obtain p6ðxÞ1 1, p4ðxÞ ¼ 15ðxþ 1Þ2, p2ðxÞ ¼ 15ðxþ 1Þ4 and

~pp0ðxÞ ¼ x5 þ 6x4 þ 15x3 þ 20x2 þ 15xþ 6. Then we have p4ð0Þ ¼ 15, p 0
4ð0Þ ¼ 30,

p 00
4 ð0Þ ¼ 30, p2ð0Þ ¼ 15, p 0

2ð0Þ ¼ 60, p 00
2 ð0Þ ¼ 180, p

ð3Þ
2 ð0Þ ¼ 360, p

ð4Þ
2 ð0Þ ¼ 360,

~pp0ð0Þ ¼ 6, ~pp 0
0ð0Þ ¼ 15, ~pp 00

0 ð0Þ ¼ 40, ~pp
ð3Þ
0 ð0Þ ¼ 90 and ~pp

ð4Þ
0 ð0Þ ¼ 144. Hence we have

a2 ¼ �5=2, a4 ¼ 55=8, a6 ¼ �583=48, a8 ¼ �20735=384 and a10 ¼ 137005=256,

which satisfy the condition (vi) in Proposition 2. It follows that the order se-

quence at ð0 : 0 : 1Þ is 0; 1; 2; 3; 4; 5; 6; 7; 8; 10; thus this point has weight 1.

It is easy to see that each point ðX : Y : ZÞ ¼ ðb : 0 : 1Þ, ðb6 ¼ �1Þ, on the

Fermat curve, X 6 þ Y 6 þ Z6 ¼ 0, satisfies the condition (ii) in Proposition 2,

whence these points have weight 25. Q.E.D.

We show that all the cases occur in Proposition 1. An example of the cases

(ii) and (vi) in Proposition 1 is shown in Example 1.

Example 2. The weights of the points ðX : Y : ZÞ ¼ ð0 : 0 : 1Þ and ð0 : 1 : 0Þ
on the curve

ð�2X � ZÞY 4 þ Z3Y 2 þ XðX 4 � 3X 3Z þ Z4Þ ¼ 0

are 5 and 1, respectively. (This curve is an example satisfying the cases (iv) and

(v) in Proposition 1).

Proof. First of all, we prove that the curve
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~CC : ð�2x� 1Þy4 þ y2 þ p0ðxÞ ¼ 0; ð1Þ

where p0ðxÞ ¼ xðx4 � 3x3 þ 1Þ is a smooth curve. Multiplying the equation of (1)

by ð�2x� 1Þ3, we have

ð�2x� 1Þ4
y4 þ ð�2x� 1Þ3

y2 þ ð�2x� 1Þ3
p0ðxÞ ¼ 0:

Putting z ¼ ð�2x� 1Þy, we have

z4 þ ð�2x� 1Þz2 þ ð�2x� 1Þ3
p0ðxÞ ¼ 0:

Now we consider the automorphism s : ðx; zÞ ! ðx;�zÞ. The order of s is 2 and

the fixed points of s are ðx; zÞ ¼ ð�1=2; 0Þ; ðai; 0Þ ði ¼ 1; . . . ; 5Þ, where a1; . . . ; a5

are the solutions of p0ðxÞ ¼ 0. Furthermore, these fixed points are also the branch

points of the covering

p : ~CC ! ~CC=hsi:

Hence, by the Riemann-Hurwitz formula, we have

2g� 2 ¼ 2ð2g 0 � 2Þ þ 6;

i.e.,

g ¼ 2g 0 þ 2;

where g and g 0 are the genera of ~CC and ~CC=hsi, respectively. The following three

conditions are equivalent:

1. ~CC is smooth;

2. g ¼ 6;

3. g 0 ¼ 2.

Define the mapping s as u ¼ x, v ¼ z2. Then the equation of ~CC=hsi is given by

v2 þ ð�2u� 1Þvþ ð�2u� 1Þ3
p0ðuÞ ¼ 0:

Putting w ¼ v=ð�2u� 1Þ þ 1=2, we have

w2 ¼ 1

4
þ ð2uþ 1Þp0ðuÞ:

The degree of pðuÞ ¼ 1=4 þ ð2uþ 1Þp0ðuÞ is 6 and the discriminant of pðuÞ is

equal to �1788325=1280 0. Hence pðuÞ has six simple roots. Therefore g 0 ¼ 2;

i.e., ~CC is smooth.

Put p4ðxÞ ¼ �2x� 1, p2ðxÞ1 1 and ~pp0ðxÞ ¼ x4 � 3x3 þ 1. Then we have

p4ð0Þ ¼ �1, p 0
4ð0Þ ¼ �2, p2ð0Þ ¼ 1, p 0

2ð0Þ ¼ 0, p 00
2 ð0Þ ¼ 0, p

ð3Þ
2 ð0Þ ¼ 0, ~pp0ð0Þ ¼ 1,

~pp 0
0ð0Þ ¼ 0, ~pp 00

0 ð0Þ ¼ 0 and ~pp
ð3Þ
0 ð0Þ ¼ �18. Hence we have a2 ¼ �1, a4 ¼ 1, a6 ¼ �2,

a8 ¼ 5 and b3 ¼ 1, which satisfy the conditions (iv) and (v) in Proposition 1. It
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follows that the order sequences at ð0 : 0 : 1Þ and ð0 : 1 : 0Þ are 0; 1; 2; 3; 4; 10 and

0; 1; 2; 3; 4; 6; respectively. Hence, the weights of ð0 : 0 : 1Þ and ð0 : 1 : 0Þ are 5

and 1, respectively. Q.E.D.

Example 3. The weight of the point ðX : Y : ZÞ ¼ ð0 : 0 : 1Þ on the curve

ðX þ 2ZÞY 4 þ XZ2Y 2 þ XðX 4 þ 4X 3Z � 7X 2Z2 þ 24Z4Þ ¼ 0

is 5. (This curve is an example satisfying the case (i) in Proposition 1).

Example 4. The weight of the point ðX : Y : ZÞ ¼ ð0 : 0 : 1Þ on the curve

ð�2X � ZÞY 4 þ Z3Y 2 þ XðX 4 þ 5X 3Z þ Z4Þ ¼ 0

is 3. (This curve is an example satisfying the case (iii) in Proposition 1).

Using a similar method to the proof of Example 2, we see that the curves

given in Example 3 or Example 4 are smooth.

References

[ 1 ] Coppens, M. and Kato, T., Weierstrass gap sequence at total inflection points of nodal plane

curves. Tsukuba J. Math. Vol. 18 No. 1 (1994), 119–129.

[ 2 ] Farkas, H. and Kra, I., Riemann Surfaces. (Springer-Verlag, 1980).
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