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REACTION-DIFFUSION EQUATIONS
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1 Introduction

We consider nonnegative solutions of the initial value problem for a weakly

coupled system

uit ¼ Dui þ u
pi
iþ1; x A Rd ; t > 0; i A N �;

uiðx; 0Þ ¼ ui0ðxÞ; x A Rd ; i A N �;

(
ð1Þ

where Nb 1, N � ¼ f1; 2; . . .Ng, uNþi ¼ ui, uNþi;0 ¼ ui0, pNþi ¼ pi ði A N �Þ, u ¼
ðu1; u2; . . . ; uNÞ, u0 ¼ ðu10; u20; . . . ; uN0Þ, p¼ ðp1; p2; . . . ; pNÞ, db1, pib1 ði AN �Þ
and

QN
i¼1 pi > 1, ui0 ði A N �Þ are nonnegative bounded and continuous functions.

Problem (1) has a unique, nonnegative and bounded solution at least locally

in time. For given initial values u0, let T � ¼ T �ðu0Þ be the maximal existence

time of the solution. If T � ¼ y the solutions are gloval. On the other hand, if

T � < y there exists i A N � such that

lim sup
t!T �

kuiðtÞky ¼ y:ð2Þ

When (2) holds we say that the solutions blows up in finite times.

The blow-up and the global existence of solutions are studied by Escobedo-

Herrero [1] in case N ¼ 2, and the following results are proved there

(I) If 2 maxfp1 þ 1; p2 þ 1gb dðp1 p2 � 1Þ, then T � < y for every nontrivial

solution uðtÞ of (1);

(II) If 2 maxfp1 þ 1; p2 þ 1g < dðp1 p2 � 1Þ, then there exist both nonglobal

solutions and non-trivial global solutions of (1).

In this article we shall first treat blow-up solutions. We can use it to sim-

plify the proof of (I) (Theorem 3.2 and 3.6). Moreover, requiring the polynomial

decay of initial values u0, say, u0i @ lmið1 þ jxjÞ�ai ði A N �Þ where l, mi and ai

ði A N �Þ are all positive, we obtain another cuto¤ of a ¼ ða1; a2; . . . ; aNÞ which
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divides the blow-up case and the global existence case when

2 maxi AN �f
PN�1

j¼1 ð
Q j�1

k¼0 piþkÞ þ 1g < Nð
QN

j¼1 pi � 1Þ (Theorem 3.3). The new

cuto¤ will be the vector

ai ¼
2
PN�1

j¼1

Q j�1
k¼0 piþk

� �
þ 2QN

l¼1 pl � 1
i A N �ð3Þ

which solves

1 �p1 0 0 � � � 0 0 0

0 1 �p2 0 � � � 0 0 0

..

. ..
. ..

. ..
. . .

. ..
. ..

. ..
.

0 0 0 0 � � � 0 1 �pN�1

�pN 0 0 0 � � � 0 0 1

0
BBBBBB@

1
CCCCCCA

a1

a2

..

.

aN�1

aN

0
BBBBBB@

1
CCCCCCA

¼ �

2

2
..
.

2

2

0
BBBBB@

1
CCCCCA:

Note that with the use of a, the first cuto¤

2 maxi AN �f
PN�1

j¼1 ð
Q j�1

k¼0 piþkÞ þ 1g ¼ Nð
QN

j¼1 pi � 1Þ is expressed as follows:

2 max
i AN �

faig ¼ N

In the second half of the article we consider the large time behavior of

global solutions. Not only the precise decay estimate (Theorem 4.1) but also

the asymptotic profile (Theorem 6.1) are obtained for a class of vector a ¼
ða1; a2; . . . ; aNÞ in the domain fa; ai > ai; i A N �g. For these purposes a scaling

argument for solutions uðx; tÞ will play an important role.

When N ¼ 2, these problems have been studied by K. Mochizuki [3]. In this

paper, we extended this to the case Nb 3.

2 Preliminaries

We first recall the local solvability of the Cauchy problem (1). We use

the notation SðtÞx to represent the solution of the heat equation with initial

value xðxÞ:

SðtÞxðxÞ ¼ ð4ptÞ�d=2

ð
Rd

e�jx�yj2=4txðyÞ dyð4Þ

For arbitrary T > 0, let

ET ¼ fu : ½0;T � ! ðLyÞN ; kukET
< ygð5Þ

where

kukET
¼ sup

t A ½0;T �

XN
i¼1

kuiðtÞky

( )
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Theorem 2.1. Assume that u0 is a vector of nonnegative bounded continuous

functions. Then there exists 0 < T ay and a unique vector uðtÞ A PT ¼ fu A ET ;

fui b 0; i A N �gg which solves (1) in Rd � ½0;TÞ.

Proof. It is obvious (see [2], [3]). r

We consider in ET the related integral system

uiðtÞ ¼ SðtÞui0 þ
ð t

0

Sðt� sÞjuiþ1ðsÞjpi�1
uiþ1ðsÞ dsð6Þ

where i A N �. Note that in the closed subset PT of ET , (1) is reduced to (6).

Next, we obtain a necessary condition for the global existence of solutions.

Let reðxÞ ¼ ðe=pÞd=2
e�ejxj2 , e > 0. For a solution uðtÞ A ET of (1) we put

FieðtÞ ¼
ð

Rd

uiðx; tÞreðxÞ dx ði A N �Þð7Þ

Since �Dre a 2dereðxÞ, the pair f2Ne; reðxÞg is regarded as an approximate

principal eigensolution of �D in R. With this fact and Jensen’s inequality we

easily have

F 0
ie b�2deFieðtÞ þ Fiþ1; eðtÞpi ði A N �Þð8Þ

Let us consider the system of ordinary di¤erential equations

f 0
ie ¼ �2de fieðtÞ þ fiþ1; eðtÞpi ði A N �Þ
fieð0Þ ¼ Fieð0Þ; ði A N �Þ

�
ð9Þ

By the scaling with (3)

fiðtÞ ¼ ð2deÞ�ai=2
fie

t

2de

� �
ði A N �Þ

we obtain the simpler system of equations

f 0
i ðtÞ ¼ � fiðtÞ þ fiþ1ðtÞpi ; ði A N �Þð10Þ

Lemma 2.2. Let f ðtÞ ¼ ð f1ðtÞ; f2ðtÞ; . . . ; fNðtÞÞ be the solution to (10) with

initial data

f1ð0Þ ¼ f0 > 1; fjð0Þ ¼ 0 ð j A N �nf1gÞ

If f0 is su‰ciently large, then f ðtÞ blows up in finite time. Moreover, the life span

T0 of f ðtÞ is estimated from above like
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T0 a t0 þ
ðy
U

N

i¼1 fiðt0Þ
fC1ðpÞxC2ðpÞþ1 �Nxg�1

dxð11Þ

where

C1ðpÞ ¼
YN
i¼1

1

b
bi
i

; bi ¼
aiþ1PN
j¼1 aj

ði A N �Þ
 !

C2ðpÞ ¼
2PN
i¼1 ai

;

and 0 < t0 < T0 is chosen to satisfy f
QN

i¼1 fiðt0ÞgC2ðpÞ > N.

Proof. Multiplying et on the both sides of (10) and integrating it, we obtain

fNðtÞ ¼ e�t

ð t
0

es1 f1ðs1ÞpN ds1

fN�1ðtÞ ¼ e�t

ð t
0

eð1�p2Þs1

ð s1

0

es2 f ðs2ÞpN ds2

� �pN�1

ds1;

..

.

f2ðtÞ ¼ e�t

ð t
0

eð1�p2Þs1

� ð s1

0

eð1�p3Þs2 � � � � �
�ð sN�3

0

eð1�pN�1ÞsN�2

�
ð sN�2

0

esN�1 f1ðsN�1ÞpN dSN�1

� �pN�1

dsN�2

�pN�2

� � � ds2

�p2

ds1;

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð12Þ

f1ðtÞ ¼ etf0 þ e�t

ð t
0

eð1�p1Þs1

� ð s1

0

eð1�p2Þs2 � � � � �
�ð sN�2

0

eð1�pN�1ÞsN�1ð13Þ

�
ð sN�1

0

esN f1ðsNÞpN dsN

� �pN�1

dsN�1

�pN�2

� � � ds2

�p2

ds1:

Let f0 > 1 be choosen large enough to satisfy

inf
t0>0

�
et0 f0 þ 2p1p2���pN e�t0

ð t0
0

eð1�p1Þs1

� ð s1

0

eð1�p2Þs2 � � � � �
�ð sN�3

0

eð1�pN�2ÞsN�2ð14Þ

�
ð sN�2

0

esN�1ð1 � e�sN�1Þ dsN
� �pN�2

dsN�2

�pN�3

� � � ds2

�p2

ds1

�

b 2p1p2���pN � d

where d > 0 is small constant satisfying d < 2p1p2���pN � 2.
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We shall first show that under this condition f ðtÞ > 2 for any 0 < t < T0.

Assume contrary that there exist 0 < t1 < T0 such that f ðtÞ > 2 in 0a t < t0 and

f1ðt1Þ ¼ 2. Then it follows from (13) and (14) that

2 ¼ f1ðt1Þ

b et1 f0 þ 2p1p2���pN e�t1

ð t1
0

eð1�p1Þs1

� ð s1

0

eð1�p2Þs2 � � � �

�
�ð sN�3

0

eð1�pN�2ÞsN�2

ð sN�2

0

esN�1ð1 � e�sN�1Þ dsN
� �pN�2

dsN�2

�pN�3

� � � ds2

�p2

ds1

�

b 2p1p2���pN � d > 2

and a contradiction occurs. Next, we shall show that limt!T0
f ðtÞ ¼ y ðT0 ayÞ.

Assume contrary that there exist a sequence ftjg such that

limtj!y f1ðtjÞ ¼ M for some 2aM < y:

We choose e > 0 and t� > 0 to satisfy M < ðM � eÞp1p2���pN and f ðtÞ > M � e in

t� < t < T . It then follows from (13) that

f1ðtjÞb et1 f0 þ 2p1p2���pN e�tj

ð t�
0

eð1�p1Þs1

� ð s1

0

eð1�p2Þs2 � � � � �
�ð sN�3

0

eð1�pN�2ÞsN�2

�
ð sN�2

0

esN�1ð1 � e�sN�1Þ dsN
� �pN�2

dsN�2

�pN�3

� � � ds2

�p2

ds1

�

þ ðM � eÞp1p2���pN e�t1

ð tj
t�

eð1�p1Þs1

� ð s1

t�

eð1�p2Þs2 � � � � �
�ð sN�3

t�

eð1�pN�2ÞsN�2

�
ð sN�2

t�

esN�1ð1 � e�sN�1Þ dsN
� �pN�2

dsN�2

�pN�3

� � � ds2

�p2

ds1

�

! ðM � eÞp1p2���pN > M ðtj ! yÞ

Noting (12), we now conclude

lim
t!T0

f1ðtÞ ¼ lim
t!T0

f2ðtÞ ¼ � � � ¼ lim
t!T0

fNðtÞ ¼ y ðT0 ayÞð15Þ

To complete the assertion we put hðtÞ ¼ f1ðtÞ f2ðtÞ � � � fNðtÞ. Then by (10) and

Young’s inequality,

h 0ðtÞb�NhðtÞ þ C1ðpÞhðtÞC2ðpÞþ1ð16Þ
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Integrating this, we obtain

t� t0 a

ð hðtÞ
hðt0Þ

C1ðpÞxC2ðpÞþ1 �Nx
n o�1

dx

Since p1 p2 � � � pN > 1, this and (15) show that hðtÞ blows up in a finite time and

the life span T0 is estimated by (11). r

Let us consider the solution feðtÞ ¼ ð f1eðtÞ; f2eðtÞ; . . . ; fNeðtÞÞ of (9). As is

shown in this above lemma, there exist Ai > 0 ði A N �Þ such that if

Fieð0Þ > Aið2deÞai=2 ði A N �Þ;ð17Þ

then fe blows up in finite time. Moreover, its life span is estimated from above by

ð2deÞ�1
T0.

Theorem 2.3. Let FeðtÞ ¼ ðF1eðtÞ;F2eðtÞ; . . . ;FNeðtÞÞ satisfy di¤erential

inequalities (8). If (17) is satisfied for some e > 0, then FeðtÞ blow up in finite time.

Moreover, its life span is estimated from above by ð2deÞ�1
T0. Then, we obtain

T �ðu0Þa ð2deÞ�1
T0:ð18Þ

3 Blow-up Conditions

In this section we summarize several blow-up condition which follow from

Theorem 2.3. By BC, we denote the space of all bounded continuous functions in

Rd and define for ab 0,

I a ¼ fx A BC; xðxÞb 0 and lim sup
jxj!y

jxjaxðxÞ < yg

Ia ¼ fx A BC; xðxÞb 0 and lim inf
jxj!y

jxjaxðxÞ > 0g

Let Ly
a be the Banach space of Ly-function such that

kxky;a ¼ sup
x ARd

hxiajxj < y

where hxi ¼ ð1 þ jxj2Þ1=2. Obviously I a HLy
a . The letter C denotes a positive

generic constant which may vary from line to line.

Lemma 3.1. Let ðu10; u20; . . . ; uN0Þ0 ð0; 0; . . . ; 0Þ and u be solutions of (1).

Then there exist t ¼ tðu0Þb 0 and constants C > 0, n > 0 such that

uiðtÞbCe�njxj2 ði A N �Þ
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Proof. It is obvious (see [1; Lemma 2.4]). r

Theorem 3.2. Assume maxi AN �faig > d. Then T � < y for every nontrivial

solution uðtÞ of (1).

Theorem 3.3. Assume maxi AN �faig < d. Moreover suppose also one of the

following two conditions.

(i) There exists some i A N � such that ui;0 A Iai with ai < ai.

(ii) There exists some i A N � such that ui;0 bCe�n0jxj2 for some n0 > 0 and

some C > 0 large enough.

Then T � < y holds for every solution uðtÞ of (1).

Proof of Theorem 3.2 and 3.3. These Theorem can be shown by the same

argument the case N ¼ 2 (See [2], [3], [7]). r

In the rest of this section we consider the critical case maxi AN �faig ¼ d. We

suppose a1 ¼ d. Let uðtÞ A ET be a nontrivial solution of (1). By Lemma 3.1 we

may assume

u10 bCe�mjxj2

for some C > 0 and m > 0. Then by a semigroup property of SðtÞ we have

u1 bSðtÞu10ðxÞbCð4tþ 1=mÞ�d=2
e�jxj2=ð4tþ1=mÞð19Þ

Lemma 3.4. For n > 0,

SðtÞe�njxj2
bCð2ntþ 1Þ�d=2

e�jxj2=2t

Lemma 3.5. We assume a1 ¼ d. Then we have

u1ðx; tÞbCt�d=2e�jxj2=t logðt=ð2aÞÞ ðaa t < TÞ

where a > 0 is a small constant.

Proof. We shall consider the following inequalition.

uNðx; tÞb
ð t

0

Sðt� sÞu1ðx; sÞpN ds

b

ð t
0

ð4sþ 1=mÞ�dpN=2
Sðt� sÞe�pN jxj2=ð4sþ1=mÞ ds:
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Since

SðtÞe�pN jxj2=ð4sþ1=mÞ
bC

2pNt

4sþ 1=m
þ 1

� ��d=2

e�jxj2=2t

by Lemma 3.4, we obtain

uNðx; tÞbC

ð t=2

t=4

ð4sþ 1=mÞ�dpN=2
e�jxj2=2ðt�sÞ ds

bCtðtþ 1ÞdpN=2
e�jxj2=t:

Substitute this into uN�1ðx; tÞb
Ð t

0 Sðt� sÞuNðx; sÞpN�1 , then

uN�1ðx; tÞbC

ð t
0

spN�1ðsþ 1Þ�dpN�1pN=2 2pN�1ðt� sÞ
s

þ 1

� ��d=2

e�jxj2=ðt�sÞ ds

bCe�jxj2=t
ð t=2

t=4

s�dpN�1pN=2þpN�1 ds

bCt�dpN�1pN=2þpN�1þ1e�jxj2=t ds

by Lemma 3.4 again. By repeating this work,

u2 bCt�dp2p3���pN=2þp2p3���pN�1þ���þp2p3þp2þ1e�jxj2=t ds

using Lemma 3.4 again, we obtain

u1ðx; tÞbC

ð t
0

sp1s�dp1p2���pN=2þp1p2���pN�1þ���þp1p2þp1

� 2p1ðt� sÞ
s

þ 1

� ��d=2

e�jxj2=ðt�sÞ ds

bCðtþ 1Þ�d=2
e�jxj2=t

ð t=2

a

s�dðp1p2���pN�1Þ=2þp1p2���pN�1þ���þp1p2þp1 ds

for small a > 0. Since a1 ¼ 2ðp1p2 � � � pN�1 þ � � � þ p1p2 þ p1 þ 1Þ
p1 p2 � � � pN � 1

¼ d,

�dðp1 p2 � � � pN � 1Þ=2 þ p1 p2 � � � pN�1 þ � � � þ p1 p2 þ p1 ¼ �1, we have

u1ðx; tÞbCt�d=2e�jxj2=t logðt=2aÞ: r

Theorem 3.6 (critical blow-up). Assume maxi AN �faig ¼ d. Then T � < y for

every nontrivial solution uðtÞ of (1).
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Proof (See [2], [3]). For each nontrivial solution uðtÞ A ET of (1), it follows

from Lemma 3.5 that

SðtÞu1ð0; tÞbCt�d=2 logðt=2aÞ
ð

Rd

e�5jxj2=4t dxð20Þ

bCt�d=2 logðt=2aÞ

in a < t < T �. Contrary to the conclusion assume that u is global. Then by

Theorem 2.3

F1; eðtÞ ¼ ðe=pÞd=2

ð
Rd

u1ðx; tÞe�ejxj2 dxaA1e
a1=2

holds for any tb 0 and e > 0. Thus, choosing e ¼ ð4tÞ�1, we obtain

F1;1=4tðtÞ ¼ SðtÞu1ð0; tÞaA1ð4tÞ�2a1=2 ¼ A1ð4tÞ�d=2

This and (20) contradict to each other if T � ¼ y.

The proof of Theorem 3.5 is thus complete. r

4 Global Existence and Decay Estimates

In this and next section we require maxi A n�faig < d, and treat the existence

and large time behavior of global solutions of (1). Note that our condition imply

that there exists i A N � such that pi > 1 þ 2=d. Similar results are also obtained

when p2 > 1 þ 2=d.

Theorem 4.1. Assume maxi AN �faig < d and that there exists i A N � such that

pi > 1 þ 2=d. Let

ui0 A I ai with ai > aið21Þ

If kui;0ky;ai
is small enough, then T � ¼ y and we have

uiðx; tÞaCSðtÞhxi�âaið22Þ

in Rd � ð0;yÞ, where âai a ai ði A N �Þ are chosen to satisfy

piâaiþ1;d � âai > 2:ð23Þ

First note that condition (21) can be replaced by ui0 A I âai ði A N �Þ since

we have I ai H I âai ði A N �Þ. Then, to establish Theorem 4.1, we have only to

consider the special case âai ¼ ai ði A N �Þ. As is easily seen, in this case condition

(23) is equivalent to
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piaiþ1;d � ai > 2 ði A N �Þð24Þ

We set for g > 0

hgðx; tÞ ¼ SðtÞhxi�gð25Þ

Lemma 4.2. The following in equality holds

hgðx; tÞbC minfhxi�g; ð1 þ tÞ�g=2g

Proof. See [2], [3]. r

Lemma 4.3. Let g > 0, 0a da gd ¼ minfd; gg. Then we have

khgð� ; tÞky; d a
Cð1 þ tÞ�gdþd ðg0 dÞ,
Cð1 þ tÞ�dþd logð2 þ tÞ ðg ¼ dÞ.

(

Proof. See [2], [3]. r

Lemma 4.4. We have in Rd � ð0;yÞ

haiþ1
ðx; tÞpi a Cð1 þ tÞðai�aiþ1; dpiÞ=2

haiðx; tÞ aiþ1 0 d

Cð1 þ tÞðai�dpiÞ=2½logð2 þ tÞ�pihaiðx; tÞ aiþ1 ¼ d

(
ð26Þ

Proof. We shall consider only the case i ¼ 1 because similar argument also

can be applied to other cases. We have by Lemma 4.2

ha2
ðx; tÞp1 ¼ ha2

ðx; tÞp1ha1
ðx; tÞ�1ha1

ðx; tÞ

aC maxfhxia1 ; ð1 þ tÞa1=2gha2
ðx; tÞp1ha1

ðx; tÞ

Since a1 a p1a2d from (24), we can use Lemma 4.2 to obtain (26). r

We define the Banach spaces Eh and X as

Eh ¼ u; kukEh
1
XN
i¼1

ðjjjui=hai jjjyÞ < y

( )
;

and

X ¼ v; jjjv=hajjjy < y
	 


;

where
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jjjwjjjy ¼ sup
ðx; tÞ ARd�ð0;yÞ

jwðx; tÞj:

(6) is reduced to

uNðtÞ ¼ VðtÞðu0; uNÞ;ð27Þ

where

VðTÞðu0; vÞ ¼ SðtÞuN0 þ
ð t

0

Sðt� s1Þ
�
Sðs1Þu10 þ

ð s1

0

Sðs1 � s2Þ

�
�
Sðs2Þu20 þ

ð s2

0

Sðs2 � s3Þ � � � � �
�
SðsN�1ÞuN�1;0

þ
ð sN�1

0

SðsN�1 � sNÞv pN�1ðsNÞ dsN
�pN�2

� � � � � ds3

�p1

ds2

�pN

ds1

Moreover, using that ðaþ bÞp a 2p�1ðap þ bpÞ for a > 0, b > 0, p > 1,

VðTÞðu0; vÞaTðtÞðu0Þ þ GðtÞðvÞ

where

TðtÞðu0Þ ¼ SðtÞuN0 þ 2pN�1

ð t
0

Sðt� s1ÞðSðs1Þu10ÞpN ds

þ 2ðpN�1Þðp1�1Þ
ð t

0

Sðt� s1Þ
ð s1

0

Sðs1 � s2ÞfSðs2Þu20gp1 dr

� �pN

ds

þ � � � þ 2ðpN�1Þðp1�1Þ���ð pN�2�1Þ
ð t

0

Sðt� s1Þ
�ð s1

0

Sðs1 � s2Þ
�ð s2

0

Sðs2 � s3Þ

� � � � �
ð sN�2

0

SðsN�2 � sN�1Þ½SðsN�1ÞuN�1;0�pN�2 dsN�1

� �

� � � � � ds3

�p1

ds2

�pN

ds1;

and

GðtÞðvÞ ¼ 2ðpN�1Þðp1�1Þ���ðpN�2�1Þ
ð t

0

Sðt� s1Þ
�ð s1

0

Sðs1 � s2Þ
�ð s2

0

Sðs2 � s3Þ � � � �

�
ð sN�2

0

SðsN�2 � sN�1Þ
ð sN�1

0

SðsN�1 � sNÞv pN�1ðsNÞ dsN
� �pN�2

dsN�1

� �pN�3

� � � � � ds3

�p1

ds2

�pN

ds1
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Lemma 4.5.

(i) Let u0 satisfy (21). Then Tð�Þðu0Þ A X and

jjjTð�Þðu0Þjjjy a kuN0ky;aN
þ C2pN�1ku10kpN

y;a1
þ C2ðpN�1Þðp1�1Þku20kpNp1

y;a2

þ � � � þ C2ðpN�1Þðp1�1Þ���ðpN�2�1ÞkuN�1;0kpNp1���pN�2

y;aN�1

(ii) G maps X into itself and

jjjGðvÞ=haN jjjy aC2ðpN�1Þðp1�1Þ���ð pN�2�1Þjjjv=haN jjj
p1p2p3���pN
y

Proof. (i) By (25) and (26), we obtain where TðtÞðu0Þ ¼ I1 þ I2 þ � � � þ IN

I1 a kuN0ky;aN
haN ðtÞ

I2 a 2pN�1

ð t
0

Sðt� sÞðh1ku10ky;a1
ÞpN ds

aC2pN�1ku10kpN
y;a1

haN ðtÞ

and

I3 aC2ðpN�1Þðp1�1Þku20kp1pN
y;a1

ha3
ðtÞ

..

.

IN aC2ðpN�1Þðp1�1Þ���ð pN�2�1ÞkuN�1;0kpNp1���pN�2

y;aN�1

by the same reason.

(ii) By (25) and (26)

GðvÞaC2ðpN�1Þðp1�1Þðp2�1Þ���ð pN�2�1Þjjjv=haN jjj
p1p2���pN
y

�
ð t

0

Sðt� s1Þ
ð s

0

Sðs1 � s2Þ
(ð s2

0

Sðs2 � s3Þ � � � � �
" ð sN�2

0

SðsN�2 � sN�1Þ

�
ð sN�1SðsN�1�sNÞhaN ðsN Þ p1 dsN

0

( )pN

dsN�1

#pN�3

� � � � � ds3

)p1

ds2

!pN

ds1

aC2ðpN�1Þðp1�1Þðp2�1Þ���ð pN�2�1Þjjjv=ha3
jjjp1p2���pN
y

ð t
0

ha1
ðsÞp3 ds

aC2ðpN�1Þðp1�1Þðp2�1Þ���ð pN�2�1Þjjjv=ha3
jjjp1p2���pN
y ha3
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Proof of Theorem 4.1.

Let

kuN0ky;aN
þ C2pN�1ku10kpN

y;a1
þ C2ðpN�1Þðp1�1Þku20kpNp1

y;a2

þ � � � þ C2ðpN�1Þðp1�1Þ���ð pN�2�1ÞkuN�1;0kpNp1���pN�2

y;aN�1
am;

kuiky;ai
am ði A N �Þ, Bm ¼ fv A X : jjjv=ha3

jjjy a 2mg and P ¼ fu A X ; ub 0g.

Then we shall show that Vðu0; vÞ is a strict contraction of Bm VP into provided m

is small enough.

It is trivial that V maps P into P. We shall show that V maps Bm ! Bm. If

m is small enough, then

VðtÞðu0; vÞ=ha3
amþ C2pN�1ð2mÞp1p2���pN a 2m

This contradicts Bm ! Bm.

Using jap � bpja pðaþ bÞp�1ja� bj for a > 0, b > 0 and pb 1, with v ¼
maxfv1; v2g, we can estimate as following

jVðtÞðu0; v1Þ � VðtÞðu0; v2Þj

aC

ð t
0

Sðt� s1Þ
�

2Sðs1Þu10 þ 2

ð s1

0

Sðs1 � s2Þ
�
Sðs2Þu20 þ

ð s2

0

Sðs2 � s3Þ

� � � � �
�
SðsN�2ÞuN�1;0 þ

ð sN�2

0

SðsN�2 � sN�1Þ

� SðsN�1uN0 þ
ð sN�1

0

SðsN�1 � sNÞv pN�1ðsNÞ dsN
� � pN�2

dsN�1

�pN�2

� � � � � ds3

�p1

ds2

�pN�1

� � � � �
ð s1

0

SðsN�2 � sN�1Þ
�

2SðsN�1ÞuN�1;0

þ 2

ð sN�1

0

SðsN�1 � sNÞv pN�1ðsNÞ dsN
�pN�2�1

�
ð sN�1

0

SðsN�1 � sNÞjv pN�1

1 ðsNÞ � v
pN�1

2 ðsNÞj dsN � � � ds2ds1

¼ C

ð t
0

Sðt� s1Þ � J1 �
ð s1

0

Sðs1 � s2Þ � J2

� � � � �
ð sN�2

0

SðsN�2 � sN�1Þ � JN�1 � JNdsN�1
� � � � � ds2ds1:
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Noting ðaþ bÞp ¼ 2maxfp�1;0gðap þ bpÞ for a > 0, b > 0 and pb 0, we find

JN�1 aC

(
kuN�1;0kpN�2�1

y;aN�1
haN�1

ðsN�1ÞpN�2�1

þ
ð r

0

SðsN�1 � sNÞjv=haN j
pN�1hpN�1

aN
ðsNÞ dsN

� �pN�2�1
)

aCfðmpN�2�1 þ Cð2mÞðpN�2�1ÞpN�1ÞhaN�1
ðsN�1ÞpN�2�1g

aCmpN�2�1haN�1
ðsN�1ÞpN�2�1:

Similarly we have

J1 aCmpN�1hpN�1
a1

ðs1Þ

J2 aCmp1�1hp1�1
a2

ðs2Þ

J3 aCmp2�1hp2�1
a3

ðs3Þ

..

.

JN�2 aCmpN�4�1hpN�2�1
aN�4

ðsN�2Þ

JN aCmpN�2�1ðjv1 � v2j=haN ÞhaN�1

Thus, we obtain

jVðtÞðu0; v1Þ � VðtÞðu0; v2ÞjaCmp1þp2þ���þpN�N jv1 � v2j

Since p2 > 1, VðtÞ is a stract contraction of BmVP into itself provided m is

small enough. Hence, there exist a unique fixed point u3 A X which solves (27).

We substitute u3 into (6). Then the vector u solve (6). Moreover, since u3 A Bm,

we find

uN aCSðtÞhxi�aN

By the same reason in the proof of Lemma 4.5, we have

juN�1ðtÞja haN�1
ðx; tÞfkuN�1;0ky;aN�1

þ CjjjuN=haN jjjyg
..
.

ju2ðtÞja ha2
ðx; tÞfku20ky;a2

þ Cjjju3=ha3
jjjyg

ju1ðtÞja ha1
ðx; tÞfku10ky;a1

þ Cjjju2=ha2
jjjyg

Then ui A Bm ði A N �Þ and the proof of Theorem 4.1 is completed. r
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5 Asymptotic Behavior of Global Solution

In this section we shall prove the following theorem for the global solution

uðtÞ of (1) constructed in the previous section.

Theorem 5.1. (i) If we can choose âai ¼ ai < d ði A N �Þ in (23) and if

lim
jxj!y

jxjaiui0ðxÞ ¼ Ai > 0ð28Þ

then

tai=2juðx; tÞ � A1Sjxj�ai j ! 0 ðt ! yÞð29Þ

as t ! y uniformly in Rd .

(ii) If we can choose âaj > d ð j A N �Þ in (23), then

td=2jujðx; tÞ �Mjð4ptÞ�d=2
e�jxj2=4tj ! 0 ðt ! yÞð30Þ

uniformly on the set fx A Rd ; jxjaRt1=2g ðR > 0Þ, where

Mj ¼
ð

Rd

uj0 dxþ
ð t

0

ð
Rd

unð jþ1ÞðsÞpj ðsÞ dxds < y:ð31Þ

Proof. This theorem can be shown by same way the case N ¼ 2. (See [2],

[3] or [5].) r
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