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MULTI-DIMENSIONAL STABLE DISTRIBUTIONS
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Seiji Hiraba

1. Introduction and Results

Let mðdxÞ be a stable distribution on Rd with exponent 0 < a < 2. Its log-

characteristic function CðzÞ :¼ log
Ð
Rd eixzmðdxÞ ði ¼

ffiffiffiffiffiffiffi
�1

p
Þ is given by the fol-

lowing:

CðzÞ ¼
�
ð
Sd�1

jhz; yija 1 � iðsgnhz; yiÞ tan
pa

2

� �
lðdyÞ þ ihz; bi ða0 1Þ;

�
ð
Sd�1

jhz; yij 1 þ i
2

p
ðsgnhz; yiÞ logjhz; yij

� �
lðdyÞ þ ihz; bi ða ¼ 1Þ;

8>>><
>>>:

where hz; yi ¼
Pd

j¼1 zjyj for z ¼ ðz1; . . . ; zdÞ, y ¼ ðy1; . . . ; ydÞ, ‘‘sgn x’’ is the sign

function, i.e., sgn x ¼ 1 ðx > 0Þ, ¼ 0 ðx ¼ 0Þ, ¼ �1 ðx < 0Þ, lðdyÞ is a finite

measure on Sd�1 and b A Rd . Moreover if m is non-degenerate, then m has a Cy-

density function pðxÞ with respect to the Lebesgue measure dx, i.e., mðdxÞ ¼
pðxÞ dx and

pðxÞ ¼ 1

ð2pÞd
ð
Rd

exp½�ihx; ziþCðzÞ� dz:ð1:1Þ

The non-degeneracy of m means Span Spt m ¼ Rd and it is equivalent to

Span Spt l ¼ Rd , where Spt m (resp. Spt l) is a support of m (resp. l) and for a set

SHRd , Span S is a linear subspace of Rd spanned by S (cf. [3]).

In the present paper we would like to investigate the asymptotic behavior

of pðrsÞ as r ! y for each direction s A Sd�1 under the following assumption.

Assumption 1. Let b ¼ 0. For some number mb 0,

Spt l ¼ fsð1Þ; sð2Þ; . . . ; sðdþmÞgHSd�1 and Span Spt l ¼ Rd ;

that is, the support of l is only finitely many points which linearly spans Rd .
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Note that we always denote vectors as sð jÞ ¼ ðsð jÞ1 ; . . . ; s
ð jÞ
d Þ.

In the one-dimensional case the asymptotic behavior of pðyÞ as y !Gy

is well-known as follows. If l has mass at fþ1g, then pðyÞ@CðaÞy�1�a as

y ! þy, with some constant CðaÞ > 0 which is determined by a and lðfG1gÞ.
Also if l does not have mass at f�1g, then pðyÞ ¼ 0 if and only if ya 0 and

0 < a < 1. Moreover

a ¼ 1 ) pðyÞ@ 1

2
ffiffiffiffiffi
ce

p exp
pjyj
4c

� 2c

pe
exp

pjyj
2c

� �� �
ðy ! �yÞ;

1 < a < 2 ) pðyÞ@CðaÞ0jyjð2�aÞ=ð2a�2Þ exp½�gjyja=ða�1Þ� ðy ! �yÞ;

where constants CðaÞ0; c; g > 0 are determined by a and lðf�1gÞ (cf. [2]).

Note that for positive functions f ðrÞ; gðrÞ of rb 1, f ðrÞ@ gðrÞ ðr ! yÞ means

limr!y f ðrÞ=gðrÞ ¼ 1.

In the two-dimensional case and in some special cases of three-dimension, we

gave the asymptotic behavior of pðrsÞ in [1].

In this paper we give the asymptotic behavior of pðrsÞ in the general di-

mension db 1. For each n ¼ 1; 2; . . . ; d, let

SðnÞ :¼
Xn
s¼1

ass
ð jsÞ; as b 0; js ¼ 1; 2; . . . ; d þm ðs ¼ 1; 2; . . . ; nÞ

( )
VSd�1

and

TðnÞ :¼ SðnÞnSðn� 1Þ with Sð0Þ :¼ q:

That is, s A TðnÞ means s can be expressed by a linear sum of just n-number

of independent vectors of Tð1Þ ¼ Sð1Þ ¼ fsð1Þ; sð2Þ; . . . ; sðdþmÞg with positive co-

e‰cients and it can not be by less than n-number of independent vectors with

positive coe‰cients (note that s may be also expressed by more than n-number of

independent vectors with positive coe‰cients).

Let Int SðdÞ denote the interior of SðdÞ in Sd�1 and for rb 1,

haðrÞ :¼
exp

pr

4
� 2

pe
exp

pr

2

� �� �
ða ¼ 1Þ;

rð2�aÞ=ð2a�2Þ exp½�ra=ða�1Þ� ð1 < a < 2Þ:

8><
>:

Theorem 1. Under Assumption 1, the following hold with some constants

Cða; sÞ > 0, 0 < C1 aC2, g1 > g2 > 0 which are independent of rb 1.

(i) Let 0 < a < 1. If s A TðnÞV Int SðdÞ for some n ¼ 1; . . . ; d, then pðrsÞ@
Cða; sÞr�nð1þaÞ as r ! y. If s B Int SðdÞ, then pðrsÞ ¼ 0 for all rb 0.
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(ii) Let 1a a < 2. If s A TðnÞ for some n ¼ 1; . . . ; d, then pðrsÞ@
Cða; sÞr�nð1þaÞ as r ! y. If s B SðdÞ, then C1haðg1rÞa pðrsÞaC2haðg2rÞ for all

rb 1.

It is possible to determine the constant Cða; sÞ exactly. We shall give a more

detailed result at the end of the next section (see Theorem 2). From the above

result the following is immediately obtained.

Corollary 1. If SðdÞ ¼ Sd�1 and s A TðnÞ for some n ¼ 1; . . . ; d, then

pðrsÞ@Cða; sÞr�nð1þaÞ as r ! y.

2. Further Results

Let eð jÞ be the unit vector in xj-axis direction ð j ¼ 1; . . . ; dÞ. Adding to

Assumption 1, we may suppose fsð1Þ; sð2Þ; . . . ; sðdÞg linearly spans Rd and there is

a d � d-regular matrix Q such that sð jÞ ¼ Qeð jÞ, by changing the order of fsð jÞ;

j ¼ 1; 2; . . . ; d þmg if necessary, where we regard sð jÞ; eð jÞ as column vectors (Q

is given by Q ¼ ðsð1Þ � � � sðdÞÞ). Let

pQðxÞ :¼ jdet QjpðQxÞ; or equivalently; pðxÞ ¼ jdet Qj�1
pQðQ�1xÞ:

If we denote

CðzÞ ¼ ClðzÞ ¼
ð
Sd�1

F ðhz; yiÞlðdyÞ

with a suitable function F , and let tQ be a transposed matrix of Q, then

the log-characteristic function CQðzÞ of pQðxÞ is given by ClðtQ�1zÞ ¼ ClQðzÞ,
where lQðdyÞ ¼ lðQ dyÞ on Q�1ðSd�1Þ. Thus Spt lQ contains eð jÞ ¼ Q�1sð jÞ

ð j ¼ 1; . . . ; dÞ. In fact,

ð2pÞd pQðxÞ ¼ jdet Qj
ð
Rd

exp½�ihQx; ziþClðzÞ� dz

¼ jdet Qj
ð
Rd

exp½�ihx; tQziþClðzÞ� dz

¼
ð
Rd

exp½�ihx;wiþClðtQ�1wÞ� dw:

Moreover by h tQ�1w; yi ¼ hw;Q�1yi we have

ClðtQ�1wÞ ¼
ð
Sd�1

F ðhw;Q�1yiÞlðdyÞ ¼
ð
Q�1ðSd�1Þ

Fðhw; ~yyiÞlðQ d ~yyÞ ¼ ClQðwÞ:
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This implies CQ ¼ ClQ . Therefore our results are invariant for regular linear

transformations Q by changing Sd�1 to Q�1ðSd�1Þ.
For each j ¼ 1; 2; . . . ; d þm and t A R, let

CjðtÞ ¼
�lðfsð jÞgÞjtja 1 � iðsgn tÞ tan

pa

2

� �
ða0 1Þ;

�lðfsð jÞgÞjtj 1 þ i
2

p
ðsgn tÞ logjtj

� �
ða ¼ 1Þ:

8>>><
>>>:

and let pjðyÞ be the one-dimensional a-stable density corresponding to CjðtÞ.
Then pjðyÞ is a Cy function satisfying the following: pjðyÞ@CjðaÞy�1�a as y !
þy. pjðyÞ ¼ 0 if and only if ya 0, 0 < a < 1. Moreover

a ¼ 1 ) pjðyÞ@
1

2
ffiffiffiffiffiffi
cje

p exp
pjyj
4cj

� 2cj
pe

exp
pjyj
2cj

� �� �
ðy ! �yÞ;

1 < a < 2 ) pjðyÞ@CjðaÞ0jyjð2�aÞ=ð2a�2Þ exp½�gjjyj
a=ða�1Þ� ðy ! �yÞ:

Here constants CjðaÞ;CjðaÞ0; cj ; gj > 0 are determined by a and lðfsð jÞgÞ.
Let pðdÞðxÞ :¼ p1ðx1Þ � � � pdðxdÞ for x ¼ ðx1; . . . ; xdÞ. If m ¼ 0, then pQðxÞ ¼

pðdÞðxÞ. If mb 1, then by CQðzÞ ¼
Pdþm

j¼1 Cjðhz;Q�1sð jÞiÞ we have

pQðxÞ ¼
ðy
�y

dy1 � � �
ðy
�y

dymp
ðdÞðx� y1Q

�1sðdþ1Þ � � � �ð2:1Þ

� ymQ
�1sðdþmÞÞpdþ1ðy1Þ � � � pdþmðymÞ:

In fact, in general, if ~ppðxÞ is a d-dimensional density with a log-characteristic

function ~CCðzÞ :¼ CQðzÞ �Cjðhz;Q�1sð jÞiÞ, then

ð2pÞdpQðxÞ ¼
ð
Rd

exp½�ihx; ziþCQðzÞ� dz

¼
ð
Rd

exp½�ihx; ziþ ~CCðzÞ� exp½Cjðhz; ;Q�1sð jÞiÞ� dz

¼
ð
Rd

exp½�ihx; ziþ ~CCðzÞ�
ðy
�y

exp½iyhz;Q�1sð jÞi�pjðyÞ dy
� �

dz

¼
ðy
�y

dy

ð
Rd

exp½�ihx� yQ�1sð jÞ; ziþ ~CCðzÞ�pjðyÞ dz

¼ ð2pÞd
ðy
�y

~ppðx� yQ�1sð jÞÞpjðyÞ dy:

Hence we have (2.1).
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When s A TðnÞ, we define a family of indexes

JðnÞ :¼
�
f j1; . . . ; jngH f1; . . . ; d þmg; s ¼ a1s

ð j1Þ þ � � � þ ans
ð jnÞ;

as > 0 ðs ¼ 1; . . . ; nÞ; fsð j1Þ; . . . ; sð jnÞg are linearly independent
�
:

For each f j1; . . . ; jng A JðnÞ, we always fix fsð jnþ1Þ; . . . ; sð jd Þg such that fsð j1Þ; . . . ;

sð jd Þg is a basis of Rd and a d � d-matrix Qj1;...; jn such that Qj1;...; jne
ðisÞ ¼ sð jsÞ

ðs ¼ 1; . . . ; dÞ, where ði1; . . . ; idÞ is a permutation of ð1; . . . ; dÞ. Moreover if n < d,

then let

C?
j1;...; jn

ðzinþ1
; . . . ; zid Þ :¼CQj1 ;...; jn

ðw1; . . . ;wdÞ with wi ¼ zis ði ¼ isÞ; wi ¼ 0 ði0 isÞ

and p?j1;...; jnðxinþ1
; . . . ; xid Þ be a ðd � nÞ-dimensional stable density corresponding to

C?
j1;...; jn

. It is expressed byðy
�y

dy1pjdþ1
ðy1Þ � � �

ðy
�y

dym pjdþm
ðymÞ

� pjnþ1
xinþ1

�
Xm
s¼1

ysx
ð jdþsÞ
inþ1

 !
� � � pjd xid �

Xm
s¼1

ysx
ð jdþsÞ
id

 !
;

where f jdþ1; . . . ; jdþmg :¼ f1; . . . ; d þmgnf j1; . . . ; jdg and xð jdþsÞ :¼ Rsð jdþsÞ A Rd

with R ¼ Q�1
j1;...; jn

. We also set p?j1;...; jd ð0; . . . ; 0Þ :¼ 1. Now we state a more detailed

result than Theorem 1 in case of s A TðnÞ.

Theorem 2. Let s A TðnÞ (and s A Int SðdÞ if 0 < a < 1). It holds that

pðrsÞ@
X

f j1;...; jng A JðnÞ
jdet Qj1;...; jn j

�1
pj1ðra1Þ � � � pjnðranÞp?j1;...; jnð0; . . . ; 0Þ

as r ! y, where each p?j1;...; jnð0; . . . ; 0Þ is positive and ða1; . . . ; anÞ is determined

by s ¼
Pn

s¼1 ass
ð jsÞ such that as > 0 ðs ¼ 1; . . . ; nÞ.

3. Proofs of Theorems

Adding Assumption 1, we may also assume ðsð1Þ; . . . ; sðdÞÞ ¼ ðeð1Þ; . . . ; eðdÞÞ
and mb 1. For simplicity, let hð jÞ :¼ sðdþ jÞ ð j ¼ 1; . . . ;mÞ. Then by (2.1) with

Q ¼ Ed (the d � d-unit matrix) we have

pðxÞ ¼
ðy
�y

dy1 � � �
ðy
�y

dymp
ðdÞðx� y1h

ð1Þ � � � � � ymh
ðmÞÞ

� pdþ1ðy1Þ � � � pdþmðymÞ;

where pðdÞðxÞ ¼ p1ðx1Þ � � � pdðxdÞ for x ¼ ðx1; . . . ; xdÞ.
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We first show the latter half of each result of (i) and (ii) in Theorem 1.

Proposition 1. Let SðdÞ0Sd�1.

(i) If 0 < a < 1 and s B Int SðdÞ, then pðrsÞ ¼ 0 for rb 0.

(ii) If 1a a < 2 and s B SðdÞ, then C1haðg1rÞa pðrsÞaC2haðg2rÞ for all

rb 1, where 0 < C1 aC2 < y, g1 > g2 > 0 are independent of rb 1.

Proof. Since eð1Þ; . . . ; eðdÞ A SðdÞ0Sd�1 and s B IntSðdÞ, there is a number

i0 ¼ 1; . . . ; d such that si0 a 0 and we may assume that SðdÞH fy A Sd�1; yi0 b 0g
by using a regular linear transformation if necessary. For simplicity, let i0 ¼ 1.

Hence h
ð jÞ
1 b 0 ð j ¼ 1; . . . ;mÞ. Moreover s B SðdÞ implies s1 < 0.

(i) Let 0 < a < 1. If s B Int SðdÞ, then s1 a 0. By pjðyÞ ¼ 0 ðya 0Þ for

every j,

pðrsÞ ¼
ðy

0

dy1 � � �
ðy

0

dym p
ðdÞðrs� y1h

ðdþ1Þ � � � � � ymh
ðdþmÞÞ

� pdþ1ðy1Þ � � � pdþmðymÞ:

Thus rs1 � y1h
ð1Þ
1 � � � � � ymh

ðmÞ
1 a 0 by h

ð jÞ
1 b 0 for every j. Therefore p1ðrs1 �

y1h
ð1Þ
1 � � � � � ymh

ðmÞ
1 Þ ¼ 0 and hence pðrsÞ ¼ 0.

(ii) Let 1a a < 2. If s B SðdÞ, then s1 < 0. Let e > 0 be a su‰ciently small

number such that �s1 � eðhð1Þ1 þ � � � þ h
ðmÞ
1 Þ > e. By the definition of haðrÞ, there

exist constants C0; g2 > 0 such that pjðyÞaC0haðg2rÞ whenever ya�er, rb 1

for every j ¼ 1; . . . ; d þm. We have

pðrsÞ ¼
Xm
k¼0

X
f j1;...; jkg
Hf1;...;mg

ð�er

�y
dyj1 pdþ j1ðyj1Þ � � �

ð�er

�y
dyjk pdþ jk ðyjk Þ

ðy
�er

dyjkþ1
pdþ jkþ1

ðyjkþ1
Þ � � �

ðy
�er

dyjm pdþ jmðyjmÞpðdÞðrs� y1h
ð1Þ � � � � � ymh

ðmÞÞ;

where f jkþ1; . . . ; jmg ¼ f1; . . . ;mgnf j1; . . . ; jkg. In the right-hand side if k ¼ 0,

then the corresponding term satisfies

ðy
�er

dy1pdþ1ðy1Þ � � �
ðy
�er

dym pdþmðymÞpðdÞðrs� y1h
ð1Þ � � � � � ymh

ðmÞÞaC 0
0haðg2rÞ
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for some C 0
0 > 0. In fact, if yj b�er for every j, then

rs1 � y1h
ð1Þ
1 � � � � � ymh

ðmÞ
1 a rðs1 þ eðhð1Þ1 þ � � � þ h

ðmÞ
1 ÞÞ < �er:

Hence p1ðrs1 � y1h
ð1Þ
1 � � � � � ymh

ðmÞ
1 ÞaC0haðg2rÞ, which implies the above in-

equality. If kb 1, then it is easy to see that

ðy
�y

pðdÞðrs� y1h
ð1Þ � � � � � ymh

ðmÞÞ dyj

is bounded in ðy1; . . . ; yj�1; yjþ1; . . . ; ymÞ. Therefore for some constants C 00
0 > 0,

ð�er

�y
dyj1 pdþ j1ðyj1ÞpðdÞðrs� y1h

ð1Þ � � � � � ymh
ðmÞÞ

aC0haðg2rÞ
ðy
�y

pðdÞðrs� y1h
ð1Þ � � � � � ymh

ðmÞÞ dyj1

aC 00
0 haðg2rÞ:

Thus we have pðrsÞaC2haðg2rÞ. Finally, for the lower estimate, since pjðyÞ is

strictly positive and continuous, if 0a yj a 1 for every j, then

pðdÞðrs� y1h
ð1Þ � � � � � ymh

ðmÞÞbC 0haðg1rÞ

for all rb 1 with some constants C 0 > 0, g1 > 0. Therefore

pðrsÞb
ð1

0

dy1pdþ1ðy1Þ � � �
ð1

0

dympdþmðymÞpðdÞðrs� y1h
ð1Þ � � � � � ymh

ðmÞÞ

bC1haðg1rÞ: 9

Next in order to show the first half of each (i), (ii) in Theorem 1, it su‰ces

to show Theorem 2. We always assume s A TðnÞ for some n ¼ 1; . . . ; d (and s A

Int SðdÞ if 0 < a < 1). Then by using a regular linear transformation, we may

also assume that s ¼ s1e
ð1Þ þ � � � þ sne

ðnÞ with s1 > 0; . . . ; sn > 0.

Proof of Theorem 2. Let e > 0 be a su‰ciently small number such that

c0 :¼ min
j¼1;...;n

fsj � eðjhð1Þj j þ � � � þ jhðmÞ
j jÞg > 0

and e0 :¼ e dm maxfjhðsÞj j; j ¼ 1; . . . ; d; s ¼ 1; . . . ;mg. We have
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pðrsÞ ¼
Xm
k¼0

X
f j1;...; jkg
Hf1;...;mg

ð
jyj1 jber

dyj1 pdþ j1ðyj1Þ � � �

ð
jyjk jber

dyjk pdþ jk ðyjk Þ
ð
jyjkþ1

j<er

dyjkþ1
pdþ jkþ1

ðyjkþ1
Þ � � �

ð
jyjm j<er

dyjm pdþ jmðyjmÞpðdÞðrs� y1h
ð1Þ � � � � � ymh

ðmÞÞ;

where f jkþ1; . . . ; jmg ¼ f1; . . . ;mgnf j1; . . . ; jkg.

In the following for positive functions feðrÞ; f ðrÞ of rb 1 ðe > 0Þ, let

feðrÞ@ f ðrÞ as r ! y; e # 0 denote lim
e#0

lim
r!y

feðrÞ= f ðrÞ ¼ 1:

For instance, if sj > 0, then pjðrsj G eÞ@ pjðrsjÞ as r ! y, e # 0 by

pjðrÞ@CjðaÞr�1�a as r ! y.

In the case k ¼ 0, the corresponding term satisfiesð
jy1j<er

dy1pdþ1ðy1Þ � � �
ð
jymj<er

dym pdþmðymÞpðdÞðrs� y1h
ð1Þ � � � � � ymh

ðmÞÞ

@ p1ðrs1Þ � � � pnðrsnÞp?1;...;nð0; . . . ; 0Þ

as r ! y, e # 0, where p?1;...;nð0; . . . ; 0Þ is given by

ð3:1Þðy
�y

dy1pdþ1ðy1Þ � � �
ðy
�y

dympdþmðymÞpnþ1 �
Xm
s¼1

ysh
ðsÞ
nþ1

 !
� � � pd �

Xm
s¼1

ysh
ðsÞ
d

 !

if n < d, and p?1;...;dð0; . . . ; 0Þ ¼ 1 if n ¼ d. In fact, let ~ss :¼ ðs1; . . . ; snÞ and

~hhðsÞ :¼ ðhðsÞ1 ; . . . ; h
ðsÞ
n Þ ðs ¼ 1; . . . ;mÞ. For each j ¼ 1; . . . ; n, by pjðrsj G eÞ@ pjðrsjÞ

as r ! y, e # 0, and

rsj �
Xm
s¼1

ysh
ðsÞ
j

< rðsj þ eðjhð1Þj j þ � � � þ jhðmÞ
j jÞÞ;

> rðsj � eðjhð1Þj j þ � � � þ jhðmÞ
j jÞÞb rc0;

(

we have pðnÞðr~ss� y1~hh
ð1Þ � � � � � ym~hh

ðmÞÞ@ pðnÞðr~ssÞ as r ! y and e # 0. Hence

by

pðdÞðrs� y1h
ð1Þ � � � � � ymh

ðmÞÞ

¼ pðnÞðr~ss� y1~hh
ð1Þ � � � � � ym~hh

ðmÞÞ

� pnþ1ð�y1h
ð1Þ
nþ1 � � � � � ymh

ðmÞ
nþ1Þ � � � pdð�y1h

ð1Þ
d � � � � � ymh

ðmÞ
d Þ;
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the above asymptotic is obtained if p?1;...;nð0; . . . ; 0Þ > 0. We show that if n < d,

then

ðy
�y

dy1 pdþ1ðy1Þ � � �
ðy
�y

dympdþmðymÞpnþ1 �
Xm
s¼1

ysh
ðsÞ
nþ1

 !
� � � pd �

Xm
s¼1

ysh
ðsÞ
d

 !
> 0

(note that it is obvious p?1;...;nð0; . . . ; 0Þ is given by the above formula). When

1a a < 2, pjðyÞ is strictly positive and continuous. Hence it is evident. When

0 < a < 1, we also assumed s A Int SðdÞ. By pjðyÞ ¼ 0 for ya 0, p?1;...;nð0; . . . ; 0Þ
is equal to

ðy
0

dy1pdþ1ðy1Þ � � �
ðy

0

dym pdþmðymÞpnþ1 �
Xm
s¼1

ysh
ðsÞ
nþ1

 !
� � � pd �

Xm
s¼1

ysh
ðsÞ
d

 !
:

The following lemma ensure p?1;...;nð0; . . . ; 0Þ > 0 by pjðyÞ > 0 for y > 0 and the

continuity of pjðyÞ.

Lemma 1. Let 1a na d � 1 and s ¼ s1e
ð1Þ þ � � � þ sne

ðnÞ with s1 > 0; . . . ;

sn > 0. If s A Int SðdÞ, then there exists a vector ðy1; . . . ; ymÞ such that y1 > 0; . . . ;

ym > 0 and y1h
ð1Þ
k þ � � � þ ymh

ðmÞ
k < 0 for all k ¼ nþ 1; . . . ; d.

Proof. For x A Rd , we denote x̂x :¼ ðxnþ1; . . . ; xdÞ, and x̂x A IntðRd�n
� Þ if

xk < 0 for every k ¼ nþ 1; . . . ; d. We have to show that

y1ĥh
ð1Þ þ � � � þ ymĥh

ðmÞ A IntðRd�n
� Þ for some y1 > 0; . . . ; ym > 0:

Let ŜS0 ¼ Confŝsðnþ1Þ; . . . ; ŝsðdþmÞgHRd�n be the convex cone subtended by

fŝsðnþ1Þ; . . . ; ŝsðdþmÞg ¼ fêeðnþ1Þ; . . . ; êeðdÞ; ĥhð1Þ; . . . ; ĥhðmÞg. Noting that s A Rn � f0gd�n,

if ŜS0 is contained in a half space of Rd�n, then s A qSðdÞ. Hence s A Int SðdÞ
implies ŜS0 ¼ Rd�n. Therefore there exists a basis fŝsði1Þ; . . . ; ŝsðid�nÞgH fŝsðnþ1Þ; . . . ;

ŝsðdþmÞg of Rd�n such that the cone ŜS ¼ Confŝsði1Þ; . . . ; ŝsðid�nÞgHRd�n satisfies

Int ŜS V IntðRd�n
� Þ0q. Thus we fix a point x̂x A Int ŜS V IntðRd�n

� Þ such that x̂x0

hð jÞ ð j ¼ 1; . . . ;mÞ. Then x̂x ¼ a1ŝs
ði1Þ þ � � � þ ad�nŝs

ðid�nÞ with positive numbers

ai > 0. Now we can consider the following two cases.

[First case] fŝsði1Þ; . . . ; ŝsðid�nÞg does not contain any êeðkÞ ðk ¼ nþ 1; . . . ; dÞ,
i.e.,

fŝsði1Þ; . . . ; ŝsðid�nÞg ¼ fĥhð j1Þ; . . . ; ĥhð jd�nÞg:

Thus x̂x ¼ a1ĥh
ð j1Þ þ � � � þ ad�nĥh

ð jd�nÞ with ai > 0. We would like to add other

ĥhð jÞ ð0 ĥhð jiÞ; i ¼ 1; . . . ; d � nÞ with positive coe‰cients. In this case for some

fi1; . . . ; iqgH f1; 2; . . . ; d � ng ð0a qa d � nÞ, ĥhð jÞ can be expressed by ĥhð jÞ ¼
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Pq
s¼1 bsĥh

ð jis Þ �
P

i B fisg ciĥh
ð jiÞ with bs b 0, ci b 0. Note that if q ¼ 0, then ĥhð jÞ ¼

�ðc1ĥh
ð j1Þ þ � � � þ cd�nĥh

ð jd�nÞÞ. Hence

x̂x ¼ ĥhð jÞ þ ða1 þ c1Þĥhð j1Þ þ � � � þ ðad�n þ cd�nÞĥhð jd�nÞ:

On the other hand, if qb 1, then
Pq

s¼1 bsĥh
ð jis Þ ¼ ĥhð jÞ þ

P
i B fisg ciĥh

ð jiÞ. Thus for a

su‰ciently small e > 0 such that ajs � ebs > 0 ðs ¼ 1; . . . ; qÞ, we have

x̂x ¼
Xq
s¼1

ðajs � ebsÞĥhð jis Þ þ e
Xq
s¼1

bqĥh
ð jis Þ þ

X
i B fisg

aiĥh
ð jiÞ

¼
Xq
s¼1

ðajs � ebsÞĥhð jis Þ þ eĥhð jÞ þ
X
i B fisg

ðai þ eciÞĥhð jiÞ:

Therefore x̂x can be expressed by y1ĥh
ð1Þ þ � � � þ ymĥh

ðmÞ A IntðRd�n
� Þ with yj > 0.

[Second case] fŝsði1Þ; . . . ; ŝsðid�nÞg contains some êeðkÞ ðk ¼ nþ 1; . . . ; dÞ, that is,

fŝsði1Þ; . . . ; ŝsðid�nÞg ¼ fêeð j1Þ; . . . ; êeð jqÞ; ĥhð jqþ1Þ; . . . ; ĥhð jd�nÞg:

Then x̂x ¼ a1êe
ð j1Þ þ � � � þ aqêe

ð jqÞ þ b1ĥh
ð jqþ1Þ þ � � � þ bd�n�q ĥh

ð jd�nÞ with as > 0, bt > 0.

In this case by the same way as above, we have

x̂x ¼ c1êe
ð j1Þ þ � � � þ cqêe

ð jqÞ þ y1ĥh
ð1Þ þ � � � þ ymĥh

ðmÞ with cs > 0; yj > 0:

This implies y1ĥh
ð1Þ þ � � � þ ymĥh

ðmÞ ¼ x̂x� ðc1êe
ð j1Þ þ � � � þ cqêe

ð jqÞÞ A IntðRd�n
� Þ. 9

Remark 1. By this lemma, it can be also shown that p?j1;...; jnð0; . . . ; 0Þ > 0 in

Theorem 2. In fact, for each s ¼ 1; . . . ; d, Rsð jsÞ ¼ eðisÞ holds by Qj1;...; jne
ðisÞ ¼ sð jsÞ

ðR ¼ Q�1
j1;...; jn

Þ. Hence s ¼
Pn

s¼1 ass
ð jsÞ implies Rs ¼

Pn
s¼1 asRs

ð jsÞ ¼
Pn

s¼1 ase
ðisÞ.

Therefore p?j1;...; jnð0; . . . ; 0Þ is given by the same formula as in (3.1) with

fRsð jsÞgdþm
s¼dþ1 instead of fhðsÞgm

s¼1.

In the case kb 1, it is possible to show the following Claim 1. If ka n and

fhð j1Þ; . . . ; hð jkÞg are linearly independent, then let

Jj1;...; jk :¼
(
fikþ1; . . . ; ingH f1; . . . ; dg;

s ¼
Xk
s¼1

ash
ð jsÞ þ

Xn
s¼kþ1

bse
ðisÞ with as > 0; bs > 0;

where fhð j1Þ; . . . ; hð jkÞ; eðikþ1Þ; . . . ; eðinÞg are linearly independent

)
:
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Note that JðnÞ can be expressed by the following disjoint unioin:

JðnÞ ¼ ff1; . . . ; ngg

U 6
n

k¼1

6
f j1;...; jkg
Hf1;...;mg

ffd þ j1; . . . ; d þ jk; ikþ1; . . . ; ing; fikþ1; . . . ; ing A Jj1;...; jkg:

(Claim 1) If ka n and Jj1;...; jk 0q, then

ð
jyj1 jber

dyj1 pdþ j1ðyj1Þ � � �
ð
jyjk jber

dyjk pdþ jk ðyjk Þ
ð
jyjkþ1

j<er

dyjkþ1
pdþ jkþ1

ðyjkþ1
Þ � � �

ð
jyjm j<er

dyjm pdþ jmðyjmÞpðdÞðrs� y1h
ð1Þ � � � � � ymh

ðmÞÞ

@
X

fikþ1;...; ing
A Jj1 ;...; jk

Cikþ1;...; in pdþ j1ðra1Þ � � � pdþ jk ðrakÞpikþ1
ðrbkþ1Þ � � � pinðrbnÞ

as r ! y, e # 0. Otherwise the above term is oðr�nð1þaÞÞ as r ! y for any small

e > 0. Here Cikþ1;...; id ¼ 1 ðn ¼ dÞ and if n < d, then

Cikþ1;...; in ¼
ðy
�y

dyjkþ1
pdþ jkþ1

ðyjkþ1
Þ � � �

ðy
�y

dyjm pdþ jmðyjmÞ

ðy
�y

dyj1 � � �
ðy
�y

dyjk

Y
i¼1;...;d;

i0ikþ1;...; in

pi �
Xm
s¼1

ysh
ðsÞ
i

 !
:

Note that Cikþ1;...; in is positive. In fact, denote fi1; . . . ; ik; inþ1; . . . ; idg :¼
f1; . . . ; dgnfikþ1; . . . ; ing and let Q ¼ Qdþj1;...;dþjk ; ikþ1;...; in be a d � d-matrix such

that QeðisÞ ¼ hð jsÞ ¼ sðdþjsÞ ðs ¼ 1; . . . ; kÞ and QeðisÞ ¼ eðisÞ ðs ¼ k þ 1; . . . ; dÞ. By

change of variables ðyj1 ; . . . ; yjk Þ to ð~yy1; . . . ; ~yykÞ such that

� ~yys :¼
Xm
j¼1

yjh
ð jÞ
is

¼
Xk
t¼1

yjth
ð jtÞ
is

þ
Xm
t¼kþ1

yjth
ð jtÞ
is

ðs ¼ 1; . . . ; kÞ;

we have the following.
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Lemma 2. If n < d, then

Cikþ1;...; in ¼ jdet Qj�1
p?dþj1;...;dþjk ; ikþ1;...; in

ð0; . . . ; 0Þ ð> 0Þ:

Proof. The positivity of p?dþj1;...;dþjk ; ikþ1;...; in
ð0; . . . ; 0Þ was mentioned in

Remark 1. For the equation, it is enough to show the case ð j1; . . . ; jmÞ ¼
ð1; . . . ;mÞ. By the definition, p?dþ1;...;dþk; ikþ1;...; in

ð0; . . . ; 0Þ is given by

ðy
�y

dykþ1pdþkþ1ðykþ1Þ � � �
ðy
�y

dympdþmðymÞ
ðy
�y

d~yy1pi1ð~yy1Þ � � �
ðy
�y

d~yyk pik ð~yykÞ

pinþ1
�
Xk
s¼1

~yysðReðisÞÞinþ1
�
Xm
t¼kþ1

ytðRhðtÞÞinþ1

 !

� � � pid �
Xk
s¼1

~yysðReðisÞÞid �
Xm
t¼kþ1

ytðRhðtÞÞid

 !

For simplicity, we consider the case ði1; . . . ; idÞ ¼ ð1; . . . ; dÞ. Denote Q ¼
ðQs; tÞ1as; tad and R ¼ ðRs; tÞ1as; tad . Then Qs; t ¼ h

ðtÞ
s ðta kÞ and Qs; t ¼ ds; t ðtb

k þ 1Þ, where ds; t ¼ 1 ðs ¼ tÞ, ¼ 0 ðs0 tÞ. Let Qk :¼ ðQs; tÞ1as; tak ¼ ðhðtÞs Þ1as; tak

and Ej ¼ ðds; tÞ1as; taj. By R ¼ Q�1, we have

Q ¼ Qk O

� Ed�k

� �
and R ¼ Q�1

k O

� Ed�k

� �
:

Let u ¼ nþ 1; . . . ; d. For t ¼ 1; . . . ; k,

Xk
s¼1

Ru; sh
ðtÞ
s ¼

Xd
s¼1

Ru; sh
ðtÞ
s �

Xd
s¼kþ1

Ru; sh
ðtÞ
s ¼ du; t � hðtÞu ¼ �hðtÞu :

For s ¼ 1; . . . ; k and t ¼ k þ 1; . . . ;m,

ðReðisÞÞiu ¼ ðReðsÞÞu ¼ Ru; s and ðRhðtÞÞiu ¼ ðRhðtÞÞu ¼
Xk
s¼1

Ru; sh
ðtÞ
s þ hðtÞu :

Therefore by change of variables ð~yy1; . . . ; ~yykÞ to ðy1; . . . ; ykÞ such that

� ~yys ¼
Xm
j¼1

yjh
ð jÞ
s ¼

Xk
t¼1

yth
ðtÞ
s þ

Xm
t¼kþ1

yth
ðtÞ
s ðs ¼ 1; . . . ; kÞ;

we have d~yy1 � � � d~yyk ¼ jdet Qkj dy1 � � � dyk and for ub nþ 1,
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�
Xk
s¼1

~yysðReðisÞÞiu �
Xm
t¼kþ1

ytðRhðtÞÞiu

¼
Xk
s¼1

Xk
t¼1

yth
ðtÞ
s þ

Xm
t¼kþ1

yth
ðtÞ
s

 !
Ru; s �

Xm
t¼kþ1

yt
Xk
s¼1

Ru; sh
ðtÞ
s þ hðtÞu

 !

¼
Xk
t¼1

yt
Xk
s¼1

hðtÞs Ru; s

 !
�
Xm
t¼kþ1

yth
ðtÞ
u ¼ �

Xm
t¼1

yjh
ðtÞ
u :

Hence p?dþ1;...;dþk;kþ1;...;nð0; . . . ; 0Þ ¼ jdet QjCkþ1;...;n with

Ckþ1;...;n ¼
ðy
�y

dykþ1pdþkþ1ðykþ1Þ � � �
ðy
�y

dympdþmðymÞ

ðy
�y

dy1 � � �
ðy
�y

dyk
Y

i¼1;...;d;
i0kþ1;...;n

pi �
Xm
j¼1

ysh
ð jÞ
i

 !
: 9

We show Claim 1. If yj a�er, then pdþ jðyjÞ has an exponential decay and

ð
yja�er

pðdÞðrs� y1h
ð1Þ � � � � � ymh

ðmÞÞ dyja
ðy
�y

pðdÞðrs� y1h
ð1Þ � � � � � ymh

ðmÞÞ dyj

is bounded in ðy1; . . . ; yj�1; yjþ1; . . . ; ymÞ. Thus Claim 1 is reduced to the fol-

lowing. Let v :¼ �yjkþ1
hð jkþ1Þ � � � � � yjmh

ð jmÞ, then jvja e0r by jyjkþ1
ja er; . . . ;

jyjm ja er (recall e0 ¼ e dm maxfjhðsÞj j; j ¼ 1; . . . ; d; s ¼ 1; . . . ;mg).

(Claim 2) If 1a ka n and Jj1;...; jk 0q, thenð
yj1ber

dyj1 pdþ j1ðyj1Þ � � �
ð
yjkber

dyjk pdþ jk ðyjk ÞpðdÞðrs� yj1h
ð j1Þð3:2Þ

� � � � � yjkh
ð jkÞ þ vÞ

@
X

fikþ1;...; ing
A Jj1 ;...; jk

Cikþ1;...; inðvÞpdþ j1ðra1Þ � � � pdþ jk ðrakÞpikþ1
ðrbkþ1Þ � � � pinðrbnÞ

as r ! y, e # 0, bounded and pointwise in jvja e0r. Otherwise, i.e., if k > n or

Jj1;...; jk ¼ q, then it is oðr�nð1þaÞÞ as r ! y for any small e > 0. Here

Cikþ1;...; inðvÞ :¼
ðy
�y

dyj1 � � �
ðy
�y

dyjk

Y
i¼1;...;d;

i0ikþ1;...; in

pi �
Xk
s¼1

yjsh
ð jsÞ
i þ v

 !
:
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In the above, for positive functions f ðr; e; vÞ; gðrÞ (rb 1, su‰ciently small

e > 0 and v A Rd ),

f ðr; e; vÞ@ gðrÞ as r ! y; e # 0; bounded and pointwise in jvja e0r

means that

f ðr; e; vÞ1fjvja e0rg=gðrÞ is bounded in ðr; e; vÞ and

lim
e#0

lim
r!y

f ðr; e; vÞ1fjvjae0rg=gðrÞ ¼ 1 for every v A Rd :

For simplicity, we consider the case ð j1; . . . ; jkÞ ¼ ð1; . . . ; kÞ, that is,

ðhð j1Þ; . . . ; hð jkÞÞ ¼ ðhð1Þ; . . . ; hðkÞÞ and ðyj1 ; . . . ; yjk Þ ¼ ðy1; . . . ; ykÞ. Let

B :¼ Confhð1Þ; . . . ; hðkÞg ¼
Xk
s¼1

ash
ðsÞ; as b 0; s ¼ 1; 2; . . . ; k

( )

and k0 :¼ dim B ða kÞ. Fix a basis fhð j1Þ; . . . ; hð jk0
ÞgH fhð1Þ; . . . ; hðkÞg of Span B.

We may set fhð j1Þ; . . . ; hð jk0
Þg ¼ fhð1Þ; . . . ; hðk0Þg.

In the following we always use the same notation C > 0 as constants which

are independent of rb 1. They may be di¤erent in each line.

Let k0 > n. By using change of variables it is easy to see thatð
R

dy1 � � �
ð
R

dyk0
pðdÞðrs� y1h

ð1Þ � � � � � ykh
ðkÞ þ vÞaC;

where C is independent of rb 1 and ðyk0þ1; . . . ; ykÞ. Hence we have, by

pdþ1ðy1Þ � � � pdþk0
ðyk0

ÞaCr�k0ð1þaÞ,

ð
y1ber

dy1pdþ1ðy1Þ � � �
ð
ykber

dyk pdþkðykÞpðdÞ rs�
Xk
s¼1

ysh
ðsÞ þ v

 !

aCr�k0ð1þaÞ
ð
R

pdþk0þ1ðyk0þ1Þ dyk0þ1 � � �
ð
R

pdþkðykÞ dyk
ð
y1ber

dy1

� � �
ð
yk0

ber

dyk0
pðdÞ rs�

Xk
s¼1

ysh
ðsÞ þ v

 !

aCr�k0ð1þaÞ ¼ oðr�nð1þaÞÞ as r ! y by k0 > n:

Next let k0 a n. We first show the above term is Oðr�nð1þaÞÞ ðk ¼ k0Þ or

oðr�nð1þaÞÞ ðk > k0Þ as r ! y for any small e > 0. If k0 ¼ n, then it is evident.

Let k0 < n. We need the following lemma. For each rb 1, let
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HeðrÞ :¼ x ¼ rs�
Xk
s¼1

ysh
ðsÞ; ys b er ðs ¼ 1; . . . ; kÞ

( )
:

Moreover let

Ik0
:¼

8>>>>>><
>>>>>>:
fi1; . . . ; ik0

gH f1; . . . ; dg; det

0
BBBBBB@

h
ð1Þ
i1

h
ð2Þ
i1

� � � h
ðk0Þ
i1

h
ð1Þ
i2

h
ð2Þ
i2

� � � h
ðk0Þ
i2

..

. ..
. . .

. ..
.

h
ð1Þ
ik0

h
ð2Þ
ik0

� � � h
ðk0Þ
ik0

1
CCCCCCA
0 0

9>>>>>>=
>>>>>>;

and denote fi1; . . . ; ik0
gc :¼ f1; . . . ; dgnfi1; . . . ; ik0

g.

Lemma 3. Let k0 < n. There exists d > 0 such that for all rb 1,

HeðrÞH 6
d

i¼1

C d
i ðrÞ

 !
U 6

fi1;...; ik0
g A Ik0

6
fik0þ1;...; ing
Hfi1;...; ik0

gc

Dd
ik0þ1;...; in

ðrÞ

0
BBB@

1
CCCA;

where d > 0 is independent of rb 1 and

C d
i ðrÞ :¼ fx A Rd ; xi a�drg;

Dd
ik0þ1;...; in

ðrÞ :¼ fx A Rd ; xik0þ1
b dr; . . . ; xin b drg:

We shall give the proof in the next section. By this lemma we haveð
y1ber

dy1pdþ1ðy1Þ � � �
ð
ykber

dyk pdþkðykÞpðdÞ rs�
Xk
s¼1

ysh
ðsÞ þ v

 !

a

ð
� � �
ð
Rk

dy1 � � � dyk

 Xd
i¼1

1C d
i
ðrÞVHeðrÞ rs�

Xk
s¼1

ysh
ðsÞ

 !

þ
X

fi1;...; ik0
gHIk0

X
fik0þ1;...; ing
Hfi1;...; ik0

gc

1D d
ik0þ1 ;...; in

ðrÞVHeðrÞ rs�
Xk
s¼1

ysh
ðsÞ

 !!

� pðdÞ rs�
Xk
s¼1

ysh
ðsÞ þ v

 !
pdþ1ðy1Þ � � � pdþkðykÞ:

Here we may assume d > e0 > 0 by taking a su‰ciently small e > 0 from the

beginning. If rs�
Pk

s¼1 ysh
ðsÞ A C d

i ðrÞ, then by rsi �
Pk

s¼1 ysh
ðsÞ
i b�dr and jvja

e0r we have
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pðdÞ rs�
Xk
s¼1

ysh
ðsÞ þ v

 !
aCpið�d 0rÞkp1k � � � kpi�1k kpiþ1k � � � kpdk;

where d 0 ¼ d� e0 > 0 and k � k ¼ k � ky denotes the supremum norm. Hence the

corresponding term has an exponential decay. Next if

x ¼ ðx1; . . . ; xdÞ :¼ rs�
Xk
s¼1

ysh
ðsÞ A Dd

ik0þ1;...; in
ðrÞVHeðrÞ

for some fi1; . . . ; ik0
g A Ik0

and fik0þ1; . . . ; ingHfi1; . . . ; ik0
gc, then by using change

of variables, ð
R

� � �
ð
R

dy1 � � � dyk0
pi1ðxi1Þ � � � pik0

ðxk0
ÞaC

and by ys b er, we have pdþ1ðy1Þ � � � pdþk0
ðyk0

ÞaCr�k0ð1þaÞ. Furthermore by

pðdÞ ¼ pi1 � � � pik0
� pik0þ1

� � � pin � pinþ1
� � � pid and pik0þ1

ðxk0þ1Þ � � � pinðxinÞa
Cr�ðn�k0Þð1þaÞ, it holdsð

� � �
ð
Rk0

dy1 � � � dyk0
1D d

ik0þ1 ;...; in
ðrÞVHeðrÞ rs�

Xk
s¼1

ysh
ðsÞ

 !
pðdÞ rs�

Xk
s¼1

ysh
ðsÞ þ v

 !

aCr�ðn�k0Þð1þaÞ
ð
y1ber

� � �
ð
yk0

ber

dy1 � � � dyk0
pi1ðxi1Þ � � � pik0

ðxik0
Þ

aCr�ðn�k0Þð1þaÞ:

If k > k0, thenðy
er

dyk0þ1 � � �
ðy
er

dyk pdþk0þ1ðyk0þ1Þ � � � pdþkðykÞ ¼ Oðr�ðk�k0ÞaÞ ! 0

as r ! y. Hence for kb k0,

ð
� � �
ð
Rk

dy1 � � � dyk1D d
ik0þ1 ;...; in

ðrÞVHeðrÞ rs�
Xk
s¼1

ysh
ðsÞ

 !

� pðdÞ rs�
Xk
s¼1

ysh
ðsÞ þ v

 !
pdþ1ðy1Þ � � � pdþkðykÞ

aCr�nð1þaÞ ðk ¼ k0Þ
¼ oðr�nð1þaÞÞ ðk > k0Þ:

�

Thus we also have pðrsÞaCr�nð1þaÞ for all rb 1.
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We show the asymptotic behavior ð3:1Þ. From the above estimate, it is

enough to consider the case 1a k ¼ k0 a n and

x ¼ ðx1; . . . ; xdÞ :¼ rs�
Xk
s¼1

ysh
ðsÞ A HeðrÞV fx1 > �dr; . . . ; xd > �drg:

First consider the main term. Let fikþ1; . . . ; ing A J1;...;k ð0qÞ, that is, s can be

expressed by s ¼
Pk

s¼1 ash
ðsÞ þ

Pn
s¼kþ1 bse

ðisÞ with as > 0, bs > 0 and linearly in-

dependent vectors fhð1Þ; . . . ; hðkÞ; eðikþ1Þ; . . . ; eðinÞg.

rs�
Xk
s¼1

ysh
ðsÞ ¼

Xk
s¼1

ðras � ysÞhðsÞ þ
Xn
s¼kþ1

rbse
ðisÞ:

We divide the integral area Er :¼ fðy1; . . . ; ykÞ; ys b er ðs ¼ 1; . . . ; kÞg to Er ¼
Fr UGr such that

Fr :¼ 6
fikþ1;...; ing A J1;...; k

Fikþ1;...; inðrÞ and Gr :¼ 7
fikþ1;...; ing A J1;...; k

Gikþ1;...; inðrÞ;

where, noting that fa1; . . . ; akg is determined by fikþ1; . . . ; ing,

Fikþ1;...; inðrÞ :¼ fðy1; . . . ; ykÞ A Er; jras � ysj < er for all s ¼ 1; . . . ; kg;

Gikþ1;...; inðrÞ :¼ fðy1; . . . ; ykÞ A Er; jras � ysjb er for some s ¼ 1; . . . ; kg:

If e > 0 is su‰ciently small, then fFikþ1;...; inðrÞg are disjoint. If J1;...;k ¼ q, then

Fr ¼ q and Gr ¼ Er. By change of variables ~yys ¼ ras � ys, Fikþ1;...; inðrÞ is changed

to

~FFikþ1;...; inðrÞ :¼ fð ~yy1; . . . ; ~yykÞ; j ~yysj < er for all s ¼ 1; . . . ; kg

and we haveð
y1ber

dy1pdþ1ðy1Þ � � �
ð
ykber

dyk pdþkðykÞ1Fikþ1 ;...; in
ðrÞðy1; . . . ; ykÞ

� pðdÞðrs� y1h
ð1Þ � � � � � ykh

ðkÞ þ vÞ

¼
ð
~FFikþ1 ;...; in

ðrÞ
d~yy1 � � � d~yyk pdþ1ðra1 þ ~yy1Þ � � � pdþkðrak þ ~yykÞ

� pðdÞ
Xk
s¼1

~yysh
ðsÞ þ

Xn
s¼kþ1

rbse
ðisÞ þ v

 !

@CðvÞpdþ1ðra1Þ � � � pdþkðrakÞpikþ1
ðrbkþ1Þ � � � pinðrbnÞ
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as r ! y, e # 0, bounded and pointwise in va e0r, where

CðvÞ ¼
ðy
�y

dy1 � � �
ðy
�y

dyk
Y

i¼1;...;d;
i0ikþ1;...; in

pi �
Xk
s¼1

ysh
ðsÞ
i þ v

 !
:

Next on Gr, in order to show the corresponding terms are oðr�nð1þaÞÞ, we need the

following result which is more detail than Lemma 3. For each fi1; . . . ; ikg A Ik,

denote fikþ1; . . . ; idg :¼ fi1; . . . ; ikgc, i.e., fhð1Þ; . . . ; hðkÞ; eðikþ1Þ; . . . ; eðid Þg is a basis

of Rd . Let

Ik;n :¼ ffi1; . . . ; ikg A Ik; there exists fikþ1; . . . ; ing A J1;...;k such that

fikþ1; . . . ; ingH fi1; . . . ; ikgcg

and I ck;n :¼ IknIk;n. Note that fi1; . . . ; ikg A Ik;n means that s can be expressed by

s ¼
Xk
s¼1

ash
ðsÞ þ

Xd
s¼kþ1

bse
ðisÞ with as > 0; bs b 0;

where just ðn� kÞ-number of fbsg are positive and fhð1Þ; . . . ; hðkÞ; eðikþ1Þ; . . . ; eðid Þg
is a basis of Rd .

Lemma 4. Let 1a k ¼ k0 a n. There exists d > 0 such that for all rb 1,

HeðrÞV fx1 > �dr; . . . ; xd > �drgHAd
Ik; n

ðrÞUAd
I c
k; n
ðrÞ;

where d > 0 is independent of rb 1, and

Ad
Ik; n

ðrÞ :¼ 6
fi1;...; ikg A Ik; n

6
fikþ1;...; ing
Hfi1;...; ikgc

Dd
ikþ1;...; in

ðrÞ;

Ad
I c
k; n
ðrÞ :¼ 6

fi1;...; ikg A I c
k; n

6
k

s¼1

6
fikþ1;...; ing
Hfi1;...; ikgc

Dd
is; ikþ1;...; in

ðrÞU 6
fikþ1;...; inþ1g
Hfi1;...; ikgc

Dd
ikþ1;...; inþ1

ðrÞ

0
BB@

1
CCA:

We give the proof in the next section. We may also assume d > e0 > 0 by

taking a su‰ciently small e > 0 from the beginning. Denote x ¼ ðx1; . . . ; xdÞ :¼
rs�

Pk
s¼1 ysh

ðsÞ. We can consider the following two cases.

(Case 1) x ¼ rs� y1h
ð1Þ � � � � � ykh

ðkÞ A Ad
Ik; n

ðrÞ.
There exist fi1; . . . ; ikg A Ik;n and fikþ1; . . . ; ingH fi1; . . . ; ikgc such that x A

Dd
ikþ1;...; in

ðrÞ. Thus by jvja e0r and d > e0 > 0, we have

pikþ1
ðxikþ1

þ vikþ1
Þ � � � pid ðxid þ vid ÞaCr�ðn�kÞð1þaÞð3:3Þ
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for all rb 1 with some C > 0. Moreover by fi1; . . . ; ikg A Ik;n,

x ¼ rs�
Xk
s¼1

ysh
ðsÞ ¼

Xk
s¼1

ðras � ysÞhðsÞ þ
Xd
s¼kþ1

rbse
ðisÞ with as > 0; bs b 0;

where just ðn� kÞ-number of fbsg are positive. By change of variables ~yys ¼
ras � ys, let Gr be changed to ~GGr, then ~GGr H fjysjb er for some sb k þ 1g.

Hence we haveð
y1ber

dy1pdþ1ðy1Þ � � �
ð
ykber

dyk pdþkðykÞ1Gr
ðy1; . . . ; ykÞ

� pðdÞðrs� y1h
ð1Þ � � � � � ykh

ðkÞ þ vÞ1D d
ikþ1 ;...; in

ðrÞVHeðrÞðxÞ

aCr�kð1þaÞ
ð
Gr

dy1 � � � dyk

� pðdÞ
Xk
s¼1

ðras � ysÞhðsÞ þ
Xn
s¼kþ1

rbse
ðisÞ þ v

 !
1D d

ikþ1 ;...; in
ðrÞVHeðrÞðxÞ:

aCr�nð1þaÞ
ð
~GGr

d~yy1 � � � d~yyk pi1
Xk
s¼1

~yysh
ðsÞ
i1

þ vi1

 !
� � � pik

Xk
s¼1

~yysh
ðsÞ
ik

þ vik

 !

¼ oðr�nð1þaÞÞ

as r ! y for any small e > 0 (by ~GGr # q).

(Case 2) x ¼ rs� y1h
ð1Þ � � � � � ykh

ðkÞ A Ad
I c
k; n
ðrÞ.

Fix fi1; . . . ; ikg A I ck;n. If x A Dd
is; ikþ1;...; in

ðrÞ for some s ¼ 1; . . . ; k and fikþ1; . . . ;

ingH fi1; . . . ; ikgc, then ð3:3Þ also holds, and by change of variables ðy1; . . . ; ykÞ
to ðxi1 ; . . . ; xik Þ we haveð

y1ber

dy1pdþ1ðy1Þ � � �
ð
ykber

dyk pdþkðykÞ

� pðdÞðrs� y1h
ð1Þ � � � � � ykh

ðkÞ þ vÞ1D d
is ; ikþ1 ;...; in

ðrÞVHeðrÞðxÞ

aCr�nð1þaÞ
ðy
�y

dxi1 � � �
ðy
�y

dxik pi1ðxi1 þ vi1Þ � � � pik ðxi1 þ vik Þ1fxisbdrgðxisÞ

aCr�nð1þaÞ
ðy
dr

pisðxis þ visÞ dxis

¼ Cr�nð1þaÞr�a ¼ oðr�nð1þaÞÞ
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as r ! y for any small e > 0. If x A Dd
ikþ1;...; inþ1

ðrÞ ðn < dÞ for some fikþ1; . . . ;

inþ1gH fi1; . . . ; ikgc, then it immediately holds thatð
y1ber

dy1pdþ1ðy1Þ � � �
ð
ykber

dyk pdþkðykÞ

� pðdÞðrs� y1h
ð1Þ � � � � � ykh

ðkÞ þ vÞ1D d
ikþ1 ;...; inþ1

ðrÞVHeðrÞðxÞ:

aCr�ðnþ1Þð1þaÞ ¼ oðr�nð1þaÞÞ

as r ! y for any small e > 0. 9

4. Proofs of Key Lemmas

We give the proofs of Lemma 3 and Lemma 4. First we give a fundamental

result. The following result may be intuitively obvious at least for da 3.

Lemma 5. If x ¼
Pk

s¼1 ash
ðsÞ with as > 0 ðs ¼ 1; . . . ; kÞ, then there exist a

basis fhði1Þ; . . . ; hðik0
ÞgH fhð1Þ; . . . ; hðkÞg of Span B and cs b 0 ðs ¼ 1; . . . ; k0Þ such

that x ¼
Pk0

s¼1 csh
ðisÞ.

Proof. We use the induction on k0 and kb k0. First if k0 ¼ 1, then k ¼ 1

(i.e., hð1Þ only) or k ¼ 2 (i.e., hð1Þ ¼ �hð2Þ) and our claim clearly holds. Next let

l0 b 2. We assume that the result holds in case of k0 a l0 � 1 and kb k0. We

have to show the case k0 ¼ l0 and kb k0. If k ¼ k0, then the result is evident.

Let lb k0. We again assume that the result holds for k0 a ka l. Let x ¼Plþ1
s¼1 ash

ðsÞ with as > 0 ðs ¼ 1; . . . ; lþ 1Þ. It su‰ces to show that it can be ex-

pressed by x ¼
Pk0

s¼1 csh
ð jsÞ with cs b 0 ðs ¼ 1; . . . ; k0Þ, where fhð j1Þ; . . . ; hð jk0

Þg
need not be a basis of Span B (because by the assumption of the induction, it can

be retaken as a basis). We have

x ¼
Xk
s¼1

ash
ðsÞ þ alþ1h

ðlþ1Þ ¼
Xk0

s¼1

csh
ðisÞ þ alþ1h

ðlþ1Þ with cs b 0;

where fhði1Þ; . . . ; hðik0
Þg is a basis of Span B. If some cs ¼ 0, then the claim holds.

Let cs > 0 for all s ¼ 1; . . . ; k0. For simplicity, set ĥhðisÞ :¼ csh
ðisÞ and ĥhðlþ1Þ :¼

alþ1h
ðlþ1Þ. Then fĥhði1Þ; . . . ; ĥhðik0

Þg is also a basis of Span B. Hence

ĥhðlþ1Þ ¼ �
Xt

s¼1

bsĥh
ðisÞ þ

Xk0

s¼tþ1

bsĥh
ðisÞ ðbs b 0; 0a ta k0Þ:

Seiji Hiraba280



It is enough to consider the case tb 1 and we may assume b1 b b2 b � � �b bt b 0

by changing the order of s ¼ 1; . . . ; t, if necessary. Thus

x ¼
Xt

s¼1

ð1 � bsÞĥhðisÞ þ
Xk0

s¼tþ1

ð1 þ bsÞĥhðisÞ:

When b1 a 1, the claim follows. When b1 > 1,

ĥhði1Þ ¼ � 1

b1
ĥhðlþ1Þ �

Xt

s¼2

bs

b1
ĥhðisÞ þ

Xk0

s¼tþ1

bs

b1
ĥhðisÞ:

Set b̂b1 :¼ 1=b1 and b̂bs :¼ bs=b1 ðs ¼ 2; . . . ; k0Þ. Then b̂bs < 1 ðs ¼ 1; 2; . . . ; tÞ and

x ¼ ð1 � b̂b1Þĥhðlþ1Þ þ
Xt

s¼2

ð1 � b̂bsÞĥhðisÞ þ
Xk0

s¼tþ1

ð1 þ b̂bsÞĥhðisÞ:

Therefore the claim holds for k ¼ lþ 1. 9

Proof of Lemma 3. It is enough to show the case r ¼ 1 by consider-

ing ðx=r; ys=rÞ instead of ðx; ysÞ. Moreover let H :¼ s� B, C d
i :¼ C d

i ð1Þ and

Dd
ik0þ1;...; in

:¼ Dd
ik0þ1;...; in

ð1Þ. By Heð1ÞHH, it su‰ces to show that for some d > 0,

HH 6
d

i¼1

C d
i

 !
U 6

fi1;...; ik0
g A Ik0

6
fik0þ1;...; ing
Hfi1;...; ik0

gc

Dd
ik0þ1;...; in

0
BBB@

1
CCCA:ð4:1Þ

[The First Claim] ð6d

i¼1
C d

i Þ
c ¼ fx A Rd ; x1 > �d; . . . ; xd > �dg and

6
fik0þ1;...; ing
Hfi1;...; ik0

gc

Dd
ik0þ1;...; in

0
BBB@

1
CCCA
c

¼ 6
f j1;...; jd�nþ1g
Hfi1;...; ik0

gc

fx A Rd ; xj1 < d; . . . ; xjd�nþ1
< dgð4:2Þ

In fact, let fik0þ1; . . . ; idg :¼ f1; . . . ; dgnfi1; . . . ; ik0
g. If x is in the left hand

side, then x is not such that ‘‘at least ðn� k0Þ-number of fxik0þ1
; . . . ; xidg satisfies

xis b d’’. That is (noting that the rest number is at most ðd � k0Þ � ðn� k0Þ ¼
d � nÞ, x is not such that ‘‘at most ðd � nÞ-number of fxik0þ1

; . . . ; xidg satisfies

xis < d’’. Hence x is such that ‘‘at least ðd � nþ 1Þ-number of fxik0þ1
; . . . ; xidg

satisfies xis < d’’. This implies x is in the right-hand side. The reverse is also true.

Thus we have (4.2).
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[The Second Claim] It holds that

ðH VRd
þÞV 7

fi1;...; ik0
g A Ik0

6
fin;...; idg

Hfi1;...; ik0
gc

fx A Rd ; xin ¼ � � � ¼ xid ¼ 0g ¼ q:ð4:3Þ

In fact, let x A H VRd
þ. If we assume that for any fi1; . . . ; ik0

g A Ik0
, there exists

fik0þ1; . . . ; in�1gH fi1; . . . ; ik0
gc such that

x A Confeði1Þ; . . . ; eðin�1Þg ¼ Rd
þ V fx A Rd ; xin ¼ � � � ¼ xid ¼ 0g;

where fin; . . . ; idg :¼ f1; . . . ; dgnfi1; . . . ; in�1g, then by H ¼ s� B, there exist b ¼Pk0

s¼1 ash
ðsÞ A B ðas b 0Þ such that x ¼ s� b ¼

Pn�1
s¼1 bse

ðisÞ ðbs b 0Þ. That is,

s ¼
Xk0

s¼1

ash
ðsÞ þ

Xn�1

s¼1

bse
ðisÞ with as b 0; bs b 0:

Fix fi1; . . . ; ik0
g A Ik0

(which is equivalent to that fhð1Þ; . . . ; hðk0Þ; eðik0þ1Þ; . . . ; eðid Þg
is a basis of Rd by the definition of Ik0

). Let I ¼ fs ¼ 1; . . . ; k0; e
ðisÞ B Span Bg,

J :¼ f1; . . . ; k0gnI and l¼ #I . We may denote I ¼ f1; . . . ; lg, J ¼ flþ 1; . . . ; k0g
by changing the order. We show that lb 1 is essentially reduced to l ¼ 0 and

this case has a contradiction.

First let l ¼ 0, i.e., I ¼ q. Then J ¼ f1; . . . ; k0g and eðisÞ A Span B for all

s A J. By applying Lemma 5 with BJ :¼ ConfB; eðisÞ; s A JgHSpan B instead of B,

we have s A Tðn0Þ for some n0 a n� 1. In fact, by the above expression of s and

fhð1Þ; . . . ; hðk0Þ; eðik0þ1Þ; . . . ; eðin�1Þg are linearly independent, s can be expressed by a

linear sum of at most ðn� 1Þ-number of these vectors with positive coe‰cients.

This contradicts with s A TðnÞ.
Next let lb 1. Then

s ¼ ~bb þ
Xl
s¼1

bse
ðisÞ þ

Xn�1

s¼k0þ1

bse
ðisÞ with ~bb :¼

Xk0

s¼1

ash
ðsÞ þ

Xk0

s¼lþ1

bse
ðisÞ A Span B:

By Lemma 5, ~bb can be expressed by a linear sum of at most k0-number of

linearly independent vectors of fhð1Þ; . . . ; hðk0Þ; eðisÞ; s A Jg with positive coe‰-

cients. Hence by s A TðnÞ, at least one as > 0 ðs ¼ 1; . . . ; lÞ, we may let s ¼ 1.

Since eði1Þ can be expressed by eði1Þ ¼
Pk0

s¼1 csh
ðsÞ þ

Pd
s¼k0þ1 cse

ðisÞ ðcs A RÞ, and by

eði1Þ B Span B, we have cs 0 0 for some sb n, e.g., let s ¼ n. Then fhð1Þ; . . . ; hðk0Þ;

eðik0þ1Þ; . . . ; eðin�1Þ; eði1Þ; eðinþ1Þ; . . . ; eðid Þg is also a basis of Rd , i.e., fin; i2; . . . ; ik0
g A

Ik0
. Hence by the above assumption there exists f jk0þ1; . . . ; jn�1gH fin; i2; . . . ;

ik0
gc such that x A ConfeðinÞ; eði2Þ; . . . ; eðik0

Þ; eð jk0þ1Þ; . . . ; eð jn�1Þg, i.e.,
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x ¼ b 0
ne

ðinÞ þ
Xk0

s¼2

b 0
se

ðisÞ þ
Xn�1

s¼k0þ1

b 0
se

ð jsÞ with b 0
s b 0:

Thus by x ¼
Pn�1

s¼1 bse
ðisÞ, we have b 0

n ¼ 0 and b 0
s ¼ bs ðs ¼ 2; . . . ; k0Þ. Moreover

for s ¼ k0 þ 1; . . . ; n� 1, if b 0
s > 0, then js is a member of fis; s ¼ k0 þ 1; . . . ;

n� 1g and b 0
s ¼ bs > 0. Thus we may assume b 0

se
ð jsÞ ¼ bse

ðisÞ for all s ¼ k0 þ
1; . . . ; n� 1. Hence

s ¼ ~bb þ
Xl
s¼2

bse
ðisÞ þ

Xn�1

s¼k0þ1

bse
ðisÞ:

This is the case l� 1 for fin; i2; . . . ; ik0
g A Ik0

. Hence the case lb 1 is reduced to

l ¼ 0 and we have a contradict.

[The Last Claim] (4.3) implies (4.1) for some d > 0. In fact, if we first

assume for every d > 0,

ðH VRd
þÞV 7

fi1;...; ik0
g A Ik0

6
fin;...; idg

Hfi1;...; ik0
gc

fx A Rd ; xin < d; . . . ; xid < dg0q:

That is, for each lb 1 (let d ¼ 1=l), there exists xðlÞ A H VRd
þ such that

xðlÞ A 7
fi1;...; ik0

g A Ik0

6
fin;...; idg

Hfi1;...; ik0
gc

fx A Rd ; xin < 1=l; . . . ; xid < 1=lg:

This means there exists at least one fi1; . . . ; ik0
g A Ik0

, and also exist fin; . . . ; idgH
fi1; . . . ; ik0

gc and a subsequence fljg such that for some bðljÞ A B,

s� b ðljÞ ¼ xðljÞ A fx A Rd
þ; 0a xin < 1=lj; . . . ; 0a xid < 1=ljg:

Thus b ðljÞ satisfies b
ðljÞ
i a si ði ¼ 1; . . . ; dÞ and

lim
j!y

b
ðljÞ
is

¼ sis ðs0 in; . . . ; idÞ:

Since B is a closed convex cone, we may assume jbðljÞja 1 ðkb 1Þ. Hence it is

possible to take a further subsequence f ~lljgH fljg such that a limit point b :¼
lim j!y bð ~lljÞ exists. Therefore b A B, and x :¼ s� b A H VRd satisfies xin ¼ � � � ¼
xid ¼ 0. This is inconsistent with (4.3). Hence for some d > 0, we have

ðH VRd
þÞV 7

fi1;...; ik0
g A Ik0

6
fin;...; idg

Hfi1;...; ik0
gc

fx A Rd ; xin < d; . . . ; xid < dg ¼ q:
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Furthermore by the same way we have

H V fx1 > �d; . . . ; xd > �dg

V 7
fi1;...; ik0

g A Ik0

6
fin;...; idg

Hfi1;...; ik0
gc

fx A Rd ; xin < d; . . . ; xid < dg ¼ q:

Therefore by (4.2) we have (4.1). 9

Proof of Lemma 4. Let 1a k ¼ k0 a n. This lemma can be proved by the

same way as above. It is enough to consider the case r ¼ 1. Let H :¼ s� B,

Dd
is; ikþ1;...; in

:¼ Dd
is; ikþ1;...; in

ð1Þ and Dd
ikþ1;...; inþ1

:¼ Dd
ikþ1;...; inþ1

ð1Þ. It su‰ces to show that

for some d > 0,

H V fx1 > �d; . . . ; xd > �dgHAd
Ik; n

UAd
I c
k; n
;ð4:4Þ

where

Ad
Ik; n

:¼ 6
fi1;...; ikg A Ik; n

6
fikþ1;...; ing
Hfi1;...; ikgc

Dd
ikþ1;...; in

;

Ad
I c
k; n

:¼ 6
fi1;...; ikg A I c

k; n

6
k

s¼1

6
fikþ1;...; ing
Hfi1;...; ikgc

Dd
is; ikþ1;...; in

0
BB@

1
CCAU 6

fikþ1;...; inþ1g
Hfi1;...; ikgc

Dd
ikþ1;...; inþ1

0
BB@

1
CCA

0
BB@

1
CCA:

Note that by the first claim of the previous proof, for a fixed fi1; . . . ; ikg A I ck;n, we

have

6
k

s¼1

6
fikþ1;...; ing
Hfi1;...; ikgc

Dd
is; ikþ1;...; in

0
BB@

1
CCA
c

¼ 7
k

s¼1

fxis b dgV 6
fikþ1;...; ing
Hfi1;...; ikgc

Dd
ikþ1;...; in

0
BB@

1
CCA
c

¼ fxi1 < d; . . . ; xik < dgU 6
fin;...; idg

Hfi1;...; ikgc

fxin < d; . . . ; xid < dg

0
BB@

1
CCA

and

6
fikþ1;...; inþ1g
Hfi1;...; ikgc

Dd
ikþ1;...; inþ1

0
BB@

1
CCA
c

¼ 6
finþ1;...; idgHfi1;...; ikgc

fxinþ1
< d; . . . ; xid < dg:
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Hence by

6
fin;...; idgHfi1;...; ikgc

fxin < d; . . . ; xid < dgH 6
finþ1;...; idgHfi1;...; ikgc

fxinþ1
< d; . . . ; xid < dg;

we have (noting that if BHC, then ðAUBÞVC ¼ ðAVCÞUBÞ

6
k

s¼1

6
fikþ1;...; ing
Hfi1;...; ikgc

Dd
is; ikþ1;...; in

0
BB@

1
CCAU 6

fikþ1;...; inþ1g
Hfi1;...; ikgc

Dd
ikþ1;...; inþ1

0
BB@

1
CCA

0
BB@

1
CCA
c

¼ fxi1 < d; . . . ; xik < dgV 6
finþ1;...; idg
Hfi1;...; ikgc

fxinþ1
< d; . . . ; xid < dg

0
BB@

1
CCA

U 6
fin;...; idg

Hfi1;...; ikgc

fxin < d; . . . ; xid < dg

0
BB@

1
CCA:

In order to show (4.4), by the same way as in the last claim of the previous proof,

it is enough to show that

ðH VRd
þÞV ðAIk; nÞ

c V ðBI c
k; n

UCI c
k; n
Þ ¼ q;

where

ðAIk; nÞ
c :¼ 7

fi1;...; ikg A Ik; n
6

fin;...; idg
Hfi1;...; ikgc

fxin ¼ � � � ¼ xid ¼ 0g;

BI c
k; n

:¼ 7
fi1;...; ikg A I c

k; n

fxi1 ¼ � � � ¼ xik ¼ 0gV 6
finþ1;...; idg
Hfi1;...; ikgc

fxinþ1
¼ � � � ¼ xid ¼ 0g

0
BB@

1
CCA;

CI c
k; n

:¼ 7
fi1;...; ikg A I c

k; n

6
fin;...; idgHfi1;...; ikgc

fxin ¼ � � � ¼ xid ¼ 0g:

Note that ðAIk; nÞ
c V ðBI c

k; n
UCI c

k; n
Þ ¼ ððAIk; nÞ

c VBI c
k; n
ÞU ððAIk; nÞ

c VCI c
k; n
Þ and, by Ik ¼

Ik;n U I ck;n (disjoint union),

ðAIk; nÞ
c VCI c

k; n
¼ 7

fi1;...; ikg A Ik
6

fin;...; idgHfi1;...; ikgc
fxin ¼ � � � ¼ xid ¼ 0g:
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Moreover by (4.3) (the second claim in the previous proof ) we have ðH VRd
þÞV

ðAIk; nÞ
c VCI c

k; n
¼ q. Therefore the above claim is reduced to

ðH VRd
þÞV ðAIk; nÞ

c VBI c
k; n

¼ q:

However we can show that

ðH VRd
þÞVBI c

k; n
¼ q;

more strongly, for any fixed fik; . . . ; ikg A I ck;n, it holds that

ð4:5Þ

ðH VRd
þÞV fxi1 ¼ � � � ¼ xik ¼ 0gV 6

finþ1;...; idg
Hfi1;...; ikgc

fxinþ1
¼ � � � ¼ xid ¼ 0g

0
BB@

1
CCA¼ q:

In fact, if we assume there exists x A H such that

x A Rd
þ V fxi1 ¼ � � � ¼ xik ¼ 0gV 6

finþ1;...; idg
Hfi1;...; ikgc

fxinþ1
¼ � � � ¼ xid ¼ 0g:ð4:6Þ

By x A H, we have x ¼ s� b for some b ¼
Pk

s¼1 csh
ðsÞ A B with cs b 0. More-

over by (4.6), we also have x ¼
Pd

s¼kþ1 bse
ðisÞ with bs b 0, where at most ðn� kÞ-

number of fbsg are positive. Hence

s ¼ b þ x ¼
Xk
s¼1

csh
ðsÞ þ

Xd
s¼kþ1

bse
ðisÞ:ð4:7Þ

On the other hand, by the definition of I ck;n, s can not be expressed by the fol-

lowing form.

s ¼
Xk
s¼1

ash
ðsÞ þ

Xd
s¼kþ1

bse
ðisÞ with as > 0; b 0

s b 0;

where just ðn� kÞ-number of fb 0
sg are positive

(note that fhð1Þ; . . . ; hðkÞ; eðikþ1Þ; . . . ; eðid Þg is a basis of Rd ). By s A TðnÞ, this implies

in (4.7) at least ðn� k þ 1Þ-number of fbsg are positive. This contradicts. There-

fore we have (4.5), and hence, (4.4) holds. 9
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[ 3 ] Sato, K., Lévy processes and infinite divisible distributions, Cambridge Univ. Press, Cambridge,

1999.

Department of Mathematics

Faculty of Science and Technology

Science University of Tokyo

2641 Yamazaki, Noda City

Chiba 278-8510, Japan

E-mail: hiraba_seiji@ma.noda.tus.ac.jp

Asymptotic estimates for stable densities 287


