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RAPID DECAY OF THE TOTAL ENERGY

FOR DISSIPATIVE WAVE EQUATIONS

By

Fumihiko Hirosawa and Hideo Nakazawa

1. Introduction

In this paper, we are concerned with the dissipative wave equation of the

form:

wtt � Dwþ bðt; xÞwt þ cðt; xÞw ¼ 0 ðt; xÞ A ð0;yÞ � RN ;

wð0; xÞ ¼ w0ðxÞ; wtð0; xÞ ¼ w1ðxÞ x A RN ;

�
ð1:1Þ

where w ¼ wðt; xÞ, D ¼
PN

j¼1ðq
2=qx2Þ, bðt; xÞ and cðt; xÞ are some non-negative

continuous functions.

In Saeki and Ikehata [12] the authors obtained the following decay estimate

for (1.1) with cðt; xÞ1 0: Suppose that Nb 3, bðt; xÞ ¼ bðxÞb b0 in RN for some

positive constant b0. If ðw0;w1Þ A H 1 VL2;1 � L2;1, then the estimate

ð1 þ tÞ2kwðtÞk2
E aC1kðw0;w1Þk2

H 1VL2; 1�L2; 1

holds with a positive constant C1, where

L2;1 ¼ f j k f k2
L2; 1 ¼

ð
RN

ð1 þ jxj2Þj f ðxÞj2 dx < y

� �
;

kwðtÞk2
E is the total energy at time t:

kwðtÞk2
E ¼ 1

2

ð
RN

fj‘wðt; xÞj2 þ wtðt; xÞ2g dx

and

kðw0;w1Þk2
H 1VL2; 1�L2; 1 1 kw0k2

H 1 þ kw0k2
L2; 1 þ kw1k2

L2; 1 :

Our aim is to derive more rapid decay estimate for the total energy without the

assumption for the data as above. We consider our problem under the following
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two kinds of assumptions on the dimension number, initial data and coe‰cients,

that is,

Nb 1; ðw0;w1Þ A H 1 � L2; b0 a bðt; xÞa b1;

btðt; xÞa 0 or jbtðt; xÞja gbðtÞ;
ctðt; xÞa 0 or jctðt; xÞja gcðtÞcðt; xÞ

8<
: ð1:2Þ

or

Nb 1; ðw0;w1Þ A H 1 � L2;

b0ð1 þ tÞ�s
a bðtÞa b1ð1 þ tÞ�s;

b2ð1 þ tÞ�s�1
a�btðtÞa b3ð1 þ tÞ�s�1;

b0 a b1 a s�1b2 a s�1b3;

ctðt; xÞa 0 or jctðt; xÞja gcðtÞcðt; xÞ

8>>>>><
>>>>>:

ð1:3Þ

for some positive constants b0; b1; b2; b3 and sa 1, and for some functions gbðtÞ;
gcðtÞ A L1ðð0;yÞÞ. Then our main results are described as follows:

Theorem 1.1. Let w be a solution to the Cauchy problem (1.1). Assume (1.2).

Then the following inequality holds:

ð1 þ tÞkwðtÞk2
E þ kwðtÞk2

L2

þ
ð t

0

ð1 þ tÞkwtðtÞk2
L2 þ k‘wðtÞk2

L2 þ
ð

RN

cðt; xÞwðt; xÞ2
dx

� �
dtaC2; ð1:4Þ

where C2 depends only on kw0kH 1 , kw1kL2 and b0, and

kwðtÞk2
E ¼ 1

2

ð
RN

ðj‘wðt; xÞj2 þ wtðt; xÞ2 þ cðt; xÞwðt; xÞ2Þ dx

is the total energy at t. Moreover, we have

lim
t!þy

ð1 þ tÞkwðtÞk2
E ¼ 0: ð1:5Þ

Particularly, if bðt; xÞ ¼ bðtÞ behaves like b0ð1 þ tÞ�s with b0 > 2 and s A

ð1=2; 1�, then more rapid energy decay estimate holds:

Theorem 1.2. Assume (1.3) with b0 > 2 and s A ð1=2; 1�. Then the following

inequality holds:

ð1 þ tÞsþ1kwðtÞk2
E þ kwðtÞk2

L2 þ
ð t

0

�
ð1 þ tÞkwtðtÞk2

L2 þ ð1 þ tÞsk‘wðtÞk2
L2

þ wðsÞð1 þ tÞ�1kwðtÞk2
L2 þ ð1 þ tÞs

ð
RN

cðt; xÞwðt; xÞ2
dx

�
dtaC3; ð1:6Þ
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where wðsÞ ¼ 1 (if s ¼ 1), ¼ 0 (if s0 1), and C3 depends on kw0kH 1 , kw1kL2 and

bðt; xÞ. Moreover, we have

lim
t!þy

ð1 þ tÞsþ1kwðtÞk2
E ¼ 0: ð1:7Þ

In particular, if s ¼ 1, then we find

lim
t!þy

kwðtÞk2
L2 ¼ 0: ð1:8Þ

The proofs of these theorems are done by the weighted energy method, which

were used in [1], [3], [5], [7], [8], [10], [13] and [14], for instance. Among them,

in [13] it was proved that the total energy kwðtÞk2
E decays like Oðt�mÞ, where

m is a positive real number satisfying ma ð1 þ tÞbðt; xÞ and ðm� 1Þðm� 2Þ�
ðm� 1Þð1 þ tÞbðt; xÞ � ð1 þ tÞ2

btðt; xÞb 0. This shows that one can take m at

most m ¼ 2. Moreover, in [14], it is obtained that C1ð1 þ tÞ�m1 a kwðtÞk2
E a

C2ð1 þ tÞ�m2 for some positive constants C1 and C2, where m2 ¼ minfb0; 2g,

m1 ¼ 2b0. Recently the latter of the present authors [10] generalized the result of

[12] to oðt�2Þ.
We mention other results on (1.1) with cðt; xÞ1 0. Energy non-decay and

scattering problem is considered in [4], [5], [6], [7], [9] and [11]. In [2] it has been

proved that if the dissipation is of spatial anisotropy, then (1.1) does not have

uniform decay property.

The content of the present paper is organized as follows. In Section 2, we

give the proof of Theorem 1.1. Theorem 1.2 is shown in Section 3. In Section 4,

we state related results without proofs.

2. Proof of Theorem 1.1

Let j ¼ jðtÞ and c ¼ cðtÞ be non-negative smooth functions, to be chosen

later. Multiplying jwt þ cw by the equation of (1.1) and integrating it over RN ,

we have

d

dt

ð
RN

X ðt; xÞ dx
� �

þ
ð

RN

Zðt; xÞ dx ¼ 0; ð2:9Þ

where

X ðt; xÞ ¼ j

2
ðw2

t þ j‘wj2 þ cw2Þ þ cwtwþ bc� ct

2
w2 ð2:10Þ

and

Rapid decay of the total energy for dissipative 219



Zðt; xÞ ¼ 2bj� jt � 2c

2
w2
t þ

2c� jt
2

j‘wj2

þ 1

2
fctt � ðbcÞt þ 2cc� ðjcÞtgw2: ð2:11Þ

Let us take

jðtÞ ¼ 5

2
b0 þ b2

0 t and cðtÞ ¼ b2
0 : ð2:12Þ

(i) Estimate of Zðt; xÞ. Using the condition on bðt; xÞ in (1.2), we easily

obtain

2bj� jt � 2cbC4ðb0Þð1 þ tÞ and 2c� jt ¼ b2
0 ;

where C4ðb0Þ ¼ 2b2
0 minf1; b0g. Noting the condition on bt in (1.2), we have

ctt � ðbcÞt b
0 if bt a 0;

�b2
0gbðtÞ if jbtja gb:

�

Moreover since 2cc� ðjcÞt ¼ b2
0c� jct, using the condition on cðt; xÞ in ð1:2Þ, we

find

2cc� ðjcÞt b
b2

0c if ct a 0;

b2
0c� C5ðb0Þð1 þ tÞgcðtÞc if jctja gcc;

�

where we put C5ðb0Þ ¼ ðb0=2Þ minf5; 2b0g. It then follows from the arguments

above that ð
RN

Zðt; xÞ dxbC4ðb0Þð1 þ tÞ kwtðtÞk2
L2

2
þ b2

0

k‘wðtÞk2
L2

2

þ b2
0

2

ð
RN

cðt; xÞwðt; xÞ2
dx� 1

2
W1ðtÞ; ð2:13Þ

where

W1ðtÞ ¼

0 if bt a 0 and ct a 0;

b2
0gbðtÞkwðtÞk

2
L2 if jbtja gb and ct a 0;

C5ðb0Þð1 þ tÞgcðtÞ
Ð

RN cðt; xÞwðt; xÞ2
dx if bt a 0 and jctja gcc;

b2
0gbðtÞkwðtÞk

2
L2

þC5ðb0Þð1 þ tÞgcðtÞ
Ð

RN cðt; xÞwðt; xÞ2
dx if jbtja gb and jctja gcc:

8>>>>><
>>>>>:

(ii) Estimate of Xðt; xÞ. Put

A ¼ j

2
; B ¼ c; C ¼ bc� ct

2
;
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and for the convenience of proving

X1 ¼ X2 ¼ 1

2
ðAw2

t þ Bwtwþ Cw2Þ:

Then we have

X ðt; xÞ ¼ j

2
ðj‘wj2 þ cw2Þ þ X1 þ X2: ð2:14Þ

Noting A;B;C > 0 by (2.12), we find

2X1 ¼ C wþ B

2C
wt

� �2

þ A� B2

4C

� �
w2
t b A� B2

4C

� �
w2
t bC6ðb0Þð1 þ tÞw2

t

with C6ðb0Þ ¼ ðb0=4Þ minf3; 2b0g. Similar argument is applicable for X2 to

conclude

2X2 b C � B2

4A

� �
w2 with C � B2

4A
b

3b3
0

10
> 0:

From the arguments above and the estimate Ab ð1=2ÞðA� B2=4CÞ, it then

follows that

Xðt; xÞb 1

2
A� B2

4C

� �
ðw2

t þ j‘wj2 þ cw2Þ þ 1

2
C � B2

4A

� �
w2

bC6ðb0Þð1 þ tÞ 1

2
ðw2

t þ j‘wj2 þ cw2Þ þ 3b3
0

20
w2: ð2:15Þ

On the other hand, we can easily obtainð
RN

Xð0; xÞaC7ðkwð0Þk2
E þ kw0k2

L2Þ1C8: ð2:16Þ

(iii) Derivation of (1.4). Integrating (2.9) on ½0; t� and using (2.13), (2.15) and

(2.16), we find

C6ðb0Þð1 þ tÞkwðtÞk2
E þ 3b3

0

20
kwðtÞk2

L2

þ
ð t

0

C4ðb0Þð1 þ tÞ kwtðtÞk2
L2

2
þ b2

0

k‘wðtÞk2
L2

2
þ b2

0

2

ð
RN

cðt; xÞwðt; xÞ2
dx

( )
dt

aC8 þ
1

2

ð t

0

W1ðtÞ dt:
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In the following, we give a proof of only the case of jbtja gb and jctja gcc since

we can estimate the other cases more easily. Put

C9ðb0Þ ¼ min C6ðb0Þ;
3b3

0

20
;
C4ðb0Þ

2
;
b2

0

2

� �
;

C10ðb0Þ ¼ max C8;
b2

0

2
;
C5ðb0Þ

2

� �
and C11ðb0Þ ¼

C10ðb0Þ
C9ðb0Þ

:

Then the inequality above has the following form:

ð1 þ tÞkwðtÞk2
E þ kwðtÞk2

L2

þ
ð t

0

ð1 þ tÞkwtðtÞk2
L2 þ k‘wðtÞk2

L2 þ
ð

RN

cðt; xÞwðt; xÞ2
dx

� �
dt

aF ðtÞ; ð2:17Þ

where

FðtÞ ¼ C11ðb0Þ 1 þ
ð t

0

gbðtÞkwðtÞk
2
L2 þ ð1 þ tÞgcðtÞ

ð
RN

cðt; xÞwðt; xÞ2
dx

� �
dt

� �
:

From (2.17), we especially find

ð1 þ tÞ
ð

RN

cðt; xÞwðt; xÞ2
dxa 2F ðtÞ ð2:18Þ

and

kwðtÞk2
L2 aFðtÞ: ð2:19Þ

Di¤erentiating F ðtÞ defined above, and using (2.18) and (2.19), we have

F 0ðtÞaC11ðb0ÞðgbðtÞ þ 2gcðtÞÞF ðtÞ:

From this we set

F ðtÞaC12 1C11ðb0ÞeC13 < y

with

C13 1C11ðb0Þ
ðy

0

ðgbðtÞ þ 2gcðtÞÞ dt:

This and (2.17) give (1.4).

(iv) Derivation of (1.5). It follows from (1.4) that kwðtÞk2
E A L1ð½0;yÞÞ, there-

fore we find
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lim inf
t!y

ð1 þ tÞkwðtÞk2
E ¼ 0:

So, we have only to show that fð1 þ tÞkwðtÞk2
Egtb0 is a Cauchy sequence with

respect to t. For this aim, we consider the following identity:

d

dt
fð1 þ tÞkwðtÞk2

Eg ¼ kwðtÞk2
E þ ð1 þ tÞ d

dt
kwðtÞk2

E :

Using the energy identity

d

dt
kwðtÞk2

E þ
ð

RN

bðt; xÞwtðt; xÞ2 � ctðt; xÞ
2

wðt; xÞ2

� �
dx ¼ 0;

which is derived from (2.9) with j ¼ 1 and c ¼ 0, we find

d

dt
fð1 þ tÞkwðtÞk2

Eg

¼ kwðtÞk2
E � ð1 þ tÞ

ð
RN

bðt; xÞwtðt; xÞ2
dxþ ð1 þ tÞ

2

ð
RN

ctðt; xÞwðt; xÞ2
dx:

Integrating the equation above on t A ½t1; t2� ð0 < t1 < t2 < yÞ, we have

jð1 þ t2Þkwðt2Þk2
E � ð1 þ t1Þkwðt1Þk2

E j

a

ð t2

t1

�
kwðtÞk2

E þ ð1 þ tÞ
�ð

RN

bðt; xÞwtðt; xÞ2 þ jctðt; xÞj
2

wðt; xÞ2
dx

��
dt:

ð2:20Þ

Using (1.2), we find that the right hand side of (2.20) is estimated from above

byð t2

t1

kwðtÞk2
E þ b1ð1 þ tÞkwtðtÞk2

L2 þ
gcðtÞð1 þ tÞ

2

ð
RN

cðt; xÞwðt; xÞ2
dx

� �
dt: ð2:21Þ

Since

ð1 þ tÞ
ð

RN

cðt; xÞwðt; xÞ2
dxa 2C2

by (1.4), it follows that

1

2

ð t2

t1

gcðtÞð1 þ tÞ
ð

RN

cðt; xÞwðt; xÞ2
dxdtaC2

ð t2

t1

gcðtÞ dt: ð2:22Þ

Therefore we obtain
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jð1 þ t2Þkwðt2Þk2
E � ð1 þ t1Þkwðt1Þk2

E j

a

ð t2

t1

ðkwðtÞk2
E þ b1ð1 þ tÞkwtðtÞk2

L2 þ C2gcðtÞÞ dt;

to conclude (1.5).

3. Proof of Theorem 1.2

From the condition on b0 and s, we may assume 2b0 > sþ 3. So, we take

e A ð0; 1Þ as

0 < e < 1 � 2

2b0 � s� 1
: ð3:23Þ

Put

jðtÞ ¼ b2
0ð1 � eÞð1 þ tÞsþ1; cðtÞ ¼ b2

0ð1 þ tÞs; ð3:24Þ

and consider (2.9)–(2.11).

(i) Estimate of Zðt; xÞ. Easy computations give

2bj� jt � 2cbC14ðb0; sÞð1 þ tÞ ð3:25Þ

and

2c� jt bC15ðb0; sÞð1 þ tÞs; ð3:26Þ

where

C14ðb0; sÞ ¼ 2b2
0ð1 � eÞ b0 �

sþ 1

2
� 1

1 � e

� �

and

C15ðb0; sÞ ¼ b2
0f2 � ðsþ 1Þð1 � eÞg:

Note that

ctt ¼
0 if s ¼ 1;

�gcðtÞ if 0 < s < 1;

�
and �ðbcÞt b

b2
0b2ð1 þ tÞ�1 if s ¼ 1;

0 if 0 < s < 1;

�

where

gcðtÞ ¼ b2
0ð1 � sÞð1 þ tÞs�2 A L1ð0;yÞ:

So, we find
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ctt � ðbcÞt b
b2

0b1ð1 þ tÞ�1 if s ¼ 1;

�gcðtÞ if 0 < s < 1:

(
ð3:27Þ

By the use of the condition on cðt; xÞ and (3.26), we obtain

2cc� ðjcÞt bC15ðb0; sÞð1 þ tÞsc�
0 if ct a 0;

C16ðb0Þð1 þ tÞsþ1
gcc if jctja gcc;

�
ð3:28Þ

where we have used the estimate

�jct b�C16ðb0Þð1 þ tÞsþ1gcc

with C16ðb0Þ ¼ b2
0ð1 � eÞ. It then follows from (3.25)–(3.28) that

ð
RN

Zðt; xÞ dxbC14ðb0; sÞð1 þ tÞ kwtðtÞk2
L2

2

þ C15ðb0; sÞð1 þ tÞs k‘wðtÞk2
L2

2
þ 1

2

ð
RN

cðt; xÞwðt; xÞ2
dx

( )
� 1

2
W2ðtÞ; ð3:29Þ

where

W2ðtÞ ¼

�b2
0b1ð1 þ tÞ�1kwðtÞk2

L2 if s ¼ 1 and ct a 0;

�b2
0b1ð1 þ tÞ�1kwðtÞk2

L2

þ C16ðb0Þð1 þ tÞsþ1
gc
Ð

RN cðt; xÞwðt; xÞ2
dx if s ¼ 1 and jctja gcc;

gckwðtÞk
2
L2 if 0 < s < 1 and ct a 0;

gckwðtÞk
2
L2

þ C16ðb0Þð1 þ tÞsþ1gc
Ð

RN cðt; xÞwðt; xÞ2
dx if 0 < s < 1

and jctja gcc:

8>>>>>>>>>>>><
>>>>>>>>>>>>:

(ii) Estimate of Xðt; xÞ. We use the same notation as in Section 2 (ii). By

(3.24), we find A;B > 0 and Cb b2
0ðb0 � sÞ > 0. Therefore, it follows

A� B2

4C
bC17ðb0; sÞð1 þ tÞsþ1 ð3:30Þ

with C17ðb0; sÞ ¼ ð1 � eÞb2
0ð1 � 1=2ðb0 � sÞÞ > 0. Similar arguments give

C � B2

4A
bC18ðb0; sÞ ð3:31Þ

with C18ðb0; sÞ ¼ ðb2
0=4Þðb0 � s� 1=ð1 � eÞÞ > 0. It then follows from the argu-

ments as in Section 2 (iii), (3.30) and (3.31) that
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ð
RN

Xðt; xÞ dxbC17ðb0; sÞð1 þ tÞsþ1kwðtÞk2
E þ C18ðb0; sÞkwðtÞk2

L2 : ð3:32Þ

On the other hand, the following is easily obtained:ð
RN

jXð0; xÞj dxaC19ðkw0k2
H 1 þ kw1k2

L2Þ1C20 ð3:33Þ

for a positive constant C19.

(iii) Derivation of (1.6). Integrating (2.9) on t A ½0; t� and using (3.29), (3.32)

and (3.33) we have

C17ðb0; sÞð1 þ tÞsþ1kwðtÞk2
E þ C18ðb0; sÞkwðtÞk2

L2 þ C21ðb0; b1; b2; sÞ
ð t

0

kwðtÞk2
L2

1 þ t
dt

þ
ð t

0

�
C14ðb0; sÞ

2
ð1 þ tÞkwtðtÞk2

L2

þ C15ðb0; sÞ
2

ð1 þ tÞs k‘wðtÞk2
L2 þ

ð
RN

cðt; xÞwðt; xÞ2
dx

� ��
dt

aC20 þ
1

2

ð t

0

~WW2ðtÞ dt;

where

~WW2ðtÞ ¼

0 ðs ¼ 1; ct a 0Þ;
C16ðb0Þð1 þ tÞsþ1

gcðtÞ
Ð

RN cðt; xÞwðt; xÞ2
dx if s ¼ 1 and jctja gcc;

gcðtÞkwðtÞk
2
L2 if 1

2 < s < 1 and cta0;

gcðtÞkwðtÞk
2
L2

þ C16ðb0Þð1 þ tÞsþ1gcðtÞ
Ð

RN cðt; xÞwðt; xÞ2
dx; 1

2 < s < 1 and jctja gcc

8>>>>>>><
>>>>>>>:

and

C20ðb0; b2Þ ¼
b2

0
b2

2 if s ¼ 1;

0 if 0 < s < 1:

(

In the following, we consider only the case 1=2 < s < 1 and jctja gcc since the

other cases are more easily treated than this case. Put

C21 ¼ min
C14ðb0; sÞ

2
;
C15ðb0; sÞ

2
;C17ðb0; sÞ;C18ðb0; sÞ;C21ðb0; b2Þ

� �
;

C22 ¼ max
C16ðb0Þ

2
;C20

� �
and C23 ¼ C22

C21
:
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It then follows from the inequality above that

ð1 þ tÞsþ1kwðtÞk2
E þ kwðtÞk2

L2 þ
Ð t

0ð1 þ tÞ�1kwðtÞk2
L2 dt if s ¼ 1

0 if 0 < s < 1

�

þ
ð t

0

�
ð1 þ tÞkwtðtÞk2

L2 þ ð1 þ tÞs k‘wðtÞk2
L2 þ

ð
RN

cðt; xÞwðt; xÞ2
dx

� ��
dt

aGðtÞ; ð3:34Þ

where

GðtÞ ¼ C23 1 þ
ð t

0

ð1 þ tÞsþ1
gcðtÞ

ð
RN

cðt; xÞwðt; xÞ2
dxdtþ

ð t

0

gcðtÞkwðtÞk
2
L2 dt

� �
:

From this we find

ð1 þ tÞsþ1

ð
RN

cðt; xÞwðt; xÞ2
dxa 2GðtÞ ð3:35Þ

and

kwðtÞk2
L2 aGðtÞ: ð3:36Þ

Therefore it holds that

G 0ðtÞaC23f2gcðtÞ þ gcðtÞgGðtÞ

and we conclude

GðtÞaC23e
C24

with

C24 ¼ C23

ð t

0

f2gcðtÞ þ gcðtÞg dt:

This and (3.34) give (1.6).

(iv) Derivation of (1.7). Since the same arguments as in Section 2 (iv) give the

desired result (1.7), we omit the detailed proof.

(v) Derivation of (1.8). If s ¼ 1, we find from (3.34) that

ðy
0

ð1 þ tÞkwtðtÞk2
L2 dt < y ð3:37Þ

and
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ðy
0

ð1 þ tÞ�1kwðtÞk2
L2 dt < y: ð3:38Þ

It then follows from (3.38) that

lim inf
t!þy

kwðtÞk2
L2 ¼ 0:

So, we have only to show that fkwðtÞk2
L2gtb0 becomes a Cauchy sequences with

respect to t A ½0;yÞ.
Integrating from t1 to t2 ð0a t1 a t2 < yÞ

d

dt
ðkwðtÞk2

L2Þ ¼ 2ðwðtÞ;wtðtÞÞL2 ;

we have

j kwðt2Þk2
L2 � kwðt1Þk2

L2 j

a 2

ð t2

t1

jðwðtÞ;wtðtÞÞL2 j dt

a 2

ð t2

t1

ð1 þ tÞ�1kwðtÞk2
L2 dt

� �1=2 ð t2

t1

ð1 þ tÞkwtðtÞk2
L2 dt

� �1=2

! 0

as t1; t2 ! þy by (3.37) and (3.38). This proves (1.8).

4. Final Remarks

In the last section, we state several results without the proof for (i) the

generalization of Theorem 1.2, (ii) the initial-boundary value problem, and for

(iii) the case b depends on t and x.

(i) Generalizations of Theorem 1.2 with cðt; xÞ1 0.

Consider (1.1) with cðt; xÞ1 0 under the assumption (1.3). Without the

condition on the size of b0 as in Theorem 1.2, we obtain the following:

Theorem 4.1. Assume (1.3). If m > 0 satisfies

s < m < min b0; sþ min
b0

2
;
b2

b1
;
b1 þ 1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb1 þ 1Þ2 � 4b2

q
2

8<
:

9=
;

8<
:

9=
;;

then the following inequality holds
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ð1 þ tÞmkwðtÞk2
E þ ð1 þ tÞm�s�1kwðtÞk2

L2

þ
ð t

0

fð1 þ tÞm�skwðtÞk2
E þ ð1 þ tÞm�2s�1kwðtÞk2

L2g dt

aC25ðkwð0Þk2
E þ kwð0Þk2

L2Þ

for some positive constant C25. Therefore, we obtain

lim
t!y

ð1 þ tÞmkwðtÞk2
E ¼ 0:

Remark 4.1. In the above theorem, we have m < 2.

(ii) Exterior initial-boundary value problem.

Assume Nb 1 and let W ¼ RNnO, where O is some bounded domain with

smooth boundary qO. We consider the equation:

wtt � Dwþ bðt; xÞwt þ cðt; xÞw ¼ 0 ðt; xÞ A ð0;yÞ �W;

wn þ aðt; xÞw ¼ 0 ðt; xÞ A ð0;yÞ � qW;

wð0; xÞ ¼ w0ðxÞ; wtð0; xÞ ¼ w1ðxÞ x A W;

8<
:

where n denotes the outer unit normal of qW. We state the assumption on aðt; xÞ:

0a aðt; xÞa a0 < y; ðt; xÞ A ð0;yÞ � qW; ð4:39Þ

atðt; xÞa 0; ðt; xÞ A ð0;yÞ � qW ð4:40Þ

and

jatðt; xÞja gaðtÞaðt; xÞ; ðt; xÞ A ð0;yÞ � qW; ð4:41Þ

where a0 is some constant and ga A L1ðð0;yÞÞ. In the following, we use the

notation

kwðtÞk2
EðWÞ ¼

1

2

�ð
W

ðwtðt; xÞ2 þ j‘wðt; xÞj2 þ cðt; xÞwðt; xÞ2Þ dx

þ
ð
qW

aðt; xÞwðt; xÞ2
dS

�

and

kwðtÞk2
L2ðWÞ ¼

ð
W

wðt; xÞ2
dx:
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Theorem 4.2. (i) Assume (1.2) for N, b and c, and (4.39), (4.40) for a. Then

we have for some C26 > 0,

ð1 þ tÞkwðtÞk2
EðWÞ þ kwðtÞk2

L2ðWÞ

þ
ð t

0

�
ð1 þ tÞkwtðtÞk2

L2ðWÞ þ k‘wðtÞk2
L2ðWÞ þ

ð
RN

cðt; xÞwðt; xÞ2
dx

þ
ð
qW

aðt; xÞwðt; xÞ2
dS

�
dtaC26

and

lim
t!y

ð1 þ tÞkwðtÞk2
EðWÞ ¼ 0:

(ii) Assume (1.3) for N and c, the condition as in Theorem 1.2 for b and (4.39),

(4.41) for a. Then we have for some C27 > 0,

ð1 þ tÞsþ1kwðtÞk2
EðWÞ þ kwðtÞk2

L2ðWÞ þ
ð t

0

"
ð1 þ tÞkwtðtÞk2

L2ðWÞ

þ ð1 þ tÞs k‘wðtÞk2
L2ðWÞ þ

ð
W

cðt; xÞwðt; xÞ2
dxþ

ð
qW

aðt; xÞwðt; xÞ2
dS

� �

þ wðsÞð1 þ tÞ�1kwðtÞk2
L2ðWÞ

#
dtaC27;

lim
t!y

fð1 þ tÞsþ1kwðtÞk2
EðWÞ þ wðsÞkwðtÞk2

L2ðWÞg ¼ 0:

Remark 4.2. We can obtain the similar results for Dirichlet or Neumann

problem.

(iii) The case where dissipation b depends on t and x.

For the sake of simplicity, we state the results only for the equation of the

form:

wtt � Dwþ bðt; xÞwt ¼ 0 ðt; xÞ A ð0;yÞ �W;

w ¼ 0 ðt; xÞ A ð0;yÞ � qW;

wð0; xÞ ¼ w0ðxÞ; wtð0; xÞ ¼ w1ðxÞ x A W;

8<
:

where W is the same exterior domain as in (i).

Theorem 4.3. Assume Nb 1,
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b0ð1 þ jxj þ tÞ�m
a bðx; tÞa b1ð1 þ jxj þ tÞ�m

and

mb2ð1 þ jxj þ tÞ�m�1
a�btðt; xÞa mb3ð1 þ jxj þ tÞ�m�1

for any ðt; xÞ A ½0;yÞ �W, where m A ½0; 1� and b0, b1, b2 and b3 are some positive

constants.

(i) If the data satisfy

ð1 þ jxjÞmþ1‘w0; w0;w1 A L2ðWÞ;

then there exists a positive number s such that

lim
t!y

ð1 þ tÞ
ð

RN

ð1 þ jxj þ tÞs�1ðj‘wðt; xÞj2 þ wtðt; xÞ2Þ dx ¼ 0;

where sb 1 if m < 1 and s ¼ 1 if s > 0.

(ii) If the data satisfies ðw0;w1Þ A H 1
0 ðWÞ � L2ðWÞ, then there exists a positive

number s such that

lim
t!y

ð1 þ tÞskwðtÞk2
EðWÞ ¼ 0;

where

kwðtÞk2
EðWÞ ¼

1

2

ð
W

ðj‘wðt; xÞj2 þ wtðt; xÞ2Þ dx

is the total energy and

s ¼

mþ mb2

b1
if m < 1;

min b0;
b1þ3�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb1�1Þ2þ4ðb2�b1Þ

p
2

� �
if m ¼ 1 and b0 0 2;

b1þ3�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb1�1Þ2þ4ðb2�b1Þ

p
2 � e if m ¼ 1 and b0 ¼ 2

8>>>><
>>>>:

for any e > 0.

Corollary 4.1. If ðw0;w1Þ A H 1ðWÞ � L2ðWÞ and b0 ¼ b1, we have

lim
t!y

ð1 þ tÞmþ1kwðtÞk2
EðWÞ ¼ 0 if m < 1;

lim
t!y

ð1 þ tÞminfb0;2gkwðtÞk2
EðWÞ ¼ 0 if m ¼ 1 and b0 0 2;

and for any fixed e > 0, m ¼ 1 and b0 ¼ 2

lim
t!y

ð1 þ tÞ2�ekwðtÞk2
EðWÞ ¼ 0:
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Remark 4.3. m ¼ 1 and b0 ¼ 2 of Corollary 4.1 is the critical case, and such

a pair of critical numbers appears in the estimate (3.32). If bðt; xÞ ¼ 2ðtþ 1Þ�1,

that is, m ¼ 1 and b0 ¼ 2, then it is possible that the energy decays exponential

order with a pair of initial data and boundary condition. Indeed, if N ¼ 1, W ¼
½0;yÞ, w0ðxÞ ¼ e�x, w1ðxÞ ¼ �2e�x and wðt; 0Þ ¼ ð1 þ tÞ�1

e�t, then the solution

is explicitly represented by wðt; xÞ ¼ ð1 þ tÞ�1
e�x�t. This implies that the energy

decays exponential order.
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