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IRREDUCIBLE CLIFFORD MODULES

By

Zhou Jianwei

Abstract. This paper gives a new treatment of the Cli¤ord algebras.

We represent the pinor and spinor spaces as subspaces of the Cli¤ord

algebras and use these pinors to construct isomorphisms between the

Cli¤ord algebras and the matrix algebras. In doing these we develop

some spinor calculus.

1. Introduction

The Cli¤ord algebras and the related topics have come to play important role

in mathematics and in mathematical physics. In the area of di¤erential geometry

and topology they have become fundamental.

As is well-known, the structures of Cli¤ord algebras can be studied by

induction. This paper gives a new treatment. We construct the real and complex

pinor spaces as subspaces of Cli¤ord algebras and use them to construct iso-

morphisms between the Cli¤ord algebras and matrix algebras. H. B. Lawson and

M. Michelsohn pointed out that there must exist a local spinor calculus, like the

tensor calculus, which should be an important component of local Riemannian

geometry (see [5], Introduction). In a subsequent paper [10], we shall use spinor

calculus developed in this paper to study the Grassmann manifolds and the cali-

brations.

The methods used in this paper are simple. Let s2n be an irreducible module

over complex Cli¤ord algebra Cl2n, s2n can be generated by one element of Cl2n

as a left ideal. We show in § 2 that, there is a decomposition Cl2n ¼s �st G
sns as bimodules over Cl2n. Thus we can construct explicit isomorphisms

between complex Cli¤ord algebras and matrix algebras. The subspace S2n of

Cl2n generated by xþ x,
ffiffiffiffiffiffiffi
�1

p
ðx� xÞ is a module over Cl2n, x As2n. If S2n is
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reducible, it can be decomposed into a direct sum of irreducible modules. In

this way we show in § 3 that the irreducible modules over Clm can be generated

by the one of the following elements (for the notations see the end of this

section):

(1) Am, when m1 2; 4 ðmod 8Þ;
(2) Amð1 þ bmÞ, when m1 0; 6 ðmod 8Þ;
(3) Am�1ð1 þ bm�1Þ, when m1 1 ðmod 8Þ;
(4) Am�1ð1GomÞ, when m1 3 ðmod 8Þ;
(5) Am�1ð1 þ bmÞ, when m1 5 ðmod 8Þ;
(6) Am�1ð1 þ bm�1Þð1GomÞ, when m1 7 ðmod 8Þ.
It is interesting to note that the number of the summand in Amð1 þ bmÞ is

2m=2 which is also the dimension of the irreducible modules over Clm, when

m1 0; 6 ðmod 8Þ. The numbers of the summand in other generators listed above

are also closely related to the dimensions of the correspond irreducible Cli¤ord

modules.

These pinors have many interesting properties and applications. With an

orthonormal basis for every irreducible module over Clm, we construct iso-

morphism between the Cli¤ord algebra and the matrix algebra. In § 4, we study

Cl8 in some details. As is well known (see for example [2] or [3]), the octonians

can be used to study Cli¤ord algebra and spin group. In an appendix we show

that the octonians can also be defined by Cli¤ord algebra.

In the following, we give some notations used in this paper. Let Rm be an

Euclidean space and Clm be its associated Cli¤ord algebra, Clm ¼ Clm nC be

the corresponding complex Cli¤ord algebra. Let e1; . . . ; em be an orthonormal

basis of Rm, then Clm is generated by feig with the relations: eiej þ ejei ¼ �2dij .

The homomorphism a : Clm ! Clm is defined by

aðxÞ ¼ x; if x A Cleven
m ; aðhÞ ¼ �h; if h A Clodd

m :

Let om ¼ e1e2 � � � em be the volume element of Clm. Then o2
m ¼ 1 if m1 0; 3

ðmod 4Þ. The element bm A Clm is defined by

bm ¼
e1e3 � � � em�3em�1; m even;

e1e3 � � � em�2em; m odd:

�
Note that b2

m ¼ 1 if and only if m1 0; 5; 6; 7 ðmod 8Þ, otherwise b2
m ¼ �1.

If m ¼ 2n being even, let gi ¼ 1
2
ðe2i�1 �

ffiffiffiffiffiffiffi
�1

p
e2iÞ, gi ¼ 1

2
ðe2i�1 þ

ffiffiffiffiffiffiffi
�1

p
e2iÞ,

i ¼ 1; . . . ; n. It is easy to see that gigi ¼ gigi ¼ 0 and gigigi ¼ �gi. Denote

A2n ¼ Reðg1 � � � gnÞ and B2n ¼ Imðg1 � � � gnÞ.
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2. Complex Cli¤ord Algebras

It is well known that the complex Cli¤ord algebra Cl2n decomposes into a

direct sum of irreducible left modules over Cl2n. Denote one of these modules by

s, s is a spin representation space of spin group Spinð2nÞ. If x ¼ lv1 � � � vk A
Cl2n, l A C , vi A R2n, we set x t ¼ lvk � � � v1. The space s0 ¼ fx t j x Asg is an

irreducible right module over Cl2n.

Lemma 2.1. Let s be a spin representation space described as above, then

Cl2n ¼s �s0, where � denote the Cli¤ord product. Hence there is an isomorphism

of bimodules:

Cl2n Gsns0:

Proof. Let ai ¼
ffiffiffiffiffiffiffi
�1

p
e2i�1e2i, gi ¼ 1

2
ðe2i�1 �

ffiffiffiffiffiffiffi
�1

p
e2iÞ, gi ¼ 1

2
ðe2i�1 þ

ffiffiffiffiffiffiffi
�1

p
e2iÞ,

i ¼ 1; . . . ; n. Let the faig act on Cl2n from the right and decompose Cl2n into 2n

simultaneous eigenspaces of this action (cf. [6]). Let sðe1; . . . ; e2nÞ be one of such

space, sðe1; . . . ; e2nÞ be eigenspace of ai with eigenvalue ei for 1a ia n, ei ¼ 1

or �1. Then s¼sð�1; . . . ;�1Þ is generated by g1 � � � gn as left ideal of Cl2n. It

is easy to see that s � g1 � � � gngi1 � � � gik ¼sðt1; . . . ; tnÞ with ti1 ¼ � � � ¼ tik ¼ �1,

tp ¼ 1 for p0 i1; . . . ; ik. These prove that

Cl2n ¼ 0sðe1; . . . ; enÞ ¼s �s0:

Since dims � dims0 ¼ dim Cl2n, there is a natural isomorphism: Cl2n ¼s �s0 !
sns0 and the decomposition is invariant under the right and the left action of

the elements of Cl2n. The lemma has been proved. r

Let soð2nÞ and spinð2nÞ be the Lie algebras of special orthonormal

group SOð2nÞ and spin group Spinð2nÞ respectively. There is an isomorphism

X : spinð2nÞ ! soð2nÞ defined as usual. The following lemma is well known, its

proof can be reduced to the case of n ¼ 1.

Lemma 2.2. The exponential maps exp : spinð2nÞ ! Spinð2nÞ and exp :

soð2nÞ ! SOð2nÞ are epimorphisms and exp � X ¼ Ad � exp : spinð2nÞ ! SOð2nÞ,
where Ad : Spinð2nÞ ! SOð2nÞ is the covering map.
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From this lemma we know that for any g ¼ expðhijÞ A SOð2nÞ, the lift of g

to Spinð2nÞ is given by

Gexp
1

4

X
hijeiej

� �
:

Let 5ðR2nÞ be the exterior algebra of R2n and 5
c
ðR2nÞ ¼ 5ðR2nÞnC .

There is an isomorphism r : 5
c
ðR2nÞ ! Cl2n, given by rðei1 5� � �5eik Þ ¼

ei1 � � � eik , i1 < � � � < ik.

Lemma 2.3. For any g A SOð2nÞ, ~gg is a lift of g to Spinð2nÞ, then we have

r � g ¼ Adð~ggÞ � r : 5
c
ðR2nÞ ! Cl2n, where g : 5

c
ðR2nÞ ! 5

c
ðR2nÞ and Adð~ggÞ ¼

g : Cl2n ! Cl2n are the induced maps.

By Lemma 2.1–2.3, we can show that the de Rham-Hodge and Signature

operators on a Riemannian manifold are essentially the twisted Atiyah-Singer

operators. If the manifold has a spin structure, the de Rham-Hodge and the

Signature operators are twisted Atiyah-Singer operators in usual sense (see [7, 8]).

Using Lemma 2.1, we can construct isomorphism between Cl2n and matrix

algebra Cð2nÞ. Denote t ¼ ð
ffiffiffiffiffiffiffi
�1

p
Þne1 � � � e2n. We have half spinor spaces sG ¼

ð1G tÞs. Let l ¼ ðl1; . . . ; lkÞ be multiindex and bl ¼ gl1
� � � glk g1 � � � gn As¼

sþ ls�, l1 < � � � < lk. Then bl and bl � aðb t
mÞ form vector bases of s and

Cl2n ¼s �st respectively.

Lemma 2.4. bl � aðb t
mÞ � bt ¼

0; m0 t;

bl; m ¼ t:

�

Proof. Since gigi ¼ gigi ¼ 0 and gi � gi � gi ¼ �gi, the lemma can be verified

easily. r

Given an order of l ¼ ðl1; . . . ; lkÞ, l1 < � � � < lk, k ¼ 0; . . . ; n. Let Elm be the

standard elements of matrix algebra Cð2nÞ. Then we have

Proposition 2.5. The homomorphism F : Cl2n ! Cð2nÞ defined by

Fðbl � aðb t
mÞÞ ¼ Elm

is an algebraic isomorphism.

As Cl2nþ1 GCleven
2nþ2, there is an isomorphism Cl2nþ1 GCð2nÞlCð2nÞ. In

what follows, we construct such an isomorphism directly.
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Let h ¼ 1
2
ð1 þ

ffiffiffiffiffiffiffi
�1

p
e2nþ1Þ and h ¼ 1

2
ð1 �

ffiffiffiffiffiffiffi
�1

p
e2nþ1Þ, then we have

Cl2nþ1 ¼s � h �s0 ls � h �s0:

Proposition 2.6. There is a natural isomorphism between two algebras:

C : Cl2nþ1 ! Cð2nÞ
Cð2nÞ

� �
;

which is given by s � h �s0 GCl2n and s � h �s0 GCl2n.

Proof. We need only to show that

s � h �s0 �s � h �s0 ¼s � h �s0 �s � h �s0 ¼ 0;

and both s � h �s0 and s � h �s0 are isomorphic to the Cli¤ord algebra Cl2n.

These can be proved by using Lemma 2.4 and the fact that xh ¼ hx for

x A Clodd
2n , hh ¼ hh for h A Cleven

2n . r

The spaces s � h and s � h are irreducible modules over Cl2nþ1.

Remark. As more application, we consider Seiberg-Witten monopole equa-

tions:

DAF ¼ 0; sþðFAÞ ¼ ðFF�Þ0:

For notations see D. Salamon: Spin geometry and Seiberg-Witten invariants. By

Lemma 2.1, 2.2 and 2.3 above, see also [7], we know that there is a natural

isomorphism between SnS � and ClðXÞG5
c
ðX Þ, where S ¼ Sþ lS� is a

spinc bundle on a 4-manifold X. Then for any F A GðSþÞ, F �F t can be viewed

as a section of ClþðXÞVClevenðXÞG5þ
c
ðXÞV5even

c
ðX Þ. Locally, F; t A GðSþÞ

can be represented by

F ¼ ag1g2 þ bg1g2g1g2; t ¼ cg1g2 þ dg1g2g1g2:

By Lemma 2.4, FF�t ¼ FhF; ti ¼ ðacþ bdÞF ¼ F �F t � t, where � is the Clif-

ford product. Then as a section of ClþðX ÞVClevenðXÞ, we have

FF� ¼ F �F t

¼ aag1g2g2g1 þ bbg1g2g2g1 þ abg2g1 þ abg1g2

¼ 1

4
ðaaþ bbÞð1 � e1e2e3e4Þ þ

ffiffiffiffiffiffiffi
�1

p

4
ðaa� bbÞðe1e2 þ e3e4Þ

þ 1

4
ðab� abÞðe1e3 � e2e4Þ �

ffiffiffiffiffiffiffi
�1

p

4
ðabþ abÞðe2e3 þ e1e4Þ:
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3. Irreducible Modules over Clm

As an algebra, Clm is isomorphic to some matrix algebra, then any irre-

ducible module over Clm is generated by one element. In this section we

construct such elements and study their properties.

3.1. Even Dimensional Case

As in § 2, let s2n be an irreducible module over Cl2n generated by g1 � � � gn.

Let S2n be the realization space of s2n, that is, S2n is a subspace of Cl2n

generated by xþ x,
ffiffiffiffiffiffiffi
�1

p
ðx� xÞ, x As2n. Denote

g1 � � � gn ¼ A2n þ
ffiffiffiffiffiffiffi
�1

p
B2n; A2n;B2n A S2n:

Lemma 3.1.1. We have (1) B2n ¼ e1e2A2n ¼ �A2ne1e2, (2) A2nb2n ¼ b2nA2n,

(3) 4A2naðAt
2nÞA2n ¼ A2n.

Proof. By g1 � � � gnb2n ¼ g1 � � � gng1 � � � gn and g1 � � � gne1e2 ¼ �e1e2g1 � � � gn ¼ffiffiffiffiffiffiffi
�1

p
g1 � � � gn, we have A2nb2n ¼ b2nA2n, B2n ¼ e1e2A2n ¼ �A2ne1e2. Then

g1 � � � gn ¼ A2nð1 �
ffiffiffiffiffiffiffi
�1

p
e1e2Þ:

The equality g1 � � � gngn � � � g1g1 � � � gn ¼ ð�1Þng1 � � � gn yields

4A2nA
t
2nA2nð1 �

ffiffiffiffiffiffiffi
�1

p
e1e2Þ ¼ ð�1ÞnA2nð1 �

ffiffiffiffiffiffiffi
�1

p
e1e2Þ:

This shows 4A2naðAt
2nÞA2n ¼ A2n. r

This lemma is important in our study. Equation (3) is used in the iso-

morphism between the Cli¤ord algebras and the matrix algebras.

Lemma 3.1.2. The space S2n is a left module over Cl2n generated by A2n or

B2n. This space is invariant under the action of e1e2; b2n;o2n on the right of it.

Moreover, Cl2n ¼ S2n � aðSt
2nÞ.

Proof. Obviously, S2n is a left module over Cl2nHCl2n with dim S2n ¼ 2nþ1

and is generated by A2n or B2n. The equality Cl2n ¼ S2n � aðSt
2nÞ follows form

Cl2n ¼s2n �s0
2n. r

Proposition 3.1.3. The spaces V8kþ2 ¼ S8kþ2 and V8kþ4 ¼ S8kþ4 are irre-

ducible and they are also the right Cl2-modules. Then there are quaternion

structures on V8kþ2 and V8kþ4 respectively.
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Proof. For dimensional reasons, V2n ¼ S2n is irreducible if 2n1 2 or

4 ðmod 8Þ. These can also be proved by using Proposition 3.1.10. The subspace

of Cl2n generated by e1e2 and b2n is isomorphic to Cl2. This shows that the pinor

spaces V8kþ2 and V8kþ4 are right modules of Cl2. r

Proposition 3.1.4. If 2n1 0; 6 ðmod 8Þ, the space V2n ¼ S2nð1 þ b2nÞ is an

irreducible module over Cl2n.

Proof. When 2n1 0; 6 ðmod 8Þ, b2
2n ¼ 1, the module S2n can be decom-

posed into

S2n ¼ S2nð1 þ b2nÞlS2nð1 � b2nÞ:

As b2ne1e2 ¼ �e1e2b2n, acting e1e2 on the right of S2nð1 þ b2nÞ induces a

module isomorphism between S2nð1 þ b2nÞ and S2nð1 � b2nÞ. r

Now we turn to study the isomorphisms between the Cli¤ord algebras and

the matrix algebras. Let cl ¼ e2l1�1e2l2�1 � � � e2lk�1. With the notations used in § 2,

we have

bl ¼ clg1 � � � gn ¼ clð1 þ
ffiffiffiffiffiffiffi
�1

p
e1e2ÞA2n:

Then the elements

clA2n; clA2ne1e2;

l ¼ ðl1; . . . ; lkÞ; l1 < � � � < lk; k ¼ 0; 1; . . . ; n;

form a basis of S2n.

Lemma 3.1.5. (1) If l1 ¼ m1 ¼ 1, we have

aðclA2nÞ t � cmA2n ¼ dlm aðAt
2nÞA2n;

where dlm ¼ dl1;...;lk
m1;...;ml

is the Kronecker delta.

(2) clA2nb2n ¼ ð�1Þkðkþ1Þ=2dðl; mÞcmA2n, where m ¼ ðm1; . . . ; mn�kÞ and dðl; mÞ ¼
d
l1;...;lk ;m1;...;mn�k

1;2;...;n .

Proof. From aðb t
lÞbm ¼ ð�1Þndlm gn � � � g1g1 � � � gn, we have

ð�1ÞkAt
2n½ctlcm þ e2e1c

t
lcme1e2�A2n ¼ 2dlmA

t
2nA2n:

As l1 ¼ m1 ¼ 1, e2e1c
t
lcme1e2 ¼ ctlcm. These prove (1). The equation (2) follows

from
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clð1 þ
ffiffiffiffiffiffiffi
�1

p
e1e2ÞA2nb2n

¼ gl1
� � � glk g1 � � � gng1 � � � gn

¼ ð�1Þkðk�1Þ=2dðl; mÞglk � � � gl1
gl1

� � � glk gm1
� � � gmn�k

g1 � � � gn

¼ ð�1Þkðkþ1Þ=2dðl; mÞgm1
� � � gmn�k

g1 � � � gn

¼ ð�1Þkðkþ1Þ=2dðl; mÞcmð1 �
ffiffiffiffiffiffiffi
�1

p
e1e2ÞA2n: r

Proposition 3.1.6. There is an isomorphism of bimodules over Cl2n:

Cl2n ¼ V2n � aðV t
2nÞGV2n n aðV t

2nÞ;

when 2n1 0 or 6 ðmod 8Þ.

Proof. When 2n1 0 or 6 ðmod 8Þ, by Lemma 3.1.2 and A2nð1 þ b2nÞ �
aðAt

2nÞ ¼ B2nð1 � b2nÞaðBt
2nÞ, we have

Cl2n ¼ S2nð1 þ b2nÞaðSt
2nÞ þ S2nð1 � b2nÞaðSt

2nÞ

¼ S2nð1 þ b2nÞaðSt
2nÞ ¼ ½S2nð1 þ b2nÞ� � að½S2nð1 þ b2nÞ�

tÞ: r

Proposition 3.1.7. In the cases of 2n1 0 or 6 ðmod 8Þ, the algebraic iso-

morphism F : Cl2n ! Rð2nÞ can be defined by

F½ faA2nð1 þ b2nÞ � að fbA2nð1 þ b2nÞÞ
t� ¼ Eab;

where fa; fb ¼ cl or cle1e2, l1 ¼ 1.

Proof. By Proposition 3.1.4 and Lemma 3.1.5, the following pinors form a

basis of V2n if 2n1 0 or 6 ðmod 8Þ,

clA2nð1 þ b2nÞ; cle1e2A2nð1 þ b2nÞ;

where l1 ¼ 1.

By Lemma 3.1.5, if l1 ¼ m1 ¼ 1, we have

ð�1Þkþ1
At

2nc
t
lcme1e2A2n ¼ ð�1ÞkAt

2nc
t
lcmA2ne1e2 ¼ dlmA

t
2nA2ne1e2:

Combining this with e1e2ð1 þ b2nÞ ¼ ð1 � b2nÞe1e2 shows

a½clA2nð1 þ b2nÞ�
t � cme1e2A2nð1 þ b2nÞ ¼ 0:

Then the proposition follows from Lemma 3.1.1, 3.1.5 and Proposition

3.1.6. r
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In the rest of this paper we always assume that l1 ¼ m1 ¼ 1 in l ¼ ðl1; . . . ; lkÞ
and m ¼ ðm1; . . . ; mlÞ.

In case of Cl6, V6 is generated by A ¼ A6ð1 þ b6Þ. Let

a1 ¼ o6A; a2 ¼ e1A; a3 ¼ e3A; a4 ¼ e5A;

a5 ¼ A; a6 ¼ e2A; a7 ¼ e4A; a8 ¼ e6A:

Similar to Lemma 4.1, we can show that the equalities aða t
kÞ � al ¼ dklA hold for

all k; l. Thus fakg forms a basis of V6. The algebraic isomorphism F : Cl6 ! Rð8Þ
can also be given by

Fðak � aða t
l ÞÞ ¼ Ekl ; k; l ¼ 1; 2; . . . ; 8

One can compute,

F
X

viei

� �
¼

0 v2 v4 v6 0 �v1 �v3 �v5

�v2 0 v5 �v3 v1 0 �v6 v4

�v4 �v5 0 v1 v3 v6 0 �v2

�v6 v3 �v1 0 v5 �v4 v2 0

0 �v1 �v3 �v5 0 �v2 �v4 �v6

v1 0 �v6 v4 v2 0 �v5 v3

v3 v6 0 �v2 v4 v5 0 �v1

v5 �v4 v2 0 v6 �v3 v1 0

0BBBBBBBBBBBB@

1CCCCCCCCCCCCA
:

Denote F
P

vieið Þ ¼ E. If
P

v2
i ¼ 1, then E2 ¼ �I , EEt ¼ I .

Notice that

FðCleven
6 Þ ¼ C D

�D C

� �
jC;D A Rð4Þ

� �
;

FðClodd
6 Þ ¼ C D

D �C

� �
jC;D A Rð4Þ

� �
;

FðSpinð6ÞÞ ¼ fE A FðCleven
6 Þ jEEt ¼ Ig

¼ SUð4ÞHSOð8Þ:

By definition, Fðaðx tÞÞ ¼ ðFðxÞÞ t for any x A Cl6, these also shows

Spinð6Þ ¼ fx A Cleven
6 j x � x t ¼ 1g:

Proposition 3.1.8. (1) There is a Cl8k-Cl8kþ2-bimodule isomorphism

Cl8kþ2 GV8kþ2 n aðV t
8kÞ;
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(2) There is an isomorphism of bimodules over Cl8kþ2,

Cl8kþ2 GV8kþ2 nCl2
aðV t

8kþ2Þ:

Proof. It is easy to see that �e8kþ1A8kþ2 ¼ 1
2
A8kð1 � e1e2e8kþ1e8kþ2Þ. The

map Cl2 � V8k ! V8kþ2 given by x ! 1
2
xð1 � e1e2e8kþ1e8kþ2Þ is an isomorphism.

Combining this with Cl8kþ2 ¼ Cl2 � V8k � aðV t
8kÞ gives (1). (2) follows from

Lemma 3.1.2 and Proposition 3.1.3 and the dimensions of Cl8kþ2 and

V8kþ2 nCl2
aðV t

8kþ2Þ. r

Proposition 3.1.9. (1) There is a Cl8kþ1-Cl8kþ4-bimodule isomorphism

Cl8kþ4 GV8kþ4 n aðV t
8kþ1Þ:

(2) As bimodules over Cl8kþ4,

Cl8kþ4 GV8kþ4 nCl2
aðV t

8kþ4Þ:

Proof. Let cClCl4 and cClCl8k be subspaces of Cl8kþ4 generated by

e8kþ1; . . . ; e8kþ4 and e1; . . . ; e8k respectively. Let V̂V4 and V̂V8k be irreducible mod-

ules over cClCl4 and cClCl8k respectively. Denote ôo4 ¼ e8kþ1 � � � e8kþ4. It is easy to see

that

V̂V4 ¼ cClCl4ð1 � ôo4Þ; ð1 þ ôo4Þe8kþ1 ¼ e8kþ1ð1 � ôo4Þ:

These shows cClCl4 ¼ V̂V4 � cClCl1, where cClCl1 is generated by e8kþ1. Then

Cl8kþ4 ¼ cClCl4 � cClCl8k ¼ V̂V4 � cClCl1 � V̂V8kaðV̂V t
8kÞ

¼ V̂V4 � V̂V8kaðV̂V t
8kÞ � cClCl1

As modules over Cl8kþ4, V8kþ4 G V̂V4 � V̂V8k, we have proved

Cl8kþ4 GV8kþ4 n aðV t
8kþ1Þ:

The proof of (2) is similar to that of Proposition 3.1.8. r

Let H be the field of quaternions and i; j; k ¼ ij be defined as usual. Notice

that e1e2 and b2n commute with A2naðAt
2nÞ. The following proposition can be

proved by using Lemma 3.1.5.

Proposition 3.1.10. When 2n1 2 or 4 ðmod 8Þ, the map F : Cl2n !
Hð2n�1Þ defined by
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F½4clA2nðx1 þ x2e1e2 þ x3b2n þ x4e1e2b2nÞ � aðcmA2nÞ t�

¼ ðx1 þ x2i þ x3 j þ x4kÞElm;

is an isomorphism, where xi A R.

The case of Cl4 is easy. The isomorphism F : Cl4 ! Hð2Þ can be defined by

F
X

vlel

� �
¼ v1 þ v2i þ v3 j þ v4k

�v1 þ v2i þ v3 j þ v4k

� �
:

For Proposition 3.1.6, 3.1.8 and 3.1.9, see also [5], II, § 7.

3.2. Odd Dimensional Case

Let V2n be an irreducible module defined as in §§ 3.1. Let

T2nþ1 ¼ fðaþ be2nþ1Þv j a; b A R; v A V2ng:

Then T2nþ1 is a left module over Cl2nþ1. For dimensional reasons we have

Proposition 3.2.1. The space V8kþ1 ¼ T8kþ1 is a left irreducible module over

Cl8kþ1 and a right Cl1 module (where Cl1 can be generated by e8kþ1).

Proposition 3.2.2. If 2nþ 11 3 or 7 ðmod 8Þ, the spaces V2nþ1 ¼
T2nþ1ð1 þ o2nþ1Þ and V 0

2nþ1 ¼ T2nþ1ð1 � o2nþ1Þ are two di¤erent irreducible mod-

ules over Cl2nþ1. Furthermore, V8kþ3 and V 0
8kþ3 are also the right Cl2 modules.

Proof. Since o2nþ1 is in the center of Cl2nþ1, for any v A V2nþ1, one has

o2nþ1vð1 þ o2nþ1Þ ¼ vð1 þ o2nþ1Þo2nþ1 ¼ vð1 þ o2nþ1Þ;

o2nþ1vð1 � o2nþ1Þ ¼ vð1 � o2nþ1Þo2nþ1 ¼ �vð1 � o2nþ1Þ:

This shows, V2nþ1 and V 0
2nþ1 are not isomorphic as left modules. Since V8kþ2 is

a right Cl2 module and o8kþ3 is in the center of Cl8kþ3, the spaces V8kþ3 and

V 0
8kþ3 are right Cl2 modules. r

Proposition 3.2.3. The space V8kþ5 ¼ T8kþ5ð1 þ b8kþ5Þ is an irreducible

module over Cl8kþ5. There is a complex structure on V8kþ5 defined by acting o8kþ5

on the right of it.

The proof is similar to that of Proposition 3.1.4 (note that o8kþ5 is in the

center of Cl8kþ5).
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Proposition 3.2.4. (1) Cl8kþ1 GV8kþ1 n aðV t
8kÞGV8kþ1 nCl1

aðV t
8kþ1Þ;

(2) Cl8kþ3 GV8kþ3 n aðV t
8kÞlV 0

8kþ3 n aðV t
8kÞ

GV8kþ3 nCl2
aðV t

8kþ3ÞlV 0
8kþ3 nCl2

aðV 0t
8kþ3Þ;

(3) Cl8kþ5 GV8kþ5 n aðV t
8kþ2ÞGV8kþ5 nCl1

aðV t
8kþ5Þ;

(4) Cl8kþ7 GV8kþ7 n aðV t
8kþ6ÞlV 0

8kþ7 n aðV t
8kþ6Þ

GV8kþ7 n aðV t
8kþ7ÞlV 0

8kþ7 n aðV 0t
8kþ7Þ.

Proof. The proof of (1) is easy. Equation (2) follows from Proposition 3.1.8

and 3.2.2.

By e8kþ2ð1 þ b8kþ5Þ ¼ ð1 � b8kþ5Þe8kþ2, we have

T8kþ5 ¼ T8kþ5ð1 þ b8kþ5ÞlT8kþ5ð1 � b8kþ5Þ ¼ T8kþ5ð1 þ b8kþ5ÞcClCl1;

where cClCl1 is generated by e8kþ2. By Proposition 3.1.9,

Cl8kþ5 GT8kþ5 � aðV t
8kþ1ÞGV8kþ5

cClCl1 � aðV t
8kþ1ÞGV8kþ5 � aðV t

8kþ2Þ:

As A8kþ4ð1 � b8kþ5Þe1e2 ¼ �e1e2A8kþ4ð1 þ b8kþ5Þ and aðb t
8kþ5Þ ¼ b8kþ5, we

have

Cl8kþ5 ¼ fClCl1V8kþ4 � aðV t
8kþ4ÞfClCl1

¼ T8kþ5ð1 þ b8kþ5ÞaðT t
8kþ5Þ þ T8kþ5ð1 � b8kþ5ÞaðT t

8kþ5Þ

¼ T8kþ5ð1 þ b8kþ5ÞaðT t
8kþ5Þ

¼ ½T8kþ5ð1 þ b8kþ5Þ� � að½T8kþ5ð1 þ b8kþ5Þ�
tÞ

GV8kþ5 nbCl1
aðV t

8kþ5Þ;

where fClCl1 and cClCl1 are generated by e8kþ5 and o8kþ5 respectively. These prove (3).

In case of Cl8kþ7, one has

Cl8kþ7 ¼ Cl1 � V8kþ6 � aðV t
8kþ6ÞGV8kþ7 n aðV t

8kþ6ÞlV 0
8kþ7 n aðV t

8kþ6Þ;

and

Cl8kþ7 ¼ Cl1V8kþ6 � aðV t
8kþ6ÞCl1 G ðV8kþ7 lV 0

8kþ7Þ � aðV t
8kþ7 lV 0t

8kþ7Þ:

(4) follows from the facts that V8kþ7 � aðV 0t
8kþ7Þ ¼ 0 and V 0

8kþ7 �
aðV t

8kþ7Þ ¼ 0. r

In the following, we construct the isomorphisms between Cli¤ord algebras

and matrix algebras for odd dimensional case.
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Proposition 3.2.5. The isomorphism F : Cl8kþ1 ! Cð24kÞ can be given by

Fð faAðx1 þ x2o8kþ1Það fbAÞ tÞ ¼ ðx1 þ x2iÞEab;

where fa; fb ¼ cl, A ¼ A8kð1 þ b8kÞ.

Denote A ¼ A8kþ2ð1 þ o8kþ3Þ. The elements

clA; clAe1e2; clAb8kþ2; clAe1e2b8kþ2;

form a basis of V8kþ3, where cl are defined as in § 3.1, l1 ¼ 1.

Proposition 3.2.6. The isomorphism F : Cl8kþ3 ! Hð24kÞlHð24kÞ can be

given by

F½ faAðx1 þ x2e1e2 þ x3b8kþ2 þ x4e1e2b8kþ2Það fbAÞ
t

þ fa 0A 0ðx 0
1 þ x 0

2e1e2 þ x 0
3b8kþ2 þ x 0

4e1e2b8kþ2Það fb 0A 0Þ t�

¼
ðx1 þ x2i þ x3 j þ x4kÞEab

ðx 0
1 þ x 0

2i þ x 0
3 j þ x 0

4kÞEa 0b 0

� �
;

where fa; fa 0 ¼ cl, A ¼ A8kþ2ð1 þ o8kþ3Þ and A 0 ¼ A8kþ2ð1 � o8kþ3Þ.

Proposition 3.2.7. The isomorphism F : Cl8kþ5 ! Cð24kþ2Þ can be defined

by

F½ðx1 þ x2o8kþ5Þ faAað fbAÞ t� ¼ ðx1 þ x2iÞElm;

where A ¼ A8kþ4ð1 þ b8kþ5Þ, xi A R and fa; fb ¼ cl or cle1e2.

By Proposition 3.2.3, V5 is generated by A ¼ 1
4
ð1 � o4Þð1 þ b5Þ as left module

of Cl5. Let

a1 ¼ A; a2 ¼ e1A; a3 ¼ e1e4A; a4 ¼ e4A:

It is easy to see that each ai commutes with o5 and aða t
j Þ � ak ¼ djkA. Then ai,

o5ai, i ¼ 1; . . . ; 4, form a basis of V5 and o5 defines a complex structure on V5.

The isomorphism F : Cl5 ! Cð4Þ can be defined by

Fððxþ yo5Þai � aða t
j ÞÞ ¼ ðxþ

ffiffiffiffiffiffiffi
�1

p
yÞEij :

By easy computation, for any v A R5, we have

F
X5

j¼1

vjej

 !
¼

�v5i �v1 � v3i 0 �v4 � v2i

v1 � v3i v5i v4 þ v2i 0

0 �v4 þ v2i �v5i v1 � v3i

v4 � v2i 0 �v1 � v3i v5i

0BBB@
1CCCA:
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Notice that Fð
P

vjejÞ A SUð4Þ if
P5
j¼1

v2
j ¼ 1, also

FðCleven
5 Þ ¼ C D

�D C

� �
jC;D A Cð2Þ

� �
;

FðClodd
5 Þ ¼ C D

D �C

� �
jC;D A Cð2Þ

� �
:

Proposition 3.2.8. The isomorphism F : Cl8kþ7 ! Rð24k�1ÞlRð24k�1Þ can

be defined by

F
1

4
faA � að fbAÞ t þ

1

4
fa 0A 0 � að fb 0A 0Þ t

� 	
¼

Eab

Ea 0b 0

� �
;

where A ¼ A8kþ6ð1 þ b8kþ6Þð1 þ o8kþ7Þ, A 0 ¼ A8kþ6ð1 þ b8kþ6Þð1 � o8kþ7Þ, fa; fb

as in the case of Cl8kþ6.

4. The Cli¤ord Algebra Cl8

The Cli¤ord algebra Cl8 is important in the theory and application. In this

section we study Cl8 in some details. By Proposition 3.1.6, Cl8 ¼ V8 � aðV t
8 Þ and

V8 is generated by A ¼ A8ð1 þ b8Þ. Let ai ¼ e1eiA, aiþ8 ¼ eiA, i ¼ 1; 2; . . . ; 8.

Lemma 4.1. aða t
kÞ � al ¼ dklA, k; l ¼ 1; 2; . . . ; 16.

Proof. 16A is invariant by acting every summand of 16A on itself, then

A � A ¼ A. Also note that for any 1a i < j < ka 8, there is a unique summand

in A which contains eiejek. We need only to show aða t
kÞ � al ¼ 0 for k0 l. This

can be proved as follows.

aða t
7Þ � a10 ¼ 1

2
Ae7e1e2ð1 � e1e2e7e8ÞA

¼ 1

2
Að1 þ e1e2e7e8Þe7e1e2A ¼ 0:

The other cases can be proved similarly. r

The elements faig1aia8ðfaiþ8g1aia8Þ form bases of Vþ
8 ðV�

8 Þ respectively,

where VG
8 ¼ ð1Go8ÞV8.

Proposition 4.2. The algebraic isomorphism F : Cl8 GRð16Þ can be defined

by

Fðak � aða t
j ÞÞ ¼ Ekj ; k; j ¼ 1; . . . ; 16:
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It is easy to see that FðxÞ ¼ T t for any x A Cl8, where T A Rð16Þ are deter-

mined by

x

a1

..

.

a16

0B@
1CA¼ T

a1

..

.

a16

0B@
1CA:

Then Fðo8Þ ¼
I

�I

� �
. By simple computation, we have F

P
vieið Þ ¼

Pv

�Pt
v

� �
, where

Pv ¼

v1 v2 v3 v4 v5 v6 v7 v8

�v2 v1 �v4 v3 �v6 v5 �v8 v7

�v3 v4 v1 �v2 v7 �v8 �v5 v6

�v4 �v3 v2 v1 �v8 �v7 v6 v5

�v5 v6 �v7 v8 v1 �v2 v3 �v4

�v6 �v5 v8 v7 v2 v1 �v4 �v3

�v7 v8 v5 �v6 �v3 v4 v1 �v2

�v8 �v7 �v6 �v5 v4 v3 v2 v1

0BBBBBBBBBBBB@

1CCCCCCCCCCCCA
:

If x; h A Cl7 HCl8 generated by e2; e3; . . . ; e8, then

FðxÞ ¼ C1 D1

D1 C1

� �
; Fðe1hÞ ¼

C2 D2

�D2 �C2

� �
:

Thus F : Cl8 ! Rð16Þ induces an isomorphism

F 0 : Cl7 ! Rð8ÞlRð8Þ:

The algebraic structure on Rð8ÞlRð8Þ is defined by

ðA;BÞðC;DÞ ¼ ðAC þ BD;ADþ BCÞ; ðA;BÞ; ðC;DÞ A Rð8ÞlRð8Þ:

The following proposition is helpful for our understanding the spin group

(see also [3], p. 273).

Proposition 4.3. For any G A SOðVþ
8 Þ, there are two elements g1; g2 A

Spinð8Þ, such that g1 ¼ g2o8, g1jVþ
8
¼ G. The elements g1 and g2 can be con-

structed from G.

Proof. We first show that, for any g1; g2 A Spinð8Þ, FðgiÞ ¼
Ai

Bi

� �
,

i ¼ 1; 2, if A1 ¼ A2, then B1 ¼GB2. That is, g1 ¼ g2 or g1 ¼ g2o8. We need only

to show that if FðgÞ ¼ I

B

� �
, g A Spinð8Þ, then g ¼ 1 or g ¼ o8. From FðwÞ ¼
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FðgÞFðvÞFðgtÞ for v;w ¼ gvgt A R8, we have Pw ¼ PvB
t and Bt ¼ Pe1

Bt ¼ Pv0

with v0 ¼ ge1g
t ¼

P
aiei. Set v ¼ e2 in Pw ¼ PvB

t ¼ PvPv0
, we can show that

a3 ¼ a4 ¼ � � � ¼ a8 ¼ 0. In this way we can show v0 ¼Ge1, hence B ¼ Pt
Ge1

¼GI ,

g ¼ 1 or g ¼ o8.

Next we show that the matrices Tij ¼ PeiPej , 1a i < ja 8, are linearly

independent. If there are real numbers bij such that
P
i< j

bijTij ¼ 0. Then from

FðeiejÞ ¼
�PeiP

t
ej

�Pt
ei
Pej

� �
and �

P
i< j

bijP
t
ei
Pej ¼ �2

P
j

b1jPej , we have

F exp
X

bijeiej

� �
¼

I

exp �2
P
j

b1jPej

 !0B@
1CAA FðSpinð8ÞÞ:

This shows that b1j ¼ 0 for j ¼ 2; . . . ; 8, then bij ¼ 0 for all i < j. Thus fTijg is a

basis of soð8Þ, the Lie algebra of SOð8Þ. Notice that Tij A SOð8Þ.

For any A A SOð8ÞGSOðVþ
8 Þ, we can write At ¼ exp

P
i< j

bijTij

 !
. Let g1 ¼

exp
P

bijeiej and g2 ¼ g1o8. Then g1; g2 A Spinð8Þ as claimed. r

From this proposition, we know that if g A Spinð8Þ, FðgÞ ¼ A

B

� �
, and

A ¼ expð
P

bijTijÞ, then g ¼ expð
P

bijeiejÞ or expð
P

bijeiejÞo8. Hence

B ¼Gexp �
X

b1jT1j þ
X
i01

bijTij

 !
:

Let Cl8k and Cll ð1a la 8Þ be subalgebras of Cl8kþl generated by

e1; . . . ; e8k and e8kþ1; . . . ; e8kþl respectively, where e1; e2; . . . ; e8kþl is an ortho-

normal basis of R8kþl . Let o8k be the volume element of Cl8k and cClCll be a

subalgebra of Cl8kþl generated by e8kþio8k, i ¼ 1; . . . ; l. Then uv ¼ vu for any

u A Cl8k, v A cClCll .
Lemma 4.4. cClCll GCll , Cl8kþl ¼ Cl8k � cClCll GCl8k n cClCll .
Remark. The Cli¤ord algebra Clðm; nÞ is generated by e1; . . . ; emþn with the

relations:

eiej þ ejei ¼
�2 if i ¼ j ¼ 1; . . . ;m;

2 if i ¼ j ¼ mþ 1; . . . ;mþ n;

0 if i0 j:

8<:
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In the case of m ¼ n, let hi ¼ 1
2
ðei � emþiÞ, hi ¼ 1

2
ðei þ emþiÞ, i ¼ 1; . . . ;m, then

hi � hi ¼ hi � hi ¼ 0, hihihi ¼ �hi, hihihi ¼ �hi. The pinor space of Clðm;mÞ can

be generated by h1 � � � hm. As Proposition 2.5, one can use elements hi; hi to con-

struct isomorphism between Clðm;mÞ and Rð2mÞ.
For the general case, as Lemma 4.4, one can show that Clðm; nÞG

Clðm� n; 0ÞnClðn; nÞ if m > n; Clðm; nÞGClð0; n�mÞnClðm;mÞ if m < n.

Appendix

As is well-known (see for example [2] or [3]), the octonians can be used to

study Cli¤ord algebra and spin group. In this appendix we show that the octo-

nians can also be defined by Cli¤ord algebra. For notations see § 4.

Fix an isomorphism f : V�
8 ! R8 defined by fðeiAÞ ¼ ei.

Definition. Define a product � on R8 by

x � y ¼ �fðye1xAÞ

for all x; y A R8.

Lemma 1. For any x ¼
P8
i¼1

xiei, y ¼
P8
j¼1

yjej A R8, we have

x � y ¼ ðx1; . . . ; x8ÞPy

e1

..

.

e8

0B@
1CA:

Proof. By definition,

x � y ¼ �
X

fðxiyjejaiÞ

¼
X
i

xiy1ei þ
X
j>1

fððx1; . . . ; x8ÞyjPej

a9

..

.

a16

0B@
1CAÞ

¼ ðx1; . . . ; x8ÞPy

e1

..

.

e8

0B@
1CA: r

The conjugate x for any x A R8 is defined by x ¼ �e1xe1. Then x � x ¼
�fðxe1xAÞ ¼ �fðe1xxAÞ ¼ jxj2e1.
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Proposition 2. The algebra ðR8; �Þ is isomorphic to the octonians.

Proof. For any x ¼
P4
i¼1

xiei, y ¼
P4
j¼1

yjej A R8, by Lemma 1 it is easy to see

that x � y is just the quaternionic product of x and y. Then we can identify

ðR4; �Þ with quaternions H . Hence we need only to show that for any a; b; c; d A

H ¼ ðR4; �Þ (see [3], p. 105)

ðaþ b � e5Þ � ðcþ d � e5Þ ¼ a � c� d � bþ ðd � aþ b � cÞ � e5:

We verify ðb � e5Þ � ðd � e5Þ ¼ �d � b for instance.

Let d ¼
P4
i¼1

diei, d � e5 ¼ d1e5 þ d2e6 � d3e7 þ d4e8. Then ðd � e5Þe5b ¼

�e5bðd � e5Þ. By definition

ðb � e5Þ � ðd � e5Þ ¼ fððd � e5Þe1e5e1bAÞ

¼ �fðe5bðd � e5ÞAÞ

¼ fðe5be5e1dAÞ

¼ fðe1bdAÞ:

On the other hand

d � b ¼ �fðbe1dAÞ ¼ �fðe1bdAÞ:

Let O ¼ HðþÞ be the octonians defined as in [3], p. 107. Then the isomorphism

between ðR8; �Þ and O is defined by

X8

i¼1

xiei ! ðx1 þ x2i þ x3 j þ x4k; x5 þ x6i � x7j þ x8kÞ: r
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