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CHARACTERIZING MANIFOLDS MODELED ON
CERTAIN DENSE SUBSPACES OF NON-SEPARABLE
HILBERT SPACES

By

Katsuro SAkAl and Masato YAGUCHI

Abstract. For an infinite set I, let /zf (F) be the linear span of the
canonical orthonormal basis of the Hilbert space 4(I), that is,

/Zf(F) ={xeA(I')|x(y) =0 except for finitely many y e I'}.

We denote 4 =#/(N). Let 0 =[-1,1]” be the Hilbert cube. In
this paper, we give characterizations of manifold modeled on the
following spaces: 4 (I") x fzf, fzf(l") and fzf(l") x Q, where 4(T") x 4,
and 4(T") x Q are homeomorphic to 4(T"). Our results are obtained
by suitable alteration and modification of the separable case due to
Bestvina and Mogilski.

1. Introduction

Given a space E, an E-manifold is a topological manifold modeled on E,
that is, a paracompact Hausdorff space such that each point has an open
neighborhood which is homeomorphic to (x) an open set in E. In [16] (cf. [17]),
Torunczyk gave a characterization of /4 (I")-manifolds, where /,(I") is the Hilbert
space of square-summable real-valued function on an infinite set I'. Let /2/ (F) be
the linear span of the canonical orthonormal basis of 4(I"), that is,

fzf(F) ={xeA(I')|x(y) =0 except for finitely many y e I'}.

In case T = N, we denote fzf(N) = fzf as well as /(N) = 4. Let Q = [-1,1]” be
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the Hilbert cube. As well-known, the separable Hilbert space /; is homeomorphic
to the psuedo-interior s = (—1,1)” of Q,

fzf ~ o= {xes|x(i) =0 except for finitely many i e N} and
4] x Q2 = {xeb|sup,.ylix(i)] < oo}

~ X = {xe Q|sup;y|x(i)| <1} ~ B(Q) = Q\s.
Notice that le is a dense subspace of /. By Mogilski [8], fzf- and /2/' x Q-
manifolds were characterized. Furthermore, these were generalized to manifolds
modeled on various dense subspaces of ¢/ by Bestvina and Mogilski [1]. In
particular, /4 x fzf -manifolds were characterized in addition to /2f - and fzf x Q-
manifolds.

In this paper, these results are extended to the non-separable case, that is, we
characterize 4 (I") x /2/ - /2./‘ ‘(F)- and fzf (I') x O-manifolds for an arbitrary infinite
set . One should note that 4(I") x /2f and fzf(l") x Q are regarded as dense
subspace of 4 (I'). In fact, since X x 4(I") ~ 4(I") for any completely metrizable
AR X with weight w(X) < card I [13], we have

/2(F) X /2(1") X /2 [~ /2(1") X Q

For each open cover  of Y, two maps f,g: X — Y are %-close (or f is
U-close to g) if each {f(x),g(x)} is contained in some U e % A closed set
A c X is called a (strong) Z-set in X provided, for each open cover # of X,
there is a map f:X — X such that f is #-close to idy and f(X)NA=(
(cl f(X)NA=¢F). When X is an ANR, a closed set 4 is a Z-set in X if and only
if every map f:I¥ — X (k >0) can be approximated by maps ¢ :I¥ — X\4
(i.e., for each open cover % of X, there is a map ¢ : I¥ — X\ 4 which is %-close
to f). The union of countably many (strong) Z-sets in X is called a (strong)
Zsset in X. A Z-embedding is an embedding whose image is a Z-set.

A space X is said to be universal for a class € (simply, €-universal) if every
map f: C — X of Ce % is approximated by Z-embeddings. It is said that X is
strongly universal for € (simply, strongly @-universal) when the following con-
dition is satisfied:

(sug) for each C € € and each closed set D = C, if f : C — X is a map such

that f|D is a Z-embedding, then, for each open cover % of X, there is
a Z-embedding /1 : C — X such that 4D = f|D and h is %-close to f.
The following is our main result:

MAIN THEOREM. Let X be a connected metrizable space and T an infinite set
with card I' = 7.
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(1) X is homeomorpic to £,(I) x fzf (or an 6H(T) x /{-mam’fold) if and only
if X is an AR (or an ANR) with w(X) =z, X is a o-completely metrizable
strong Zs-space and strongly universal for the class of completely met-
rizable spaces with weight < t.

(2) X is homeomorpic to fzf(F) (or an /{(F)-maniﬂ)ld) if and only if X is an
AR (or an ANR) with w(X) =1, X is a strongly countable-dimensional
o-locally compact strong Zj,-space and strongly universal for the class
of strongly countable-dimensional locally compact metrizable spaces with
weight < 7.

(3) X is homeomorpic to /2"{(1") x Q (or an fzf(l") x Q-manifold) if and only
if X is an AR (or an ANR) with w(X) = 1, X is a a-locally compact strong
Zs-space and strongly universal for the class of locally compact metrizable
spaces with weight < t.

The above result can be obtained by suitable alteration and modification
of [1]. However, one should remind that some arguments in [1] depend on
separability (e.g., Lemma 1.4, Propositions 1.7 and 2.3). Thus, we need to take
different approaches to obtain non-separable versions of some results in [1].

2. Preliminaries

Throughout of the paper, let T be an infinite cardinal and T an infinite set with
cardI' = 7.

Let M be the class of all metrizable spaces. For a class ¥ < I, we denote by
() the subclass of % consisting of all spaces X € ¥ with weight w(X) < 7. It is
said that

* & is topological if X €€, X~Y =Y €4,

+ € is closed (resp. open) hereditary if X € €, A = X is closed (resp. open) in

X=A4€%,

* € is additive if X = X;UX, and X;,X, €% are closed in X = X € 4.
By %,, we denote the class consisting of all metrizable spaces which can be
expressed as countable unions of closed subspaces contained in .

It is convenient to use the notation of [13]:

E\(D) =£(T), Es(T)=A() x4,
Ey(T) = 4/(T), E)=4/(1)xQ,
M, = the class of completely metrizable spaces,

M, = the class of metrizable spaces which are countable unions
of completely metrizable closed sets,
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i3 = the class of metrizable spaces which are countable unions
of locally compact, locally finite-dimensional closed sets,

M, = the class of metrizable spaces which are countable unions
of locally compact closed sets.

The classes My, My, M3 and My are topological, closed hereditary and additive.
For each i =1,2,3,4, the following hold:

2.1. X eMy(r) if and only if X can be embedded into E;(T') as a closed set
[13, 1.1].

22. X x E(T')~ E/(T") for every AR X € M;(r) [13, Theorem 3.2].

23. X is an E(T)-manifold if and only if X € M;(r) is an ANR and X x
E;(T') ~ X [13, Proposition 4.5].
The following classes are also topological, closed hereditary and additive:
M = the class of locally compact metrizable spaces and

‘Jﬁg = the class of locally compact, locally finite-dimensional
metrizable spaces.

Observe that My = (M), Vs = (iUig) and Ny = (M),
We list the necessary results of non-separable infinite-dimensional manifolds

ag

(cf. Preliminaries of [9]).! In the following, let E be a locally convex linear metric
space such that Ex~ E® or E ~ EP, where

Ef = {(xi);cy € E”|x; = 0 except for finitely many ie N}.
2.4 (TRIANGULATION). For each E-manifold M, there exists a locally finite-

dimensional simplicial complex K such that M ~ |K| x E, where |K| has the metric
topology [14, Theorem 3.4].

A near-homeomorphism is a map which can be approximated by homeo-
morphisms.

2.5 (STABILITY). For every E-manifold M, the projection of M x E onto M is a
near-homeomorphsim, hence M x E~ M [12].

! These are discussed in [11].
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It is said that 4 < X is E-deficient if there exists a homeomorphism
h:X — X x E such that h(4) =« X x {0}.

2.6. For a closed set K in an E-manifold M, the following are equivalent
([2, Theorem 1] and [17, Al]):

(1) K is a Z-set in M,

(2) K is a strong Z-set in M,

(3) K is E-deficient in M.

For an open cover % of Y, two maps f,g: X — Y are %-homotopic (or f is
U -homotopic to g) if there is a homotopy /4 : X x I — Y such that iy = f, hy =g
and each /i({x} xI) is contained in some U e % (h is called a %-homotopy).

2.7 (Z-SEr UNKNOTTING). Let K be a Z-set in an E-manifold M and U an open
cover of M. If a Z-embedding h : K — M is 9-homotopic to id then h extends to
a homeomorphism h: M — M which is st %-close to id.

2.8 (NEGLIGIBILTY OF Z,-SETS). In case E € W, if K is a Z,-set in an E-manifold
M, then the inclusion of M\K into M is a near-homeomorphism [4], [2].

A map f: X — Y is a fine homotopy equivalence if, for each open cover %
of Y, there is a map g: ¥ — X (called a -homotopy inverse) such that gf is
-homotopic to idy and gf is f~!(%)-homotopic to idy.

2.9. Every fine homotopy equivalence between E-manifolds is a near-
homeomorphism [6, Theorem 3.4].

3. Alteration of Bestvina-Mogilski’s Paper [1]

In this section, we make alteration of §§1-5 of [1]. In order to treat non-
separable spaces, we generalize the Strong Discrete Approximation Property.
For each n € N, we say that X has the t-discrete n-cells property if, for each open
cover % of X, every map f:1"xI' = X is %-close to a map g:I"xI' - X
such that {g,(I")}, . is discrete in X, where g, : 1" — X is defined by g,(x) =
g(x,7). When X has the 7-discrete n-cells property for every n € N, it is said that
it has the t-discrete cells property. The Strong Discrete Approximation Property is
no other than the Nj-discrete cells property. One should note that if X € 9t has
the t-discrete O-cells property then w(X) > .

Recall that a map f: X — Y is closed over A < Y if, for each ae A and
each neighborhood U of f~'(a) in X, there exists a neighborhood V of a in Y
such that f~!(V) < U, where it is possible that f~!(a) = U = ¢, which implies
that f(X)NA4 is closed in A.
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3.1. Results in §1 of [1]. First, observe that separability is not used in the
proofs of Lemmas 1.1, 1.3 and Corollary 1.2 of [1], hence they are valid for non-
separable spaces. In the proof of Lemma 1.4 of [1], it is essential that each P; is
compact because X\ fi_;(P;—1) need to be open in X. It is a problem to prove
Lemma 1.4 of [1] without separability, that is,

PrOBLEM 1. In a non-separable ANR X, if 4 is a Z-set and also a strong
Zs-set in X, is A a strong Z-set in X?

As same as Lemma 1.4 of [1], separability is required in the proof of
Proposition 1.7 of [1]. Then, the following is a problem.

PrOBLEM 2. Let X e Mi(r) be an ANR which has the t-discrete cells
property (t > Ng). Is every Z-set in X a strong Z-set in X?

Instead of Lemma 1.4 and Proposition 1.7 of [1], we can prove the following
without separability.

PropoOSITION 3.1. Let X € M(t) be an ANR which has the t-discrete cells
property. If A is a Z-set and also a strong Zs-set in X, then A is a strong Z-set
in X.

ProoF. We can write A4 =[], NU{O)
strong Z-sets in X. For each open cover % of X, let %, be an open star-

A;, where Ayc A1 < Ay = --- are

refinement of %. Since X is an ANR, we have a locally finite-dimensional
simplicial complex K with card K < w(X), f: X — |K| and g: |K| — X such
that gf is %_i-close to idy, where |K| admits the weak (Whitehead) topology.

We inductively construct open covers %; of X, maps 4, : |[K| — X, open sets
Vi, V' in X and discrete collections #; = {W,|c e KI\K=DY, w.' ={W/|ce
KM\K(=1D1 of open sets in X, ie NU{0}, such that

(1) mesh % < 27%, st U < Uiy, U < {Vie1, X\ V!, }, st(W), ;) = W, for

each g e KU1,

(2) h; is Ui-close to h; 1, hi||KU=D| = hi_y | |KUD],

(3) 4=V = d V] = Vi = X\Ii(K]),

4) ol W) = W, = X\4 and hi(e) = | J,,_ W, for each 5 e K,
where h_y =g. Since {W/|oce K"} is locally finite in X, the condition (4)
implies the following condition:

5) el hi(|KD)) =l |J W/ = ) ol W < X\4.

O
geKW ge K0
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Assume that %, h;, V;, V/, #; and #;' have been obtained for j < i. Since
cl V!, < Viii, cl W < W, for each o e K=Y and #;_, is discrete in X, we can
choose an open cover %; of X so as to satisfy the condition (1). Let %/ be an
open star-refinement of %;. Since cl h;_(|K'"V|)N4; = & and 4; is a strong
Z-set in X, we have a map h/ : |[K| — X and open neighborhoods V;, ¥} of 4; in
X such that

(6) h! is u!-close to hj_i,

(1) B [1K6D] = by |[KED)] and

®) cl V! = Viccl V; = X\cl hl(|K]).

Let % be an open refinement of %/ such that

9) % < {V,, X\(cl Bl(IK|)Uel V), X\el V}.

Since X is an ANR, % has an open refinement %, such that two %,"-close
maps from an arbitrary space to X are %, -homotopic.

For each i-simplex o€ K, U, =\, h7(W)) is an open neighborhood
of do in |K|. Choose an i-cell ¢, in each i-simplex ¢ € K so that ¢\ U, < ¢, and
{c,|o e KW\KU~D} is discrete in |K|. Since X has the t-discrete i-cells property
and 4 is a Z-set in X, we have a map A/ : UJGK(,-)\K(,-,U ¢, — X such that

(10) hl{’(Uaemo\Ku—l) ¢)NA =,

(11) h! is %/-close to h! and

(12) {h!(c,)|o e KO\KD} is discrete in X.

By using the Homotopy Extension Theorem, we can obtain a map /; : |[K| — X
such that

(13) A Ugemw\mf—n g =hy,

(14) h;||K% V| = h!||KD| and

(15) h; is ;-homotopic to ],
whence /; | |[KU=D| = h;_1 | [KU=V| and &, is %--close to h;_i, that is, h; satisfies the
condition (2). Since /; is %, -close to &, it follows from (9) that 4;(|K|) < X\cl V;,
that is, cl ¥V < X\A;(|K]|). Thus, the condition (3) is satisfied.

By (12) and (13), for each i-simplex o € K, h;(c,) has open neighborhoods
W,, W/ in X such that cl W/ < W, < X\4 and #; = {W, | e KD\KU~V} is
discrete in X, hence #;' = {W/|o e KV\KU~D} is also discrete in X. For each
i-simplex ¢ € K and x € g\c,0N U,, choose ¢’ < & so that h;_(x) € W. Since
h; is U;-close to h;_y, it follows from (1) that /;(x) € st(W,,,%;) = W,:. Therefore,
hi(o) =, ., Wo. Then, the condition (4) is also satisfied.

By induEtion, we can obtain %;, h;, V;, W; for all i € N. By the condition (2),
we can define /2 : |[K| — X by h||K®| = h;||K?|. Then, h is the uniform limit of
h; by (1), hence / is continuous. It follows from (1) and (2) that / is st %;,-close
to h;, hence h is %;-close to h;. In particular, i is % j-close to h_; =g, hence
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hf" is 4-close to idy. Since %; < {V;, X\cl V;’}, it follows from (3) that if(X) <
h(|K|) < st(hi(|K|, ;) < st(X\V;,U;) = X\cl V;’, hence
cdafx)n \J mw=g,

ie NU{0}

which means that cl 4f(X)NA = & because 4 < UieNU{O} V7. O

By using Lemma 1.4 of [1], Corollary 1.5 of [1] was obtained. But we use
Michael’s Theorem for local properties [7] to prove the same result without
separability, that is,

ProOPOSITION 3.2. A closed set A in an ANR X is a strong Z-set in X if and
only if each a € A has an open neighborhood U in X such that AN U is a strong
Z-set in U.

Proor. The “only if” part is trivial. To see the “if” part, let 2 be the
property of open sets U in X such that 4N U is a strong Z-set in U. It is enough
to prove that % is G-hereditary, that is, (1) if an open set U in X has %, then
every open set in U has Z; (2) if two open sets U; and U, in X have %4 then
U U U, has 24; (3) for a dicrete collection {U;}, 5 open sets in X, if each Uj
has 2, then (J,_, U, has 2;. Since Lemma 1.3 of [1] is valid without sepa-
rability, we have (1). And (3) is trivial.

To see (2), assume that U, and U, are open sets in X such that AN U; is
a strong Z-set in U;. We write AN (U U U,) = A1 U A, such that 4; = U; and
A; 1s closed in Uy U U,, whence 4; is a strong Z-set in U;. For each open cover
U of U UU,, let #1 be an open star-refinement of %. Then, we have a map
f1: Uy — U and an open neighborhood V; of 4 in U; such that Vi N f1(U;) =
, fi is ¥i-close to id and f; can be extended to fl U UU, — U UU, by
fl | U\ U, = id, whence V ﬂfl(Ul U U,) = . Choose an open set W) in Uy U U,
so that (U, UU,)Necl W) < V). let ¥5 be an open cover of U; U U, such that

vy <Y1 and ¥ < {Vl,(Ul U Uz)\Cl Wl}.

Then, we have a map f>: U, — U, and an open neighborhood V, of A4; in U,
such that V5N f5(Us) = &, f> is #3-close to id and f> can be extended to f; :
UyUU, — UyUU, by f,|U\U, =id, whence V>N f5(U; UU,) = &. Observe
that Wi N £,f,(U; U Us) = &. Hence,

(WU )N AAUIUD,) = &.

Thus, AN(U;UT,) is a strong Z-set in U; U Us. O
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Note that Corollary 1.6 of [1] is proved by Curtis [3, Lemma 7.2] without
separability.

In the proof of Corolary 1.8 of [1], the following is shown without sepa-
rability:

LemmaA 3.3. Let X be an ANR which has the Strong Discrete Approximation
Property. Then, every compact set in X is a Z-set.

This extends as follows:

PrOPOSITION 3.4. Let X € M(t) be an ANR which has the t-discrete cells
property. Then, every closed set A in X with w(A) <t is a Z-set in X.

Proor. For each ne N and each map f: 1" — X, let f: 1" x ' — X be the
map defined by f(x,7) = f(x). For each open cover % of X, f is #-close to a
map ¢ : 1" x I' — X such that {g,(I")},r is discrete in X by the r-discrete cells
property. Since w(A) < 7, it is easy to see that 4 Ng,(I") = & for some yeT,
whence g, is %-close to f. Then, 4 is a Z-set in X. O

ProBLEM 3. In Proposition 3.4 above, is 4 a strong Z-set in X?

We call X a Z,-space (or a strong Z,-space) if X itself is a Z,-set (or a strong
Zs-set) in X. By Baire’s Theorem, any completely metrizable spaces is not a
(strong) Z,-space. It is a problem whether Lemma 1.9 of [1] can be generalized to
non-separable spaces, that is,

PrROBLEM 4. Let X € 9i(zr) be an ANR which is a strong Z,-space (r > Ry).
Does X have the 7-discrete cells property?

Lemmas 1.10 and 1.11 of [1] are valid for non-separable spaces (cf. their
proofs).

3.2. Results in §2 of [1]. Observe that Propositions 2.1 and 2.2 of [1] are
proved whitout separability. Thus, they are valid for non-separable spaces.

In the proof of Proposition 2.3 of [1], Lemmas 1.4, 1.9 and Proposition 1.7
of [1] are applied, where separability is necessary. Moreover, separability is also
used in the proof of 2.3 of [1] itself (the last paragraph). By adding the condition
on % that I" x I € ¥ for each n e N, we can extend the result to ANR’s X with
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w(X) = 7. The proof is basically same as [1]. Since the proof in [1] contains some
misprints and some of details are not easy to follow, we give a complete proof,
where we make some small changes in the arguments to make the proof clear.

PrOPOSITION 3.5. Let € be a closed hereditary additive topological class of
spaces such that 1" x T € € for each n e N, and let X be an ANR with w(X) = t.
If X is a strongly €-universal strong Z,-space, then X is strongly €,-universal.

Proor. Since I" x I" € ¥ for each n e N, if X is strongly %-universal then X
has the t-discrete cells property. By Proposition 3.1, every Z-set in X is a strong
Z-set. Then, by Proposition 2.2 of [1], it suffices to show that each open set
U # & in X is %,-universal. Note that U is an ANR with w(U) = 7. Since U is
an Fy-set in X, U is a strong Z,-space. It follows from Proposition 2.1 of [1]
that U is strongly %-universal. Thus, we may assume that U = X, whence it
suffices to show that X is % -universal.

Let f: C — X be a map of C € %,. In case C is an open set in some member
of €, it is proved by the same way as [1] that f can be approximated by Z-
embeddings. We now consider the general case C e %,, that is, C = Ul. o~ Cis
where C; « C,  --- are closed in C and C; € 4. We write X = UieNX,», where
X1 < X, < -+ are strong Z-sets in X. Given an admissible metric d for X, let
C(1¥, X) be the space of all (continuous) maps from I* to X with the sup-metric
induced by d. For each k € N, since C(I¥, X) has the same weight as X, there is
a map gi : I¥ x T — X such that {gi ,|y €T} is dense in C(I¥, X), where gy , :
I¥ — X is defined by gk,y(x) = gr(x,y). Given an open cover % of X, let %, be
an open star-refinement of %. By induction, we shall construct maps f;: C — X,
gi : 1" xT — X (k <), and open covers % of X\(fi(Ci)UX;), i e N, such that

(1) fi|C: is a Z-embedding,

) filCior = firr|Ciza,

(3) filC\C)Nfi(C) = I,

(4) f; is closed over fi(C;)UX;,

(5) fil C\Ci-1 is #i-1-close to fi 1| C\Ciy,

(6) el filC\Cimt) N (XA (fi-1(Cm) U Xi1)) = &,

(7) st < Ui,

(8) diam U < min{27,3d(U, fi(Ci)U X;)} for each U e,
(9) gi(IF xT) is a Z-set in X,

2In the case C is an open set in some member of %, we can assume that C; c int C;,;. However, this
assumption cannot be used in the general case.
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(10) f(C)NUpyer g1 x T) = 2,
(11) {g; |7 €T} is 27'-dense in C(I¥, X), that is, each g e C(I*, X) is 27-
close to some Yk
where fo = f and Cp = Xo = .

Assume that fi_, gi' (k<i—1) and %_, have been obtained. Since
fio1(Cioy) is a Z-set in X by (1) and I¥ x "' €%, we can apply the strong
%-universality of X to find Z-embeddings g; : I¥x T — X (k <i) such that

gi(* x T)N fi1(Ciny) = &,
and each g/ is 27(*V-close to gi, hence it satisfies (9) and (11).

Now, we denote

W = X\(fi-1(Ciz1) U Xicy).
Then, %;_; is an open cover of W. Let ¥~ be an open star-refinement of %;_;.
Since W is open in X, W is a strong Z,-space and has z-discrete cells property.
By Proposition 3.1, each Z-set in W is a strong Z-set. Note that X;N W is a
strong Z-set in W by Proposition 3.2 and W is strongly %-universal by Prop-
osition 2.1 of [1]. We apply the special case to the open set C;\C;_; in C; € ¥,
and use the Homotopy Extension Theorem to construct a map s : C\C;_; — W
such that

(12) h| C\Ci_ is a Z-embedding,

(13) h is ¥ -close to fi_1|C\Ci_1,

(14) c A(C\C) NWN (XU, o001 % D)) = &,

Since A(C\Ci—1) U (X; N W) is a strong Z-set in W, we apply Lemma 1.1 of [1] to
obtain a map h: C\Ci_1 — W such that

(15) h is ¥ -close to h, hence it is %_j-close to f;i_1|C\Ci_1 by (13),

(16) cl h(C\C)NWN (XU, 9l xT)) = &,

(17) k| C\Ciey = h| C\Ciy,

(18) H(C\C)NK(C\Ci-1) = 2.

(19) A& is closed over h(C\Ci—) U (X;NW).

For each ze C;_; and ¢ >0, since f;_; is continuous, we have a neigh-
borhood V7 of z in C such that ye V implies d(fi_1(y), fi-1(z)) <¢/2. For
each ye V\C;_j, choose U e %, so that iz(y),f,-,l(y) € U, whence we have
d(h(y), fi1(»)) <Ld(fi-1(p), fi-1(2)) by (8) for i— 1. Then, we have

d(h(y), fi-1(2) < d(h(y), fi-1(») + d(fi1(9), fi-1(2))
<3d(fie1(y), fia1(2) <&

Therefore, as an extension of 4, we can obtain the map f;: C — X satisfying (2),
which clearly satsfies (3), (5), (6) and (10) (cf. (18), (15), (16)).
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Since f;|Cio1 = fi-1|Ci—1 and f;| C\Ci—1 = h| C;\C;—; are injective and
SCA\Ciz1) N fim1(Cimt) = h(C\Ciz) N fi—1(Cih) = &,

it follows that f;|C; is injective. If f; satisfies (4), that is, f; is closed over
fi(CHUX;, then fi|C; is an embedding.

Suppose that f; is not closed over f;(C;) U X;. Then, there exist a € f;(C;) U Xj,
a neighborhood U of f!(a) in C (we allow U = f;"!(a) = &) and a sequence
(zZn)nen in C\U with lim fi(z,) = a. Since f;|C;_; = fi_1|Ci_ is a closed embed-
ding into X by (1) for i — 1, we have z, € C\C;_; for sufficiently large ne V.
Since f;| C\C;_; is closed over f;(C\Ci—1)U(X;NW) by (19), it follows that
a¢ f;(C\Ci-1))U(X;NW). Recall ae f;(C;)UX;. Then, we have

ae fi(Cio)U(XA\W) = fi1(Ci) U Xy

For suffiently large n € N, we can choose U, € %_; so that fi(z,), fi—1(z,) € U, by
(5), whence

d(ﬁfl(zn)aa) < d(ﬁ(zn%fifl(Zn)) + d(fzi'(zn)va) < %d(fi<zn)7a)'

Then, lim f;_i(z,) =a, which implies that f,"l(a) #& by (4) for i—1.
Since f~1(a) = Ciy by (3) for i — 1, it follows from (2) that f~}(a) = f;7'(a) =
U. Again by (4) for i — 1, we have a neighborhood V of a in X such that
f7Y(V) = U. For sufficiently large ne N, fi_1(z,) € V, hence z, € f;1(V) = U.
This is a contradiction. Therefore, f; satisfies (4).

To see (1), it remains to show that f;(C;) is a Z-set in X. Observe that

X\(fi(C) U Xi1) = W\R(C\Ci),

which is open in W. Then, f;(C;)U X;_; is closed in X, hence f;(C;)ULX; is also
closed in X. Since f;;(Ci—;)UX; is a Z-set in X and f;(C\Ci—1) = h(C\Ci-1) is
a Z-set in W = X\(fi-1(Ci—1) U X;), it follows that f;(C;) U X; is a Z-set in X. By
(3) and (4), we can see that f;(C;) is closed in f;(C;)UX;. Therefore, f;(C;) is a
Z-set in X.

Finally, by choosing an open cover % of X\(f:(C;)UX;) so as to satisfy (7)
and (8), we can obtain f;, gi (k <i) and % which satisfy all conditions (1)—(11).

By (2), we can define f,: C — X defined by f.|C; = f;|C;. It follows from
(5) and (8) that f. is 27"*!-close to f;. Thus, f. is the uniform limit of (f;); >
so f. is continuous. By (1) and (3), f. is injective. Then, to see that f, is a
Z-embedding, it remains to show that f, is a closed map and f.(C) is a Z-set
in X.

Now, assume that f, is not closed. Then, we have a sequence (z,),cn in
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C such that (z,),en has no convergent subsequences but (f.(z,))sen converges
to some a e X. Let ae X,,\X,,—1. Then, z, € C\C,, for sufficiently large ne N.
Otherwise, C,, contains a subsequence of (z,),cn, Which is convergent because
SilCu = fi|Cy is a closed embedding. From (2), (5) and (7), it follows that
f«| C\Cyy, is st U,,~close to f,,| C\C,. By (8), we have x,, y, € X for sufficiently
large ne N such that

d(f(za), xn) < %d<f*(zn)7a)7
d(xp, yn) < 3d(x,,a) and

d(Yn, fn(2n)) < %d(ynva)'

Then, (fn(z,))nen also converges to @, hence

aecl fm(C\Cm) ccl f,n(C\C,n,1)7

which implies that a € f,,_1(Cp-1) by (6). By (1), (2) and (3), there is unique
¢ € Cp—1 such that f,,(c) = fiu—1(c) = a. Since (z,),en does not converge to ¢ and
S 1s closed over f,,(C,,) by (4), we have a neighborhood V of a in X such that
infinitely many z, are not contained in £, !(V), that is, infinitely many f;,(z,) are
not contained in V. This is a contradiction. Therefore, f. is a closed map.
To see that f,(C) is a Z-set in X, let g:I* — X be a map and ¢ > 0.
Choose je N so that 27/ < . Then, g is e-close to some g,{ﬂ by (11), whence
fi(C)Ngjl (%) = & for every i > j by (10). Since f,(C) = Uss, fi(G), it follows
that f;ﬁ(C)ﬂg,]c";,(Ik) = . Hence, f.(C) is a Z-set in X. O

By the above version of Proposition 2.3 of [1], Corollary 2.4 of [1] is valid
for spaces X with w(X) =1 if I" x '€ % for each ne N.

In this paper, the weak product of a space X with a basepoint x € X is
denoted by X/ intead of W(X,x). In the proof of Proposition 2.5 of [1],> when
w(X) =1 >N, we have X ~/(I) by Theorem 5.1 of [16]. Then, X and X/’
can be regarded as homotopy dense subsets of 4 (I"). Hence, every Z-set in X ©
(or Xf“) is a strong Z-set. In any other part, separability is not necessary.* Then,
Proposition 2.5 [1] valid for a non-separable AR X.

Proposition 2.6 of [1] is also valid for non-separable spaces because the proof
does not require separability.

3In Proposition 2.5 of [1], X should be an AR (see the proof).

4 : L1 2
p. 302 of [1], lines 4 and S: T k should be FEi0) 1.

—, line 10: 6(f(c)) <26(/"(c)) should be 26(f'(c)) <o(f(c)) <26(f"(c)).
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In the proof of Proposition 2.7 of [1], we cannot assume that % is countable
when X is non-separable. However, by Stone’s Theorem (cf. [5, 4.4.1]) and
Proposition 2.1 of [1], we can assume that % is locally finite o-discrete, whence it
is not difficult to modify the proof to be valid for non-separable spaces. We can
also apply Michael’s Theorem for local properies [7] to prove this proposition
without separability.

3.3. Results in §3 of [1]. A subset X = M is said to be homotopy dense if
there exists a deformation /#: M x I — M such that hy=id and (M) c X
for £ > 0. By [15], X is homotopy dense in an ANR M if and only if M\X is
locally homotopy negligible in M. A strongly %-universal homotopy dense Z,-
set X <« M is called a @-absorbing set in M. By just replacing “‘s-manifold”
by “/(I')-manifold” in §3 of [1], we can obtain the non-separable version of
Theorems 3.1, 3.2 and 3.3 of [1]. In fact, all facts used in the proofs hold in the
non-separable case (cf. 2.6-2.9).

3.4. Results in §4 of [1]. Observe that Lemma 4.1 of [1] is valid for 4(T)-
manifolds (cf. 2.6, 2.7 and [16, Proposition 2.1]). In Theorem 4.2 of [1], if Y is
non-separable but w(Y) <7, we have an /(I')-manifold M = ¥ x 4(T), where
Y e M;(7) is an ANR which contains ¥ as a homotopy dense set (cf. [15,
Proposition 4.1], [10]). Note that the projection pr;: ¥ x /(') — Y is a fine
homotopy equivalence. Thus, we have

THEOREM 3.6. For each ANR Y € Wi(1), there exists an (»(T)-manifold M
such that, for every €-absorbing set X — M, there is a fine homotopy equivalence
f:X—-1Y. O

Then, we have the non-separable version of Corollary 4.3 of [1], where
“s-manifold” is just replaced by “/(I")-manifold”.

3.5. Results in §5 of [1]. In Lemma 5.2 of [1], if M is an /(I")-manifold, then
Q and X in the proof are /(I')-manifolds by Torufczyk characterization of
¢»(T)-manifolds, and i :Q — X is a near-homeomorphism by [2, Corollary].
Thus, by just replacing “s-manifold” by “/(I')-manifold”, we have the non-
separable version of Lemma 5.2 of [1].

In the proof of Theorem 5.1 of [1], Theorem 2.3 of [1] is used. As saw in the
above, the condition that I" x I" € € for each n e N is required when w(X) = 7.
Then, the non-seprable version of Theorem 5.1 of [1] is as follows:
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THEOREM 3.7. Let % be a closed hereditary additive topological class of
spaces such that 1" x I' € € for each n e N. Suppose that Q is a €-absorbing set
in an £,(I')-manifold M and X is a strong %-universal ANR with w(X) =t which
is written as X = U[ENX[ where each X; is a strong Z-set in X and X; € €. Then,
every fine homotopy equivalence f :Q — X is a near-homeomorphism. O

Thus, we have the following non-separable version of Theorem 5.3 of [1]

THEOREM 3.8. Let ¥ be a closed hereditary additive topological class of
spaces such that 1" x T" € € for each n € N. Suppose that there exists a €-absorbing
set Q in 4H(T). Then, X is homeomorphic to Q if and only if X €%,, X is a
strongly €-universal AR which is a strong Z,-space. O

[T3%1)

The non-separable version of Corollary 5.4 of [1] is true when “s” is replaced
by “4(I')” and the condition I' € ¥ is added. Corollary 5.5 is valid for non-
separable spaces.

THEOREM 3.9. Let ¥ be a closed hereditary additive topological class of
spaces such that T € € and C x 1€ € for each C € 6.> Suppose that there exists
a @-absorbing set Q in (,(T'). Then, the following hold:

(1) Every &(T)-manifold contains a €-absorbing set.

(2) (Triangulation) X is a Q-manifold if and only if there exists a locally
finite-dimensional simplicial complex K with card K©) <t such that X ~
|K| x Q, where |K| admits the metric topology.

(3) (Open Embedding) Every connected Q-manifold can be embedded in Q as
an open set.®

(4) Every %-absorbing set in an (»(I')-manifold is a Q-manifold, and every
Q-manifold can be embedded in an ¢,(T')-manifold as a €-absorbing set.

The assertions (1), (2) and (3) are the non-separable versions of Cor-
ollaries 5.6 and 5.7 of [1]. For the assertion (4), the first half and the second half
are respectively the non-separable versions of the facts implicitly showed in the
proofs of Corolaries 5.7 and 5.6(ii) of [1].

As the above results are based on the existence of an %-absorbing set in
4 (T), the following problem is fundamental:

5By induction, we have C xI" €% for each Ce% and ne N. In particular, I" x ' € ¥ for each
neN.

®To avoid the case that X has components more that 7, we have to assume that X is connected or
w(X) =r.
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ProBLEM 5. For what class %, does there exist a %-absorbing set in 4 (I")?
Or, for given a model space E € Mi(7), let € be the class of spaces which can be
embedded in E as closed sets. Can E be embedded in /(") as a ¢ g-absorbing set?

4. The Proof of Main Theorem
The following is the answer to Problem 5 for 9, (7), M5 (7) and Miy(7).

ProposITION 4.1.  For each i =2,3,4, the space E;(T') can be embedded in
4H(T) as an Iy (t)-absorbing set.

Proor. Note that E;(I)f’ ~ E;(T) (cf. [13, p. 61, Footnote (*)]). It follows
from [1, Proposition 2.5] that E;(T") is strongly 9t;(z)-universal. Since E;(T") is a
Z,-space, it follows from [17, Al] that E;(T) is a strong Z,-space. It remains to
show that each E;(I') can be embedded in #4(I") as a homotopy dense set.

First, E5(T) :fzf(l") itself is homotopy dense in 4 (I'). Then, it follows
that E4(T) :/2‘/'(1") x @ is homotopy dense in 4(I') x Q ~4(I). Since fzf is
homotopy dense in /3, it follows that E>(T") = 4(T7) x fzf " is homotopy dense in
6H(T) x /2f ~ /4(T"). Thus, each E;(I') can be embedded in 4(I') as a homotopy
dense set. O

By combining the following proposition and Proposition 3.5, we can obtain
Main Theorem.

PROPOSITION 4.2. Let X be a connected metrizable space. For each i =2,3,4,
X is an E;(I')-manifold (or X ~ E;(I)) if and only if X € M;(t) is an ANR (or an
AR) which is a strongly I;(t)-universal strong Z,-space.

Proor. First, we show the “only if” part. By 2.3, X € 9;(z) is an ANR (or
an AR) and X ~ X x E;(I"). Since every Z-set in X is a strongly Z-set by [17,
Al] and E;(T') is strongly 9;(7)-universal, it follows from [1, Proposition 2.6] that
X is strongly 9i;(t)-universal. Moreover, X is a strong Z,-space because so is
E;().

Next, we prove the “if” part. By Theorem 3.6, we have an /(T")-manifold
M such that, for every 9;(tr)-absorbing set W in M, there is a fine homotopy
equivalence ¢ : W — X. By Theorem 3.9(1), M contains an 9)i;(7)-absorbing
set W. Then, we have a fine homotopy equivalence ¢ : W — X, which is a
near-homeomorphism by Theorem 3.7. Hence, X ~ W is an E;(I')-manifold by
Theorem 3.9(4). If X is an AR, M ~/(I') in the above, whence we have
X~ W ~E;(I') by [1, Theorem 3.1] and Proposition 4.1. O
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Finally, the authors would like to express their thanks to the referee for his
helpful comments.
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