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A GENERAL CRITERION FOR LINEARLY

UNRELATED SEQUENCES*

By

Jaroslav Hančl and Simona Sobková

Abstract. The main result of this paper is a general criterion for

linearly unrelated sequences which does not depend on divisibility.

A criterion for irrational sequences is presented as a consequence.

Applications and several examples are included.

1. Introduction

Irrationality is a special case of linear independence and many new results

on the irrationality of infinite series appeared after the second world war. For

instance the criteria of Erdős and Strauss [6], [7], of Oppenheim [13] and es-

pecially the result of Apery in [1] which proves the irrationality of xð3Þ. Most

of them depend on divisibility. The second wave of these papers comes from the

eighties and nineties of the last century. Among them let us mention Badea [2],

[3], Duverney [4] and Huttner [11]. Other results can be found in Nishioka’s book

[12], which contains a nice survey of Mahler theory. In 1975 Erdős defined the

irrationality of a sequence in [5] and this definition is generalized in the following

way.

Definition 1. Let fangyn¼1 be a sequence of positive real numbers. If for

every sequence fcngyn¼1 of positive integers the series

Xy
n¼1

1

ancn

is an irrational number, then the sequence fangyn¼1 is irrational. If fangyn¼1 is not

an irrational sequence, then it is a rational sequence.

AMS Class: 11J72

Key words and phrases: linear independence of series, sequences, irrationality.

* Supported by the grant no. 201/01/0471 of the Czech Grant Agency

Received December 13, 2001.

Revised September 11, 2002.



In the same paper Erdős proved the irrationality of the sequence f22 ngyn¼1

and also the following result.

Theorem 1. Let n1 < n2 < � � � be an infinite sequence of integers satisfying

lim
k!y

sup n
1=2k

k ¼ y

and

nk > k1þe

for some fixed e > 0 and k > k0ðeÞ. Then

a ¼
Xy
k¼1

1

nk

is an irrational number.

In 1993 in [9] Hančl proved.

Theorem 2. Let frngyn¼1 be a nondecreasing sequence of positive real numbers

such that limn!y rn ¼ y, let B be a positive integer, and let fangyn¼1, fbngyn¼1 be

sequences of positive integers such that

bnþ1 a rBn

and

an b r2n

n

holds for every large n. Then the series

A ¼
Xy
n¼1

bn

an

and the sequence fan=bngyn¼1 are irrational.

There is also a criterion for rational sequences.

Theorem 3. Let fangyn¼1 be a sequence of positive real numbers such that

limn!y supðlog2 log2 an=nÞ < 1. Then fangyn¼1 is a rational sequence.
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This theorem, together with the proof of a more general result, can be found

in [8]. Let us only note that the above sequence consists of positive real numbers.

The definition of linearly unrelated sequences was introduced in [10].

Definition 2. Let fai;ngyn¼1 ði ¼ 1; . . . ;KÞ be sequences of positive real

numbers. If for every sequence fcngyn¼1 of positive integers the numbers
Py

n¼1 1=

a1;ncn;
Py

n¼1 1=a2;ncn; . . . ;
Py

n¼1 1=aK;ncn, and 1 are linearly independent over

rational numbers, then the sequences fai;ngyn¼1 ði ¼ 1; . . . ;KÞ are linearly unre-

lated.

The same paper contains the following theorem.

Theorem 4. Let fai;ngyn¼1, fbi;ngyn¼1 ði ¼ 1; . . . ;K � 1Þ be sequences of posi-

tive integers and e > 0 such that

a1;nþ1

a1;n
b 2K n�1

; a1;n divides a1;nþ1

bi;n < 2K n�ð
ffiffi
2

p
þeÞ
ffiffi
n

p

; i ¼ 1; . . . ;K � 1

lim
n!y

ai;nbj;n

bi;naj;n
¼ 0 for all i; j ¼ 1; . . . ;K � 1; i > j

ai;n2
�K n�ð

ffiffi
2

p
þeÞ
ffiffi
n

p

< a1;n < ai;n2
K n�ð

ffiffi
2

p
þeÞ
ffiffi
n

p

; i ¼ 1; . . . ;K � 1

hold for every su‰ciently large natural number n. Then the sequences fai;n=bi;ngyn¼1

ði ¼ 1; . . . ;K � 1Þ are linearly unrelated.

However this criterion depends on divisibility. Theorem 5 in Section 2 does

not depend on arithmetical properties but only on the speed of convergence of

rational numbers.

2. Main Results

Theorem 5. Let K be a positive integer, a; e be positive real numbers such

that 0 < a < 1 and let fai;ngyn¼1, fbi;ngyn¼1 ði ¼ 1; . . . ;KÞ be sequences of positive

integers with fa1;ngyn¼1 nondecreasing, such that

lim
n!y

sup a
1=ðKþ1Þ n
1;n ¼ y ð1Þ

a1;n b n1þe ð2Þ
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bi;n a 2ðlog2 a1; nÞ a ; i ¼ 1; . . . ;K ð3Þ

lim
n!y

ai;nbj;n

bi;naj;n
¼ 0; i; j ¼ 1; . . . ;K ; i > j ð4Þ

ai;n2
�ðlog2 a1; nÞ a a a1;n a ai;n2ðlog2 a1; nÞ a ð5Þ

hold for every su‰ciently large n. Then the sequences fai;n=bi;ngyn¼1 ði ¼ 1; . . . ;KÞ
are linearly unrelated.

Theorem 6. Let a and e be positive real numbers such that 0 < a < 1 and let

fangyn¼1, fbngyn¼1 be sequences of positive integers with fangyn¼1 nondecreasing, such

that

lim
n!y

sup a1=2 n

n ¼ y;

an b n1þe

and

bn a 2ðlog2 anÞ
a

hold for every su‰ciently large n. Then the sequence fan=bngyn¼1 and the seriesPy
n¼1 bn=an are irrational.

This theorem is an immediate consequence of Theorem 5. It is enough to put

K ¼ 1, fa1;ngyn¼1 ¼ fangyn¼1 and fb1;ngyn¼1 ¼ fbngyn¼1.

Remark 1. It is clear that our Theorem 6 is a stronger result then Theorem

2 above (see [9] also) because the restrictions on an and bn ðn ¼ 1; . . .Þ are

weaker.

Remark 2. In Theorem 6 put bn ¼ 1 for each natural number n. Then we

obtain Erdős Theorem 1 above (see [5] also).

Open problem 1. Let M and K be positive integers. Are the sequences

fMðKþ1Þ n þ igyn¼1 ði ¼ 1; . . . ;KÞ linearly unrelated?

Open problem 2. Let M and S be positive integers such that M > 1. Is the

sequence fM 2 n þ Sgyn¼1 irrational?
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Example 1. Let ai;n ¼ n9 nþi þ 3n, bi;n ¼ n3 n þ i ði ¼ 1; 2; . . . ; 8Þ. Then the

sequences fai;n=bi;ngyn¼1 are linearly unrelated.

Example 2. The sequences

n2 n þ 3n

½n2 n=2 � þ 2n

� �y
n¼1

and

2n2 n þ n!

½3n23n=4 þ 5n23n=4 �

� �y
n¼1

where ½x� means the greatest integer less then or equal to x, are irrational

sequences.

3. Proofs

Lemma 1. Let K ; a; e and the sequences fai;ngyn¼1, fbi;ngyn¼1 ði ¼ 1; . . . ;KÞ
satisfy all conditions stated in Theorem 5. Then there is a positive real number

B ¼ BðK ; a; eÞ which does not depend on n such that

XK
i¼1

Xy
j¼0

bi;nþ j

ai;nþ j

<
1

aB
1;n

ð6Þ

holds for every su‰ciently large n.

Proof (of Lemma 1). From (3) and (5) we obtain

Xy
j¼0

bi;nþ j

ai;nþ j

a
Xy
j¼0

2ðlog2 a1; nþ jÞ a2ðlog2 a1; nþ jÞa

a1;nþ j

a
Xy
j¼0

2ðlog2 a1; nþ jÞb

a1;nþ j

ð7Þ

for every su‰ciently large n, where b ð1 > b > aÞ is a constant which does not

depend on n.

Now we have

Xy
j¼0

2ðlog2 a1; nþ jÞ b

a1;nþ j

¼
X

nþ j<a
1=ð1þeÞ
1; n

2ðlog2 a1; nþ jÞ b

a1;nþ j

þ
X

nþ jba
1=ð1þeÞ
1; n

2ðlog2 a1; nþ jÞ b

a1;nþ j

: ð8Þ

We will estimate the first summand in the right hand side of (8). The sequence

fa1;ngyn¼1 is nondecreasing and the function x�12ðlog2 xÞ
b

is decreasing for every

su‰ciently large x. It follows
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X
nþ j<a

1=ð1þeÞ
1; n

2ðlog2 a1; nþ jÞ b

a1;nþ j

a
2ðlog2 a1; nÞ b

a1;n
a

1=ð1þeÞ
1;n a

1

aB1

1;n

: ð9Þ

Here B1 ð0 < B1 < e=ð1 þ eÞÞ is a positive real number which does not depend

on n.

Now we will estimate the second summand in the right hand side of (8).

From (2) and the fact that the function x�12ðlog2 xÞ
b

is decreasing for every

su‰ciently large x we obtain

X
nþ jba

1=ð1þeÞ
1; n

2ðlog2 a1; nþ jÞb

a1;nþ j

a
X

nþ jba
1=ð1þeÞ
1; n

2ðlog2ðnþ jÞ1þeÞ b

ðnþ jÞ1þe
a

X
nþ jba

1=ð1þeÞ
1; n

1

ðnþ jÞ1þe=2

a

ðy
a

1=ð1þeÞ
1; n

dx

x1þe=3
a

1

ða1=ð1þeÞ
1;n Þe=4

¼ 1

aB2

1;n

; ð10Þ

where B2 ¼ e=4ð1 þ eÞ is a positive real constant which does not depend on n.

So (7), (8), (9) and (10) imply

XK
i¼1

Xy
j¼0

bi;nþ j

ai;nþ j

a
XK
i¼1

Xy
j¼0

2ðlog2 a1; nþ jÞ b

a1;nþ j

a
1

aB1

1;n

þ 1

aB2

1;n

 !
Ka

1

aB
1;n

;

where B ¼ 1=2 minðB1;B2Þ is a positive real constant which does not depend on

n and (6) follows. r

Lemma 2. Let K ; a; e and the sequences fai;ngyn¼1, fbi;ngyn¼1 ði ¼ 1; . . . ;KÞ
satisfy all conditions stated in Theorem 5 and instead of (2) we have

a1;n > 2n ð11Þ

for every su‰ciently large n. Then there is a real number g ð1 > g > aÞ such that

XK
i¼1

Xy
j¼0

bi;nþ j

ai;nþ j

a
2ðlog2 a1; nÞ g

a1;n
ð12Þ

holds for every su‰ciently large n.

Proof (of Lemma 2). As in the proof of Lemma 1 there is a positive real
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constant b ð1 > b > aÞ which does not depend on n such that (7) holds for every

su‰ciently large n. Then we have

Xy
j¼0

2ðlog2 a1; nþ jÞ b

a1;nþ j

¼
X

nþ j<log2 a1; n

2ðlog2 a1; nþ jÞ b

a1;nþ j

þ
X

nþ jblog2 a1; n

2ðlog2 a1; nþ jÞ b

a1;nþ j

: ð13Þ

We will estimate both sums in the right hand side of equation (13). For the first

summand, the facts that the sequence fa1;ngyn¼1 is nondecreasing and the function

x�12ðlog2 xÞ
b

is decreasing for every su‰ciently large x imply

X
nþ j<log2 a1; n

2ðlog2 a1; nþ jÞ b

a1;nþ j

a
2ðlog2 a1; nÞb log2 a1;n

a1;n
a

2ðlog2 a1; nÞg1

a1;n
; ð14Þ

where g1 ð1 > g1 > bÞ is a positive real constant which does not depend on n.

Now we will estimate the second summand of equation (13). From (11) and the

fact that the function x�12ðlog2 xÞ
b

is decreasing for su‰ciently large x we obtain

X
nþ jblog2 a1; n

2ðlog2 a1; nþ jÞ b

a1;nþ j

a
X

nþ jblog2 a1; n

2ðlog2 2 nþ jÞb

2nþ j
¼

X
jblog2 a1; n

1

2 j� j b

a
1

2log2 a1; n�ðlog2 a1; nÞb
Ca

2ðlog2 a1; nÞ g2

a1;n
; ð15Þ

where g2 ð1 > g2 > bÞ and C are positive real constants which does not depend

on n. Therefore (7), (13), (14) and (15) imply

XK
i¼1

Xy
j¼0

bi;nþ j

ai;nþ j

a
XK
i¼1

Xy
j¼0

2ðlog2 a1; nþ jÞ b

a1;nþ j

aK
2ðlog2 a1; nÞ g1

a1;n
þ 2ðlog2 a1; nÞ g2

a1;n

� �
a

2ðlog2 a1; nÞ g

a1;n

and here g ð1 > g > maxðg1; g2Þ > bÞ is a positive real constant which does not

depend on n. So (12) follows. r

Proof (of Theorem 5). Let fcngyn¼1 be a sequence of positive integers. Then

the sequences fai;ncngyn¼1 and fbi;ngyn¼1 ði ¼ 1; . . . ;KÞ also satisfy conditions (1)–

(5) and if in addition we reorder the sequence fa1;ncngyn¼1 to be nondecreasing

then the new sequence together with the relevant reordered sequences fai;ncngyn¼1

ði ¼ 1; . . . ;KÞ and fbi;ngyn¼1 ði ¼ 1; . . . ;KÞ will satisfy (1)–(5) also. It follows that

they will satisfy all conditions stated in Theorem 5. Thus it su‰ces to prove if
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K ; a; e and the sequences fai;ngyn¼1, fbi;ngyn¼1 ði ¼ 1; . . . ;KÞ satisfy all conditions

stated in Theorem 5 then the numbers
Py

n¼1 b1;n=a1;n; . . . ;
Py

n¼1 bK;n=aK;n and the

number 1 are linearly independent over the rational numbers. To establish this we

will prove that for every K-tuple of integers a1; a2; . . . ; aK (not all zero) the sum

I ¼
XK
i¼1

ai
Xy
n¼1

bi;n

ai;n

is an irrational number. Suppose that I is a rational number. Now we will

continue in a natural and usual way. Let R be a maximal index such that aR 0 0.

Then we have

I ¼
XK
i¼1

ai
Xy
n¼1

bi;n

ai;n
¼
Xy
n¼1

XR
i¼1

ai
bi;n

ai;n
¼
Xy
n¼1

bR;n

aR;n

XR�1

i¼1

ai
bi;naR;n

ai;nbR;n
þ aR

 !
:

Now (4) implies that the number

XR�1

i¼1

ai
bi;naR;n

ai;nbR;n
þ aR

and the number aR have the same sign for every su‰ciently large n. Without loss

of generality assume

XK
i¼1

ai
bi;n

ai;n
> 0 ð16Þ

for every su‰ciently large n. Since I is a rational number there must be integers

p; q, ðq > 0Þ such that

I ¼ p

q
¼
XK
i¼1

ai
Xy
n¼1

bi;n

ai;n
:

From this and (16) we obtain that

CN ¼ p� q
XK
i¼1

ai
XN�1

n¼1

bi;n

ai;n

 ! YN�1

n¼1

YK
i¼1

ai;n

¼ q
YN�1

n¼1

YK
i¼1

ai;n

 !XK
i¼1

ai
Xy
n¼N

bi;n

ai;n
ð17Þ

is a positive integer for every su‰ciently large N. So (17) implies
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1aQ1

YN�1

n¼1

YK
i¼1

ai;n

 !XK
i¼1

Xy
n¼N

bi;n

ai;n
ð18Þ

for every su‰ciently large N, where Q1 ¼ q maxi¼1;...;K jaij is a positive integer

constant which does not depend on N. From (5) we obtain

YN�1

n¼1

YK
i¼1

ai;n aQ2

YN�1

n¼1

a1;n

 !K
2ðK�1ÞTN�1

n¼1 ðlog2 a1; nÞa ð19Þ

for every su‰ciently large N, where Q2 is a positive real constant which does not

depend on N. Then (18) and (19) imply

1aQ
YN�1

n¼1

a1;n

 !K
2ðK�1ÞTN�1

n¼1 ðlog2 a1; nÞ a
XK
i¼1

Xy
n¼N

bi;n

ai;n
ð20Þ

for every su‰ciently large N, where Q is a positive real constant which does not

depend on N. Now the proof falls into several cases.

1. Let us assume that (11) holds for every su‰ciently large n and there is a

d > 0 such that

lim
n!y

sup a
1=ðKþ1þdÞn
1;n ¼ y: ð21Þ

This implies that there exist infinitely many N such that

a
1=ðKþ1þdÞN
1;N > max

k¼1;...;N�1
a

1=ðKþ1þdÞk
1;k :

It follows that

a1;N > max
k¼1;...;N�1

a
1=ðKþ1þdÞk
1;k

� �ðKþ1þdÞN

> max
k¼1;...;N�1

a
1=ðKþ1þdÞk
1;k

� �ðKþdÞððKþ1þdÞN�1þðKþ1þdÞN�2þ���þ1Þ

>
YN�1

n¼1

a1;n

 !Kþd

:

From this we obtain

a
ðKþd=2Þ=ðKþdÞ
1;N >

YN�1

n¼1

a1;n

 !Kþd=2

: ð22Þ
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Lemma 2, (20) and (22) imply

1aQ
YN�1

n¼1

a1;n

 !K
2ðK�1ÞTN�1

n¼1 ðlog2 a1; nÞ a
XK
i¼1

Xy
n¼N

bi;n

ai;n

aQ
YN�1

n¼1

a1;n

 !KYN�1

n¼1

2ðK�1Þðlog2 a1; nÞ a 2ðlog2 a1;N Þ g

a1;N

¼ Q
ð
QN�1

n¼1 a1;nÞKþd=2

a
ðKþd=2Þ=ðKþdÞ
1;N

YN�1

n¼1

2ðK�1Þðlog2 a1; nÞ a

a
d=2
1;n

 !
2ðlog2 a1;N Þ g

a
ðd=2Þ=ðKþdÞ
1;N

<
2ðlog2 a1;N Þ g

a
ðd=2Þ=ðKþdÞ
1;N

for infinitely many su‰ciently large N. This is a contradiction for a su‰ciently

large a1;n.

2. Let us assume that (11) holds for every su‰ciently large n and there is no

d > 0 such that (21) holds. From this we see that for every d > 0

a1;n < 2ðKþ1þdÞ n ð23Þ

holds for every su‰ciently large n. Let d be su‰ciently small. Equation (1)

implies

a
1=ðKþ1ÞN
1;N > 1 þ 1

N 2

� �
max

k¼1;...;N�1
a

1=ðKþ1Þk
1;k ð24Þ

for infinitely many N otherwise there exists n0 such that for every nb n0

a
1=ðKþ1Þn
1;n a 1 þ 1

n2

� �
max

k¼1;...;n�1
a

1=ðKþ1Þk
1;k

a 1 þ 1

n2

� �
1 þ 1

ðn� 1Þ2

 !
max

k¼1;...;n�2
a

1=ðKþ1Þk
1;k

a � � �a
Yn

j¼n0þ1

1 þ 1

j2

� �
a

1=ðKþ1Þn0

1;n0

a
Yy

j¼n0þ1

1 þ 1

j2

� �
a

1=ðKþ1Þn0

1;n0
< const:;
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which contradicts (1). Hence

a1;N > 1 þ 1

N 2

� �ðKþ1ÞN

max
k¼1;...;N�1

a
1=ðKþ1Þk
1;k

� �ðKþ1ÞN

> 1 þ 1

N 2

� �ðKþ1ÞN

max
k¼1;...;N�1

a
1=ðKþ1Þk
1;k

� �KððKþ1ÞN�1þ���þ1Þ

> 1 þ 1

N 2

� �ðKþ1ÞN YN�1

n¼1

a1;n

 !K
:

Using (20), Lemma 2 and (23) we obtain

1aQ
YN�1

n¼1

a1;n

 !K
2ðK�1ÞTN�1

n¼1 ðlog2 a1; nÞ a
XK
i¼1

Xy
n¼N

bi;n

ai;n

aQ
YN�1

n¼1

a1;n

 !K
2ðK�1ÞTN�1

n¼1 ðlog2 a1; nÞ a 2ðlog2 a1;N Þ g

a1;N

< Q
2ðK�1ÞTN�1

n¼1 ðlog2 a1; nÞa2ðlog2 a1;N Þ g

ð1 þ 1=N 2ÞðKþ1ÞN

< P
2ðK�1ÞTN�1

n¼1 ðlog2 2ðKþ1þdÞn Þ a2ðlog2 2ðKþ1þdÞN Þ g

2ðlog2ð1þ1=N 2ÞÞðKþ1ÞN

¼ P
2ðK�1ÞTN�1

n¼1 ððKþ1þdÞ aÞ n2ððKþ1þdÞ gÞN

2ðlog2ð1þ1=N 2ÞÞðKþ1ÞN

aP2ðK�1Þ=ððKþ1þdÞ a�1ÞððKþ1þdÞaÞNþððKþ1þdÞ gÞN�ðlog2ð1þ1=N 2ÞÞðKþ1ÞN

for infinitely many N, where P is a positive real constant which does not depend

on N. This is a contradiction for a su‰ciently large N and su‰ciently small

positive real number d.

3. Now let us assume that for infinitely many n

a1;n a 2n ð25Þ

and there is a d > 0 such that (21) holds. Let A be a su‰ciently large positive

integer. From (21) we see that there exists n such that

a
1=ðKþ1þdÞ n
1;n > A: ð26Þ
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Let k be the least positive integer satisfying (26) and s be the greatest positive

integer less than k such that (25) holds. So

a1;k > AðKþ1þdÞk ¼ 2ðlog2 AÞðKþ1þdÞk : ð27Þ

Then there is a positive integer n such that

a
1=ðKþ1þdÞ n
1;n > 2: ð28Þ

Let t be the least positive integer greater than s such that (28) holds. It follows

that for every r ¼ s; sþ 1; . . . ; t� 1

a1; r < 2ðKþ1þdÞ r ð29Þ

and

a1; t > 2ðKþ1þdÞ t : ð30Þ

From (29) and (30) we obtain

a1; t > 2ðKþ1þdÞ t > 2ðKþdÞððKþ1þdÞ t�1þðKþ1þdÞ t�2þ���þ1Þ

>
Yt�1

n¼1

2ðKþ1þdÞ n
 !ðKþdÞ

>
Yt�1

n¼1

a1;n

 !ðKþdÞ Ys
n¼1

a1;n

 !�ðKþdÞ

: ð31Þ

The sequence fa1;ngyn¼1 is nondecreasing and a1; s a 2s. It follows that

Ys
n¼1

a1;n < 2s2

: ð32Þ

Together with (31) this implies

a1; t > 2ðKþ1þdÞ t >
Yt�1

n¼1

a1;n

 !ðKþdÞ

2�ðKþdÞs2

: ð33Þ

Suppose that a1; t is su‰ciently large. From this and the fact that

lim
x!y

xd=32�ðK�1Þðlog2 xÞ
a

¼ y

we obtain

Yt�1

n¼1

a1;n

 !d=3

b 2ðK�1ÞT t�1
n¼1ðlog2 a1; nÞ a :
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This and (33) imply

a
ðKþd=3Þ=ðKþdÞ
1; t > 2ððKþd=3Þ=ðKþdÞÞðKþ1þdÞ t >

Yt�1

n¼1

a1;n

 !ðKþd=3Þ

2�ðKþd=3Þs2

>
Yt�1

n¼1

a1;n

 !K
2ðK�1ÞT t�1

n¼1ðlog2 a1; nÞa2�ðKþdÞs2

: ð34Þ

From Lemma 1 and Lemma 2 we obtain

XK
i¼1

Xy
n¼t

bi;n

ai;n
¼
XK
i¼1

Xk�1

n¼t

bi;n

ai;n
þ
XK
i¼1

Xy
n¼k

bi;n

ai;n
a

2ðlog2 a1; tÞ g

a1; t
þ 1

aB
1;k

: ð35Þ

Now (20), (34) and (35) imply

1aQ
Yt�1

n¼1

a1;n

 !K
2ðK�1ÞT t�1

n¼1ðlog2 a1; nÞ a
XK
i¼1

Xy
n¼t

bi;n

ai;n

aQ2ððKþd=3Þ=ðKþdÞÞðKþ1þdÞ t2ðKþdÞs2 2ðlog2 a1; tÞ g

a1; t
þ 1

aB
1;k

 !

a 2ððKþd=2Þ=ðKþdÞÞðKþ1þdÞ t 2ðlog2 a1; tÞ g

a1; t
þ 1

aB
1;k

 !

a
2ðlog2 a1; tÞ g

a
ðd=2Þ=ðKþdÞ
1; t

þ 2ððKþd=2Þ=ðKþdÞÞðKþ1þdÞ t

aB
1;k

:

From this and (27) we obtain

1a
2ðlog2 a1; tÞ g

a
ðd=2Þ=ðKþdÞ
1; t

þ 2ððKþd=2Þ=ðKþdÞÞðKþ1þdÞ t

2Bðlog2 AÞðKþ1þdÞk

and this is a contradiction for su‰ciently large a1; t and A.

4. Finally let us assume that for infinitely many n (25) holds and there is

no d > 0 such that (21) holds. This implies that for every d > 0 and su‰ciently

large n (23) holds. Let d be su‰ciently small and A su‰ciently large. From (1) we

obtain

a
1=ðKþ1Þ n
1;n > A ð36Þ
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for infinitely many n. Let k be the least positive integer satisfying (36). Then

a1;k > AðKþ1Þk ¼ 2ðlog2 AÞðKþ1Þk : ð37Þ

Let s be the greatest positive integer less than k such that (25) holds. The

equation (1) and Borel’s theorem imply (24) for infinitely many N. Let t be the

least positive integer greater than s satisfying

a
1=ðKþ1Þ t
1; t > 1 þ 1

t2

� �
max

j¼s;...; t�1
a

1=ðKþ1Þ j

1; j ð38Þ

and

a
1=ðKþ1Þ r
1; r a 1 þ 1

r2

� �
max

j¼s;...; r�1
a

1=ðKþ1Þ j

1; j ð39Þ

for every r ¼ sþ 1; . . . ; t� 1. From (39) we obtain

a
1=ðKþ1Þ r
1; r a 1 þ 1

r2

� �
max

j¼s;...; r�1
a

1=ðKþ1Þ j

1; j

a 1 þ 1

r2

� �
1 þ 1

ðr� 1Þ2

 !
max

j¼s;...; r�2
a

1=ðKþ1Þ j

1; j

a � � �a
Yr
j¼sþ1

1 þ 1

j2

� �
a

1=ðKþ1Þ s
1; s aD;

where D <
Qy

j¼1ð1 þ 1=j2Þ is a positive real constant which does not depend on A

and k. It follows that

a1; r aDðKþ1Þ r ¼ 2ðlog2 DÞðKþ1Þ r ð40Þ

for every r ¼ sþ 1; . . . ; t� 1. From this together with a1; s < 2s and the fact that

the sequence fa1;ngyn¼1 is nondecreasing, we obtain

Yt�1

r¼1

a1; r

 !K
¼

Ys
r¼1

a1; r

 !K Yt�1

r¼sþ1

a1; r

 !K

a
Ys
r¼1

2s

 !K Yt�1

r¼sþ1

2ðlog2 DÞðKþ1Þ r
 !K

¼ 2Ks2

2ðlog2 DÞððKþ1Þ t�ðKþ1Þ sþ1Þ
a 2ðlog2 DÞðKþ1Þ t ð41Þ

and
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2ðK�1ÞT t�1
r¼1ðlog2 a1; rÞa ¼ 2ðK�1ÞT s

r¼1ðlog2 a1; rÞ a2ðK�1ÞT t�1
r¼sþ1ðlog2 a1; rÞa

a 2ðK�1ÞT s

r¼1ðlog2 2 sÞ a2ðK�1ÞT t�1
r¼sþ1ðlog2 2ðlog2 DÞðKþ1Þ r Þ a

¼ 2ðK�1Þs aþ1

2ðK�1ÞT t�1
r¼sþ1ððlog2 DÞ aðKþ1ÞarÞ

¼ 2ðK�1Þs aþ1

2ðK�1Þðlog2 DÞ aððKþ1Þ at�ðKþ1Þaðsþ1ÞÞ=ððKþ1Þ a�1Þ

a 2EðKþ1Þ at ; ð42Þ

where E ¼ ðK � 1Þðlog2 DÞa=ððK þ 1Þa � 1Þ is a positive real constant which does

not depend on t; k and A. Then (41) and (42) imply

Yt�1

r¼1

a1; r

 !K
2ðK�1ÞT t�1

r¼1ðlog2 a1; rÞa a 2ðlog2 DÞðKþ1Þ t2EðKþ1Þat
a 2DðKþ1Þ t : ð43Þ

Notice that (37) and (40) also imply ta k. Now from (38) with a1; s a 2s and the

fact that the sequence fa1;ngyn¼1 is nondecreasing, we obtain

a1; t > 1 þ 1

t2

� �ðKþ1Þ t

max
j¼s;...; t�1

a
1=ðKþ1Þ j

1; j

� �ðKþ1Þ t

> 1 þ 1

t2

� �ðKþ1Þ t

max
j¼s;...; t�1

a
1=ðKþ1Þ j

1; j

� �KððKþ1Þ t�1þðKþ1Þ t�2þ���þðKþ1Þ sÞ

> 1 þ 1

t2

� �ðKþ1Þ t Yt�1

j¼1

a1; j

 !K Ys�1

j¼1

a1; j

 !�K

> 1 þ 1

t2

� �ðKþ1Þ t Yt�1

j¼1

a1; j

 !K
2�Kt2

: ð44Þ

As in the third case Lemma 1 and Lemma 2 imply (35) for our definition of the

number t.

Finally from (20), (23), (35), (37), (42), (43), (44) we obtain

1aQ
Yt�1

n¼1

a1;n

 !K
2ðK�1ÞT t�1

n¼1ðlog2 a1; nÞa
XK
i¼1

Xy
n¼t

bi;n

ai;n

aQ
Yt�1

n¼1

a1;n

 !K
2ðK�1ÞT t�1

n¼1ðlog2 a1; nÞa 2ðlog2 a1; tÞ g

a1; t
þ 1

aB
1;k

 !
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¼ Qð
Q t�1

n¼1 a1;nÞK2ðK�1ÞT t�1
n¼1ðlog2 a1; nÞa2ðlog2 a1; tÞ g

a1; t

þQð
Q t�1

n¼1 a1;nÞK2ðK�1ÞT t�1
n¼1ðlog2 a1; nÞa

aB
1;k

a
Q2EðKþ1Þ at2ðlog2 a1; tÞ g

ð1 þ 1=t2ÞðKþ1Þ t2�Kt2
þQ2DðKþ1Þ t

aB
1;k

a
Q2EðKþ1Þat2ðlog2 2ðKþ1þdÞ t Þ g

ð1 þ 1=t2ÞðKþ1Þ t2�Kt2
þ Q2DðKþ1Þ t

2ðlog2 AÞBðKþ1Þk

a
22EðKþ1Þ at2ðKþ1þdÞ gt

ð1 þ 1=t2ÞðKþ1Þ t
þ 22DðKþ1Þ t

2ðlog2 AÞBðKþ1Þk
:

Thus

1a 22EðKþ1Þ atþðKþ1þdÞ gt�ðlog2ð1þ1=t2ÞÞðKþ1Þ t þ 22DðKþ1Þ t�ðlog2 AÞBðKþ1Þk :

This is a contradiction for a su‰ciently large t; k and A and for su‰ciently small

d. Now the proof of Theorem 5 is complete. r
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