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Abstract

The long time asymptotics of the time spent on the positive side are discussed for
one-dimensional diffusion processes in random environments. The limiting distribu-
tions under the log-log scale are obtained for the diffusion processes in the stable
medium as well as for the Brox model. Similar problems are discussed for random
walks in random environments and it is proved that the limiting laws are the same
as in the case of diffusions.
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1 Introduction.

In this paper, we are concerned with the long time asymptotics of the occu-
pation times on the positive side

A(n) = Z 1{Z(i—1)20,Z(7§)20}7 n = 1, 2, ce and
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At) = [ 1o (X(s))ds, 120 (1)

for a class of one-dimensional random walks Z = (Z(n)) on Z and diffusion
processes X = (X (t)) on R, respectively, in random environments. For a better
understanding of the problem and results, we would review some recent studies
in the case of usual generalized diffusions on the real line.

Let X = (X (t), P.) be a one-dimensional (generalized) diffusion process on R
d

with the Feller generator £ = -~ < Here, s : 2 € R — s(z) € R is a strictly
increasing continuous function such that s(0) = 0 and lim, 4 s(z) = £oo
and dm(z) is a non-zero positive Radon measure on R. The state space of
X is the support of the measure dm so that X is a birth and death process
when dm is supported on the one-dimensional lattice Z. Note that X is always
conservative and recurrent. For the occupation time (1), the class of possible
limit random variables in law of A(t)/t as t — oo coincides with the class of
Lamperti random variables {Y), o} 0<p<1,0<a<1: Ypa is a [0, 1]-valued random

variable with the Stieltjes transform

a—1 . a—1
7 1 _ pA+ 1)+ (1—pA | -
At Y p(A+ 1)+ (1 —p)Ae

Also, a sufficient condition, which turns out to be necessary and sufficient
when 0 < p < 1, can be given in terms of s(x) and dm(z) for the convergence

1
;A(t)iﬂfw as t— oo (2)

to hold (cf. [15]).

When o = 1, Y,; is a constant random variable; P(Y,; = p) = 1 so that (2)
is a law of large numbers. We have studied in [10] some improvements such as
behaviors of fluctuations %A(t) — p for these laws of large numbers.

When o = 0, the limit random variable Y, o is a Bernoulli random variable;
P(Y,0=1)=1— P(Y,o = 0) = p. The convergence (2) in this case occurs
when X is recurrent but is nearly transient, or in other words, is apt to localize.
We have studied in [9] its improvement in the log-log scale: For example, for
the diffusion X = (X(¢), P,) with generator

1 ([ d? x d
= st R
£ 2<dx2+1+:1:2da:> on =

the asymptotic (2) holds with the limit random variable Y3 , (under P, for



any but fixed x) and it can be improved as

@logfl()—>U7 as t— 00 (3)

where U is a [0, 1]-valued random variable with P(U < 1) = P(U =1) = 1/2;
actually, in this case, the law of U is given by

1

1
m1{0§z<l}dx + 5 5{1}(d$)= (4>

(cf. [9], Example 1).

It is in this case of @ = 0 that we can see some similarity with a diffusion
process in a random environment because of its localization character. In this
model, we cannot expect the convergence (2) to a Bernoulli random variable
if the environment is frozen; i.e., in the quenched model. However, for the
annealed model in which we average on the environments, the convergence (2)
to a Bernoulli random variable actually takes place. We can further obtain
its improvement in the log-log scale. For example in the Brox model (cf.
[5]) which is given as L£¥ = %ew(m)%(e*w(‘r ) diffusion X* = (X™(t), P¥)
on R for a given Brownian path w(x), we have that, under the annealed
probability Py(:) = [ P¥(-) P(dw), P(dw) being the Wiener measure over the
paths w : * € R — w(x) € R, the convergence (2) holds to the Bernoulli
random Varlable Y1 o and its improvement in the log-log scale is given in the
same way as (3) where U is a [0, 1]-valued random variable with its law given
by %1{0§m§1}dx + 26{1}(dx). This can be obtained as a particular and typical
example of results in Theorems 20 and 23 given in Section 4 below.

Finally, we summarize the contents of this paper. In Section 2, we develop
a general theory for the growth in time, in the log scale, of a class of one-
dimensional Brownian additive functionals. In Section 3, the results in Section
2 will be applied to obtain general results on asymptotic growth in time, in
the log scale, of occupation times on the positive side of a family of one-
dimensional diffusion processes depending on a parameter A\ > 0. In Section 4,
we discuss the long time asymptotics of occupation times on the positive side
for diffusions and random walks in random environments by appealing to the
general results in Section 3. Here, the scaling property, i.e., a self-similarity,
is essential in reducing the problem to results obtained in Section 3, so that
we fundamentally assume that the environment is self-similar in the case of
diffusions and is asymptotically self-similar in the case of random walks. Our
model in Subsection 4.1 is a particular case of models introduced and studied
by Y. Suzuki [14]; the environments on the positive and the negative side are
mutually independent symmetric stable processes which may have different



exponents. The case of random walks will be studied in Subsection 4.2 by
imbedding them in birth and death processes with asymptotically self-similar
environments (cf. Kawazu-Tamura-Tanaka [11], Hu-Zhan [6]).

2 Asymptotics of a family of Brownian additive functionals.

In this section, we prepare some results on long time asymptotics of a family
of increasing Brownian additive functionals parametrized by A > 0. These
results will be a basic tool to obtain results on occupation times for random
walks and diffusions in random environments in Section 4. Before proceeding,
we set up a general framework.

Let @ be the set of all cadlag nondecreasing functions ¢ : [0,00) 3 z +— () €
[0,00). We set always ¢(0—) = 0 for ¢ € ®. We identify ¢ with its associated
Lebesgue-Stieltjes measure dg, which is the positive Radon measure on [0, c0)
such that (dy)([0,a]) = ¢(a), a € [0,00). For py, ¢ € ®, we define ), — ¢
in ® as A — oo, or denote it as limy_o, px = ¢, if limy_ pa(z) = p(z) for
every x € [0,00) such that p(z) = p(z—), equivalently, for every x in a dense
subset of [0, 00). This definition can also be stated as follows: limy . ¢ox = ¢
in @ if and only if; for every z € [0, 00),

plz—) < lim inf pa(z—) < limsup py(2) < p(z). (5)

A—00

As is well-known, ¢, — ¢ in ® as A — oo if and only if

lim [ f(@)des@) = [ J(@)dg(a)

A—00
[0,00) [0,00)

for every continuous function f on [0, 00) with a compact support. The com-
posite ¢ o 1, for ¢, 1) € P, is defined as usual by ¢ o ¥(z) = p(Y(x)), z €
[0,00). It does not hold, in general, that ¢y — ¢ and ¢, — 9 in ¢ imply
©r 0y — o1 in &. We can, however, deduce from (5) that ¢, — ¢ and
Yy — ¢ in ® imply the following:

AIEEO ea(Ua(x)) = e(¥(2))
for every z € [0, 00) such that p((x—)—) = (¥ (z)). (6)

Thus we have

Lemma 1 Let oy, 0, U5, € ©. If oy — @ and Py — ¢ in ® and if the set

{z > 0|p((z—)—) = p((x))} is dense in [0,00), then py oy — p o) in
.



It is well-known that there exits a metric p on ® such that ® is a Lusin space
(a standard measurable space, i.e., a Borel subset of a Polish space with the
relative topology, cf. [3] or [13]) and, for @y, p € @, ) — ¢ in P is equivalent
to limy e p(@r, @) = 0.

Let

Do = {p € | lim p(x) = oo}.
d, is a Borel subset of ®. For ¢ € &, we define the right-continuous inverse
ot e d, by

¢~ (z) =inf{y > 0| p(y) >z}, = €0,00).

It is easy to see that (p=1)™! = ¢ for any p € @, and, (Yop)t=p loy™!
if D(p~') N D(y) = 0, where

D(p) = {z € [0,00) | p(x) # p(z—)}.
Also, it holds that, for ¢y, € O,

©x — ¢ in® ifandonlyif @' — o lind (7)

We introduce the following notation: For A > 0, e\ € ®, is defined by

ex(z) =e —1, x€]0,00). (8)
Thus,
e (z) = ilog(x +1), zel0,o00). ()

Now we consider ®-valued random variables. Since ® is a Lusin space so that
® is a Borel subset of a Polish space &5, a ®-valued random variable can be
identified with a ®valued random variable. Thus ®-valued random variables
may be regarded as random variables with values in a Polish space.

For ®-valued random variables Xy,A\ > 0 and X, X, 4, X as A — oo
denotes the convergence in law, that is, the law on ® of X, converges in the
weak (or narrow in the terminology of [4]) topology to the law on ® of X.
Also, Xy -2 X denotes the convergence in probability, that is, P(p(Xy, X) >
€) - 0 as A\ — oo for every € > 0. Similarly, X, — X, a.s. denotes the
almost-sure convergence, that is, P(p(X,X) — 0 as A — 00) = 1.

The following implication is well-known:

X, — X, as = X, -5 X = X, -5 X.



Conversely, the following Skorohod realization theorem (cf. [7], p.9) holds: If
X 4, X as A — oo, then We can realize X, and X on a suitable probablhty
space in such a way that XA = XA for each \ > 0, X <2 X and X)\ — X a.s.,
as A — 00. Therefore, problems on the convergence in law may be reduced to
the discussions on almost-sure convergence. Note also that X 4 X implies
Xa(z) % X(z) for each z such that P(X(z) = X (z—)) = 1.

The proof of the following Proposition is easy and omitted.

Proposition 2 (i) If X is a deterministic ®-valued random variable so that

X = for some p € P, thenXAiX as A\ — oo if and only if X 2 X as
A — 00.

(ii) For a fived o € ®, X\ 25 ¢ as A\ — oo if and only if, for every x € [0, 00)
such that p(x) = p(x—) (equivalently, for every x in a dense subset of [0, 00)),
X,(z) 2 ¢(x) as X — oo as real random variables.

a one-dimensional standard Brownian motion

Let B = (B(t)) be BM°(R);
t >0,z € R} be the local time of B with respect to

starting at 0 and {{(¢, x);
the measure 2 dx:

/1E(B(s)) ds = z/z(t,x) dr, E € B(R).

Suppose we are given my = (my(z)) € ® for each A > 0. Define a ®-valued
random variables Sy by

Sa(t) = / 0t, z) diy(z), t>0. (10)

[0,00)

Lemma 3 Assume that, for some ¢ = (c¢(x)) € @,

eylomyoey— c m® as\— oc. (11)
Then
e;loS,\oeg,\L E ind as \— oo, (12)

where £ € ® (deterministic) is defined by

E(t)=t+c(t), t=>0. (13)

Proof. By Proposition 2 (ii), it is sufficient to show that, for any ¢ € [0, c0)



such that £(t) = £(t—),

1

5 log{Sx(e*M — 1) + 1} 2= £(t) as A — 0. (14)

We have the following by the scaling property of the Brownian local time; for
each ¢ > 0,

{((t,z); t>0,z>0}< {%E(ct, Vex);t >0, x> O}.

Therefore,

ilog{sx(ez\t)}:%bg{ / 6(62/\t’x)dﬁ>\(x)}

11 At -t ~
_Xlog{[ /) e l(1,e ) dmA(x)}
0,00

:t+§log{ [ 2y s}, (15)

[0,00)

First, note that
1
the right-hand side (RHS) of (15) <t + 3 log{a - my(eMM)}, a.s.,

where M = supg<,<; B(u) and a = sup,¢( ) £(1, ). Since ¢ is chosen from
the continuity points of &, it is a continuity point of ¢ and hence, we have by
(11) that

1
X logmy(eM) — c(t), as A — oo.

Then we can deduce that

limsup RHS of (15) <t+ c(t) = &(t).

A—00

Secondly, note that, almost surely, £(1,0) > 0 and z +— £(1,x) is continuous.
Hence, almost surely, there exists a > 0 such that

1
b:= inf ((1,2)> 56(1,0) > 0.

0<z<a

From this, we have

1
RHS of (15) >t + X log{b-mx(e-a)}, a.s.



and hence, we can deduce that

li/{ninf RHS of (15) > £(t), a.s. O

From now on, we are particularly interested in the case when s, € ® and
my € ® are given such that sy € ®,, and x +— s,(x) is strictly increasing and
continuous. And m, is defined by

my=myosy, ie, ma(r)=my(sy'(1)). (16)

In such a case, we have the Feller generator £, = ﬁ% on [0,00) and the

reflecting diffusion process X, = (X\(¢), P;) on [0, 00) is uniquely associated
with £,. Note that X, under Py is given from BM°(R) B = (B(t)) by

Xa(t) = sy 1(B(Sy (1)), t>0.

We assume that, for some a = (a(z)) € P and b = (b(z)) € P,
(A1) eylosy — ain ® as A — oo,
(A2) ejtomy — bin ® as A — oo.

Noting (6) and the relation e;! o7y 0 ey = (e5 omy) o (ext 0sy)”", we can
deduce the following

Lemma 4 Under the assumptions (A.1) and (A.2), (11) holds with ¢ = boa™*
if the following condition

b(a™" (z—)—) = bla™'(z)) (17)

holds at every continuity point x of bo a™'. In particular, (11) holds if the
following assumption (A.3) is satisfied:

(A.3) The set {x € [0,00)|bla~ (x—)—) = b(a"'(x))} is dense in [0,00).
The following theorem immediately follows from Lemmas 3 and 4.

Theorem 5 Let sy € ® andmy € ® be given as above. Under the assumptions
(A.1), (A.2) and (A.3), it holds that

exloSyoey —=¢& n® as A — oo, (18)



where
E(t)=t+0bla"'(t), t=>0. (19)

Example 6 Let s(z) = z and m(z) = cxa™ where ¢ > 0 and 0 < o < 1.
Set sy(x) = soey and my = moeyx, A > 0. Then (A.1) and (A.2) hold
with a(x) = x and b(z) = (= — 1)x. Then (A.3) obviously holds and hence,

by Theorem 5, we have ey o Sy o ey L& ind as A — oo. Note that

my=mos ' =m and {(x) =z +bla”"(x)) = £ so that this implies that

62)\t

1 i72 P t
Xlog(O/(B(s)\/O)a ds) — as A — oo.

Example 7 Let w : [0,00) — R be a cadlag function such that w(0) = 0,
lim sup,,_, ., w(u) = 0o and [5°eWdu = oo for every A > 0. Set

T

sx(z) = /e’\“’(“)du and my(z) = Q/e’Aw(“)du. (20)
0 0

Then (A.1) and (A.2) hold with

a(x) =w(zx) := sup w(u) and b(zr)=w(zr):= sup (—w(u)). (21)

0<u<z 0<u<z

This fact will be proved under a more general situation in Example 8 below.
Then c(z) = b(a™(z)) = w(w (x)) and hence (A.3) in this case means that
the set

{z €0, 00)|w(@ ™ (z—)—) = w(@ ()} (22)

is dense in [0,00). Hence, by Theorem 5, the convergence of ®-valued random
variables

ilog Sy (€M) P €(8) = £+ w(@ (1) as A — oo (23)

can be concluded if the set defined by (22) is dense in [0, 00).

Example 8 This is a slight generalization of FExample 7: This result will be
used in Subsection 4.2 through Fxample 1/ of Section 3. Suppose we are given
two families of cadlag functions wy : [0,00) — R and vy : [0,00) — R for
A > 0, each satisfying the following conditions; denoting by fy either wy or
vy, f2(0) = 0, limsup, .. fA(xr) = oo and [7° MW duy = co. Suppose also
Ox € P, X > 0, is given and assume ¢\(x) — x for every x € [0,00) as



A — 00. Assume further that a cadlag function w : [0,00) — R is given such
that w(0) = 0, limsup,_, ., w(z) = oo and the following holds:

wy—w inJ; and vy—w inJ; as\ — oo, (24)

where Jy is the Skorohod topology (cf. [12]) on the space of cadlag functions.

Under these assumptions, sy and my are defined by

T NG
sx(x) = /e’\w*(“)du and my(z) = / {e Aol L= gy, (25)
0 0

Then, if a(x) and b(x) are defined by (21) using this limit function w, the
same conclusions as Fxample 7 hold: For example, the proof of “e;l 08y — W
in ® as A\ — oo 7 is as follows: Let x > 0 be such that W(x) = wW(x—).
Since wy — w in Jy-metric, it is easy to see that, for any € > 0, there exist
0 <z <x3 <z and Ay > 0 such that wy(u) > W(x) — € for all u € [z1, x2]
and X > \g. Then

T

s 1 Awy (u)
llggf Xlog(/e A du)
0

LN 1 w(r)—e€ T
> h{ﬁ};‘f 3 log ((xg — 1)@ )) =w(zx) — €.

On the other hand, wy — w in J, implies Wy — W in J; and hence,

T

1 1 —
lim sup — log (/em*(“)du) < limsup < log (zeX™@)) = w(x).

The proof of “ex'omy — w in ® as A\ — o0o” is similar.

Remark 9 The same conclusion obviously holds if sy and my are modified as

T

SA(x):/e)‘w(“)du -p(A)  and
0
éa(x)

ma(@)= [ {0 4 ey ()
0

where p;(X) > 0 and 5 log p;(A) — 0 as A — oo, i = 1,2. A typical example is
the case when p;(\) = a; % with a; > 0 and 3; >0, i =1,2.

10



3 Asymptotics of occupation times on the positive side of a class
of diffusions on R.

Suppose we are given, for each A > 0, a strictly increasing and continuous
function sy : R — R and a positive Radon measure my(dz) on R. We assume
that lim, . . s)(x) = —oo and lim, ., $y(z) = oo for each A > 0. Then the
unique recurrent (generalized) diffusion X, = (X, (¢), P;) on R is associated
with the Feller generator £, = ﬁ% : Strictly speaking, the state space of
X, is the support E) of the measure m,. We are interested in the long time

asymptotic behavior of the occupation time

AN(t) = / Loy (Xa(s)) ds, ¢ > 0. (26)

In order to apply the results in Section 2, we define s} and m? as elements in
® as follows:

si(x) = sa(z) = sx(0),  s2(2) = 5x(0) = sa(~2), 2>0 (27)
and

mi(2) =ma((0,2]), ml(z) =ma([-2,0)), @>0. (28)
Define

my =m}o(s))™t and mr =mto ()7L (29)

For a BMY(R) B = (B(t)) with the local time £(t, x), set

SE(t) = / 0t x) diitt (), S5 (t) = / U(t, —x) din* (z), (30)
[0,00) [0,00)
and
Sa(t) = Sy (t) + Sy (t). (31)

We assume that (s3,m}) and (s}, m?) satisfy the assumptions (A.1), (A.2)
and (A.3) of Section 2; namely, for each of + and —,

(A1) e los) — agin @ as A — oo, with ay € Oy,

11



(A2) eytom} — by in®as A\ — o0

and
(A.3)” the sets {z € [0,00) | by(ait(xz—)—) = bi(ai(2))}

and {z € (0,00) |b_(a='(z—)—) = b_(aZ"(z))} are dense in [0, 00).
Then, by Theorem 5, we have the following joint convergence:

(e;l 0S¥ oegy, 5t 08y o 62,\) L () ind xdas A — oo (32)

where

E.(t) =t+bo(a;'(t) and E_(t) =t+b_(a"\(t)). (33)

By a standard argument using the inequality
ST(E)V S5 (8) < Sy(t) + S5 (1) < 2(Sy (1) v S5 (1)),
we deduce from (32) that

6;105)\062,\ L, g vé indas \— oo (34)

where £, V £_ € @ is defined by

(& VE)() = max{€, (1), £ (1)} (35)

Summing up these results, we have obtained the following

Theorem 10 Assume that sy and my satisfy the assumptions (A.1)°, (A.2)’
and (A.3)°. Then we have the following joint convergence:

(6;1 0 Sy oeay, €51 05y oeay, €5 080 €2A)

Lo (6, 6,6 VE) indxDXxDas\— oo (36)
where &, and £_ are defined by (33).
As in [9], we have

Ay = ST oSyt e, Ay(t) = ST(SYH(), t>0. (37)

12



By the Skorohod realization theorem, we can realize, on a suitable probability
space, a family of ®-valued random variables Sy, Sy such that, for each A,

(SF.S5) < (S¥.85) and, setting Sy = Sy + Sy,

(e;l o gj\r 0 €9y, 6;1 o g; 0 €2, 6;1 o 5,\ o 62)\)
— (&, 6,8 VE) as.in P XD XxPas A — oo (38)

Hence, if we set Ay(t) = S§(S5*(t)), then we have, as ®-valued random vari-
ables,

Ay L A, foreach >0, (39)
Note that
eyto gj\L oegyo(eyto Sy o ean)

_ -1 _ g+ g \-1 _ -1 _ 7
=e, 05y0(5)) oey=¢€, 0Ayoe,.

Also, note that (£, V &.)71(¢) is continuous in ¢ because &, and £_, hence
&L V& are strictly increasing. Then, by noting the general fact concerning
(6) and (7), we can now deduce from (38) the following: If ¢ € [0, 00) is such
that

E((EVE)TH 1) =& (& vE) ) — ), (40)

then,

(" 0 Ayoex)(t) (= ylog {An(e — 1) +1})

— E (€L VE)THY)) as A — o0, a.s. (41)
From this fact, we obtain the following:

Theorem 11 We assume that sy and my satisfy (A.1)°, (A.2)" and (A.3)".
Ift € ]0,00) is such that

E((E)7HE) =) = & (), (42)
then it holds that

;m&@siwmawwmnawﬁw- (43)

13



Proof. It is sufficient to prove in the above realization that, if (42) holds,
then,

ilogﬁ,\(e)‘t) G ((E) T )AL as A — oo, as. (44)

If (£2)71(t) < (&4)71(¢), then (40) follows from (42) and hence, (44) follows
from (41).

Next, consider the case when

(6-)7H(t) > (€40) 7' (1) (45)

holds. Setting, for simplicity,

1 ~ 1 -
NOE 3 log Sy () and  y(s) = 3 log Sa(e*),

we have

(%) 7H(s) = (€0)7H(s) and  Ya(s)7h = (E5) T A(E)TH(s)
as A — oo uniformly in s on any bounded interval, a.s. (Note that (£;)™*
and (£,)"' A (£2)7! are continuous because £, and £_ are strictly increasing).
Then, for fixed t satisfying (42) and (45), we have, from the inequality

Sx(s) = S (s) + 55 (s) < 2(S¥ (s) V 55 (s)),

that, for some \g large enough,

G0 = ()7 (= 52) A ) = 50) = (D (1= ),

for all A > \y. Hence

X (031 (t) = o ((‘Pj\r)l (t - 1O§2)> —t, as A — o0

and therefore,
1 ~
liin inf 3 log Ay(eM) = liin inf o} (3 (1)) > ¢, a.s..
On the other hand, we have obviously,

1 -
lim sup 3 log Ay(eM) < t, a.s.,

A—00

14



so that )
Jim h log Ax(eM) =t =& ((60) 7 (1)) AL, as.

in this case as well. O

Example 12 This example corresponds to Example 6 of Section 2. We con-
sider the £ = -4 _djffusion process X = (X (t), P,) on R where s(z) =z, © €
R, and
i
Cixa x>0,
mie) = {7

—c_(—x)p™", x <0,
for some ¢y >0,c- >0 and 0 < a<1,0< B < 1. Let s™(x) = s~ (z) = x for
x>0 and m*(z) = coaat, mo(z) = c,x%_l, x> 0. Set st = s oey and

my =m® oey. From Example 6, we have & (z) = £ and _(z) = 5 so that

- p
ey =21 >0
Hence
g
D) at={ab B
e yne= et 2
In this case, the scale sy on R is determined by sy(x) = s{(x), x > 0 and
sx(z) = —sy (—x), x < 0. Similarly the speed measure dmy on R is determined

by mA([0,z]) = mi(z), x > 0 and my([x,0]) = m;(—=z), z < 0. Then, if
Xy = (Xa(t), P}) is the Ly = 7% -2 -diffusion, we have

dmy K

{X00} £ {531 (X ()}
and hence {A\(t)} £ {A(t)}. Thus, from Theorem 3.2, we can deduce that, as

A — 00,

1 At Bt B <a,
XlogA(e ) — {t, 0<p (46)

in the sense of ®-valued random wvariables and also, in the sense of finite
dimensional distributions. In particular, we have

log A 8
ogAlt) 2 p<a, (47)
logt 1, a<g.

This is an improvement of the law convergence

@L{O, 0 < a,

: 1, a<p, ast — o0.
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Example 13 This example corresponds to Example 7 of Section 2. Let w :
R>t— w(t) €R be acadlag function such that

w(0) = w(0—) =0, limsupw(u)=limsupw(u) = oo,

liminf w(u) = lim inf w(u) = —o0
and .
/e)‘w(“)du = / MWy =00 for every A > 0.
0 —00
Set
sx(x) = /eAw(“)du, —00 < T < 00 (48)
0
and
my(z) = Q/e’Aw(“)du, —00 < 7 < 00, (49)
0

so that my(dz) = dmy(z) = 2@ dx. X\ = (X,(t), P,) is the recurrent
diffusion process on R associated with the Feller generator L, = ﬁ%. Let

A\(t) = J5 Looo)(Xa(8))ds, A > 0. In order to apply the results in Example
7, we define s, m2,wx, and wx as elements in P;

T 0
i (x) = /e)‘w(“) du, s*(z) = /e’\w(“) du, x>0, (50)
0 -
T 0
m) (z) = 2/6_’\’”(“) du, m*(z) =2 / e MW dy, 1z >0. (51)
0 -

We define wy : [0,00) — R by

wi(zx) =w(z) and w_(r)=w(—x—0). (52)
Then wx and wy are defined by (21); namely, for each of + and —,

Wi(x) = sup wi(u) and wi(z)= sup (—wi(u)). (53)

0<u<z 0<u<z

Then (A.1)" and (A.2)” hold with asr and by defined by (21) through wy,
respectively. (A.3)" holds if the following holds:

16



The sets {x € [0, 00) | wa (@)~ (—)=) = wa((@) " (2)}

and {x € [0, 00) |w_((@) ! (x-)~) = w_((@) "} (x))}
are both dense in [0, 00). (54)

Hence, by Theorem 10, we have the following conclusion: Assume that (54)
holds. Let & € O, be defined by

() =t+wyowy () and E_(t) =t +w_ow="'(t), t > 0. (55)

If t is such that

+((6)7HH) —) = &+((€) (1)), (56)

then it holds that

1
X log Ax(eM) 2 &.((0)7H ) AL, N — oo (57)
Example 14 This is a modification of Example 13, which corresponds to
that in Example 8 of Section 2. Suppose we are given, for each of + and

—, and for X\ > 0, families wf,vf,wi and ¢} satisfying the same conditions

as wy, vy, w and ¢y tn Example 8. Then, we have sf and mf, respectively, in
the same way as (25) in Example 8. Now, these can be extended to s, and
my on R by setting sy(z) = s{(x), z > 0 and s\(z) = —s) (—x), r < 0, and
my(z) = m{(z), z >0 and my(z) = —m) (—x—0), z < 0. Hence we have the
Feller generator Ly = ﬁ% on R and the associated recurrent (generalized)
diffusion X, = (X\(t), P;) on the support of dmy. Then, for the occupation
time Ax(t) = [5 1p.00)(Xa(w)) du, we have the same conclusion as in Exam-
ple 13; in particular, the limit process can be described in terms of the limit

function w* on [0, 00).

Remark 15 In Examples 13 and 14, we have obviously the same conclusion
if sf\E and mf\E are replaced, respectively, by those multiplied by some p(\) > 0
such that limy_ 1 log p(A) = 0. A typical exzample is the case p(X) = c A2
with positive constants c¢; and cs.

4 Long time asymptotics of occupation times for diffusions and
random walks in random environments

We would apply the results of Section 3 to the study of the long time asymp-
totic behaviors of occupation times on the positive side for diffusions on R
and random walks on Z in random environments.
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4.1. The case of Brox model and its generalization to stable envi-
ronments.

Let w : [0,00) — R be a cadlag function such that w(0) = 0, limsup,,_, . w(u)
= oo and [5° e ™Wdy = oo for every A > 0. We denote the totality of such
functions by W, , which is a Lusin space under the Skorohod topology. For a
pair w = (wy,w_) € Wy x W, =: W, define s{ € &, and m¥{ € ®, for each
of + and —, by

si(z) = /ewi(“)du and mY(x) = Q/e’wi(“)du. (58)
0 0

These s and mY determine the scale s* and the speed measure dm" on R;

5(x) = Lg=0ys5(2) — Lizeoys? (=) (59)
and

dm"(x) =2 {1{3620}6_“}*(“) dr + 1pepye™ =) dx} . (60)
Then we have the Feller generator LV = dqiw dju, and the unique recurrent

diffusion X* = (X"(t), P) on R associated with £“. We suppose that X" is
realized on the space Q2 of all continuous functions w : [0, 00) — R as X" (t) =
w(t) so that P is the Borel probability on € concentrated on {w|w(0) = z}.

Let 0 < oy <2 and 0 < a- < 2. Let (X (), X_(t)) be a pair of mutually
independent one-dimensional symmetric stable processes X (t) and X _(t) of
index a; and «a_, respectively, with X, (0) = X_(0) = 0, so that

EleiEr X+ (O+6-X-0)] = emleHlE T e le ")t e e e R

for some positive constants c; and c_. The values ¢, and c_ are irrele-
vant in future discussions. It is well-known that limsup, . X4 (f) = oo and
JeeM=®Wdt = oo for every A > 0 almost surely, so that (X, (t), X_(t))
isa W = W, x W,-valued random variable. We denote its law on W by
P, o (dw). Then we have a stochastic process X = (X(t), P,) realized on
Q x W where X(t) = w(t),w € Q, and P,(dw,dw) = P¥(dw) - Pa, o (dw).
This model has been introduced by Y. Suzuki ([14]): Indeed, she introduced a
more general model in which P, ,_ is the law of the pair of mutually indepen-
dent self-similar processes on R with index ay > 0 and a_ > 0, respectively.
We restrict ourselves to the case of the pair of independent symmetric stable
processes: As we shall see, this restriction is only needed below in verifying
Lemmas 18 and 19, and in obtaining an explicit formula for the limit law in
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Theorem 23. The case of mutually independent Wiener processes is well-known
as the Brox model (cf. [5]).

For w = (wy,w_) € W(= W, x W,) and A > 0, we introduce, for each of +

and —,
x

siw( ) = A\ /e’\wi(“)du, x>0
0

and
X

miw( ) = 2\ /e”\wi(“)du, x> 0.
0

These 53" and m)" determine the scale s¥ and the speed measure dm¥ on R in

the same way as (59) and (60) above. Then, we have the unique £} = ﬁ #—

diffusion process X*% = (X(t), Px)"“’) on R which we realize on Q as X(t) =
w(t), w € Q. Also we have the stochastic process X = (7)‘(15), ?i) realized on
Q x W where Yk(t) =w(t), w € 2, and ?;\(dw, dw) = P} (dw) Py, o (dw).

Let, for a > 0 and b > 0, T, : R — R be a homeomorphism on R defined by
Ta7b(ZL’) =a- 1{120} -x+b- 1{m<0} - .

Lemma 16 For each A > 0,

(Ty0r y-o- (X), P) £ (X7, P5). (61)

Proof. Generally, if Y = (Y (t),P,) is £ = 5-=-Feller diffusion on R and

T : R — R is a homeomorphism of R, then T(Y) (T(Y(t)) ) is £ = d—ds

Feller diffusion on R with dm = d(m o T~') and § = s o T~!. Using this fact
and the self-similarity of stable processes:

{(we O t), w (X t), Pa, o)} £ { (M (8), Ao_ (1), Pa o)}
(61) is easily concluded. O
Corollary 17 If

At) = fy Lo.o0) (X (u))du and Ax(t) = [5 10.00)(Xa(u))du, then, for each X >
0, we hcwe

({40} 20, Po) = ({Ar()}i20, Py)

The limiting property of Ay(e*) under ?g‘ as A — oo can be studied by results
in Example 13 and Remark 15. For w = (wy,w_) € W, x Wi (= W), we
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define &, (t) and £_(t) by (55). Note that these may be regarded as stochastic
processes under Py as well as under FS on 2 x W.

Lemma 18 Under P, ._ (and hence, under ?3}, (54) holds almost surely.

Proof. Note first that w; : [0,00) 3 z +— w,(z) € R and w_ : [0,00) 3 =
w_(z) € R are mutually independent stable processes under F,, , . Then,

by known properties of stable processes, we can easily see that, for each fixed
x>0, it holds a.s.(P,, «_) that

we (@) (2=) =) = wy ((@7) ()

and

w_ (@) (e-) - ) = w (@) (2)).
By a standard Fubini argument, we deduce that these identities hold for almost
all x € [0,00), Pa, o_-almost surely. Thus (54) holds for a.a.w (Pa, o ). O

Lemma 19 Foreacht > 0, (56) holds almost surely under P,, _ (and hence,
under Fg‘ ).

Proof. This is easily provided by the independence of £, and £_ combined
with the fact that £, and £_ have no time of fixed discontinuity. O

Thus by Example 13 and Remark 15, combined with Lemmas 18 and 19, we
=\
can conclude that, under P,

[Flogae}  — {eerwar)

as A\ — oo in the sense of convergence of all finite-dimensional distributions
as well as the convergence in law as ®-valued random variables. Then, by
Corollary 17, we immediately obtain the following:

Theorem 20 Under P,, we have

{ilogA(eAt)} . {f+((§_)_1(t)) /\t} N

Y

in the sense of convergence of all finite-dimensional distributions as well as
the convergence in law as P-valued random variables. In particular,

@1%@ 5 (€))L as - oo (62)

From (62), we have, for every [ < 1,

ntn;gf?o(é log A(t) < 8) = Po (£, (€)' (1)) < B).
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From this, we can easily deduce that, for every € > 0,

timinf Py (1) < ) > Py (€)1 (1) < (€)' (1).

By the same argument applied to ¢t — A(¢) in place of A(t), we obtain

litrg(i)gffo(Ait) >1—¢) > Po(&)7' (1) < (€)7'(1)).
Since Po((&4)71(1) = (£2)71(1)) = 0, we conclude the following

Corollary 21 Under Py,

Alt)  a
- Menrw<eray ast— oo (63)

Thus, the limit random variable in law of A(t)/t as t — oo is the Bernoulli
random variable Yp, where

p=Po ((€)71(1) < (6)7'(D) (= Paraa (€)1 < (6)71(1))) - (64)

Remark 22 As for the almost sure result for the ratio A(t)/t as t — oo,
we have the following: Py -almost surely, (equivalently, P¥-almost surely for
P, «_-almost all environments w = (wy,w_) ), it holds that
lirtnsup@ =1 and liggf@ = 0.

This fact can be proved by applying a result of Bertoin [1]: Bertoin obtained
an integral test for s¥(x) and m¥(x) in order that the above asymptotics for
the ratio A(t)/t to hold. We can show that the conditions of the integral test
are fulfilled by P, o_-almost all w = (wy,w_): For this, we use the above fact
(63) and combine this with the Hewitt-Savage 0-1 law for stable processes w..
and w—_. We omit the details.

The distribution of £, ((€-)7'(1)) A 1 can be obtained explicitly as follows.

Theorem 23 It holds that

als

&+((60)71(1) U, (65)

where Uy and Uy are mutually independent (0, 1)-valued random variables such
that Uy £ V(ay) and Uy £ V(a_), where V(a), 0 < a < 2, are (0,1)-valued
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random variables with the distribution function P(V(a) < x) = uq(z), 0 <
x <1, given by

[e.o]

sin %F a d¢
ualz) =3 7 0/5%(§+1)(1+(1—:1;)5)%’ O<a<2 (66)
x, a=2

So the limit random variable in law of (62) is given by (Us/U;) A 1.

Proof. Recall that {£,(f)}:>o is defined from a symmetric stable process
{wi () }i>0 of exponent o by £.(t) = t + wy((wy) (t)) where wi(t) =
SUPgeyc; W () and wy (1) = supyey <, (—wy (u)). Also, {€_(t)} is defined from
{w_(t)}4=0 in the same way. Denoting by {z(t), P,} the stable process of index
o, starting at a € R and by o}, the first leaving time from the interval (—b, b);
op = inf{t > 0| |z(t)| > b} for b > 0, we have for z > ¢ > 0,

P& (t) > 2) = P(w. (@)™ (1) > 2 — 1)
= P%_t<x(ag) € (—o0, —x/2] ) (67)

We have a general formula (cf. [2]): If |a] <,

in &+7T b2 42 o+ d
Ljyio - 2 (" —a >; Y 0<ay <2,
P,(z(0p) € dy) = -~ g ) Sy; —p2)= |ly—al
2 6b(dy) + 2% 5—b(dy)7 ay = 2.

Using this formula, we can easily calculate the RHS of (67) to obtain

P(eL(t) = ) = ua, (é) L 0<t<u

where u,(z), 0 < z < 1, is given by (66). Hence

1 1
P<m§x> = Uq, (t2), O<x<¥. (68)

By the self-similarity of stable processes, it is easy to deduce under P,, ,_

that {&4(ct) }e>o < {c €4(t) }+>0, respectively, for each ¢ > 0. Then, noting the
independence of {; and £_, we have under P, ,_,

E-((E0)THA)) £ (60)7H (L) - £4(1).
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Also,

P(E) (1) <0) = PA<E () =P ( < 1) = uo(2).

§-(x)
Therefore, setting U; = 1/£, (1) and Uy = (£_)7%(1), we can now conclude the
assertion of the theorem. O

In the case of a, = a_ = 2, in particular, the case of the Brox model, we have
the following convergence:

x
P<—logA() ) —>{§7 O<o<d 1o (69)
logt I,

Note that p in (64) is given by

p= /1u0t+(x) due_().

When oy = a_, we always have p = 1/2.

4.2. The case of random walks on Z.

Given a sequence p = (p;), i € Z, such that 0 < p; < 1, let Z = (Z(n), P?) be
a time-homogeneous Markov chain on Z with the discrete time n =0,1,2,...

and with the one-step transition probability p; ;, 7,7 € Z given by

Pij =Di 01+ (L —pi)-0ji-1. (70)

PZ is the probability law governing the paths starting at i so that PZ(Z(0) =
i)=1and P(Z(n+1)=j|Z(1),...,Z(n)) =pzm),j, j € Z. We denote it as
ZP = (Z(n), P?®) when we emphasize its dependence on p = (p;).

1

As is well-known, Z can be imbedded in a birth and death process on Z which
is a generalized diffusion process associated with the Feller generator £ = ﬁ 4

with the speed measure dm supported on Z. Here, the scale s(x) and the speed
measure dm(x) are given as follows:

llkl_
s(0) =0, =>"1I , 1=1,2,...,
k=01:=0 illk ) (71)
s(=1)=-1, s(l)=-1- 11 ! l=-2,-3,...
=i L — p-i’
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and s(z), —oo < x < 00, is given by the piecewise linear continuous extension;
s(x) =s()+ (s(l+1) = s())(z—1), I<z<l+1.

The speed measure dm(z) is defined by setting

! k
1 i
DO | P I<z<l+1, 1=012,...
Pkl —pi
m(z) = O, -1<z<0, (72)
Z 11 Ll -1<s<l, l=-1,-2,...,
s L= p-kis P
so that
© 1k 1 E1—p,
— (Sk dl’ + . 5,]6 dr).
Zpl:[ Zl_pkzl_[l P—i (dz)
We assume that lim, . s(x) = —lim,_,_ s(z) = co. Then, with the Feller
generator -4 a unique recurrent generalized diffusion X = (X(t), PX) is

associated on the support of dm, which is Z in this case, so that X is a
birth and death process on Z. We denote it as XP = (X(t), P,°P) when we
emphasize its dependence on p. If o, is the n-th jumping time of X (¢), then

d
(X (on), Pz‘X)n:O,l,Q,... = (Z(n), PiZ)n:O,l,Q,...'

Also, it is easy to see that the family {0, — 0,1, n = 1,2,...} is i.i.d. with
mean 1 exponential distribution, so that, by the strong law of large numbers,
we have

g [e,\t]
e)\t

PX (for every top >0, sup - 1‘ —0 as\— oo) =1 (73)

to<t<oo

Here [z] denotes the largest integer not exceeding z: [z] =nifn <z <n+1,
n € 2.

We define &;, i € Z, by

1 p,
log — P i=0,1,2,...

& = ’ . (74)

Also, we define two cadlag functions 6, (z) and _(x) on [0, c0) by setting
[]
0i(z)=> &, 0<z<o0 (75)

1=0
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and

0, 0<zr<l1

).

e(x){z“ l<<oo (76)
=1

We extend 6. to be defined on R by setting 64 (z) = 0, z < 0. We put the
following assumption (A.4) on the sequence p = (p;):

(A.4) There exist two cadlag functions wy(z) € Wy and w_(x) € W4 on [0, 00),
and two positive increasing functions ¥, (A) and ¥_(\) of A > 0 with
limy o ¥4 () = o0, such that the following convergence holds:

(30 @00, T0-(0-(00) — (we()w (1) as A— o0 (T7)

in the sense of Skorohod’s Ji-topology on W, x W,. (For the definition on
W, see the beginning of Subsection 4.1)

We define continuous increasing functions s, (z) and s_(x) of z € [0, 00) by

T

sy(z) = /eei(“) du, x> 0. (78)
0

We also define cadlag increasing functions m(x) and m_(z) of z € [0, 00)

[z]+1 [x]+1
my(x) = / e~ duy + / e gy, >0 (79)
0 0
and
[z] [z]
m_(x) = /6_9*(“) du+/e_9*(“+1) du, x> 0. (80)
0 0

s(x) = sp(z), m(z) =my(z) forxz >0, (81)

s(x) = —s_(—z), m(z)=-m_(—z—0) forz<O0: (82)
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In verifying the identities m(x) = m, (z) for z > 0 and m(z) = —m_(—z —0)
for z < 0, note the simple relations & = =2 4 1 k' =0,1,... and 1_1 =
Pi Pi Pk
Pk ] f=1,2,...

1-p_g

We now set, for A > 0 and each of 4+ and —,

sy (@) = s+ (V) 2), >0, (83)

my (z) = me(YL(N) z), x>0, (84)

wy () = S0:(Y=(N) z), x>0, (85)

uy (7) = §9+(¢+()\) z—1), x>0, (86)

vr (z) = %9_@)_@) 1), 23>0, (87)
(V)] +1

and

e

Then, it easy to deduce from (78), (79) and (80) that, for each of + and —,

T

@) = va(N) - [

and
mf(x) =y(A)- / {6_’\’“%(“) + e—/\ﬁ(U)} du.
0
(77) implies that

(Wi (t), wy () — (wi(t), w-(t))

and
(ox (1), vx () — (w4 (t), w-(t))
as A — oo in the Jj-topology on W x W,.

Thus, our family defined above satisfies the conditions in Examp. 14 so that we
have the same conclusion for the occupation time Ay(t) = [ 1jo,00) (X1 (w)) du
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where X, = (X,\(t)) is L) = ﬁ%—generahzed diffusion. Here, noting (78),
(79) and (80) combined with (83) and (84), we have s\ = s 0Ty, (x)4_(n) and
my = m o Ty, () (n), where the map T is defined, as above, by Ty ,(z) =
ax 1{z>0y + bx 14, .0y. Hence,

d _
Xa() =Ty w0 X (1) ( =Ty 0, 170- 0 (X (t)))

from the birth and death process X = (X (t), P/*) introduced at the beginning
of this subsection.

This conclusion can be applied, in the same way as we did in the previous
Subsection 4.1, to the study of the occupation time for the birth and death
processes in random environment and thereby for random walk in random
environment.

First of all, we set up our model. Let IT be the totality of sequences p = (p;), i €
Z, such that 0 < p; < 1 and lim,_, s(z) = —lim,_,_, s(z) = 0o, where s(z)
is defined as above by (71). For p € II, we have the random walk ZP =

(Z(n), P?P) on Z as above which we realize canonically on Q) = {w : Z, >

n — w(n) € Z} so that Z(n) = w(n),w € QY and P?P is the probability on
Q(Zl) supported on {w : w(0) = i}. Here, we use the notation Z, = {0,1,2,...}
and Z_ = {—1,-2,...} so that Z = Z, UZ_. A random walk in random
environment is determined by giving a probability P on II; we realize this on
QY x I with the annealed probability Fiz(dw dp) = P(dp) P/"®(dw), so that

PZ-Z’p can be regarded as the conditional probability given the environment p.

In the same way, for given p € II, we have the birth and death process XP =
(X (t), P°P) on Z, which we realize on Q) = {w : [0,00) > t — w(t), cadlag }

7

as X(t) = w(t), w € Q(ZQ) and PP is the law of L4 _ generalized diffusion
starting at ¢ with s and m defined by (71) and (72), which is a probability
on Q) supported on {w: w(0) =i}. The birth and death process in random

environment is defined by the probability ?ZX (dw dp) = P(dp) PXP(dw).

We put, in accordance with the assumption (A.4) above, the following funda-
mental assumption (A.5) on the probability P on II:

(A.5) Under P onII, p = (p;) satisfies the following; the families p, := {po, p1, ...}
and p_ := {p_1,p_2, ...} are mutually independent i.i.d. families. Further-
more, there exist two constants 0 < ay < 2 and 0 < a_ < 2, two positive
increasing functions ¥4 (A) and ¥_(A) of A > 0 with limy_ . ¥+ ()\) = o
such that the following convergence holds:

(3000, 30-(0-(00) L (wi(0)w (1) as A—oo  (90)

in the sense of Jj-topology on W, x W, where {wy(t)} and {w_(t)} are
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mutually independent symmetric stable processes of exponent o, and a_,
respectively.

Here, cadlag increasing processes 6, (t) and 6_(t) are defined from p = (p;)
by (74), (75) and (76).

A standard sufficient condition for (A.5) to hold is that, denoting by p; and
p_ the common random variables in law of the i.i.d. families p, and p_,
respectively, the following hold for each of + and —:

0 <ps <1 prL1—ps and setting & = log{(1 — px)/ps}, B[(&x)?
Lio<es <} 1s a slowly varying function of z at oo when ay = 2, and P(&4 > z)
is a regularly varying function of x at oo with exponent —ay when 0 <
ax < 2. Note that, under our assumption (A.5), limsup,_, . 0+(z) = oo and
lim, 40 $(x) = Fo0 almost surely.

Now, for almost all p € II, we can define, for A > 0 and each of + and —,
sf,mf,w,\i,vf, ©F as above through (83) to (89). From si and mi, cadlag
increasing functions sy(x) and my(z) on R are defined as in Example 14 and

the unique recurrent generalized diffusion X* = (X*(t), P}) is associated with

the Feller generator £, = WE As we remarked above, X* is obtained from

XP = (X(t), P°P) by {X 1)} £ {Tl/w+ ), 1/1&7(,\)()((15))} so that the state
Aig 1

space of X" is WZJF o (/\)Z Define

) = / Loy (X (s)ds and  AX(t) = / 10,00y (X (5)) ds.

Then obviously
{AN(6), Py} £ {AX(1), Py }

where FS (dw dp) = P(dp) P;(dw). For Ay(t), we can apply the result of Exam-
ple 14 with Remark 3.1 and, using this result, we can give the same arguments
as in Subsection 4.1 to obtain the following:

Theorem 24 Under P, ,

[Flosa @)} — {60 nt), srA—o (o)

t>0

in the sense of convergence of all finite-dimensional distributions as well as
the convergence in law as P-valued random variables. In particular

élog;ﬁ( ) L e (ED)TH)AT ast — oo (92)
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Here, the processes £, and £_ are defined from independent symmetric stable
processes wy and w_ in the same way as in Theorem 20, namely by (53) and
(55), and the limit law in (92) is given in the same way as Theorem 23.

We can now deduce from this our final result for the random walk in the
random environment Z = (7 (n),?lz)

Theorem 25 Let A%(n) = Y 7_; 1{z(k-1)>0,2(k)>0y- Then, under Ff,

[Floga?(D}  — {e(@) )AL}, wsr—oo (93

in the sense of convergence of all finite-dimensional distributions as well as
the convergence in law as P-valued random variables. In particular,

1
logn

log A%(n) 5 €.((E) ()AL asn — . (94)

Here, the processes £, and £_ are defined from independent symmetric stable
processes wy and w_ by (53) and (55) so that the law of the limit random
variable is given by Theorem 23.

Proof. For p € II, let XP = (X (t), P;,°P) be the birth and death process on

Z as given above realized on the space Q(ZZ). It is a ﬁd%—generalized diffusion
process where s(z) and m(x) are defined by (82) through p. We assume p
possesses the property that both lim, .. s(z) = lim, ., _(—s(z)) = oo and
lim, o m(z) = lim, o (—m(z)) = oo hold. We note that almost every p € II

under P(dp) possesses this property.

Let 0,,mn =0,1,2,..., be the n-th jumping time of X (¢):

00=0, o,=inf{t >0, 1|X() # X(on_1)}, n=12,.... (95)
Set

Z(n)=X(o,), n=0,1,... (96)
and

Tp=0p—Op_1, n=12 ... (97)

Then {Z(n)} under P;*® is a realization of the random walk (in a fixed envi-
ronment p) such that Z(0) = i. Note that {7, } isi.i.d. with mean 1 exponential
distribution. Also, {X(0,)} and {0, } are independent.
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In the following, we consider under the probability POX P Set, as above,

AZ(”) = Z Lize-v>0zm)>0p, n=12,..., (98)
k=1
and also
An) = Z Lizg-1v>0p, n=12,..., (99)
k=1
t
AX(t) = / 1[0,00)(X($)) ds. (100)
0

Then, we have

AX(0) = Z Lizk—1)>0) - Tk (101)
k=1

and hence X
A% (0n)  Xhoi Tk Lzge-1)>0)

Aln)  Xpo Lizg-1z0)
Let a random sequence {k;} of positive integers be defined, successively, by

klzl, kZ:mm{k>kZ,1\Z(k—1)20}, 1=2,3,...

Since XP is recurrent, {k;} is well-defined a.s.. Set 6, = 7, i = 1,2,.... By
the strong Markov property of XP we can easily deduce that {6;} is also i.i.d.
with mean 1 exponential distribution. Obviously, we have

AX(an):91+92++QZ and A(n):z if k1§n<kl+1

Hence, by the strong law of large numbers, the following convergence occurs
almost surely:

AX(O'TL) . 014—&2—}-—}-91
A(n) i

— 1, asn — oo.
Thus we have

A(n) = A%(0,)(1 +0(1)) asn — 00 a.s.. (102)

If we set a(n) = J7" 101 (X (s)) ds, then a(n) = >7_; Tel{z(k-1)=0} and, by the
same argument as for the proof of (102), we have

a(n) =a(n)(1+o(1)) asn — oo a.s.,
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where a(n) = >7_; 1{zk-1)=0}. Since

A( - Z Z(k—1)>0,Z(k)<0}
=2 Lzt n=ozm=- = Z Lizr-1)=0) = a(n),
we have
0<A(n)— A%(n) <da(n) (1 +0o(1)) asn — 0o a.s.. (103)

Finally, we have

a(n) = o(A%*(0,)) asn — 00 a.s.. (104)

This follows from the well-known ratio ergodic theorem for a recurrent - js

generalized diffusion X (¢) on R, which states that, if B; and By are Borel
subsets of R such that 0 < m(B;) < oo and 0 < m(Bs) < oo, then

¢ —
fo 1B1 (X(S)) ds _ m(Bl) as t — oo, a.s.

Jolp,(X(s))ds  T(Bs)
where m(dz) = d(m o s7(z)), (cf. [8]).

Note that, in our case,

a(n)  Jo" L0y(X(s))ds
AX (o) J§ Lioeo) (X (s))ds’
and m({0}) < oo but m([0,00)) = 0.

From (102), (103) and (104), we have
AZ(n) = AX(0,) (1 +0(1)) asn — oo, a.s.

for P;P and hence, a.s. for Fg(. We can now deduce the convergence (93)
from the convergence (91) combined with (73). O

In the same way as Corollary 21, we have the following

Corollary 26 Under ?5,

AZ
@) 4, Lie)-1()<(e )ty as m — oo, (105)

n
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