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UNIQUE CONTINUATION FOR FAST DIFFUSION

By

Kazuya Hayasida*

Abstract. We consider the non-characteristic Cauchy problem for

the degenerate nonlinear parabolic equation jujaut ¼su, where we

assume that 1=2 < a < 1. This equation is based on the fast di¤usion

model. And we prove the unique continuation property for the above

problem.

1 Introduction

The non-characteristic Cauchy problem for the parabolic equation is not

well-posed in the Cy class of functions, but the unique continuation property

holds a fact, which was proved first by Mizohata [12]. More precisely, his result

is as follows: Let u be any solution of the second order parabolic equation with

linear principal parts defined in a neighborhood of the non-characteristic Cauchy

surface G. Then if its Cauchy data equals zero on G, u vanishes identically along

the horizontal zone of G. A model is the semilinear equation

ut ¼suþ f ðx; uÞ;ð1:1Þ

where t is the time variable and s¼ q2
x1
þ � � � þ q2

xN
with the space variable

x ¼ ðx1; . . . ; xNÞ. If the nonlinear part f satisfies

j f ðx; uÞjaMjuj; M < y;

the result in [12] remains true. If f ðx; uÞ ¼ VðxÞu and V is not locally bounded,

the situation is di‰cult. When V A L
ðNþ2Þ=2
loc , Lin [10] proved the following: If the

solution u of (1.1) vanishes at ðx0; t0Þ of infinite order with respect to the x-

variable, then uðx; t0Þ ¼ 0 identically in the horizontal plane. Mizohata’s proof

in [12] is to make use of the theory of singular integral operators, from which the
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theory of pseudo di¤erential operators origins. Another elementary proof was

given by Saut and Scheurer [16].

In place of (1.1) we consider the non-characteristic Cauchy problem for the

equation

jujaut ¼su:ð1:2Þ

Throughout this paper we assume that a > 0. Thus (1.2) is a degenerate nonlinear

parabolic equation. In this paper we treat the equation (1.3) more general than

(1.2), but our leading equation is (1.2) itself.

From the viewpoint of physics (1.2) is known as a model of the fast di¤usion.

The function u means some positive power of the density of some substance. For

such a case it is natural to assume that u is nonnegative. We shall consider the

initial value problem for (1.2). If the initial function is nonnegative, the solution u

of (1.2) is so. The precise result is referred to Kalashnikov’s work [7], which is a

survey on the theory of nonlinear parabolic equations. We note that (1.2) means

the porous media equation when �1 < a < 0. In this case the function jujau is

a solution of the original porous media equation. Even if the initial value is

nonnegative and smooth, the solution is not always regular. More precisely, an

interface occurs. But if N ¼ 1 and �a
aþ1 is an even natural number, the local

existence and the Cy regularity property of solutions hold. This result is due

to [14].

We consider the non-characteristic Cauchy problem for (1.2) in the cate-

gory of nonnegative solutions. By the result of Sabinina [15] it is known that

uðx; t0Þ ¼ 0 on the horizontal plane, if uðx0; t0Þ ¼ 0 for some point ðx0; t0Þ A
RNþ1. The method in [15] is to use a technique similar to the maximum prin-

ciple. This implies immediately that the unique continuation property holds for

nonnegative solutions of (1.2), concerning the non-characteristic Cauchy problem.

In general in order to show the unique continuation property we require

an estimate, which is called Carleman’s inequality. In several cases, from this

inequality we can deduce an estimate on the continuous dependence of solutions

under their prescribed bound and the bounds of their Cauchy data. But this is not

almost correct. For the present we call such an estimate by the ‘‘well-behaved’’

estimate in accordance with John [6], where the elliptic case was treated. On the

non-characteristic Cauchy problem for (1.1) Cannon [2] proved a well-behaved

estimate for the heat equation. There are several results concerning it. These are

referred to [17]. For (1.2) the author and Yamashiro [3] proved a well-behaved

estimate for non-negative solutions, under the assumption with 0 < a < 1. On the

main theorem in [3] we assumed that N ¼ 1 and the non-characteristic surface is
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strictly convex. Then an estimation of the L2-norms of u, ux and uaut were

obtained.

We now drop the assumption of the nonnegative definiteness of solutions.

Then (1.2) is considerd from the viewpoint of pure mathematics. Brezis and

Friedman [1] proved the existence of weak solutions of some related equations of

(1.2) concerning the initial value problem. The regularity of solutions cannot be

assured any more. But under some assumptions on N and a, there are infinitely

many classical solutions of (1.2) taking both positive and negative values. This

is stated at the end of this section. Thus it seems to us that it is meaningful to

consider only classical solutions of (1.2) without nonnegative definiteness.

In place of (1.2) we consider the non-characteristic Cauchy problem for the

equation

jujaut ¼suþ gjuj�b
u;ð1:3Þ

whose lower order term contains the sublinear case.

Using the method in [16], the author [4] has proved a well-behaved estimate

for solutions of (1.3) (see [5] too). In [4] some assumptions on a; b, and g are

imposed. In particular it is assumed that ab 1. But in our approach the L2-

norms of u, ‘u and jujaut can be estimated. Clearly it is impossible to weaken the

assumption ab 1 by our method in [4].

In this paper our aim is to weaken the above assumption. We can replace

it with the assumption 1
2 < a < 1 (see Theorems 1 and 2). The method is quite

di¤erent from that in [4] ([5]). Furthermore the computation is more simple.

However we need to suppose that the Cauchy datas are all zero. That is, the

‘‘well-behaved’’ estimate cannot be proved any longer. This is the reason why

Lemma 2 in Section 3 is necessary for the proof of Theorem 1.

In our result we treat only any solution u of (1.3), but not any di¤erence of

two solutions of (1.3), namely u� v, where u and v are both solutions of (1.3).

From the viewpoint of the uniqueness property it is desirable to consider such a

di¤erence. But up to now there is no such a consideration. We raise the following

two examples.

Masuda [11] proved the backward unique continuation for Navier-Stokes

equation. His result is as follows: Let u be a vector valued solution of Navier-

Stokes equation with homogeneous boundary condition in a cylindrical domain.

Let uð� ; t0Þ ¼ 0 for some t0. Then uð� ; tÞ vanishes identically for ta t0. Moreover

Kazdan [8] suggested the following conjecture at the end of his paper: Let u be a

p-harmonic function. Let u vanish at a point with infinitely fast order. Then does

u vanish identically?
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Our method is to yield Carleman’s inequality with a weight function. The

weight function to be used here is the primitive form in [13].

Finally we show that there are infinitely many classical solutions of (1.2)

taking both positive and negative values, under some conditions on N and a. Let

A > 0 and l < 0 be two given numbers. We define

uðx; tÞ ¼ ðAþ altÞ1=awðxÞ:
If w satisfies

sw ¼ ljwjaw in RN ;ð1:4Þ

then we see that u is a solution of (1.2) in RN � ð�y;A=ðajljÞÞ. By virtue

of Kusano and Naito [9] it is known that (1.4) has infinitely many classical

entire solutions taking both positive and negative values, if Nb 3 and 0 < a <

4=ðN � 2Þ.

2 Theorems

Let x ¼ ðx1; . . . ; xNÞ be the space variable in RN , and t be the time variable

in R1. We write RNþ1 ¼ RN
x � R1

t . The origin in RN
x ðRN

x � R1
t Þ is denoted by

OððO; 0ÞÞ, respectively.

Throughout this paper let W be a domain of class C1 contained in the half

space fxN > 0g of RNþ1 such that qW C ðO; 0Þ. We say that W is strongly convex

at ðO; 0Þ, if there exists a positive number d0 such that WV fxN ¼ dg is a bounded

domain in RN for d with 0 < d < d0 and its diameter tends to 0 as d ! 0.

Our first aim is to prove

Theorem 1. Let W be strongly convex at ðO; 0Þ. Let u A C3ðWÞ satisfy

(1.3) in W. Suppose that 1
2 < a < 1 and aþ b < 1. Suppose that either bg > 0 or

g ¼ 0. Then u vanishes identically in a neighborhood of ðO; 0Þ, if u ¼ ut ¼ uxi ¼ 0,

i ¼ 1; . . . ;N, on qWV fxN < d0g.

Next we don’t assume the strong convexity of W at ðO; 0Þ. Then we need

to restrict the conclusion to the case of N ¼ 1. But on the next theorem the

assumptions on a; b and g are weaker than that of Theorem 1. Writing x1 as x

simply, we have

Theorem 2. Let qWV fx ¼ 0g be an open interval in R1 containing the origin.

Let u A C3ðWÞ satisfy (1.3) in W. Suppose that 1
2 < a < 1, aþ b < 1 and bgb 0.

Then u vanishes identically in a neighborhood of the origin, if u ¼ ux ¼ 0 on qWV

fx ¼ 0g.
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Remark. Naturally the question arises: Does the conclusion of Theorem 2

hold for general Nb 2 ? We cannot yet prove this at the present stage. The

reason is as follows:

After the Holmgren’s transformation, the new variables are denoted by the

previous ones. We set v ¼ expflxNgu for the function u in Theorem 2. Our aim

is to estimate the L2-norm of vxN from above. But if Nb 2, the term of the

following L1-norm of ð1 þ
PN�1

i¼1 x2
i Þ

�1ð
PN�1

i¼1 xivxixN ÞvxN appears and we cannot

find any method to estimate it.

3 Preliminaries

We prepare some lemmas. First we have

Lemma 1. Let u belong to C1½a; b�VC2ða; bÞ. Suppose that u; u 0 0 0 in ða; bÞ
and u 0ðaÞ ¼ u 0ðbÞ ¼ 0. Then for kb 2, it holds that

ju 0ðtÞjk a kjuðtÞj sup
ða;bÞ

ðju 0jk�2ju 00jÞ; t A ða; bÞ:ð3:1Þ

Proof. First assume that u; u 0 > 0 in ða; bÞ. By Cauchy’s theorem on the

mean value theorem, we see that for any t A ða; bÞ there exists a number c such

that a < c < t and

ðju 0ðtÞjk � ju 0ðaÞjkÞ=ðuðtÞ � uðaÞÞ ¼ ðju 0jkÞ0ðcÞ=u 0ðcÞð3:2Þ

¼ kju 0ðcÞjk�2
u 00ðcÞ:

From our assumption, 0 < uðtÞ � uðaÞa uðtÞ. Thus we obtain the required

inequality.

Next let u > 0 and u 0 < 0 in ða; bÞ. Then the left-hand side of (3.2) can be

replaced with

ðju 0ðtÞjk � ju 0ðbÞjkÞ=ðuðtÞ � uðbÞÞ:

Finally let u < 0 in ða; bÞ. Then it is enough to replace u with �u. Q.E.D.

Generalizing Lemma 1, we have

Lemma 2. Let u belong to C1½a; b�VC2ða; bÞ. Let uðaÞ ¼ u 0ðaÞ ¼ uðbÞ ¼
u 0ðbÞ ¼ 0. Suppose that u 0ðxÞ ¼ 0 if uðxÞ ¼ 0, a < x < b. Then (3.1) holds for

kb 2.
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Proof. It is written that

ða; bÞ ¼ 6
y

i¼1

ðai; biÞ
 !

UE; ðai; biÞV ðaj; bjÞ ¼ q ði0 jÞ;

where u ¼ 0 on E, uðaiÞ ¼ uðbiÞ ¼ 0 and u0 0 in ðai; biÞ. From our assump-

tion, u 0ðaiÞ ¼ u 0ðbiÞ ¼ 0 and u 0 ¼ 0 on E

We rewrite ðai; biÞ with ða 0; b 0Þ newly. We can rewrite as

ða 0; b 0Þ ¼ 6
y

i¼1

ða 0
i ; b

0
i Þ

 !
VE 0;

where u 0 ¼ 0 on E 0, u 0ða 0
i Þ ¼ u 0ðb 0

i Þ ¼ 0 and u 0 0 0 in ðai; biÞ. By Lemma 1 we

see that (3.1) holds on each ða 0
i ; b

0
i Þ. This completes the proof. Q.E.D.

Next we give some property for classical solutions of (1.3). Let D be a

domain in RNþ1.

Lemma 3. Let u A C 3ðDÞ satisfy (1.3) in D and suppose that 0 < a < 1 and

aþ b < 1. Then utðPÞ ¼ 0, if uðPÞ ¼ 0 for P A D.

Proof. Without loss of generality we may assume that P ¼ ðO; 0Þ. We set

vðtÞ ¼ uðO; tÞ. Since vð0Þ ¼ 0, it is written that

vðtÞ ¼ Atþ oðtÞ ðt ! 0Þ:

We often write as oðtkÞ simply, Landau’s notation oðtkÞ ðt ! 0Þ. From (1.3),

it follows that ðsuÞðO; 0Þ ¼ 0. Hence it follows that

ðsuÞðO; tÞ ¼ Btþ oðtÞ:

It is enough to show that A ¼ 0. Since v 0ðtÞ ¼ Aþ oð1Þ, we have from (1.3) that

jAtþ oðtÞjaðAþ oð1ÞÞ ¼ Btþ oðtÞ þ gjAtþ oðtÞj�bðAtþ oðtÞÞ:

Hence

jAþ oð1ÞjaðAþ oð1ÞÞ ¼ ðBþ oð1ÞÞjtj�a
tþ gjAþ oð1Þj�bðAþ oð1ÞÞjtj�a�b

t;

if A0 0. But it is a contradiction, because the limits of the both sides are

di¤erent if t ! 0. This means that utðO; 0Þ ¼ 0. Q.E.D.

Lastly we have
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Lemma 4. Suppose that 1
2 a a0 < a and aþ b < 1. Let W be the domain in

Theorem 1. Let u A C3ðWÞ satisfy (1.3) in W and u ¼ ut ¼ uxi ¼ 0, i ¼ 1; . . . ;N, on

qWV fxN < d0g. Then it holds that

juja�1jutjaC0juja�a0 in WV fxN < d0g;

where C0 is a positive constant depending only on a and u.

Proof. If we set k ¼ 1
1�a0

b 2 and vðtÞ ¼ uðx; tÞ for any fixed x, then by

virtue of Lemma 3, v satisfies the assumption in Lemma 2. Hence (3.1) holds,

namely

jutðx; tÞjk a kjuðx; tÞj sup
W

ðjutjk�2juttjÞ ðx; tÞ A WV fxN < d0g:

From this we obtain immediately the required inequality. Q.E.D.

4 Proof of Theorems

First we prove Theorem 1.

(Proof of Theorem 1)

We define for d < d0:

Wd ¼ WV fxN < dg; Gd ¼ qWV fxN < dg and Hd ¼ WV fxN ¼ dg:

We put y ¼ xN , x 0 ¼ ðx1; . . . ; xN�1Þ and

s0 ¼
X
i0N

q2
xi
; ‘ 0 ¼ ðqx1

; . . . ; qxN�1
Þ:

For l < �1 we set v ¼ elyu. Then from (1.3)

vyy þs0v� 2lvy þ l2vþ geblyjvj�b
v� e�alyjvjavt ¼ 0:ð4:1Þ

We retake l in such a way that jlj is su‰ciently large, if necessary.

From now on we denote by ð , Þ the L2ðWdÞ-inner product. We often use the

integration by parts without saying. From (4.1) it follows that

�ðvyy þs0vþ l2vþ geblyjvj�b
v; 2lvy þ e�alyjvjavtÞa 0:ð4:2Þ

We write the left-hand side of (4.2) as I . Then

I ¼�ðvyyþs0vþl2v; 2lvyþ e�alyjvjavtÞ� 2glðeblyjvj�b
v; vyÞ� gðeðb�aÞlyjvja�b

v; vtÞ:
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Clearly

�ðeblyjvj�b
v; vyÞ ¼ � 1

2 � b
ðebly; ðjvj2�bÞyÞ

¼ b

2 � b
lðebly; jvj2�bÞ � 1

2 � b
ebdl

ð
Hd

jvj2�b
dx 0dt

and

ðeðb�aÞlyjvja�b
v; vtÞ ¼

1

a� b þ 2
ðeðb�aÞly; ðjvja�bþ2ÞtÞ ¼ 0:

We set

I 0 ¼ �ðvyy þs0vþ l2v; 2lvy þ e�alyjvjavtÞ:

Then from the above

I ¼ I 0 þ 2bg

2 � b
l2ðebly; jvj2�bÞ � 2g

2 � b
lebdl

ð
Hd

jvj2�b
dx 0dt:ð4:3Þ

Now we calculate I 0. We write

I 0 ¼ �2lðvyy; vyÞ � 2lðs0v; vyÞ � 2l3ðv; vyÞ � ðvyy; e�alyjvjavtÞð4:4Þ

� ðs0v; e�alyjvjavtÞ � l2ðe�aly; jvjavvtÞ:

The last term vanishes as previously. We see that

�ðvyy; e�alyjvjavtÞ ¼ �alðvye�aly; jvjavtÞ þ aðv2
y ; e

�alyjvja�2
vvtÞð4:5Þ

þ ðvye�aly; jvjavtyÞ � e�adl

ð
Hd

jvjavyvt dx 0dt:

We consider the second term on the right-hand side of (4.5). Since

e�alyjvja�2
vvt ¼ juja�2

uut, we can use Lemma 4. Thus the term ðv2
y ; e

�alyjvja�2
vvtÞ

is finite. More carefully we examine (4.5). By replacing jvja with ðv2 þ eÞa=2 and

integrating by parts the left-hand side of (4.5), we take e ! þ0. Then we see that

(4.5) is correct.

Furthermore

ðvye�aly; jvjavtyÞ ¼
1

2
ðe�alyjvja; ðv2

yÞtÞ ¼ � a

2
ðe�alyjvja�2

vvt; v
2
yÞ:

From (4.1), it follows that

ðvye�aly; jvjavtÞ ¼ ðvy; vyyÞ þ ðvy;s0vÞ � 2lð1; v2
yÞ þ l2ðvy; vÞ þ gðvy; eblyjvj�b

vÞ:
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Hence (4.5) becomes

�ðvyy; e�alyjvjavtÞ ¼ �alðvy; vyyÞ � alðvy;s0vÞ þ 2al2ð1; v2
yÞð4:6Þ

� al3ðvy; vÞ � aglðvy; eblyjvj�b
vÞ þ a

2
ðe�alyjvja�2

vvt; v
2
yÞ

� e�adl

ð
Hd

jvjavyvt dx 0dt:

Combining (4.4) with (4.6), we obtain

I 0 ¼ �ð2 þ aÞlðvy; vyyÞ � ð2 þ aÞlðvy;s0vÞ þ 2al2ð1; v2
yÞð4:7Þ

� ð2 þ aÞl3ðvy; vÞ � aglðvy; eblyjvj�b
vÞ þ a

2
ðe�alyjvja�2

vvt; v
2
yÞ

� ðs0v; e�alyjvjavtÞ � e�adl

ð
Hd

jvjavyvt dx 0dt:

Obviously

ðvy; vÞ ¼
1

2
ð1; ðv2ÞyÞ ¼

1

2

ð
Hd

v2 dx 0dt; ðvy; vyyÞ ¼
1

2
ð1; ðv2

yÞyÞ ¼
1

2

ð
Hd

v2
y dx 0dt

and

ðvy;s0vÞ ¼ �ð‘ 0vy;‘
0vÞ ¼ � 1

2
ð1; ðj‘ 0vj2ÞyÞ ¼ � 1

2

ð
Hd

j‘ 0vj2 dx 0dt:

We easily see that

ðvyebly; jvj�b
vÞ ¼ 1

2 � b
ðebly; ðjvj2�bÞyÞ

¼ � bl

2 � b
ðebly; jvj2�bÞ þ 1

2 � b
ebdl

ð
Hd

jvj2�b
dx 0dt:

Further

�ðs0v; e�alyjvjavtÞ ¼ aðj‘ 0vj2e�aly; jvja�2
vvtÞ þ ðe�alyjvja;‘ 0v � ‘ 0vtÞð4:8Þ

and

ðe�alyjvja;‘ 0v � ‘ 0vtÞ ¼
1

2
ðe�alyjvja; ðj‘ 0vj2ÞtÞð4:9Þ

¼ � a

2
ðe�alyjvja�2

v; vtj‘ 0vj2Þ:
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Hence

�ðs0v; e�alyjvjavtÞ ¼
a

2
ðe�alyjvja�2

v; vtj‘ 0vj2Þ:

Combining the above with (4.7), we obtain

I 0 ¼ 2al2ð1; v2
yÞ þ

abg

2 � b
l2ðebly; jvj2�bÞ þ a

2
ðe�alyjvja�2

v; vtj‘vj2Þ

� 1

2
ð2 þ aÞl

ð
Hd

ðv2
y � j‘ 0vj2 þ l2v2Þ dx 0dt� ag

2 � b
lebdl

ð
Hd

jvj2�b
dx 0dt

� e�adl

ð
Hd

jvjavyvt dx 0dt:

Therefore from (4.2) and (4.3) it holds that

2al2ð1; v2
yÞ þ

2 þ a

2 � b
bgl2ðebly; jvj2�bÞ þ a

2
ðe�alyjvja�2

v; vtj‘vj2Þð4:10Þ

a
1

2
ð2 þ aÞl

ð
Hd

ðj‘vj2 þ l2v2Þ dx 0dtþ 2 þ a

2 � b
glebdl

ð
Hd

jvj2�b
dx 0dt

þ e�adl

ð
Hd

jvjavyvt dx 0dt:

As previously the third term on the left-hand sided of (4.10) equals
a
2 ðjuj

a�2
uut; j‘vj2Þ, which is finite. This means that

jðe�alyjvja�2
v; vtj‘vj2ÞjaC0ð1; j‘vj2Þ:ð4:11Þ

From now on we denote by Ci, i ¼ 1; 2; . . . ; all positive constants inde-

pendent of l. By virtue of (4.11), (4.10) becomes

l2ð1; v2
yÞ þ bgl2ðebly; jvj2�bÞaC1ðjlj3e2dl þ ð1; j‘vj2ÞÞ:ð4:12Þ

Lastly we estimate ð1; j‘ 0vj2Þ. Multiplying the both sides of (4.1) by v, we

have

ðvyy; vÞ þ ðs0v; vÞ þ l2ð1; v2Þ þ gðeblyjvj�b; v2Þ � 2lðvy; vÞ � ðe�alyjvjavt; vÞ ¼ 0:

Using the previous equalities, we see that

ð1; j‘ 0vj2Þa l2ð1; v2Þ þ gðebly; jvj2�bÞ þ
ð
Hd

vvy dx
0dt� l

ð
Hd

v2 dx 0dt:
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By Poincaré’s inequality, ð1; v2ÞaC2ðdÞð1; v2
yÞ, where C2ðdÞ ! 0 as d ! 0. Hence

C1ð1; j‘ 0vj2ÞaC1C2ðdÞl2ð1; v2
yÞ þ C1gðebly; jvj2�bÞ þ C3jlje2dl:

Combining this with (4.12), we obtain

ðl2 � C1C2ðdÞl2 � C1Þð1; v2
yÞ þ ðbl2 � C1Þgðebly; jvj2�bÞaC4jlj3e2dl:

Taking d with C1C2ðdÞ < 1, we fix it. Moreover taking �l as su‰ciently large, we

conclude that

ð1; v2ÞaC5jlje2dl
aC6e

3dl=2:

We proceed as in the usual way. That is, on the left-hand side we replace the

integral domain Wd with Wd=2. Thenð
Wd=2

u2 dxdtaC6e
dl=2:

Letting l ! �y, we conclude that u ¼ 0 in Wd=2. Thus we have finished the

proof of Theorem 1.

Next we prove Theorem 2.

(Proof of Theorem 2)

We use the Holmgren’s transformation: t 0 ¼ t, y 0 ¼ yþ t2. Then uy 0 ¼ uy,

ut 0 ¼ ut � 2tuy. So (1.3) becomes

jujaut 0 ¼ uy 0y 0 � 2t 0jujauy 0 þ gjuj�b
u:ð4:13Þ

We can retake the domain Wd as follows: Wd ¼ fðy 0; t 0Þ j t 02 < y 0 < dg. Then

u ¼ ut 0 ¼ uy 0 ¼ 0 on qWd V fy 0 ¼ t 02g. In the proof of Lemma 3 we replace su

with uy 0y 0 � 2t 0jujauy 0 and we proceed similarly. Then from (4.13) we see that

ut 0 ðPÞ ¼ 0, if uðPÞ ¼ 0 for P A W. Hence the assumption in Lemma 2 is satisfied.

This means that Lemma 4 is applicable for such a u.

From now on we denote ðy 0; t 0Þ be ðy; tÞ simply. We put F ¼ 2tjujaðvy � lvÞ,
where v is the function in the proof of Theorem 1. Then (4.13) is rewritten as

ðvyy þ l2vþ geblyjvj�b
vÞ � ð2lvy þ e�alyjvjavtÞ ¼ F :ð4:14Þ

We proceed along the proof of Theorem 1. In place of (4.2) we have

�ðvyy þ l2vþ geblyjvj�b
v; 2lvy þ e�alyjvjavtÞa

1

2
ð1;F 2Þ:ð4:15Þ

From (4.14) we obtain

ðvye�aly; jvjavtÞ ¼ ðvy; vyyÞ � 2lð1; v2
yÞ þ l2ðvy; vÞ þ gðvy; eblyjvj�b

vÞ � ðvy;F Þ:
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Thus in place of (4.6)

�ðvyy; e�alyjvjavtÞ ¼ �alðvy; vyyÞ þ 2al2ð1; v2
yÞ � al3ðvy; vÞ

� aglðvy; eblyjvj�b
vÞ þ a

2
ðe�alyjvja�2

vvt; v
2
yÞ

� e�adl

ð
Hd

jvjavyvt dtþ alðvy;FÞ:

As previously we denote by I the left-hand side of (4.15). In addition if we

set similarly

I 0 ¼ �ðvyy þ l2v; 2lvy þ e�alyjvjavtÞ;

the same inequality as in (4.3) holds.

In place of (4.10) we have

2al2ð1; v2
yÞ þ

2 þ a

2 � b
bgl2ðebly; jvj2�bÞ þ a

2
ðe�alyjvja�2

v; vtv
2
yÞ

a
1

2
ð2 þ aÞl

ð
Hd

ðv2
y þ l2v2Þ dtþ 2þ a

2� b
glebdl

ð
Hd

jvj2�b
dtþ e�adl

ð
Hd

jvjavyvt dt

� alðvy;FÞ þ
1

2
ð1;F 2Þ:

Here we note that jðvy;FÞjaC7

ffiffiffi
d

p
jljðð1; v2

yÞ þ ð1; v2ÞÞ. Furthermore ð1;F 2Þa
C7ðl2ð1; v2Þ þ ð1; v2

yÞÞ. Therefore as previously we conclude that

l2ð1 � C7

ffiffiffi
d

p
� C7C2ðdÞÞð1; v2

yÞaC7jlj3e2dl:

Thus we have completed the proof of Theorem 2.
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