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A GENERAL CRITERION FOR LINEARLY
UNRELATED SEQUENCES*

By

Jaroslav HANCL and Simona SOBKOVA

Abstract. The main result of this paper is a general criterion for
linearly unrelated sequences which does not depend on divisibility.
A criterion for irrational sequences is presented as a consequence.
Applications and several examples are included.

1. Introduction

Irrationality is a special case of linear independence and many new results
on the irrationality of infinite series appeared after the second world war. For
instance the criteria of Erdds and Strauss [6], [7], of Oppenheim [13] and es-
pecially the result of Apery in [1] which proves the irrationality of &(3). Most
of them depend on divisibility. The second wave of these papers comes from the
eighties and nineties of the last century. Among them let us mention Badea [2],
[3], Duverney [4] and Huttner [11]. Other results can be found in Nishioka’s book
[12], which contains a nice survey of Mahler theory. In 1975 Erdés defined the
irrationality of a sequence in [5] and this definition is generalized in the following
way.

DerINITION 1. Let {a,},., be a sequence of positive real numbers. If for

every sequence {c,},., of positive integers the series

=1

n=1 al’l Cl‘l
o0

a1 18 not

is an irrational number, then the sequence {a,},_, is irrational. If {a,}
an irrational sequence, then it is a rational sequence.
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o0

In the same paper Erdds proved the irrationality of the sequence {22"}"

and also the following result.

THEOREM 1. Let ny < mny < --- be an infinite sequence of integers satisfying

i 1/2% _
im supn,’® = o0

k— o0
and

ny > kl+€

Sor some fixed ¢ >0 and k > ko(¢). Then
L
=1 "k

o =

is an irrational number.
In 1993 in [9] Handl proved.

THEOREM 2. Let {r,},_, be a nondecreasing sequence of positive real numbers
such that lim,_., r, = oo, let B be a positive integer, and let {a,},_, {b,},, be
sequences of positive integers such that

B
by < r,
and
a, = rﬁ

holds for every large n. Then the series

and the sequence {a,/b,},_, are irrational.

There is also a criterion for rational sequences.

o0

THEOREM 3. Let {a,},_, be a sequence of positive real numbers such that

lim,,_. ., sup(log, log, a,/n) < 1. Then {a,},—, is a rational sequence.
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This theorem, together with the proof of a more general result, can be found
in [8]. Let us only note that the above sequence consists of positive real numbers.

The definition of linearly unrelated sequences was introduced in [10].

DerINiTION 2. Let {a;,},—; (i=1,...,K) be sequences of positive real
numbers. If for every sequence {c,},., of positive integers the numbers Y~ 1/
arnCny Y omey Vas weuy o> 07 1/ag ncy, and 1 are linearly independent over
rational numbers, then the sequences {a;,}., (i=1,...,K) are linearly unre-
lated.

The same paper contains the following theorem.

THEOREM 4. Let {ajn}ey, {bin}ey (i=1,...,K —1) be sequences of posi-
tive integers and ¢ > 0 such that

ar n+1 > k™!

,ay,, divides ay pyq
ain

K/z—(\/zﬂ:)\/ﬁ .
bin <2 i1, K—1

lim 2% — 0 for all i, j=1,....K—1,i> ]

n—=% Dj ndj n

(V2+e)

_gn—(V2+e)n — X
2k <ay, < a2 ,i=1,...,K—1

Ain

o0

hold for every sufficiently large natural number n. Then the sequences {a; n/bi n},_,

(i=1,...,K—1) are linearly unrelated.

However this criterion depends on divisibility. Theorem 5 in Section 2 does
not depend on arithmetical properties but only on the speed of convergence of
rational numbers.

2. Main Results

THEOREM 5. Let K be a positive integer, o,& be positive real numbers such
that 0 <o < 1 and let {a; ,},_ 1, {bint—y (i=1,...,K) be sequences of positive
integers with {a\ ,},., nondecreasing, such that

SR 1)

. 1
lim sup a,’,

n—oo

ay, = n'" (2)
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by <2loman)’ =1 K (3)

. a; nb j,n
lim S

n—oo bi, naj, n

=0

; i,j:l,...,K,i>j (4)
a,~7n2—(logza1.n)r <ar, < ai’nz(logz i)’ (5)

hold for every sufficiently large n. Then the sequences {a; n/bin} -y (i=1,...,K)
are linearly unrelated.

THEOREM 6. Let o and ¢ be positive real numbers such that 0 < o < 1 and let
{an},_1, {bn},_, be sequences of positive integers with {a,},._, nondecreasing, such
that

. 1 211
lim sup a)/*" = oo,
n—oo

and

bn < 2(10g2 a,)”

hold for every sufficiently large n. Then the sequence {a,/b,},_, and the series
S bu/ay are irrational.

This theorem is an immediate consequence of Theorem 5. It is enough to put
K =1, {ain},2 = {an},2, and {b1,},2 = {ba}, ;-

REMARK 1. Tt is clear that our Theorem 6 is a stronger result then Theorem
2 above (see [9] also) because the restrictions on a, and b, (n=1,...) are
weaker.

REMARK 2. In Theorem 6 put b, =1 for each natural number n. Then we
obtain Erd6s Theorem 1 above (see [5] also).

Open problem 1. Let M and K be positive integers. Are the sequences
(MK 13 (i=1,...,K) linearly unrelated?

Open problem 2. Let M and S be positive integers such that M > 1. Is the
sequence {M?*" + S} | irrational?



A general criterion for linearly unrelated sequences 345

ExampLe 1. Let a;, =n®"*""+3" b, =n*" +i (i=1,2,...,8). Then the
sequences {a; ,/bin},., are linearly unrelated.

ExampPLE 2. The sequences
n2" +3")”

212" 4 pl *

where [x] means the greatest integer less then or equal to x, are irrational

and

sequences.
3. Proofs

LemmA 1. Let K,o,e and the sequences {a;,},—1, {bintey (i=1,....K)
satisfy all conditions stated in Theorem 5. Then there is a positive real number
B = B(K,o,&) which does not depend on n such that

K

>y el ©)

=1 j=0 Yintj  di,

holds for every sufficiently large n.

ProOF (of Lemma 1). From (3) and (5) we obtain

©_ b, %0 p(logy a1 nij)*(logy a nij)” % (logy ar i)’

i,n+ )

Yi,n+j § < (7)
=0 dintj 55 Al,ntj = Yt

for every sufficiently large n, where f (1 > f > o) is a constant which does not
depend on n.
Now we have

% o(logyauis)’ 2(log ar i) (logyar uij)”

ey S 2 T Y2 T ®
— ot Jnt + ynt
j=0 2w n+/<all/n1“ n+j ”+/>al/(l £) n+j

We will estimate the first summand in the right hand side of (8). The sequence
{a1 »},., is nondecreasing and the function x~ 1200 g decreasing for every
sufficiently large x. It follows
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B B
2(logy a ) 2(logy a1.u) 1
- RUCERS . )
a . a l,ll B]
1/(14) Lntj I,n ap,

n+j<a’,

Here B; (0 < By <¢/(1+¢)) is a positive real number which does not depend
on n.
Now we will estimate the second summand in the right hand side of (8).
From (2) and the fact that the function x~12002:9" is decreasing for every
sufficiently large x we obtain

(log; ar i j)” (log (n+))"*)” 1
sy s Y
Z vy G ERCE) e (n+ ) T
’7+j2a1_/,§ + S n+jzal./ls o n+j2a1<n )
J‘” dx - 1 1 (10)
= | yase xl+e/3 — 1/(1+e)\e/4 — B2
“1./,5 X (al‘n ) / al,n

where B, =¢/4(1 +¢) is a positive real constant which does not depend on n.
So (7), (8), (9) and (10) imply

logar i)

i—1 j=0 di,ntj i—1 j=0 ai,n+j

where B = 1/2 min(B;, B,) is a positive real constant which does not depend on
n and (6) follows. O

LemMmA 2. Let K,o,e and the sequences {a;,},—1, {bintey (i=1,....K)
satisfy all conditions stated in Theorem 5 and instead of (2) we have

ay, > 2" (11)
Sor every sufficiently large n. Then there is a real number y (1 >y > a) such that

K 2(log; ar )’

Z Z bi,lH—_f < m (12)

i=1 j=0 Ai;n+j

holds for every sufficiently large n.

PrROOF (of Lemma 2). As in the proof of Lemma 1 there is a positive real
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constant f (1 > f > «) which does not depend on n such that (7) holds for every
sufficiently large n. Then we have

S

J=0

2 (log; ai i)’ 2(log ar )’

ooVt ) 0 1y

n+j<logyar,, Lty n+jclogya, it

2 (logy a1, ny )

ain+j

We will estimate both sums in the right hand side of equation (13). For the first
summand, the facts that the sequence {a; ,},., is nondecreasing and the function
1otz )" g decreasing for every sufficiently large x imply

20oman)’  pleman) |09 g, 20oma)”

< =< 14
2 — s s (14)

ntj<logya, Lt

where y; (1 >y, > f) is a positive real constant which does not depend on n.
Now we will estimate the second summand of equation (13). From (11) and the
fact that the function x~1202%" s decreasing for sufficiently large x we obtain

>

n+j=logy ay ,

2(logy 274/)7

1
> = >

n+jzlog, ai , Jj=logyai

2(10g2f11.n+/’>/i

IA

al,n+j

1 2(10};2 ar )2

< Cc<
2log, ar,n—(log, arn)’ aj

where p, (1 >y, > f) and C are positive real constants which does not depend
on n. Therefore (7), (13), (14) and (15) imply

4 2(10g2 a],rH»j)[g

i=1 j=0 i n+j i=1 j=0 Ay n+j

<K + <
ain ain

2(logy a1,)" 2(10gzu1.n)"”2> 2 (logy a1,)’

ain

and here y (1 >y > max(y,,y,) > ff) is a positive real constant which does not
depend on n. So (12) follows. O

PrOOF (of Theorem 5). Let {¢,},_, be a sequence of positive integers. Then
the sequences {a; ¢y} and {b;,}.—, (i=1,...,K) also satisfy conditions (1)-
(5) and if in addition we reorder the sequence {aj ncy},.; to be nondecreasing
then the new sequence together with the relevant reordered sequences {a; ¢y},
(i=1,....,K) and {b; ,},—, (i=1,...,K) will satisfy (1)—(5) also. It follows that
they will satisfy all conditions stated in Theorem 5. Thus it suffices to prove if
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K,o,¢ and the sequences {a; .}, |, {bin}tney (i=1,...,K) satisfy all conditions
stated in Theorem 5 then the numbers Y /", b1 /a1 n, .., pey bk n/ak,» and the
number 1 are linearly independent over the rational numbers. To establish this we
will prove that for every K-tuple of integers oy, o, ...,ax (not all zero) the sum

X - bin
I:Zaizaijn

i=1 n=1

is an irrational number. Suppose that / is a rational number. Now we will
continue in a natural and usual way. Let R be a maximal index such that oz # 0.
Then we have

Dy o3y e <y (3 s
1= ®; =" = o —— = . o 4 og |
o b ST e S ArRe \'T O dinbRo
Now (4) implies that the number
R—

bz ndR n

i +ar

a; ann

and the number ag have the same sign for every sufficiently large n. Without loss
of generality assume

K

bin
> =" 0 (16)
i=1

Aain

for every sufficiently large n. Since [ is a rational number there must be integers
2,4, (¢ >0) such that

K N-lp \ N-1 K
nLn
Cy= P—CIE OCIE Ilai,n
=1 =1 %in) 5C1 i

N-1 K K = p
:(1< Hai‘n> Zai f (17)
n=1 i=1 i= Ln

is a positive integer for every sufficiently large N. So (17) implies
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N-1 © )
<o TT1Tar) 231 s)

for every sufficiently large N, where Q; = ¢ max;—;__g|o;| is a positive integer
constant which does not depend on N. From (5) we obtaln

K N-1 K -
[Tan <2 (H al/’) DK=Ly oz )" (19)
n=1

n=1 i=1

N-1

for every sufficiently large N, where O, is a positive real constant which does not
depend on N. Then (18) and (19) imply

! ~ K o )
1< Q(H al,n> Z(K e 1 1032111 n ZZ al_‘n (20)
n=1 in

i=1 n=N

S

for every sufficiently large N, where Q is a positive real constant which does not
depend on N. Now the proof falls into several cases.

1. Let us assume that (11) holds for every sufficiently large » and there is a
0 > 0 such that

lim sup a]/(K+1+(>) = 0. (21)
n—oo

This implies that there exist infinitely many N such that

1/(K+1+6)*
>  max a]/15++).

1/(K+140)"
a,N
; k=1,..,N—1

It follows that

(22)

2+
<
%)
<
=
ry
\Y
VR
="
2
5
~__—
[
+
N
[3S)
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Lemma 2, (20) and (22) imply

K

N-1 K
1< Q(Hal,n> 2K-DES (ogara)* 3
n=1

i=1 n=N

N-1 Kyn_1 .
I | , 2(logy ai w)
= Q( al,n) 2<K71><1082a1,n) s
1 n=1

n= ap N

8
@'

l n

al}’l

(HN 1 al_n)K+§/2 N-1 2(K71)(10g2 a|_,,)x 2(10g2 a],N)y
=0 K7D/ (K+9) 32 ©0/2)/(K+0)
ap N n=1 1Ln ap N
o(log ai x)’

(6/2)/(K+0)
ay n

<

for infinitely many sufficiently large N. This is a contradiction for a sufficiently
large aj .

2. Let us assume that (11) holds for every sufficiently large » and there is no
0 > 0 such that (21) holds. From this we see that for every ¢ >0

ay, < 2(K+1+(5)" (23)

holds for every sufficiently large n. Let 0 be sufficiently small. Equation (1)
implies

k
) . max a%f,ﬁKﬂ) (24)

.....

|
7N
Pk
+
:N‘ —
~__
/N
p—
+
=
| Ll
—_
N~—
[ ]
S~
T
=
S
N
=
>
+

.....

2 L\ 1/k41)m
<1 + '2> Ao
Jj=no+1 J

o0 1 "
< H 1(1 +j—2>a117/,§0K+1> ‘< const.,

J=no+

IA
IA
—
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which contradicts (1). Hence

1 \KHD® 1/(K+1)k (k+D)*”
ay N > (1 +N2> (k_lr??)lsl_] a’'y )
N N-1
1 \&+D e VKRS )
(1 * N2> (klnlaxl Dk )

| \E+DY /N K
(1+N2> (1_[1 a17n> .

Using (20), Lemma 2 and (23) we obtain

N-1 K PR K & b
1< Q ] 2% pons 1 (log; ar,n) )
ICHECEEEE o

i=1 n=N "H"

S

o 2(10g2 al.N)T

N-1 K o
< Q H dl.n 2(K*1)Zn:1 (logya1, )=~ ~
n=1 ’ ay, N

H(K-DY," (logy a1,,)* 9 (logy a1 x)’

<0 7
(1+1/N2)&+D

(K- l)z !(log, 2(K+1+0)" ) 2log22(1<+1+r>'>"’)7
<P

2 (logy (14+1/N2))(K+1)"

» 2(K=DE5 (K+14+0)") " 9 (K+140)) Y

2 (logy (1+1/N2)(K+1)V
< P2K=D/(K+14+0) = 1)((K+140)") " +((K+140)") " = (logy (14+1/N?))(K+1)
for infinitely many N, where P is a positive real constant which does not depend
on N. This is a contradiction for a sufficiently large N and sufficiently small

positive real number 6.
3. Now let us assume that for infinitely many n

Aain < 2" (25)

and there is a 0 > 0 such that (21) holds. Let 4 be a sufficiently large positive
integer. From (21) we see that there exists n such that

al/(K+1+5)” S A (26)

1,n
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Let k be the least positive integer satisfying (26) and s be the greatest positive
integer less than k such that (25) holds. So
arg > A(K+l+(3)/‘ _ 2(10g2A)(K+1+(5)k. (27)
Then there is a positive integer n such that
all,/yEKHH)”

> 2. (28)

Let ¢ be the least positive integer greater than s such that (28) holds. It follows
that for every r=s,5+1,...,1—1

ar, < 2(K+1+6)" (29)
and

ay,, > 2K+ (30)
From (29) and (30) we obtain

ap, > 9 (K+149)" > 2(K+(s)((1<+1+(5>'*‘+(1<+1+(5)’*2+-~-+1)

—1 (K+0) —1 (K+0) / —(K+9)
. (Hzmw ) . (H) (H) o
n=1 n=1 n=1
The sequence {al,,,},‘f:1 is nondecreasing and a; ; < 2°. It follows that
Halyn < 2S2. (32>
n=1
Together with (31) this implies
—1 (K+9)
ar > 2(K+1+())’ > (H al,n) 2—(K+(5)s‘. (33)
n=1

Suppose that a;, is sufficiently large. From this and the fact that

lim x93~ (K-D(og x)* _
X—00

we obtain

-1 J/3
<H al_n> > 2K-DT oz ),
n=1
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This and (33) imply

(K+4/3)
ag{(f+é/3)/(1<+é) < D((K+9/3)/(K+3))( Y(K+1+0)" (H a n) 9= (K+9/3)s?

—1 K
- (H al,n) 2<K71)Z";11(10g2al'">127(K+5)s2. (34)
n=1

From Lemma 1 and Lemma 2 we obtain

K o K k-1 K «© log, a1,,)”
bl n bi,n bl n < g2a1.0)’" 1
Z. Z Qi n Z — a; + Z Za, " t T (35)
i=1 n=t i=1 n=t b i=1 n=k 1, 1,k

Now (20), (34) and (35) imply

K
1<Q Hal n K DX "llogzal” § @
=t Yin

i=

logyay ;)
< Q2UKHO/3)/(K+0) (K +140)' y (K +0)s° (2(°g2 L) _~_L>
a1, a1k

l 2 t 4
< (K+0/2/ (K4 (KH1+0)’ (M n L)
(W a
pllomar )’ H((K+/2/(K+o)(K+1+0)

< +
a(l(féz)/(lﬂé) a 15:1(

From this and (27) we obtain

plogyars)”  p((K+9/2)/(K+0))(K+1+9)’
< JOPTETS) T Bllom A)K+110)

and this is a contradiction for sufficiently large a;, and A.

4. Finally let us assume that for infinitely many n (25) holds and there is
no ¢ > 0 such that (21) holds. This implies that for every 6 > 0 and sufficiently
large n (23) holds. Let 0 be sufficiently small and A4 sufficiently large. From (1) we
obtain

al/ED" Sy (36)

1,n
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for infinitely many n. Let k be the least positive integer satisfying (36). Then

alﬁk>A<K+1)" o(log, A)(K+1)* (37)

Let s be the greatest positive integer less than k& such that (25) holds. The
equation (1) and Borel’s theorem imply (24) for infinitely many N. Let ¢ be the
least positive integer greater than s satisfying

1/(K+1)' 1 1/(K+1)
> (1) )
and
K+ 1 1/(K+1)!
/" < <1+r—2>j£?§§1 /! (39)
for every r=s+1,...,t— 1. From (39) we obtain
1/(K+1)" 1 1/(K+1)7
a,’, < <1 +r—2> j:gl.%)rifl a,’;

IA

1 1 j
<1 + —2> l+— ] max all/j(KH)J
r (r — 1) J=8yenr=2

r 1 B
< 1 (1+5)a " <

J=s+1

IA

where D < Hfil(l +1/j?) is a positive real constant which does not depend on 4
and k. It follows that

a, < D(K+l)' — 2(10gzD)(K+l)' (40)

for every r=s+1,...,t— 1. From this together with a; ; < 2* and the fact that
the sequence {a ,},_, is nondecreasing, we obtain

-1 K 5 K/ K
o) - (M) (T]
r=1 r=1 r=s+1

s K 1—1 X
< <H2s> (H 2(log2D)(K+l)'>
r=1

r=s+1

— 9 Ks?p(log D)(K+1)'=(K+1)*"") _ 5(logy D)(K+1)’ (41)

and
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2K-DY S logyar )" _ (K=Y, (logyar,)" (K=Y, (log ar p)”
< 2(K-1)Y (log 2) "y (K=Y, (log, 20082 PI(K=D")
— p(K=1)s* 5 (K=DY,"[., ((logs D)* (K+1)")
— 9(K=1)s* 5(K~1)(logy D)*(K+1)*'~(K+1)***1) /(K+1)*~1)
< 2B+ (42)

where E = (K — 1)(log, D)*/((K +1)* — 1) is a positive real constant which does
not depend on 7,k and A. Then (41) and (42) imply

-1 K
(H a]J) Z(Kfl)zf';}(logz a)” < 2(log2D)(K+1)12E(K+1)M < 2D(K+1)’. (43)

Notice that (37) and (40) also imply ¢ < k. Now from (38) with @; ; < 2* and the
fact that the sequence {a;,},_, is nondecreasing, we obtain

1K+ . | (K+1)!
ap ;> (1 —|——2> ( max al/<K+ ) )
t J=8,.,1—1

>K((K+1)tl+(K+1)'2+~~+(K+1)")

1 K i
Halh,) 2K (44)

As in the third case Lemma 1 and Lemma 2 imply (35) for our definition of the
number ¢.
Finally from (20), (23), (35), (37), (42), (43), (44) we obtain

~1 K K = .
1< 0 [Jarn] 2% VEmtozan

o\ y Slogar )
< Q Halﬁn Z(Kfl)znzl(l()gzal,n)x —+T
n=1 ape apry
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O[T} ar.,) K2K-DE, logarn)*pllogy . 0)”

n=1%l,n

ai, ¢

Q(Hl71 )KZ(Kfl)Z;;ll(logzal,n)’

n=1 ain

_l’_
B
ay i

Q2E(K+1)”2(10g2a1,,)7 QzD(K+1)'
- NED ke | aP
(1+1/¢%) 2 1k

Q2E(K+l)"’2(log2 2(K+1+0) )7 Q2D(K+l)[

(1+ l/lz)(K+1>’2*K’2 + 2(log, 4)B(K+1)*

D2E(K+1)" o (K+1+6)" 22D(K+1)’

IA

(1+ 1/[2)<K“V - (log, A)B(K+1)* "

Thus

1 < 22E(K+1)“‘+(K+1+5)*”7(log2(1+1/t2))(K+1)‘ Jr220(K+1)’7(log2A)B(K+1)".

This is a contradiction for a sufficiently large ¢,k and 4 and for sufficiently small
0. Now the proof of Theorem 5 is complete. O
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