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FIXED POINTS SUBGROUPS BY TWO INVOLUTIVE

AUTOMORPHISMS s, g OF COMPACT EXCEPTIONAL

LIE GROUPS F4, E6 AND E7

By

Toshikazu Miyashita

Introduction

For simply connected compact exceptional Lie groups G ¼ F4, E6 and E7,

we consider two involutions s, g and determine the group structure of subgroups

Gs; g of G which are the intersection Gs VG g of the fixed points subgroups of

Gs and G g. The motivation is as follows. In [1], we determine the group structure

of ðF4Þs;s
0
, ðE6Þs;s

0
and ðE7Þs;s

0
, and in [2], we also determine the group structure

of ðG2Þg; g
0
, ðF4Þg; g

0
and ðE6Þg; g

0
. So, in this paper, we try to determine the type of

groups ðF4Þs; g, ðE6Þs; g and ðE7Þs; g. Our results are the following second columns.

The first columns are already known in [3], [4] or [5] and these play an important

role to obtain our results. In Table 1, the results of the group structure of Gs; g

are obtained by the result of G g and in Table 2, ones are obtained by the result

of Gs. In this paper, we show the proof of the results of the first and the second

line of Table 1 and the third line of Table 2.
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Notation

(1) For a group G and an element s of G, we denote fg A G j sg ¼ gsg by Gs.

(2) For a transformation group G of a space M, the isotropy subgroup of G

at m1; . . . ;mk A M is denoted by Gm1;...;mk
¼ fg A G j gm1 ¼ m1; . . . ; gmk ¼ mkg.

(3) For a R-vector space V, its complexification fuþ iv j u; v A Vg is denoted

by VC . The complex conjugation in VC is denoted by t : tðuþ ivÞ ¼ u� iv. In

particular, the complexification of R is briefly denoted by C : RC ¼ C.

(4) For a Lie group G, the Lie algebra of G is denoted by the corresponding

German small letter g. For example, soðnÞ is the Lie algebra of the group SOðnÞ.
(5) Although we will give all definitions used in the following Sections, if in

case of insu‰ciency, refer to [3], [4] or [5].

1. Group F4

We use the same notation as in [1], [2] or [5] (however, some will be rewritten).

For example, the Cayley algebra C ¼ HlHe4, the exceptional Jordan algebra

J ¼ fX A Mð3;CÞ jX � ¼ Xg, the Jordan multiplication X � Y , the inner product

ðX ;YÞ and the elements E1;E2;E3 A J, the group F4 ¼ fa A IsoRðJÞ j aðX � Y Þ ¼
aX � aYg.

We define R-linear transformations s and g of J by

sX ¼ s

0
B@ x1 x3 x2

x3 x2 x1

x2 x1 x3

1
CA¼

0
B@ x1 �x3 �x2

�x3 x2 x1

�x2 x1 x3

1
CA; gX ¼

0
B@ x1 gx3 gx2

gx3 x2 gx1

gx2 gx1 x3

1
CA;

Table 1

G G g Gs; g

F4 ðSpð1Þ � Spð3ÞÞ=Z2 ðSpð1Þ � Spð1Þ � Spð2ÞÞ=Z2

E6 ðSpð1Þ � SUð6ÞÞ=Z2 ðSpð1Þ � SðUð2Þ �Uð4ÞÞÞ=Z2

E7 ðSUð2Þ � Spinð12ÞÞ=Z2 ðSUð2Þ � Spinð4Þ � Spinð8ÞÞ=ðZ2 � Z2Þ

Table 2

G Gs Gs; g

F4 Spinð9Þ ðSpinð4Þ � Spinð5ÞÞ=Z2

E6 ðUð1Þ � Spinð10ÞÞ=Z4 ðUð1Þ � Spinð4Þ � Spinð6ÞÞ=Z2

E7 ðSUð2Þ � Spinð12ÞÞ=Z2 ðSUð2Þ � Spinð4Þ � Spinð8ÞÞ=ðZ2 � Z2Þ
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respectively, where gxk ¼ gðmk þ ake4Þ ¼mk � ake4, xk ¼ mk þ ake4 AHlHe4 ¼ C.

Then, s; g A F4 and s2 ¼ g2 ¼ 1. s and g are commutative. From sg ¼ gs, we

have

ðF4Þs V ðF4Þg ¼ ððF4ÞsÞg ¼ ððF4ÞgÞs:

Hence, this group will be denoted briefly by ðF4Þs; g.

Proposition 1.1. ðF4Þg G ðSpð1Þ � Spð3ÞÞ=Z2, Z2 ¼ fð1;EÞ; ð�1;�EÞg.

Proof. The isomorphism is induced by the homomorphism j : Spð1Þ � Spð3Þ !
ðF4Þg, jðp;AÞðM þ aÞ ¼ AMA� þ paA�, M þ a A Jð3;HÞlH 3 ¼ J. (In detail,

see [3], [5].)

Lemma 1.2. j : Spð1Þ�Spð3Þ! ðF4Þg of Proposition 1.1 satisfies sjðp;AÞs ¼
jðp; I1AI1Þ, where I1 ¼ diagð�1; 1; 1Þ.

Proof. From s ¼ jð�1; I1Þ, we have the required one.

Now, we shall determine the group structure of ðF4Þs; g ¼ ððF4ÞgÞs ¼ ððF4ÞsÞg ¼
ðF4Þs V ðF4Þg.

Theorem 1.3. ðF4Þs; g G ðSpð1Þ � Spð1Þ � Spð2ÞÞ=Z2, Z2 ¼ fð1; 1;EÞ; ð�1;�1;

�EÞg.

Proof. We define a map j4 : Spð1Þ � Spð1Þ � Spð2Þ ! ðF4Þs; g by

j4ðp; q;BÞðM þ aÞ ¼
q 0 0

0
B

0

0
B@

1
CAM

q 0 0

0
B

0

0
B@

1
CA
�

þ pa

q 0 0

0
B

0

0
B@

1
CA
�

;

M þ a A Jð3;HÞlH 3 ¼ J, as the restriction of Proposition 1.1. By Lemma 1.2,

j4 is well-defined and a homomorphism. We shall show that j4 is onto. Let

a A ðF4Þs; g. Since ðF4Þs; g H ðF4Þg, there exist p A Spð1Þ and A A Spð3Þ such that

a ¼ jðp;AÞ (Proposition 1.1). From sas ¼ a, we have jðp; I1AI1Þ ¼ jðp;AÞ
(Lemma 1.2). Hence,

p ¼ p

I1AI1 ¼ A

�
or

p ¼ �p

I1AI1 ¼ �A

�
:
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The latter case is impossible because p ¼ 0 is false. In the former case, from

I1AI1 ¼ A, we have A ¼
q 0 0

0
B

0

0
B@

1
CA, q A Spð1Þ, B A Spð2Þ. Hence, a ¼

jðq;
q 0 0

0
B

0

0
B@

1
CAÞ ¼ j4ðp; q;BÞ, that is, j4 is onto. And Ker j4 ¼ fð1; 1;EÞ;

ð�1;�1;�EÞg ¼ Z2. Thus, we have the required isomorphism ðSpð1Þ � Spð1Þ�
Spð2ÞÞ=Z2 G ðF4Þs; g.

2. Group E6

We use the same notation as in [1], [2] or [5] (however, some will be rewritten).

For example, the complex exceptional Jordan algebra JC ¼ fX A Mð3;CCÞ j
X � ¼ Xg, the Freudenthal multiplication X � Y and the Hermitian inner prod-

uct hX ;Yi, the group E6 ¼ fa A IsoCðJCÞ j aX � aY ¼ tatðX � YÞ; haX ; aYi ¼
hX ;Yig, and the natural inclusion F4 HE6.

Proposition 2.1. ðE6Þg G ðSpð1Þ � SUð6ÞÞ=Z2, Z2 ¼ fð1;EÞ; ð�1;�EÞg.

Proof. The isomorphism is induced by the homomorphism j : Spð1Þ�
SUð6Þ! ðE6Þg, jðp;AÞðM þ aÞ ¼ k�1

J ðAkJðMÞ tAÞþpak�1ðA�Þ, M þ a A Jð3;HÞC

l ðH 3ÞC ¼ JC . (In detail, see [3], [5].)

Lemma 2.2. j : Spð1Þ � SUð6Þ ! ðE6Þg of Proposition 2.1 satisfies sjðp;AÞs ¼
jðp; I2AI2Þ, where I2 ¼ diagð�1;�1; 1; 1; 1; 1Þ.

Proof. From s ¼ jð�1; I2Þ, we have the required one.

Now, we shall determine the group structure of ðE6Þs; g ¼ ððE6ÞgÞs ¼ ððE6ÞsÞg ¼
ðE6Þs V ðE6Þg.

Theorem 2.3. ðE6Þs; g G ðSpð1Þ � SðUð2Þ � Uð4ÞÞÞ=Z2, Z2 ¼ fð1;EÞ;
ð�1;�EÞg.

Proof. We define a map j6 : Spð1Þ � SðUð2Þ �Uð4ÞÞ ! ðE6Þs; g by

j6ðp;AÞðM þ aÞ ¼ k�1
J ðAkJðMÞ tAÞ þ pak�1ðA�Þ;

M þ a A Jð3;HÞC l ðH 3ÞC ¼ JC , as the restriction of j of Proposition 2.1. By

Lemma 2.2, j6 is well-defined and a homomorphism. We shall show that j6 is
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onto. Let a A ðE6Þs; g. Since ðE6Þs; g H ðE6Þg, there exist p A Spð1Þ and A A SUð6Þ
such that a ¼ jðp;AÞ (Proposition 2.1). From sas ¼ a, we have jðp; I2AI2Þ ¼
jðp;AÞ (Lemma 2.2). Hence,

p ¼ p

I2AI2 ¼ A

�
or

p ¼ �p

I2AI2 ¼ �A

�
:

The latter case is impossible because p ¼ 0 is false. In the former case, we have

A A SðUð2Þ �Uð4ÞÞ. Therefore, j6 is onto. Ker j6 ¼ fð1;EÞ; ð�1;�EÞg ¼ Z2.

Thus, we have the required isomorphism ðSpð1Þ � SðUð2Þ �Uð4ÞÞÞ=Z2 G ðE6Þs; g.

3. Group E7

We use the same notation as in [1], [4] or [5] (however, some will be rewritten).

For example, the Freudenthal C-vector space PC ¼ JC lJC lClC, the Her-

mitian inner product hP;Qi, the C-linear map P�Q : PC ! PC ðP;Q A PCÞ,
the group E7 ¼ fa A IsoCðPCÞ j aðX � YÞa�1 ¼ aP� aQ; haP; aQi ¼ hP;Qig, the

natural inclusion E6 HE7 and elements s; s 0 A F4 HE6 HE7, l A E7.

We shall consider the following subgroup of F4.

ððF4Þs; gÞF1ðhÞ ¼ fa A ðF4Þs; g j aF1ðhÞ ¼ F1ðhÞ for all h A Hg:

Proposition 3.1. ððF4Þs; gÞF1ðhÞ GSpð1Þ � Spð1Þ ð¼Spinð4ÞÞ.

Proof. We define a map j : Spð1Þ � Spð1Þ ! ððF4Þs; gÞF1ðhÞ by

jðp; qÞðM þ aÞ ¼
q 0 0

0
E

0

0
B@

1
CAM

q 0 0

0
E

0

0
B@

1
CA
�

þ pa

q 0 0

0
E

0

0
B@

1
CA
�

;

as the restriction of j4 of Theorem 1.3. By F1ðhÞ ¼
0 0 0

0 0 h

0 h 0

0
@

1
AþO, j is well-

defined and homomorphism. We shall show that j is onto. Let a A ððF4Þs; gÞF1ðhÞ.

Since ððF4Þs; gÞF1ðhÞ H ðF4Þs; g, there exist p; q A Spð1Þ and B A Spð2Þ such that a ¼

j4ðp; q;BÞ (Theorem 1.3). From aF1ðhÞ ¼ F1ðhÞ, we have B
0 h

h 0

� �
B� ¼ 0 h

h 0

� �
,

so that

a ¼ j4ðp; q;EÞ or a ¼ j4ðp; q;�EÞ:

In the former case, we have a ¼ j4ðp; q;EÞ ¼ jðp; qÞ. In the latter case, we have
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a ¼ j4ðp; q;�EÞ ¼ j4ð�p;�q;EÞj4ð�1;�1;�EÞ

¼ j4ð�p;�q;EÞ1 ¼ jð�p;�qÞ:

Hence, j is onto. Ker j ¼ fð1; 1Þg. Thus, we have the required isomorphism

Spð1Þ � Spð1ÞG ððF4Þs; gÞF1ðhÞ.

Hereafter, in PC , we use the following notations.

ðF1ðhÞ; 0; 0; 0Þ ¼ _FF1ðhÞ; ð0;E1; 0; 1Þ ¼ ~EE1;

ð0;E1; 0;�1Þ ¼ ~EE�1; ðE2 þ E3; 0; 0; 0Þ ¼ _EE23:

We shall consider a subgroup ðððE7Þk;mÞgÞ _FF1ðhÞ; ~EE1; ~EE�1; _EE23
of E7.

Lemma 3.2. The Lie algebra ðððe7Þk;mÞgÞ _FF1ðhÞ; ~EE1; ~EE�1; _EE23
of the group

ðððE7Þk;mÞgÞ _FF1ðhÞ; ~EE1; ~EE�1; _EE23
is given by

ðððe7Þk;mÞgÞ _FF1ðhÞ; ~EE1; ~EE�1; _EE23

¼ F
0 0

0 D 0
4

 !
; 0; 0; 0

 ! �����
0 0

0 D 0
4

 !
A soð8Þ; D 0

4 A soð4Þ
( )

:

In particular, we have

dimððððe7Þk;mÞgÞ _FF1ðhÞ; ~EE1; ~EE�1; _EE23
Þ ¼ 6:

Hereafter,
0 0

0 D 0
4

 !
will be denoted by D 0

4, and also FðD 0
4; 0; 0; 0Þ will

be denoted by F4.

Proposition 3.3. ðððE7Þk;mÞgÞ _FF1ðhÞ; ~EE1; ~EE�1; _EE23
¼ ððF4Þs; gÞF1ðhÞ.

Proof. Let a A ððF4Þs; gÞF1ðhÞ. Since ððF4Þs; gÞF1ðhÞHðF4Þs ¼ ðF4ÞE1
(as for ðF4Þs

¼ ðF4ÞE1
, see [3], [5]), we see aE1 ¼ E1. As a result, because k and m are defined

using by E1 (see [1], [4] or [5]), we see that ka ¼ ak and ma ¼ am. From

aE ¼ E (see [3], [5]), we have aðE2 þ E3Þ ¼ E2 þ E3. Hence, a _EE23 ¼ _EE23. More-

over, from að0; 0; 0; 1Þ ¼ ð0; 0; 0; 1Þ (see [4], [5]), we have a ~EE1 ¼ ~EE1 and a ~EE�1 ¼
~EE�1. Obviously a _FF1ðhÞ ¼ _FF1ðhÞ. Thus, a A ðððE7Þk;mÞgÞ _FF1ðhÞ; ~EE1; ~EE�1; _EE23

. Conversely,

let a A ðððE7Þk;mÞgÞ _FF1ðhÞ; ~EE1; ~EE�1; _EE23
. From a ~EE1 ¼ ~EE1 and a ~EE�1 ¼ ~EE�1, we have
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að0;E1;0;0Þ ¼ ð0;E1;0;0Þ and að0;0;0;1Þ ¼ ð0;0;0;1Þ. Hence, a A ððE6ÞgÞF1ðhÞ;E1;E2þE3

(see [4], [5]). Thus, ðððF4ÞE1
ÞgÞF1ðhÞ ¼ ððF4Þs; gÞF1ðhÞ. Therefore, the proof of this

proposition is completed.

Next, we shall consider the following subgroup of F4.

ððF4Þs; gÞF1ðhe4Þ ¼ fa A ðF4Þs; g j aF1ðhe4Þ ¼ F1ðhe4Þ for all h A Hg:

Proposition 3.4. ððF4Þs; gÞF1ðhe4Þ GSpð2Þ ð¼Spinð5ÞÞ.

Proof. We define a map j : Spð2Þ ! ððF4Þs; gÞF1ðhe4Þ by

jðBÞðM þ aÞ ¼
1 0 0

0
B

0

0
B@

1
CAM

1 0 0

0
B

0

0
B@

1
CA
�

þ a

1 0 0

0
B

0

0
B@

1
CA
�

;

as the restriction of j4 of Theorem 1.3. Obviously j is well-defined and

homomorphism. We shall show that j is onto. Let a A ððF4Þs; gÞF1ðhe4Þ. Since

ððF4Þs; gÞF1ðhe4Þ H ðF4Þs; g, there exist p; q A Spð1Þ and B A Spð2Þ such that a ¼
j4ðp; q;BÞ (Theorem 1.3). From aF1ðhe4Þ ¼ F1ðhe4Þ ð¼Oþ ðh; 0; 0ÞÞ, we have

phq ¼ h ðh A HÞ, so that

a ¼ j4ð1; 1;BÞ or a ¼ j4ð�1;�1;BÞ:

In the former case, we have a ¼ j4ð1; 1;BÞ ¼ jðBÞ. In the latter case, we have

a ¼ j4ð�1;�1;BÞ ¼ j4ð1; 1;�BÞj4ð�1;�1;�EÞ

¼ j4ð1; 1;�BÞ1 ¼ jð�BÞ:

Hence, j is onto. Ker j ¼ fEg. Thus, we have the required isomorphism Spð2ÞG
ððF4Þs; gÞF1ðhe4Þ.

Then, we have the following proposition.

Proposition 3.5. ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1; _EE23
¼ ððF4Þs; gÞF1ðhe4Þ.

Proof. This proof is in the way similar to Proposition 3.3.

We shall consider the subgroup ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
of E7.

Lemma 3.6. The Lie algebra ðððe7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
of the group

ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
is given by
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ðððe7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1

¼ F
D4 0

0 0

 ! 
þ ~AA1ðpÞ þ i

0 0 0

0 e q

0 q �e

0
@

1
A
@

; 0; 0; 0

8<
:

1
A
�����

D4 0

0 0

 !
A soð8Þ;

D4 A soð4Þ; e A R; p; q A H

)
:

In particular, we have

dimððððe7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
Þ ¼ 15:

Hereafter,
D4 0

0 0

 !
will be denoted by D4.

Lemma 3.7. (1) For a A H , we define a map ~aa1ðaÞ of JC by

x 0
1 ¼ x1

x 0
2 ¼ x2 � x3

2
þ x2 þ x3

2
cosjaj þ i

ða; x1Þ
jaj sinjaj

x 0
3 ¼ � x2 � x3

2
þ x2 þ x3

2
cosjaj þ i

ða; x1Þ
jaj sinjaj

8>>>>>>><
>>>>>>>:

x 0
1 ¼ x1 þ i

ðx2 þ x3Þa
jaj sinjaj � 2ða; x1Þa

jaj2
sin

jaj
2

� �2

x 0
2 ¼ x2 cos

jaj
2
þ i

x3a

jaj sin
jaj
2

x 0
3 ¼ x3 cos

jaj
2
þ i

ax2

jaj sin
jaj
2

8>>>>>>>>>><
>>>>>>>>>>:

.

Then, ~aa1ðaÞ A ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
.

(2) For t A R, we define a map ~aa23ðtÞ of JC by

~aa23ðtÞ

0
B@ x1 x3 x2

x3 x2 x1

x2 x1 x3

1
CA¼

x1 eit=2x3 e�it=2x2

eit=2x3 eitx2 x1

e�it=2x2 x1 e�itx3

0
B@

1
CA:

Then, ~aa23ðtÞ A ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
.

Proof. (1) For a A H , we have i ~FF1ðaÞ A ðððe7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
(Lemma 3.6).

Hence, ~aa1ðaÞ ¼ exp i ~FF1ðaÞ A ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
.
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(2) For t A R, we have itðE2 � E3Þ@ A ðððe7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
(Lemma 3.6).

Hence, ~aa23ðtÞ ¼ exp itðE2 � E3Þ@ A ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
.

We define a 6 dimensional R-vector space V 6 by

V 6 ¼ fP A PC j kP ¼ P; mtlP ¼ P; gP ¼ P; hP; ~EE1i ¼ 0; hP; ~EE�1i ¼ 0g

¼ P ¼
0 0 0

0 x h

0 h �tx

0
@

1
A; 0; 0; 0

0
@

1
A j x A C; h A H

8<
:

9=
;

with the norm (see [5] for the definition of f ; g’s)

ðP;PÞm ¼
1

2
fmP;Pg ¼ 1

2
ðmP; lPÞ ¼ ðtxÞxþ hh:

Then, S5 ¼ fP A V 6 j ðP;PÞm ¼ 1g is a 5 dimensional sphere.

Lemma 3.8. ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
=Spinð5ÞFS5. In particular,

ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
is connected.

Proof. Since E7 is commutative with tl, the group ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1

acts on S5. We shall show that this action is transitive. To show this, it is su‰cient

to show that any element P A S5 can be transformed to ðiðE2 þ E3Þ; 0; 0; 0Þ A S5

under the action of ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
. Now, for a given

P ¼
0 0 0

0 x h

0 h �tx

0
@

1
A; 0; 0; 0

0
@

1
A A S5;

choose t A R such that eitx A R. For this t A R, operate ~aa23ðtÞ (Lemma 3.7(2)) A

ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
on P. Then, we have

~aa23ðtÞP ¼
0 0 0

0 r h

0 h �r

0
@

1
A; 0; 0; 0

0
@

1
A ¼ P1; r A R:

In the case of h0 0, operate ~aa1ðph=2jhjÞ (Lemma 3.7(1)) A

ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
on P1. Then, we have

~aa1
ph

2jhj

� �
P1 ¼

0 0 0

0 x 0 0

0 0 �tx 0

0
@

1
A; 0; 0; 0

0
@

1
A ¼ P2 A S5; x 0 A C:
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Here, from ðtx 0Þx 0 ¼ 1, x 0 A C, we can put x 0 ¼ eiy, 0a y < 2p. Operate ~aa23ð�yÞ
on P2. Then,

~aa23ð�yÞP2 ¼ ðE2 � E3; 0; 0; 0Þ ¼ P3:

Moreover, operate ~aa23ðp=2Þ on P3,

~aa23
p

2

� �
P3 ¼ ðiðE2 þ E3Þ; 0; 0; 0Þ ¼ i _EE23:

This shows the transitivity. The isotropy subgroup ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
at _EE23

is ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1; _EE23
¼ Spð2Þ (Propositions 3.4, 3.5) ¼ Spinð5Þ. Therefore,

we have the homeomorphism ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
=Spinð5ÞFS5.

Proposition 3.9. ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
GSpinð6Þ.

Proof. Since ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
is connected (Lemma 3.8), we can

define a homormorphism p : ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
! SOð6Þ ¼ SOðV 6Þ by

pðaÞ ¼ ajV 6:

It is not di‰cult to see that Ker j ¼ f1; sg ¼ Z2. Since

dimððððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
Þ ¼ 15 (Lemma 3.6) ¼ dimðsoð6ÞÞ, p is onto. Hence,

ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
=Z2 GSOð6Þ. Therefore, ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1

is isomor-

phism to Spinð6Þ as a double covering group of SOð6Þ.

We shall consider a subgroup ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
of E7.

Lemma 3.10. The Lie algebra ðððe7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
of the group

ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
is given by

ðððe7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1

¼ F D4 þ ~AA1ðpÞ þ i

0 0 0

0 e q

0 q �e

0
@

1
A
@

;

0 0 0

0 a ix

0 ix ta

0
@

1
A;�t

0 0 0

0 a ix

0 ix ta

0
@

0
@

1
A; 0

8<
:

1
A

jD4 A soð4ÞH soð8Þ; e A R; a A C; p; q; x A H

)
:

In particular, we have

dimððððe7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
Þ ¼ 21:

Lemma 3.11. For a A R, we define maps akðaÞ, k ¼ 2; 3 of PC by
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akðaÞ

X

Y

x

h

0
BBB@

1
CCCA¼

ð1 þ ðcos a� 1ÞpkÞX � 2ðsin aÞEk � Y þ hðsin aÞEk

2ðsin aÞEk � X þ ð1 þ ðcos a� 1ÞpkÞY � xðsin aÞEk

ððsin aÞEk;YÞ þ ðcos aÞx
ð�ðsin aÞEk;XÞ þ ðcos aÞh

0
BBB@

1
CCCA;

where pk : JC ! JC is defined by

pkðX Þ ¼ ðX ;EkÞEk þ 4Ek � ðEk � XÞ; X A JC :

Then, ak A E7 and a2ðaÞ; a3ðbÞ ða; b A RÞ commute with each other.

Proof. For FkðaÞ ¼Fð0;aEk;�aEk; 0Þ A e7, we have akðaÞ ¼ expFkðaÞ A E7.

Since ½F2ðaÞ;F3ðbÞ� ¼ 0, a2ðaÞ and a3ðbÞ are commutative.

We define a 7 dimensional R-vector space V 7 by

V 7 ¼ fP A PC j kP ¼ P; mtlP ¼ P; gP ¼ P; hP; ~EE1i ¼ 0g

¼ P ¼
0 0 0

0 x h

0 h �tx

0
@

1
A;

ih 0 0

0 0 0

0 0 0

0
@

1
A; 0;�ih

0
@

1
A j x A C; h A H ; h A R

8<
:

9=
;

with the norm

ðP;PÞm ¼
1

2
ðmP; lPÞ ¼ ðtxÞxþ hhþ h2:

Then, S6 ¼ fP A V 7 j ðP;PÞm ¼ 1g is a 6 dimensional sphere.

Lemma 3.12. ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
=Spinð6ÞFS6. In particular,

ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
is connected.

Proof. The group ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
acts on S6. We shall show that this

action is transitive. To show this, it is su‰cient to show that any element P A S6

can be transformed to ð0;�iE1; 0; iÞ A S6 under the action of ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
.

Now, for a given

P ¼
0 0 0

0 x h

0 h �tx

0
@

1
A;

ih 0 0

0 0 0

0 0 0

0
@

1
A; 0;�ih

0
@

1
A A S6;

choose a A R, 0a a < p=2 such that tan 2a ¼ i2h

tx� x
(if tx� x ¼ 0, then let
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a ¼ p=4). Operate a23ðaÞ :¼ a2ðaÞa3ðaÞ ¼ expðFð0; aðE2 þ E3Þ;�aðE2 þ E3Þ; 0ÞÞ
(Lemma 3.11) A ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1

(Lemma 3.10) on P. Then, the h-term of

a23ðaÞP is ð1=2Þðx� txÞ sin 2aþ ih cos 2a ¼ 0. Hence,

a23ðaÞP ¼
0 0 0

0 z m

0 m �tz

0
@

1
A; 0; 0; 0

0
@

1
A ¼ P1 A S5 HS6:

Since ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
ðHðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1

Þ acts transitivity on S5 (Lemma

3.8), there exist b A ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
such that bP1 ¼ ðiðE2 þ E3Þ; 0; 0; 0Þ ¼

P2 A S5 HS6. Moreover, operate a23ð�p=4Þ on P2,

a23 � p

4

� �
P2 ¼ ð0;�iE1; 0; iÞ ¼ �i ~EE�1:

This shows the transitivity. The isotropy subgroup ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
at ~EE�1 is

ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1; ~EE�1
¼ Spinð6Þ (Proposition 3.9). Thus, we have the homeo-

morphism ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
=Spinð6ÞFS6.

Proposition 3.13. ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
GSpinð7Þ.

Proof. Since ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
is connected (Lemma 3.12), we can define

a homormorphism p : ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
! SOð7Þ ¼ SOðV 7Þ by

pðaÞ ¼ ajV 7:

It is not di‰cult to see that Ker j ¼ f1; sg ¼ Z2. Since

dimððððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
Þ ¼ 21 (Lemma 3.10) ¼ dimðsoð7ÞÞ, p is onto. Hence,

ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
=Z2 GSOð7Þ. Therefore, ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1

is isomorphism

to Spinð7Þ as a double covering group of SOð7Þ.

We shall consider the subgroup ðððE7Þk;mÞgÞ _FF1ðhe4Þ of E7.

Lemma 3.14. The Lie algebra ðððe7Þk;mÞgÞ _FF1ðhe4Þ of the group ðððE7Þk;mÞgÞ _FF1ðhe4Þ
is given by

ðððe7Þk;mÞgÞ _FF1ðhe4Þ

¼
�
F

�
D4 þ ~AA1ðpÞ þ i

e1 0 0

0 e2 q

0 q e3

0
@

1
A
@

;

0 0 0

0 a2 x

0 x a3

0
@

1
A;�t

0 0 0

0 a2 x

0 x a3

0
@

1
A;� 3

2
ie1

�

jD4 A soð4ÞH soð8Þ; ak A C; p; q A H ; x A H C ; ek A R; e1 þ e2 þ e3 ¼ 0

�
:
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In particular, we have

dimððððe7Þk;mÞgÞ _FF1ðhe4ÞÞ ¼ 28:

Hereafter, any element of the Lie algebra ðððe7Þk;mÞgÞ _FF1ðhe4Þ will be denoted by F8.

Lemma 3.15. For t A R, we define a map aðtÞ of PC by

aðtÞðX ;Y ; x; hÞ

¼
e2itx1 eitx3 eitx2

eitx3 x2 x1

eitx2 x1 x3

0
B@

1
CA;

e�2ith1 e�ity3 e�ity2

e�ity3 h2 y1

e�ity2 y1 h3

0
B@

1
CA; e�2itx; e2ith

0
B@

1
CA:

Then, aðtÞ A ðððE7Þk;mÞgÞ _FF1ðhe4Þ.

Proof. For F ¼ Fð2itE14E1; 0; 0;�2itÞ A ðððe7Þk;mÞgÞ _FF1ðhe4Þ (Lemma 3.14),

we have aðtÞ ¼ exp F A ðððE7Þk;mÞgÞ _FF1ðhe4Þ by E14E1 ¼ ð1=3Þð2E1 � E2 � E3Þ@.

We define an 8 dimensional R-vector space V 8 by

V 8 ¼ fP A PC j kP ¼ P; mtlP ¼ P; gP ¼ Pg

¼ P ¼
0 0 0

0 x h

0 h �tx

0
@

1
A;

h 0 0

0 0 0

0 0 0

0
@

1
A; 0; th

0
@

1
A j x; h A C; h A H

8<
:

9=
;

with the norm

ðP;PÞm ¼
1

2
ðmP; lPÞ ¼ ðtxÞxþ hhþ ðthÞh:

Then, S7 ¼ fP A V 8 j ðP;PÞm ¼ 1g is a 7 dimensional sphere.

Lemma 3.16. ðððE7Þk;mÞgÞ _FF1ðhe4Þ=Spinð7ÞFS7. In particular, ðððE7Þk;mÞgÞ _FF1ðhe4Þ
is connected.

Proof. The group ðððE7Þk;mÞgÞ _FF1ðhe4Þ acts on S7. We shall show that this

action is transitive. To show this, it is su‰cient to show that any element P A S7

can be transformed to ð0;E1; 0; 1Þ A S7 under the action of ðððE7Þk;mÞgÞ _FF1ðhe4Þ.

Now, for a given

P ¼
0 0 0

0 x h

0 h �tx

0
@

1
A;

h 0 0

0 0 0

0 0 0

0
@

1
A; 0; th

0
@

1
A A S7;
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choose t A R such that e�2ith A iR. Operate aðtÞ (Lemma 3.15) A ðððE7Þk;mÞgÞ _FF1ðhe4Þ
on P. Then,

aðtÞP ¼
0 0 0

0 x h

0 h �tx

0
@

1
A;

ih 0 0 0

0 0 0

0 0 0

0
@

1
A; 0;�ih 0

0
@

1
A ¼ P1 A S6 HS7; h 0 A R

Since ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
ðHðððE7Þk;mÞgÞ _FF1ðhe4ÞÞ acts transitivity on S6 (Lemma

3.12), there exists b A ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
such that bP1 ¼ ð0;�iE1; 0; iÞ ¼ P2 A

S6 HS7. Moreover, operate að�p=4Þ (Lemma 3.15) on P2,

a � p

4

� �
P2 ¼ ð0;E1; 0; 1Þ ¼ ~EE1:

This shows the transitivity. The isotropy subgroup ðððE7Þk;mÞgÞ _FF1ðhe4Þ at ~EE1 is

ðððE7Þk;mÞgÞ _FF1ðhe4Þ; ~EE1
¼ Spinð7Þ (Proposition 3.12). Thus, we have the homeo-

morphism ðððE7Þk;mÞgÞ _FF1ðhe4Þ=Spinð7ÞFS7.

Proposition 3.17. ðððE7Þk;mÞgÞ _FF1ðhe4Þ GSpinð8Þ.

Proof. Since ðððE7Þk;mÞgÞ _FF1ðhe4Þ is connected (Lemma 3.16), we can define a

homormorphism p : ðððE7Þk;mÞgÞ _FF1ðhe4Þ ! SOð8Þ ¼ SOðV 8Þ by

pðaÞ ¼ ajV 8:

It is not di‰cult to see that Ker j ¼ f1; sg ¼ Z2. Since dimððððE7Þk;mÞgÞ _FF1ðhe4ÞÞ ¼ 28

(Lemma 3.14) ¼ dimðsoð8ÞÞ, p is onto. Hence, ðððE7Þk;mÞgÞ _FF1ðhe4Þ=Z2 GSOð8Þ.
Therefore, ðððE7Þk;mÞgÞ _FF1ðhe4Þ is isomorphism to Spinð8Þ as a double covering

group of SOð8Þ.

We shall determine the group structre of ððE7Þk;mÞg.

Lemma 3.18. The Lie algebra ððe7Þk;mÞg of the group ððE7Þk;mÞg is given by

ððe7Þk;mÞg ¼
�
F

�
D4 þD 0

4 þ ~AA1ðpÞ þ i

e1 0 0

0 e2 q

0 q e3

0
@

1
A
@

;

0 0 0

0 a2 x

0 x a3

0
@

1
A;

�t

0 0 0

0 a2 x

0 x a3

0
@

1
A;� 3

2
ie1

�
jD4;D

0
4 A soð4ÞH soð8Þ; ak A C; p; q A H ;

x A H C ; ek A R; e1 þ e2 þ e3 ¼ 0

�
:

Toshikazu Miyashita212



In particular, we have

dimðððe7Þk;mÞgÞ ¼ 34:

Proposition 3.19. ððE7Þk;mÞg G ðSpinð4Þ � Spinð8ÞÞ=Z2, Z2 ¼ fð1; 1Þ;
ð�1;�1Þg.

Proof. ForSpinð4Þ ¼ Spð1Þ � Spð1Þ ¼ ðððE7Þk;mÞgÞ _FF1ðhÞ; ~EE1; ~EE�1; _EE23
(Propositions

3.1, 3.3) and Spinð8Þ ¼ ðððE7Þk;mÞgÞ _FF1ðhe4Þ (Proposition 3.17), we define a map

f1 : Spinð4Þ � Spinð8Þ ! ððE7Þk;mÞg by

f1ða; bÞ ¼ ab:

Then, f1 is well-defined. For F4 A spinð4Þ (Lemma 3.2) and F8 A spinð8Þ (Lemma

3.14), since ½F4;F8� ¼ 0, we have ab ¼ ba. Hence, f1 is a homomorphism. It

is not di‰cult to see that Ker f1 ¼ fð1; 1Þ; ð�1;�1Þg ¼ Z2. Since ððE7Þk;mÞg

ðGðSpinð12ÞÞg. (see [4], [5])) is connected and dimðððE7Þk;mÞgÞ ¼ 34 (Lemma

3.18) ¼ 6 þ 28 ¼ dimðspinð4Þl spinð8ÞÞ, f1 is onto. Thus, we have the required

isomorphism ðSpinð4Þ � Spinð8ÞÞ=Z2 G ððE7Þk;mÞg.

Now, we shall determine the group structure of ðE7Þs; g.

Lemma 3.20. The Lie algebra ðe7Þs; g of the group ðE7Þs; g is given by

ðe7Þs; g ¼ F D4 þD 0
4 þ ~AA1ðpÞ þ i

e1 0 0

0 e2 q

0 q e3

0
@

1
A
@

;

a1 0 0

0 a2 x

0 x a3

0
@

1
A;

0
@

8<
:

�t

a1 0 0

0 a2 x

0 x a3

0
@

1
A; n

1
A jD4;D

0
4 A soð4ÞH soð8Þ; ak A C; p; q A H ; x A H C ;

ek A R; e1 þ e2 þ e3 ¼ 0; n A iR

)
:

In particular, we have

dimððe7Þs; gÞ ¼ 37:

Proposition 3.21. For A A SUð2Þ ¼ fA A Mð2;CÞ j ðt tAÞA ¼ E; det A ¼ 1g,

we define C-linear transformations fðAÞ of PC by
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fðAÞ

0
B@ x1 x3 x2

x3 x2 x1

x2 x1 x3

1
CA;

0
B@ h1 y3 y2

y3 h2 y1

y2 y1 h3

1
CA; x; h

0
B@

1
CA

¼
x 0

1 x 0
3 x 0

2

x 0
3 x 0

2 x 0
1

x 0
2 x 0

1 x 0
3

0
B@

1
CA;

0
B@ h 0

1 y 0
3 y 0

2

y 0
3 h 0

2 y 0
1

y 0
2 y 0

1 h 0
3

1
CA; x 0; h 0

0
B@

1
CA;

x 0
1

h 0

� �
¼ A

x1

h

� �
;

x 0

h 0
1

� �
¼ A

x

h1

� �
;

h 0
2

x 0
3

� �
¼ A

h2

x3

� �
;

h 0
3

x 0
2

� �
¼ A

h3

x2

� �
;

x 0
1

y 0
1

� �
¼ ðtAÞ x1

y1

� �
;

x 0
2

y 0
2

� �
¼ x2

y2

� �
;

x 0
3

y 0
3

� �
¼ x3

y3

� �
:

Then, fðAÞ A ðE7Þs; g.

Proof. Let F ¼ Fð2nE14E1; aE1;�taE1; nÞ, a A C, n A iR. Then, F A ðe7Þs; g

(Lemma 3.20). Therefore, for A ¼ exp
n a

�ta �n

� �
A SUð2Þ, we have fðAÞ ¼

exp F A ðE7Þs; g.

Proposition 3.22. ðE7Þs G ðSUð2Þ � Spinð12ÞÞ=Z2, Z2 ¼ fðE; 1Þ; ð�E;�sÞg.

Proof. The isomorphism is induced by the homomorphism j1 : SUð2Þ�
Spinð12Þ ! ðE7Þs by j1ðA; dÞ ¼ fðAÞd. (In detail, see [4], [5].)

Theorem 3.23. ðE7Þs; gG ðSUð2Þ � Spinð4Þ � Spinð8ÞÞ=ðZ2 �Z2Þ, Z2 � Z2 ¼
fðE; 1; 1Þ; ðE; s; sÞg � fðE; 1; 1Þ; ð�E; g;�sgÞg.

Proof. For SUð2Þ (Proposition 3.21), Spinð4Þ ¼ ðððE7Þk;mÞgÞ _FF1ðhÞ; ~EE1; ~EE�1; _EE23

(Propositions 3.1, 3.3) and Spinð8Þ ¼ ðððE7Þk;mÞgÞ _FF1ðhe4Þ (Proposition 3.17), we

define a map j : SUð2Þ � Spinð4Þ � Spinð8Þ ! ðE7Þs; g by

jðA; a; bÞ ¼ fðAÞab:

Then, j is well-defined. From Propositions 3.19, 3.22, j is a homomorphim.

We shall show that j is onto. Let r A ðE7Þs; g. Since ðE7Þs; g H ðE7Þs, there exist

A A SUð2Þ and d A Spinð12Þ such that r ¼ j1ðA; dÞ (Proposition 3.22). Now, from

grg ¼ r, we have fðAÞðgdgÞ ¼ fðAÞd. Hence,
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A ¼ A

gdg ¼ d

�
or

A ¼ �A

gdg ¼ �sd

�
:

The latter case is impossible because A ¼ 0 is false. In the former case, from

Proposition 3.19, there exist a A Spinð4Þ and b A Spinð8Þ such that d ¼ f1ða; bÞ.
Hence, we have

r ¼ j1ðA; dÞ ¼ fðAÞd ¼ fðAÞf1ða; bÞ

¼ fðAÞab ¼ jðA; a; bÞ:

It is not di‰cult to see that

Ker j ¼ fðE; 1; 1Þ; ðE; s; sÞ; ð�E; g;�sgÞ; ð�E; sg;�gÞg

¼ fðE; 1; 1Þ; ðE; s; sÞg � fðE; 1; 1Þ; ð�E; g;�sgÞg

¼ Z2 � Z2:

Thus, we have the required isomorphism ðSUð2Þ�Spinð4Þ�Spinð8ÞÞ=ðZ2 �Z2ÞG
ðE7Þs; g.
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