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 High-field transport in a semiconductor diode structure at room temperature is newly 

analyzed in a reflection-transmission regime. The Boltzmann equation with a constant electric 

field E is applied to a semiconductor channel of length L, and a pair of flux equations is 

analytically solved. For applied fields larger than ~500 V/cm for silicon, the energy relaxation 

by the acoustic phonon scattering hardly catches up with the energy gain from the field, and 

the kinetic energy accumulates generating hot carriers. As a limiting case, in this paper we 

analyze carrier transport with elastic scattering and without energy relaxation. Current density 

proportional to LE /  is derived for a wide electric field range. At much higher fields, the 

ballistic transmission of carriers through the channel occurs, and current density tends to 

saturate. The result will find its application in sufficiently small systems, where energy 

relaxation by optical phonon scattering is not dominant. 
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1.  Introduction 

   The high-field transport of semiconductors is an old topic, and yet its importance is still 

increasing. A half century ago, Ryder1) and Shockley2) investigated the current in germanium 

and silicon, and proposed the theory of the drift-diffusion current 3) as well as the velocity 

saturation. Since then, the theory has served as the central concept of semiconductor 

electronics. Now that devices are in nanoscale and the electric field inside is intensified, 

proper understanding of the mechanism of high-field transport is critical for the control of 

device performance. Here we present a new solution of high-field transport based on analysis 

of the Boltzmann transport equation (BTE)4) in the reflection transmission regime. 

Analysis of BTE is an orthodox approach to the classical transport theory. The 

one-dimensional BTE5-7) is also frequently analyzed to elucidate essential features of a 

transport system. The phenomenological relaxation time approximation (RTA) is usually 

assumed. In the 1960s, a numerical approach to solving BTE using the Monte Carlo 

technique8-10) was developed and has become one of the standard methods for the numerical 

simulation of transport in semiconductors. It has been a very efficient method of analysis. 

However, the numerical method sometimes shows weakness in developing physical concepts. 

The reflection-transmission regime, which was introduced by Landauer’s formula,11,12) had a 

profound effect on the transport theory. In place of the borderless homogeneous system, a 

finite-size system equipped with a current source and drain electrodes is assumed, and the 

transmission of a flux from the source to the drain is analyzed. The flux theory proposed by 

McKelvey’s group13-16) is an example of the classical application of the regime.  

The drift current density I under a constant electric field E is usually described as Ohm’s 

law.17) 
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Here, q, m, and n are the charge, the effective mass, and the density of carriers, respectively. τ 

is discussed later. Equation (1) is often divided into qnvI =  and Emqv )/( τ=  where v is 

the drift velocity. This is the core expression of the drift-diffusion model. The current density 

at a local point is expressed by only the local values of parameters. It is uniform in a 

homogeneous system. Although a similar expression is readily derived by a heuristic 

approach of the one-particle Drude theory,18) BTE provides a more rigorous derivation of eq. 

(1) for a homogeneous bulk system considering the carrier distribution. The most remarkable 

assumption used in deriving eq. (1) is RTA.3,4,19) The complicated collision integral of BTE is 

replaced by a simple expression,  
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where fk (f0
k) is the distribution function with the applied field (in thermal equilibrium). The 

deviation of carrier distribution from the equilibrium is assumed to relax to the equilibrium in 

the relaxation time τ [the same τ as in eq. (1), the averaged value over the Fermi surface when 

the carrier distribution is considered]. RTA is generally thought to be effective when the 

deviation is small. For a large deviation in contrast, it seems difficult to justify such a simple 

assumption. Details of the scattering process, or the complicated courses of energy relaxation 

satisfying the conservation rules, are all neglected. The interplay of carriers through the 

scattering between different k-states is replaced by a simple self-relaxing process. It is a sort 

of mean field theory neglecting details. This is a drastic approximation, but it is almost 

inevitable in an analytic approach. 
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   Equation (1) describes the drift motion of carriers driven by the electric field. Carriers 

gain kinetic energy from the field as they drift downstream, and relax the energy to the 

phonon system. At a low electric field where the energy gain is not significant, carriers can 

exhaust the gained energy through subsequent energy relaxation (presumably owing to the 

acoustic phonon scattering). The increase in mean kinetic energy is suppressed, and the linear 

E-dependence of I is maintained. Equation (1) assumes that carriers stay in a homogeneous 

quasi-equilibrium around each local point, fully relaxing the gained energy to phonon system 

(full-energy-relaxation model). The equation is usually derived by applying BTE to a 

borderless uniform system.4,19) On the other hand, Appendix A shows how the 

full-energy-relaxation model derives the drift-diffusion current, and that the result is valid in 

the low-field range V/cm 490≤E  for silicon. 

For V/cm 500≥E  in contrast, the gained energy cannot be exhausted by subsequent 

scatterings. The mean kinetic energy of carriers increases generating hot carriers.20,21) The 

carrier velocity increases as they drift downstream. The uniformity of the system, that is, the 

theoretical background of eq. (1), collapses. According to the conventional theory, the hot 

carriers demand modification of the relaxation time τ, and attain a new quasi-equilibrium, 

which is also expressed by eq. (1). The increase in mean kinetic energy modifies the mean 

scattering probability, and causes an E-dependent mobility. The current expression includes 

higher-order terms, constituting a perturbation expansion in powers of E. Shockley also 

derived2) a current expression proportional to E  using eq. (1) for a high field of 

0/5.1 μsvE ≥  (≈800 V/cm for silicon; here, vs is the sound velocity and μ0 is the low-field 

mobility). However, the clear dependence on E  was not confirmed in experiments21). The 

E-linearity of current density loses its foundation in the high-field range of V/cm 500~≥E . 
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On the other hand, the experimental data suggest an approximate linearity in I-E relationship 

extending into higher fields less than the velocity saturation limit. What is the mechanism 

supporting the linearity at high fields? 

In present analysis, we propose a new solution of high-field transport based on a 

pseudo-one-dimensional BTE 22,24) and try to clarify the transport mechanism in the high-field 

region where the conventional eq. (1) is left groundless. The two major assumptions in eq. (1), 

RTA and perturbation expansion, are removed, and the BTE is solved yielding a consistent 

solution from low fields to high fields. In Part I, the carrier transport only with the elastic 

scattering and in the absence of energy relaxation is analyzed. In Part II,24) we investigate the 

high-field transport in which the elastic scattering and also the energy relaxation due to 

optical phonon scattering are considered. In §2, we analyze the transport associated with 

elastic scattering without energy relaxation. Section 3 is devoted to the discussion of transport 

mechanism in the transmission regime, and §4 is a summary. 

 

2. Model 1: Elastic Scattering Without Energy Relaxation 

   We investigate carrier transport in a semiconductor in the reflection-transmission 

probability regime for a room-temperature nondegenerate case. The carrier transport through 

the region (referred to hereafter as the channel) of length L, interposed between the source 

electrode grounded and the drain electrode biased at V, is analyzed assuming that a constant 

electric field E=V/L is applied. The device structure in the transverse direction is uniform. The 

source and drain electrodes are assumed to be ideal reservoirs of carriers. The flux of the 

carriers they emit is as large as the channel requires, and they accept flux as the channel 

discharges without reflection. For simplicity, positive charge carriers are assumed and we 
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suppose q>0. The result is also applied to electronic current. We may need to change the signs 

of some quantities, but the magnitudes are unaltered and no confusion is caused. The x-axis is 

along the channel toward the drain, and the origin is at the source edge. The field is uniform 

along the x-axis, and the system is homogeneous in the y-z-plane and has an axial symmetry 

around the x-axis. 

As was mentioned above, the full-energy-relaxation model derives the drift-diffusion 

theory. In a higher-field range in contrast, the kinetic energy of carriers accumulates during 

the course of their transport toward the drain. To study this situation opposite to the 

full-energy-relaxation, we analyze an extreme case in which only elastic scattering without 

energy relaxation is assumed. Figure 1 schematically shows a potential diagram of the device. 

The classical BTE approach is employed. We try to analyze the system without RTA by 

virtue of a slightly stronger restriction than is usually employed in elastic scattering. Elastic 

scattering conserves the total carrier energy, and the transverse kinetic energy perpendicular 

to the field increases or decreases by chance. Regarding the chance of an increase as even to 

that of a decrease, we tried assuming that the transverse kinetic energy is conserved in the 

process on average. On the basis of this assumption, we can transform the three-dimensional 

BTE to a steady-state pseudo-one-dimensional BTE, as is detailed in Appendix B. A 

discussion on the effect of the failure of this assumption is found at the end of §3.  

As in Fig. 1, carriers are assumed to be injected from the source to the channel with the 

kinetic energy ε, which is on the order of thermal energy kBT, and are transferred along the 

channel, being accelerated by electric field and suffering from elastic scattering. The origin in 

the x-axis is at the source edge, and the origin in energy is at the potential energy level at 

0=x . In the pseudo-one-dimensional BTE approach, the two-dimensional phase space  
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composed of the wave number k and the position x is assumed. Owing to energy conservation 

in the direction of the field, the kinetic energy of a carrier at the position x with the wave 

number k is )(2/)( 2 ε+= qExmkh  and depends on the position x. Here, h  is the reduced 

Planck’s constant. The k-x relation defines a parabola in the phase space, and the carrier motion 

is confined within this track. The state of a carrier in the channel is classified into the positive 

velocity state )0( >k  and the negative velocity state )0( <k . According to the model in 

Appendix B, the carrier scattering at x is allowed only between the states k and –k. The 

scattering probability from k to –k is equal to that from –k to k by the principle of detailed 

balancing. The steady-state pseudo-one-dimensional BTE derived in eq. (B6) is 
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Here f(x,k) is the pseudo-one-dimensional distribution function defined in eq. (B7) (the 

dimension is [L-2]). B is the backscattering probability between the states k and –k, and is 

given by eB τ2/1=  where τe is the three-dimensional elastic scattering time. The energy 

dependence of B is neglected for simplicity. Since the total energy of a carrier is conserved, 

the distribution function ),( kxf  is expressed by a form including the delta function, 

assuring energy conservation. If we prepare appropriate functions ),( kxf ∗  where 

( ) h/2 ε+= qExmk , and )(xF , the positive-velocity component is expressed as 
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Similarly, the negative-velocity component is expressed by an appropriate function )(xG  
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After substituting eqs. (4a) and (4b) into eq. (3) followed by appropriate rearrangement, we 

integrate the resultant expression over k to eliminate the δ-function. Device experts may not 

be familiar with the δ-function. Refer to the following formula if necessary. If the equation 

0)(1 =xg  has a unique solution 0xx =  within an appropriate range 21 xxx << , then, 
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Thus, we obtain a set of differential equations that )(xF  and )(xG  are required to satisfy. 
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Using eqs. (4a) and (4b), we derive the carrier fluxes for the positive- and negative-velocity 

components at x, respectively, as in eq. (B9): 
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h is Planck’s constant. Functions )(xF  and )(xG  divided by h represent the magnitude of 

three-dimensional fluxes. Equations (5a) and (5b) divided by the square root factor 

representing the carrier velocity on the left-hand side, imply the continuity of each velocity 

component of carriers, because the flux divided by the velocity gives the carrier density of 

each component. The three-dimensional carrier density nε(x) for the incident energy ε is 

obtained [eq. (B8)] as 
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   Using the relation ( ) ( )( )εε +=+ qExddmqEdxdmqEx /2///)(2 , we easily 

integrate eqs. (5a) and (5b) to obtain the general solution. The specific solution within the 

channel for the boundary condition F(0)=F0 as well as G(L)=GL, as in Fig. 1, is derived as 
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The transmission coefficient T  from the source to the drain is obtained as the value 

hLF /)(  for the boundary conditions hF =0  and 0=LG , and has the form 
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=
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For carriers moving in the opposite direction, from the drain to the source, the transmission 

coefficient has the same expression. In the limit of E→0, the transmission coefficient for the 

diffusion without the field is reduced to 
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where l is the mean free path given by the carrier velocity m/2ε  multiplied by the 

scattering time B/1 . Note that this expression agrees with the formula in the 

one-dimensional multi-scattering theory derived by Datta11). 

The current density  εI  from the source to the drain attributable to the carriers with the 

incident energy ε is derived from eqs. (8a) and (8b) as 



 10

[ ] ( ) )11(.)()( 0 LGFT
h
qxGxF

h
qI −=−=ε  

It is a constant along x due to the current conservation for the case without energy relaxation. 

The current vanishes if LGF =0 . F0 and GL are injected from the source and drain electrodes, 

respectively. We assume that the source and the drain are in quasi-equilibrium with the Fermi 

potentials μ and )( qV−μ , respectively, referring to the origin of energy in Fig. 1. More 

specifically, we assume that the source and the drain, both made of highly doped 

semiconductors with degenerate carriers, are connected to a semiconductor channel region 

with a uniform doping concentration 0n  via a low-resistance junction of the type n+-n or 

p+-p, which is denoted hereafter by the source- or drain-channel junction. The entrance (exit) 

part of the channel neighboring the source (drain) is in quasi-equilibrium with the electrodes, 

and the Fermi potential therein is adjusted to a value close to μ )( qV−μ  by the potential 

barrier across the source-channel (drain-channel) junction. The potential profile across the 

structure is provided by the solution of the Poisson equation self-consistently coupled to the 

charge distribution. Within the bulk region of the channel, the constant field profile is assured 

if charge neutrality therein is maintained. The entrance (exit) part of the channel is in 

quasi-equilibrium with the source (drain) controlled by Maxwell-Boltzmann statistics, when 

the injection level of carriers is not so high. The majority carrier density therein is about 0n , 

the doping level of the channel, and here we assume the value. The carrier distribution 

function in the entrance part for example is approximated by eq. (B11) and has a continuous 

distribution in energy. The flux injected into the channel is the superposition of the 

contribution from each energy component as is given in eq. (B13). In case the distribution 

function has a monochromatic energy component as in eq. (4), current density is derived as in 
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eq. (11) and is linear in the injected fluxes F0/h and GL/h. When the energy spectrum has a 

distribution, the current density is obtained by superposition of eqs. (11) in which F0/h and 

GL/h are replaced by various flux components of eq. (B13) with different εx. The injection 

from the entrance part is expressed by the substitution equation, 
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The injection from the drain, GL/h, is also expressed by the substitution eq. (12), but the factor 

( )TkqV B/exp −  is multiplied in this case. If we integrate over energy the flux component in 

eq. (12) divided by the carrier velocity m/2ε , we obtain the carrier density of the injected 

flux as 2/0n , the density of the positive-velocity carriers. The injection velocity, which is the 

mean velocity of injected carriers, is obtained by integrating eq. (12) and then dividing it by 

2/0n  to yield mTkB π/2 , the thermal velocity for the positive velocity component. 

Substituting for F0/h and GL/h in eq. (11) in accordance with the substitution eq. (12), we 

obtain the total current density I of the system, 
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   We next try to estimate some quantities numerically and discuss the transport of silicon. 

The low field mobility μ of the high-purity silicon is reported to be 1430 cm2V-1s-1 25), and we 

estimate the three-dimensional elastic scattering time τe =2×10-13 s in view of the 

relation mq e /τμ = . ( )eB τ2/1= is estimated to be 2.5×1012 s-1. The spherical conductivity 

effective mass for silicon is assumed to be ( )[ ] 0

111 26.03/2 mmmm t =+=
−−−

l , where m0 is the 

electron mass. Figure 2 shows the distribution of the carrier density nε(x) within the region 

x=0―2.0 μm for ε=0.026 eV, comparable to the thermal energy at room temperature. The 
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electric field is V/cm1000=E . The ordinate is normalized by the density of injected 

carriers, ε2/)/( 0 mhF . The injection from the drain side by GL is neglected owing to the 

assumption that TkqV B>> . L is varied from 0.2 to 20 μm as the parameter. The curves 

show how injected carrier density evolves along the channel. We can see that the density 

sharply decreases toward the drain, in contrast to the ordinary drift current. The density 

decrease along the channel varies depending on L. The normalized carrier density 2.0 at x=0 

implies that the large positive- and negative-velocity fluxes almost balance each other to yield 

a small net current. Carriers moving toward the drain are disturbed by perpetual 

backscattering, which drives them back. The number of carriers that survive the 

backscattering and advance toward the drain diminishes as they near the drain. As a result, the 

carrier flow is stagnant close to the source. Figure 3 shows plots of the drift velocity )(xvε  

normalized by the velocity of injected carriers, m/2ε , which is on the order of thermal 

velocity. We assume 0=LG , eV026.0=ε , and V/cm1000=E . L is varied as a 

parameter. We can see that the drift velocity of the injected carriers increases along the x-axis, 

in contrast to the expected constant velocity of the drift-diffusion theory. A curve of constant 

velocity given by Emq e )/( τ  is also illustrated. Carrier density decreases toward the drain, 

and the conservation of electric current naturally causes an increase in drift velocity toward 

the drain. Figure 4 shows plots of the transmission coefficient T  as a function of the electric 

field E. The parameter is L. T  increases as E increases, and approaches unity as E→∞, 

yielding the total (ballistic) transmission, as is inferred in eq. (9). Carriers are instantaneously 

accelerated and reach the drain before backscattering takes place. Therefore, all carriers 

injected at the source are transmitted to the drain. On the other hand, T  decreases as L 

increases, and it approaches zero as L→∞, as is also inferred in eq. (9). 
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     Figure 5 shows plots of the total current density I in eq. (13) at T=300 K as a function 

of E. Here, we assume that the doping level is n0= 2.5×1014 cm-3 (~ 28 Ω cm in n-type silicon) 

in view of the later discussion in Part II. L is varied as a parameter. For a sufficiently small 

value of E, we can recognize a region where I is proportional to E and is almost independent 

of L. As the field E increases, the proportionality to E breaks down and the slope of the curve 

in the figure shows the dependence EI ∝  for a wide region of E. In this region, I shows a 

strong dependence on L and decreases as L increases. The drift-diffusion current at a local 

point x is known to be a function of local parameters: local carrier density and local drift 

velocity dependent on local scattering time and local field. However, the L dependence in Fig. 

5 shows that the current is not local but is dependent on the global size of the system. 

 

3. Discussion 

   Analysis of eq. (13) by deriving asymptotic expressions helps clarify the transport 

mechanism. First, we find the leading term in E in the low-field region, qLTkE B /<< . The 

factor in the central bracket on the right-hand side of eq. (13) is reduced to TkqEL B/ . The 

leading contribution of the transmission coefficient T  in the integral is the term of the 

zero-th order in E, which is only eq. (10). If we assume a system size of m 1~ μL or larger, 

and TkB~ε , then 5.05.02 )eV(23.02)eV(0.3 ≈>>≥ εLmB  (this implies that l>>L ), 

and thus eq. (10) is reduced to LLmBT /)/(2 22 l=≈ ε . Substituting into eq. (13) and 

integrating over ε, we obtain the current density 
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This is the same as eq. (1), but the validity is limited to a very low applied field less than 
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qLTkB / .  

   In the field region of qLmBEqLTkB /2/ 2<<<< , the factor in the central bracket in eq. 

(13) is reduced to unity and is independent of E. Now we define the traverse time ε
21 xxt →Δ  of 

a positive-velocity carrier with the incident energy ε at x=0, from point x1 to point x2, in the 

absence of scattering. Newton’s equation of a carrier for a constant acceleration by the electric 

field E yields 
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We can assume TkB~ε  and we have ( ) qEmLqEqELmt L /2/20 ≈−+=Δ → εεε  if 

the incident kinetic energy ε is sufficiently less than qEL . Using the collision 

(backscattering) time Bc /1=τ , we transform the inequality qLmBE /2 2<<  to 

cLt τε >>Δ →0 , which implies that the carrier would suffer many collisions before reaching the 

drain. The transmission coefficient in eq. (9) is rewritten, and is also approximated by 
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where the last term is independent of ε. After integration over ε, we obtain  
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which is proportional to E  and dependent on L, as is expected. Note that the second half 

of eq. (10) is equivalent to the first half of eq. (16) provided that E = 0; eq. (16) also covers 

the case E ≠ 0. One may remember that Shockley 2) derived a similar current expression 

proportional to E . Note that eq. (17) is completely different from his discussion. His 

theory was based on energy dissipation to a phonon system, and the result showed no 
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dependence on the sample size L. 

   For a much larger field, the condition EqLmB <</2 2  is reduced to cLt τε <<Δ →0 , 

which means that the mean distance of the course that the carrier runs accelerated by the field 

during the scattering time is much larger than L. Then, the transmission coefficient in eq. (16) 

is reduced to unity (ballistic transmission without backscattering), and we obtain 
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This implies that the carriers with the density n0/2 (the positive velocity component) are 

injected from the source into the channel with the velocity mTkB π/2  (the thermal 

velocity of the positive-velocity carriers regulated by Boltzmann distribution), and are then 

completely transmitted to the drain without backscattering. The current shows no dependence 

on E and saturates. However, the required field is exceedingly high, as the transmission 

coefficient shown in Fig. 4 suggests, unless the channel length L is very small. 

   The carrier density distribution shown in Fig. 2 suggests a marked deficit of carriers in the 

channel. Let us examine the mean carrier density ( )∫≡
L

dxxnLn
0

)(/1  inside the channel. 

The carrier density n(x) for eq. (13) is obtained by substituting eqs. (8a) and (8b) into eq. (7), 

followed by the substitution of eq. (12). We estimate ( )0/ nn  for the case TkqEL B>> , i.e., 

the injection from the drain is neglected. For V/cm500=E  and μm2=L , we have 

( ) .19.0/ 0 =nn  The deficit of carriers is marked for a large L, and is mitigated when L 

decreases. The deficit of the carrier charge in the channel may destroy the charge neutrality of 

the system. Balancing the carrier charge with the doped impurity charge requires an increase 

in current injection, which is fulfilled by decreasing the potential barrier of the source-channel 
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junction and effectively increasing the carrier density there. The self-consistent Poisson 

equation will establish some renormalized potential profile. For a low doping concentration n0, 

however, the potential curvature regulated by the Poisson equation is small, and the potential 

profile approaches the constant field curve when L is sufficiently small. 

   In an actual system with a large channel length, the presence of energy relaxation due to 

optical phonon scattering markedly changes the aspect of transport, as is analyzed in Part II. 

Model 1 with elastic scattering plays an important role in a small system with a very short 

channel length, exemplified in nanoscale conductors. If energy relaxation is suppressed by 

some way or another, and yet the elastic scattering is emphasized in the system, the 

characteristic field dependence proportional to E  may be observed. 

We have used the pseudo-one-dimensional model, and it is based on the assumption that 

the longitudinal kinetic energy and transverse kinetic energy are separately conserved on 

average in elastic scattering, as discussed in Appendix B. In actuality, however, the 

incremental gain in longitudinal kinetic energy from the longitudinal field is gradually 

transferred to the transverse motion toward equilibrium, where the kinetic energy in each 

direction is equal. The extreme case of close energy exchange can be roughly estimated by 

assuming that only one-third of the kinetic energy gain from the longitudinal field is used for 

the acceleration of the longitudinal motion on average. This result, which is estimated from 

eqs. (5a) and (5b), where E is replaced by (E/3), requires the horizontal shift by ln(3) of the 

curves shown in Figs. 4 and 5. Since this is an extreme case, one can recognize that the 

qualitative features of the result are not damaged by considering the three-dimensional effect. 

 

5. Conclusions 
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A simple theory of flux equation based on the pseudo-one-dimensional BTE is developed 

to analyze high-field transport in semiconductors at room temperature. Without relying on 

RTA or perturbation expansion, we solved BTE and obtained a solution consistent from the 

low-field to high-field regions.  

At a sufficiently low electric field of less than ~500 V/cm, a carrier’s energy is fully 

relaxed along the channel without yielding hot carriers, and the ordinary drift-diffusion 

current applies. When the applied field is increased over the limit, the full-energy-relaxation 

model fails and kinetic energy increases toward the drain. The local quasi-equilibrium 

collapses and the conventional current model is left groundless. As an extreme instance, the 

transport only with elastic scattering is first analyzed as Model 1. The transport property is 

discussed using the transmission coefficient from the source to the drain, )/( 0
εττ Lcc tT →Δ+= . 

Both the carrier density and the carrier velocity distributions are inhomogeneous within the 

channel, and current density depends on E and L as LEI /∝  in the wide field-range of 

qLmBEqLTkB /2/ 2<<<< . Carrier flow is hindered for a large L, and Ohm’s law is shown 

to break down without energy relaxation.  

For an extremely large field of EqLmB <</2 2 , the transmission coefficient of carriers 

through the channel approaches unity, and the ballistic or total transmission results. Electric 

current tends to saturate at a value given by the thermal injection of carriers from the source 

into the channel multiplied by the elementary charge. 

The extracted transport characteristics may be useful for analysis of an ultrasmall system, 

e.g., nanoscale devices in which an efficient energy relaxation due to optical phonon 

scattering is not dominant. On the basis of the present results, in Part II we will analyze the 

carrier transport that is far from the quasi-equilibrium and suffers from energy relaxation due 
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to optical phonon scattering. 
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Appendix A: Full-Energy-Relaxation Model and Drift-Diffusion Current 

   Here, we develop a simple flux theory in the reflection-transmission probability regime 

based on the equation of continuity, and apply it to the carrier transport in room-temperature 

nondegenerate semiconductors. At a low applied field, the carrier energy gained from the field 

is fully relaxed by carrier scattering without generation of hot carriers, and the mean carrier 

energy after collision is reduced to thermal energy.  We analyze the one-dimensional carrier 

transport through the channel of length L, interposed between the source and drain electrodes. 

A constant electric field E is assumed in the channel. The positive charge carriers are assumed 

for simplicity. The x-axis is along the channel direction, and the origin is at the source edge. 

Carriers in the channel can be classified into the positive- and negative-velocity components, 

and the components constitute each carrier flux. Magnitude of the two fluxes are respectively 

denoted by )(xj+  and )(xj− . These fluxes exchange carriers through carrier scattering, and 

the quantity of exchange is proportional to the carrier density of the flux provided by 

±± vxj /)( , where v+ and v－ are the magnitudes of the mean carrier velocity of the positive- 

and negative-velocity fluxes, respectively. The conservation of each flux in a steady state is 

formulated. The net density increment is suppressed by the balance of steady flows of the 

out-scattering to and the in-scattering from the opposite velocity component. The equations of 

continuity for the two flux components, )(xj+  and )(xj− , are respectively arranged as 
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where the probability of scattering to the opposite velocity state is denoted by )2/(1 τ  and is 

assumed to be equal for the two flux components [τ corresponds to the three-dimensional 

scattering time. See eq. (B6)]. Equations (A1a) and (A1b) are equivalent to the McKelvey’s 

flux equations 13-15). Taking the sum of eqs. (A1a) and (A1b), one can confirm that the net flux 

[ ])()( xjxj −+ −  flowing from the source to the drain is a constant. By combining the result 

and the difference of these two equations, one can easily solve the pair equation. The solution 

satisfying the two boundary conditions 0)0( ++ = jj  and LjLj −− =)(  is derived as, 
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where )2/(1 ±± ≡ vB τ . Owing to the full energy relaxation, the average energy of a carrier 

immediately after the scattering is the thermal energy kBT at any point in the channel; 

therefore, mean velocity is reduced to the thermal velocity  mTkv B π/20 =  for both the 

positive- and negative-velocity fluxes. The velocity increment due to the electric field 

immediately before the next scattering is mqE /2 ⋅τ , whose magnitude is far smaller than v0 

for the assumed low field. The relevant energy increment also is much smaller than the 

thermal energy, and it is relaxed by the acoustic phonon scattering. Then, the mean carrier 

velocities for both fluxes are  
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)A3(,0 m
qEvv τ

±=±  

and so 0vvv ≈≈ +− . One can assume 

( ) (A4)        ./        if12
0

qTkELV
mv
qELLBB B>>≡>>≈− +−  

The terms with exponential factors are dominant in eqs. (A2a) and (A2b), and we notice 

0)()( +−+ ≈≈ jxjxj  within a wide range of [ ])/(10 +− −−<<≤ BBLx  even if Ljj −+ ≠0 , in 

accordance with the assumption of homogeneity in eq. (1). The carrier density n(x) is given 

by 

(A5)                            .)()()(
−

−

+

+ +=
v

xj
v

xjxn  

Equations (A1a), (A1b), and (A5), as well as dxxdn /)(  derived from eq. (A5), yield the 

expressions of )(xj+  and )(xj−  in terms of n(x) and dxxdn /)( . Then the electric current 

density { })()( xjxjqI −+ −=  is transformed to 

( ) )A6(.)()()(
2
1 2

0 dx
xdnvE

m
qqn

dx
xdnvqvvvxqnI τττ −=−−= −+−+  

Since τ20v  is the diffusion coefficient for room temperature, eq. (A6) correctly reproduces 

drift-diffusion current. Equations (A2a) and (A2b) yield both the transmission coefficient T  

and the reflection coefficient R . They are values of )(Lj+  and )0(−j  for the simultaneous 

boundary values 10 =+j  and 0=−Lj . We obtain 0/2 mvEqT τ≈  for drift current or 

LvT /2 0τ≈  for diffusion current ( 2
0mvqEL << ), and 1<<T  and 1~R  in either case.  

We next estimate the electric field range in which the full energy relaxation approximation 

is valid. Since the mean carrier velocity is roughly Emqvv )/(2/)( τ=− −+ , the mean energy 
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gain of a carrier during the scattering time 2τ is roughly estimated as ττ 2)/( ⋅⋅ EmqqE . We 

then estimate the mean energy relaxation of a carrier. The major inelastic processes are optical 

phonon scattering and acoustic phonon scattering. The former involves a large quantity of 

energy and is the efficient route to energy relaxation. However, it is not dominant at low 

applied fields, at which the relevant carrier energy is small. Acoustic phonon scattering, 

which is sometimes treated as elastic, involves a small quantity of energy, and the energy 

relaxation due to the process is dominant in sufficiently low field transport. The energy 

exchanged by the acoustic phonon scattering is a few milli-eV for thermal electrons, and we 

assume it is ~0.1 kBT at room temperature. The emission probability of the phonon for an 

electron is proportional to )1( +N  and the absorption to N , where 

[ ] 5.91)1.0exp(/1 =−=N  is the mean number of phonons. Thus, the mean energy 

relaxation per acoustic phonon scattering is 0.1 kBT×(10.5-9.5)/(10.5+9.5)=0.005 kBT, where 

the thermal energy is kBT=0.026 eV at room temperature. Therefore, the hypothesis of full 

energy relaxation is validated if 

(A7)                  ,005.02 TkE
m

Eqq B≤⎟
⎠
⎞

⎜
⎝
⎛ ττ  

which yields V/cm 490≤E  as the validity range of the full-energy-relaxation model, if we 

employ the parameters presented in §2.  

 

Appendix B: Derivation of a Pseudo-one-dimensional Model from the 

Three-Dimensional Boltzmann Transport Equation 

The pseudo-one-dimensional model used in the analysis is derived from the 

three-dimensional steady-state BTE characterized by the spherical effective mass m  
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Here, kr ,f  is the three-dimensional distribution function and ',kkr,Q  is the transition 

probability between the initial and final states. Abbreviated expressions for the differentiation 

and the integration by vectors are used. Elastic scattering is assumed. As usual for the 

room-temperature Boltzmann statistics, we assume that the carrier distribution is dilute and (1

－ kr ,f )≈1. We use cylindrical coordinates (kx, k⊥, θ) in place of (kx, ky, kz). We assume a 

device structure where the electric field E with a magnitude E is applied parallel to the x-axis 

of a homogeneous sample. The system is homogeneous in the y-z-plane and has a cylindrical 

symmetry around the x-axis. Then, the dependence of the distribution function kr ,f  on the 

coordinates y, z, and θ is eliminated, and we have ),,(, ⊥= kkxff xkr . Equation (B1) is 

rewritten as  
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To reduce eq. (B2) to a pseudo-one-dimensional expression along the x-axis, some averaging 

of the collision part over k⊥ in the ky-kz plane is inevitable. Elastic scattering requires 

mkkmkk xx 2/)''(2/)( 222222
⊥⊥ +=+ hh . The longitudinal energy mkx 2/22h  is varied by E 

and also by the scattering. The transverse energy mk 2/22
⊥h  is varied only by the scattering, 

and is increased or decreased by interaction with the longitudinal energy. We assume that the 

increase and the decrease occur roughly by equal chance. Thus, we can require that 

mkmk 2/'2/ 2222
⊥⊥ ≈ hh  on average. So, we employ an approximate expression of scattering 

probability in terms of delta functions 
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 Physically, it is a stronger restriction that the longitudinal and transverse energies should be 

separately conserved, compared with the actual condition that only the sum of these energies 

is conserved. Q generally depends on x, kx, k⊥, and (θ－θ’). However, we expect a simple 

scattering model here and neglect the x, k⊥, and (θ－θ’) dependence of Q, assuming 

appropriate averaging over these parameters. Substituting eq. (B3) into eq. (B2), the collision 

integral part is transformed to  
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On the other hand, the scattering time τ in our case is evaluated using eq. (B3) as  
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Integrating both sides of eq. (B2) over the plane of k⊥ and θ at a given kx, while also summing 

over the spin, and using eq. (B5), we obtain a one-dimensional BTE 
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Here, f (x, kx) is the pseudo-one-dimensional distribution function in the x-direction given by 

( )∫ ⊥⊥
⊥≡ (B7)            .

2
),,(2),( 2π

θddkkkkxfkxf xx  

The three-dimensional carrier density is derived by 
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and the three-dimensional flux of the structure is given by 
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For the inelastic optical phonon emission discussed in Part II as well, we assume that the 

transverse energy is kept unaltered and consequently derive a one-dimensional BTE similar to 

eq. (B6). We assume that the electric field increases, the elastic scattering conserves, and the 

optical phonon emission decreases longitudinal energy alone, keeping transverse energy 

unaltered, thus constituting the pseudo-one-dimensional model.  

To calculate current density, we evaluate the flux injected into the sample from a 

quasi-equilibrium reservoir with the carrier density n0. The three-dimensional distribution 

function of the reservoir is approximated by the Boltzmann statistics with the Fermi energy μ 

as 
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Then, eq. (B7) yields  
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and expression (B8) yields 
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The injected flux with longitudinal carrier energy between ε and (ε + dε) is evaluated using eq. 

(B12) as 
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Figure Captions 

Fig. 1.  Potential profile of the device and carrier transport accompanied by the 

energy-conserving elastic scattering along the channel (Model 1). The kinetic energy of the 

carrier increases along the channel owing to energy gain from the field, leading to hot carrier 

generation.  

Fig. 2.   Distribution of carrier density along the channel for various values of L. The 

applied field is 1000 V/cm, and the incident kinetic energy ε is the thermal energy 0.026 eV at 

room temperature. Value 2, shown as the carrier density at 0=x , implies that the incident 

flux and the flux reflected into the source have the same magnitude.  

Fig. 3.  Distribution of drift velocity (mean velocity) along the channel for various values of 

L. The applied field is 1000 V/cm, and ε is 0.026 eV. The value of velocity is normalized by 

the incident carrier velocity. The dashed line indicates the value given by the conventional 

mobility multiplied by the field. 

Fig. 4.  Transmission coefficient from source to drain as a function of the applied field for 

various values of L. 

Fig. 5.  Current density from source to drain as a function of the field for various values of L. 
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