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ON HYPOELLIPTICITY FOR A CLASS OF

PSEUDO-DIFFERENTIAL OPERATORS

By

Nobuo Nakazawa

1. Introduction and Results

We shall study hypoellipticity for a class of pseudo-differential operators

which includes the operator ―a(x)A + 1 with a(x) > 0 as a typical example.

We shall use the Weyl symbols and the Weyl calculus in this paper. For the

Weyl calculus we refer to Hormander [2]. Let p{x,£) e Sm(= S^R2")), i.e.,

pf^ (x, c)| < Cx/y<<5>'""'*'for (jc,0 e R2n and any multi-indices a and ft, where

x=(xu...,xH)eRn, f = ({,,.,y6≪", <O =
V1

+ l^2' 1^1= ＼JT,U l^l2'

^,(x,0 = dlDPp(X,£) and D, = (A, ...,/>,) = -/^ = -i(8/dxu... ,c/a^).

We define for we^

Pu=pw(x,D)u=(2n)-n＼(j e~i(x-yHp(
x + y

2

c:

)

u(y)dy) dt

where x ■£,= x＼E,＼+ ･･･ + xn<t,nand ^ denotes the Schwartz space of rapidly

decreasing functions on R". We call the symbol p(x, £)the Weyl symbol of P and

write a]V(P)(x,£)=p(x, £). For pseudo-differential operators we also refer to

Kumano-go [5] and Shubin [7].

For simplicity we denote /?M'(x,Z)) and <r,,.(P)(x,E) by p(x,D) and o(P)(x,£)

respectively,in this paper.

Definition 1.1. Let x°eR". We say that P is hypoelliptic at x°if there

exists a neighborhood U of x° such that

U flsingsupp Pu = U flsing supp u for u e H- x,

where singsupp u denotes the singular support of u, H-x ―[JSHS and Hs denotes

the Sobolev space of order s e R.
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We impose the following conditions on p(x,^):

(A-0) The symbol p(x,£) can be written in the form

p(x, £)= pm(x, £)+pm-＼ (x, C) +pm_2(x, C) +pm-3(x, f),

where pm-j(x, £)e Sm~j (0<y<3) and pm_j(x, ) is homogeneous of degree

m-j in £ for |£|> 1 (0 <j < 2).

(A-l) There exist a neighborhood U of 0 in Rn and C > 0 such that

s(x,£)=pm{x,Z)+Repm-i(x,£) + Repm-2(x, ) > -C(Om~3

for (jc,<^)eUxR".

(A-2) There exist a neighborhood t/ of 0, constants Co > 0 and Co e R such

that

Re(/?(x,Z))M,M) > co＼＼u＼＼2m/2^- C0＼＼u＼＼l/2_2

for ueC^(U), where (w,y) = Jw(x)y^)i/x and ||m||,= ≪D>"m, <D>jw)1/2.

(A-3) There exist a neighborhood U of 0 and reZ with 0 < r < n such that

/>,,(*,<*)#0 ifxet/, |^| = 1 and x/ = (x1,...,xr)^0,

where we consider x' ― 0 if r = 0.

(A-4) There exists a neighborhood C/ of 0 such that for any v > 0 there is a

constant Cv > 0 satisfying

(i)
jr

(iog<o)|B|^(^oi<o-^ < vs(X,z)+ cv<ow-3

＼*＼+＼P＼=2
a'=0

(ii) log<O|Im/7w_1(x,£)|<O-1+ Y, (lo≪<£>)

|a|+|/?|=l
a'=0

if xe U and |<^|> 1, where a' = (oc＼,...,ar).

We note that (A-3) is always valid if r

tlipnrpm

= 0

W|W;> m(x,z)＼<zrm

Now we can state our main

Theorem 1.2. Under (A-0)-(A-4), p(x,D) is hypoellipticat x = 0
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Now we mention several known results relating to the above theorem.

Result 1. Hormander [1] constructed a local parametrix at 0 of the

operator

I,=aW(-A)w + (-Ar',

where m,m' e Z+(= 7VU {0}) and m > m', under the following conditions:

(B-l) a(x) e Cx and a(x) > 0.

(B-2) In a neighborhood of 0

＼Dpxa{x)＼<Mpa(x)x-m (1 - x＼fi＼> 0,0 < t < {2{m - m')}"1).

Therefore, L＼ is hypoelliptic at 0 under the above conditions.

Result 2. Katsuta [4] showed that the existence of a local parametrix at 0

of the operator

L2 = -a(x)A+ 1,

when Li satisfies(B-l) and the following condition:

(B-3) There exista neighborhood U of 0, 8 e R with 0 < 5 < 1/2 and M > 0

such that

＼dXja(x)＼< Ma(x)l/2+d (xeU,l <j < n).

Consequently L2 is hypoelliptic at 0 under (B-l) and (B-3).

Result 3. We showed in [6] that L2 is hypoelliptic at 0 under (B-l) and the

condition

(B-4) there exists a neighborhood U of 0 such that d*a(x) =0 if x e U,

a(x) ― 0 and |a| = 2.

Concerning the above results,it is easy to see that (B-2) implies (B-3) and

that (B-3) does (B-4) under the assumption (B-l). Furthermore, if L2 satisfies

(B-l) and (B-4), then L2 satisfies(A-0)-(A-4). This follows from Propositions 4.1

and 4.2 in Section 4 (see Section 4).

In addition, (A-l) and (A-2) are satisfiedif the following conditions are

satisfied(see Proposition 4.1 below):
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(A-l); there exists a neighborhood U of 0 such that

pm{x,£) > 0, Re/>w_i(x,c!;)> 0, Repm-2(x,£) > 0

for x e U and ＼£＼= 1.

(A-2)' pm<j}){QA) = 0 for any £e R" with |^| = 1 and fie Z＼ with ＼$＼< 2 if

^(0,^°) =0 for some ^ e Rn with |^°|= 1.

The plan of thispaper is as follows. In Section 2, we give a general criterion

of hypoellipticity which is a simple variant of criteria given in Kajitani and

Wakabayashi [3] and Wakabayashi and Suzuki [8].We also reduce the operator

p{x,D) e Sm to p{x,D) e S2. In Sectition 3, we complete the proof of Theorem

1.2. Finally in Sectition 4, we give some remarks and examples.

The author wishes to thank Professors S. Wakabayashi and M. Suzuki for

their valuable advice and encourgement.

2. Preliminaries

In this section,we shall give propositionsfor the proof of Theorem 1.2

and reduce the problem for p{x,D) to the problem for p(x,D) =

(D}-m/2+lp{x,DXD}-m/2+l.

First we assume that p(x,£)e$m and that p(x,£) satisfies(A-3). Let

xQ = (0,x0//)e U, and choose <p(x")e C0oc(i?w"r)so that

<p(x")

f
＼x"- x

＼2

°"|2 (x"-x°"＼ < 1),

(x"-x°"＼ >2),

where x" = (xr+＼,...,xn) e R" r.Here we consider x° = 0 and (p{x") = 0 if r = n.

Define

＼{x＼£)=As{x＼bs,a,N)

= (s + a<p{x"))log<O + 7Vlog(l +<S|£|2),

pA(x,D) = (e-A)(x",D)p(x,D)(eA)(x",D).

The following proposition is essentiallydue to Kajitani and Wakabayashi [3]

and Wakabayashi and Suzuki [81.

Proposition 2.1. Assume that there exist a neighborhood Uq of x°,

l＼,hih e R, ao > 0, No, so e R and xix') e Coc(^r) satisfyingx(x') = 1 wefifr0 so

thatfor any a > qq, N > Nq, s > sq there are constants do > 0 and C > 0 such that
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＼＼u＼＼h< C(＼＼pA(x,D)u＼＼h+ WuW,^ + ||(1-xH/3), (2.1)

for u e Cq-(Uq) ifO<S<So. Here we consider x(x') = I if r = 0. Then p(x,D) is

hypoellipticat x° namely, x°& singsupp u if ue 7/_x and x°& singsupp/?(x, D)u.

Proof. Let u e i/-x. Then there exists a constant s'e R such that u e Hs>.

Assume that x°^ singsupp/>(x, D)u. For simplicity we assume that r<n―＼.

Then there is a neighborhood U＼ = U[ x U" of x° such that

[/lCc UnUon{x=(x',x")eRn-＼x" -x°"＼< 1},

singsupp/7(x, D)wn U＼ = 0.

where /I a a B means that A is compact and included in the interior of B.

Choose a neighborhood U2 = U[ x t/2"of x°, ^(V) e ^(C//) and T2(x") e

C^C//') so that

C/2 c c {7,

Here we consider ^(x')

that

＼i(jc')= 1 in t/2',

T2(x") = 1 in C/2".

1 if r = 0. Then there is a positive constant e such

(p(x") = ＼x"
~ x°"＼>

2s for x" e U{'＼U?.

Fix t > s' and choose a > 0, jV, s e R so that a > an, N > No, s > sn and

{ 2as ―s>li+tn― 1 ―s',

t < l＼+ s ―as,

27V > ^-5' + max{/i - l,/2 +w,/3}

(2.2)

It follows from the symbol calculus that there exists a symbol q(x",Q

(= q(x",&d)) e C([0,1];5°) satisfying

(eA){x",D){e~A){x",D)q{x",D) - I e 5"°° uniformly in 8 e [0,1]. (2.3)

We have

p{x,D){*＼l(x')V2{x")u(x))

= *＼＼{xl)^2(x")p{x,D)u{x) + [p(x,D),^(xf)Hf2{x")]u(x), (2.4)

where ＼A,B] = AB - BA. Operating (<?-A)(x",D) to the both sides of (2.4) we
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PA(x,D)(e-*)(x",D)q(x",D)(Vl(xt)V2(x")u(x))

(e~A)(x'＼D)Wl(xf)V2(x'')p(x,D)u(x))

+ (e-A)(x",D)([p(x,D)^l(x>)W2(x")}u(x))

+ (e-A)(x",D)p(x,D)((eA)(x",D)e-A(x",D)q(x",D)-I)

x(W{(x')*＼2(x")u(x))

= fl +fl +/3-

Put vs = (e-A)(x":D)q{x",D)(*＼l(x')x＼2{x")u(x)). Then we have

pA(x,D)vd{x)=fl+f2+f3.

Since x＼＼(x')x＼2(x")p(x,D)u(x)e Hx,, there is a constant C such that

||/i||/2<C for 0<^<l.

Here and after the constants do not depend on S unless stated. By (2.3) we have

||/3||/2<C for 0<<5<l.

As for fz, we know that

[p(xiD),^l(xf)m2(x")]u(x)

= [p(x,D)^l(xl)}^2(xf'Hx)+Wl(x')[p(xJD)^2(x'')Hx)}

and

suppa([p(x,D),vei(x')]x＼2(x")) <= c={U[＼U[) x U'{ x J?"mod5-GC,

suppa(x＼l(x')[p(x,D),W2(x")}) cc[/,'x (U{'＼U2") x ^"modS-00.

In virtue of (A-3), we have

ueC00 in {U[＼U2') x C//'.

Therefore there exists a constant C such that

＼＼(e~A)(x",D)[p(x,D),x＼l(x/)}W2(x")u＼＼l2<C for 0 < 8 < 1.

For x" e U{'＼U2"

u-A(x≫,Oi< /^y-2^ for 0 < J < 1.
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Then by (2.2) we obtain, with some C > 0,

Wie-^ix^D^ix'M^D^iMM^ < C for 0 < <S< 1.

Therefore there is a constant C such that

||/2||/2<C for 0<<$<l.

Hence, we have

＼＼pA(x,D)vs＼＼l2<Cfor 0<S<＼.

Let ≫FeCox(C/o) satisfy

*F(x) = 1 in Ui.

＼＼pA(x,D)(W(x)vs(x))＼＼l2<C for 0 <S < 1.

If 0 < 8 < 1 then

x＼{x)v§{x)e Hsi_s+2N c ^max{/i-l,/2+w,/3}-

Therefore by using an inequality (2.1) with u = Wvs, we have

ll^ll/, < C(＼＼pA(x,D)Vvs＼＼l2+ ll^ll/^! + ||(1-/M)^ll/3)≫

for 0 < 3 < d0. Since ＼(x')*F(jt'>(;c) belongs to Cx in {jc'# 0}, we have

＼＼(1-x(x'))Vvd＼＼l3<Z C for0<(5<l

with some C > 0 We can find a constant C" so that

C||^||/l_1^^||^||/l + C"||i#||,,.

Then we obtain, with another constant C,

WWvsl^ <C for 0<S<d0.

Therefore, we have

＼vs＼＼h<C for 0<S<d0,

modifying C if necessary. This means that {vs} is bounded in a Hilbert space ///,.

So we can see that there exists a subsequence which converges weakly in Hiv

Therefore we have

v0 = (e-A°)(x",D)q(x"D:0)W1(x'W2(x")u(x)eHh.
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Let Ui(cz a U2) be a neighborhood of 0 satisfying

(p(x") < s for xe £/3.

Then

for xe(/3. Since {eA°)(x",D)v0 - W[(xf)x＼2{x")u(x) e Hrx, we have

u{x) eHt in C/3,

which implies that

x°^ singsupp m.

This completes the proof of Proposition 2.1. □

Next, we shall give the reduction as mentioned before. In addition to (A-3),

we assume that p{x,£) satisfies(A-0)-(A-2) and (A-4). Put

p(x,D) = <D>-w/2+V(x,D)<D>"w/2+I,

a2(x,£)= iO~m+1pm{xA),

fl,(x,a = (O"raVi(.v,a,

ao(x,£)

and

= (O-m+2Pm-i{xA) -＼
^(d^k(O-m/2+l)(dXjdXkPm(x^)KO-'n/2+l

+＼
n

E(

j,k=＼

d^O-nll+x){dX]dXkPm{x^WikiO-ml2+l)

a(x, £)= a2{x, f) + a＼(x,£)+ ao(x,£),

b{xA)=P{x^)-a{xA).

Then we have a(x,£)e S2, b(x,£)e S1"1 and

p(x, D) = a(x, D) + b(x, D).

Since <D> is elliptic,p(x, D) is hypoelliptic at 0 if p(x, D) is hypoelliptic at 0

By (A-4) there is a constant C such that

Rea(;t,£)><O~w+2

> <O"W+2{(1 - C'v)s(x^) - C'C/O"1"3}
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if v > 0 and x e U. We choose v > 0 so that C'v < 1/2. Then we have

Rea(x,£) > ＼{O~m+2s{x^) - C＼O~l-

By virtue of (A-l), we see that a(x1C) satisfiesthe following:

(A-l) There exist a neighborhood U of 0 and a constant C such that

Rea(x,f)> -C<O"' (* e 17).

By the definition of a(x,£), we have for ue C^-(U)

Re{a(x,D)u,u) = Re{(Dy-'n/2+]p{x,D)(Dym/2+lu,u) - Re(b(x,D)u,u)

= Re{p{x,D)(Dym/2+lu,(Dym/2+lu) - Re(b{x,D)u,u). (2.5)

Let U＼ be a neighborhood of 0 satisfying U＼a a U, and choose / g Q°(t/) so

that x{x) = 1 near C/j.Then for each s there exists Cs > 0 such that

||(i-zX^>~m/2+1^IL ^ Qll^ll-i for ≪ecox(t/i).

Assume that ≪eCox([/i), and put y = /<D>"'m/'2+1m. Then we have

Re(a(x,D)u,u) > Re{p{x,D)u,u)-Re(b(x,D)u,u) - CdlwH^ + ||ut/2_2)

^ col|u||L2-i- c'{h＼＼-＼/2+ IMIw/2-2)

^ylHlo2-^o||(l-/)</≫-'ll/2+1*/2-i-C/'|N|!1/2

^ ylkllo - co||"|_i/2

Therefore the following condition is satisfied:

(A-2) There exist a neighborhood U＼ of 0 and constants cq > 0 and Q such

that

Re(a(jc,!))≪,≪)> yN|o2-Co|M|!1/2 for ueC£{Ux).

By (A-3) we see that

(A-3) there exists a neighborhood U of 0 such that

a°(x,£)̂ 0 if x = {x',x") e U, ＼£＼= 1 and x' # 0,

where

<*?(*, 0 = ＼£＼-m+2pm{x,Z) for |f| >1



266 Nobuo Nakazawa

Next we consider (A-4). Let la +＼B＼= 2 and a' = 0. Then

(log<0)H^)(^)l<0H/?l

= (]og<o)|a|l^≪O-w+V^)(^^))KO-|/?l

v a!+
/-< aHa2!

a +a =a
a'>0

(log^))1"1!^1^)-^2!!^^^)!^)-^1

< v<O-M+2s(*,£) + c/O"1 + Ci(log<O)|a|v^(^)<O~M/2

+ c2(＼og<O)2＼pm(x,Z)KO-m

if v > 0, where C＼and Ci are some positiveconstants.Note that

<

<

Pm{xAKO-m+2XO-e(＼og(ot

-(Pm(x,mrm+2e + <o-2fi(iog<o)2H)

Uo-2£(iog<0)2H
+

^<0'2£(iog<0)2H

for e > 0. Let e = 1/3. Then we have

(iog<O)HvS^)<O-M/2 <
＼s(x,ZKO-m+2

+ c＼o-l/3.

Therefore for any v > 0 there are constants Cv and C'v such that

(iog<O)|a|l4w(^0KO-^ < vs(x^xo-m+2 + cv<O"1/3

<2vRea(x,£) + Cv:<O-1/3.

Similarly we can deal with (ii)in (A-4). Then we have the following:

(A-4) There is a constant Cv > 0 such that

(i) £ o°g<o)|B|i

|a|+|/?|=2
a'=0

4gj)(*,0I<O-^ < vRea(x,£) + CV<O"1/3

(2.6)
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£ (log<O)|a||Im^

|*|+|£|=i
a'=0

(*,0KO~^ < vRea(x,£) + CV<O~1/3

if x e U.

Therefore, in order to prove Theorem 1.2 it sufficesto show that p(x,D) is

hypoelliptic at 0 under (A-l)-(A-4).

We need a simple variant of the Fefferman-Phong inequality to prove

1'V*̂y-V**^-*-*-*I O

Proposition 2.2. Let q(x, <?)e S2 satisfy

|4?)(*,01 ^ QKO2-|a| far (x, 0 e i?" x R≪

Let U and U＼ be open setsin Rn satisfying U＼ cz c U. If q(x, Q > 0 for x e U,

then there exists a constant C = {{ , /?},U, U＼) such that

(q(x,D)u,u) > -C＼＼u＼＼lfor ueC*(Ux).

Proof. We choose a cut-off function /e C^(R") so that

X(x) = 1 in a neighborhood of U＼.

Then

{q(x,D)u,u) = (x(x)q{x,D)u,u) + ((1 - X(x))q(x,D)u,u)

(2.7)

Since /(x)^(x,£)> 0, we can apply the Feffemian-Phong inequality.So there

existsa constant C such that

(x(x)q(x,D)u,u) > -C＼＼u＼＼lfor ueCf(Ui).

On the other hand,

((1-*(*))*(*,/>)≪,≪)=0 for WeC(t/i),

since/= 1 in a neighborhood of U＼and we C^(U＼). Therefore we obtain the

estimate(2.7). □

3. Proof of Theorem 1.2

In this section,we shall show that p(x,D) is hypoellipticat 0 applying

Proposition 2.1.Put

pA{x,D) = {e-A){x＼D)~p{x,D){eA){x＼D).
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^"^Hia^Q+bixA))^"^

a(x,Z) + b(x,Z) + i{A,a}(x,Z)-

+

+

+

i(Hess
a)(-J7A)

1 "

2

S (A*/**A&
-A.v^,A,-,K(*,C>

j,k=r+l

1 w w

Z ,= 1 k=r+＼

＼E ^

/=r+l

AXj}a(x,Z)+ri(x,Z)

where a(x, ^b(x, Q = a(a(x,D)b(x, D))(x, i), {a,b}(x, Q = ZJ=iK(*> Z)b*j(*'0

―aXj(x,£)b{(x,£)}, (Hessa)(;c,£) stands for the Hessian matrix of a(x,Q,

(Hessa)(5z) =' Sz(1tle$$a)(x,£)Sz,Ha does the Hamilton vector field of A(x, £),

AXj.(*,£)= (d/dxj)A{x,£), AXjXk(x,£)= d2/(dxjdxk)A(x,Q and r,(x,^)ene>o^1+£-

Let

A = (Rea){x,D) + C0(D}~{,

where Q is the constant in (A-2). Let U and U＼ be neighborhoods of 0 which

appeared in (A-l)-(A-4). We may assume that U＼ a c U. Then by (A-2) we have

(Au,u)>
^＼＼u＼＼20for

ueCf(U{). (3.1)

Further, we have

Re(pA(x,D)u,u) > (Au,u) - C＼＼u＼＼2_l/4

l-J2
|(Op({A^Ax>2)tt,≪)|

j=r+l

1 " ^
yJ2

J2 ＼Op((A£AAx.
- AijXkA^)aXj)u,u)＼

Z /=1 k=r+＼

＼ J2
|Op((A^A^.

J,k=r+＼

K {A, Imfli} +

1

2

-A^AA-,W>,w)|

(Hessa)(-HA)
)

(Au,u) - C＼＼u＼＼2_l/4-l-h -＼h~＼h - h
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where Op(q) denotes the pseudo-differential operator with the Weyl symbol

As for /[, Schwarz' inequality shows that

＼(Au,v)＼< {Au,u)l/2(Av,v)l/2

for u,veC£{Ux). Let ueCf(Ui). Since {Air AXj} e S~2+s (e > 0), we obtain

n

h<Y, l(^,Op({A<y,A^)w| + C|M|!1/4

/=r+l

< C(Au,u)l/2＼＼u＼＼_l/4+ C＼＼u＼＼2_l/4.

Therefore for any v > 0 there is a constant Cv such that

I＼ < v(Au,u) + Cv j|w11_ i/4-

Next we estimate b. We can see that

and

Set

/2^CE E IIOpKO-'Re^lloHL,/.,

7=1 k=r+l

||Op≪0-1Reflv/>||o = (Op≪0"1Re≪,/)Op≪^r1ReaV/>,W)

c(x,£) = KO"1 Rea^OJUKO-1 Res(^.O)

We have

c(x,a = <O-2(Refl.V/.(x,0)2+ n(x,a,

where r＼(x,£)eS°. We choose a constant C so that

Rea(x^) + C(O~l >0 for x g 17,

that is, C is just the same appeared in (A-l). We write

c(x,£)= <O~2{(Rea(*,<0 + C<O-＼}2 + ri(x^)

Therefore

＼c(x,£)＼<:Cf(Rea(x,Z)+ ＼) (xeU).

(3.3)
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C'(Rea(x,£) + l)±c(x,Z)>0 {x e U)

Applying Proposition 2.2 we have

((C'Op(Rea) ± c(x,D))u,u) > -C＼＼u＼＼2Q

This shows that

＼(c(x,D)u,u)＼ < C'(Au,u) + C＼＼u＼＼20.

So we have

h < v({Au,u) + ||m||o)+ Cv＼＼u＼＼2_l/4.

As for h, we have

h < C
n

£

j,k=r+l

||Op(Re^>||0||u||_1/2

(3.4)

Let

c(x,Z) = (ReazJ(x,m{*eazJ(x,Z)).

Then

= {(Rea(x, 0 + C<O~%}2 + r'2(x,£),

where r2(jc,c^),̂ (x, ^) e 5° and the constant C is as in (A-l). Therefore we have

|c(*,OI<:C"(Rea(*,f) + l) (xe£/),

for some C This gives

/3<v((^,W) + ||M||02)+ Cv||W||^1/4. (3.5)

Choose ＼(0 e C^iR") so that

For 0 < v < 1 we put

9? (*,0 =
fvReafoO

+ CXO"1 ±
l{A,lma{}

±
^(Hessa)(-i/A)V(^)

where the sv satisfy 0 < ,yv< 1 and are determined later. By virtue of (A-4) we
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can choose Cv so that

q±(x,£)>0 (xeU).

Therefore we have

/ 3/2 ＼

!,!(=<)/ z＼＼ ^ /s＼2-|a| I r , r 3^
i

Sv
r" I

Now we choose sv so that Cvs?,< 1, -s?/2 < 1. Then
v

l^)a)(^e)|<c^<o2-|a|,

where C^p are independent of v. Therefore by Proposition 2.2 we have

(q±(x,D)u,u) > -C||m||o,

where C does not depend on v. Therefore

|(Op({A,Imfl,}+i(Hessa)(-JH'A))≪,≪)|

<v2 (Op(Rea)W, u) + vCv＼＼u＼＼-i/2+ vC||w||02+ CWuf^

Thus,

/4<v((^M,M) + |M|o2)+ cv||M||21/2.

Consequenyly, by (3.1)―(3.6)we have

Re(pA(x,D)u,u) >
^||m||o-C||M||21/4.

Schwarz' inequality gives

Re(pA(x,D)u,u) < C＼＼pA(x,D)u＼＼2+^＼＼u＼＼2.

Therefore in virtue of (3.7) and (3.8), there is a constant C such that

M＼o^C(＼＼pA(x,D)u＼＼o+ ＼＼u＼＼_,).

(3.6)

(3.7)

(3.8)

Applying Proposition 2.1 with x°e U＼, we see that p{x,D) is hypoelliptic at 0.

This completes the proof of Theorem 1.2. □

4. Remarks and Examples

In thissection we shall firststudy the conditions which we impose on p(x, £).

Finally we shall give several examples.
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Proposition 4.1. // (A-0), (A-1Y and (A-2V, then (A-l) and (A-2) hold.

Proof. It is obvious that (A-l) holds. Without loss of generality, we may

assume that

pm(0,£)=0 for |f| >1.

By using Taylor expansion and (A-2)', we have

Pm(x,£)
＼＼l-0)＼dtpm)(0x,Z)d0

Jo

Changing the variable x to y so that x ― vy where 0 < v < 1, we write

vv(y) = u(vy) for ueCq .

Let B be a unit ball centered at 0, /(*) e Cox(5) with /(x) = 1 in |x| < 2/3, and

choose 0 < vo < 1 so that vqB cz U, where U is a neighborhood of 0 in (A-l). For

v with 0 < v < vo we put

Pn,,vM)=x
(
j)Pm(x,Z)V(vt),

where T(^) is the symbol used in Section 3. Then

pmA,(x,D)u＼

Thus we have

tfvCv,*/) =Pm.v

(2n)

(2*r

qviy

Id

Id

Dy)Vv

N)
= x(y)p Jvy.f)

iv( y-y) ■£
** Pm, v

J(y-y)-nn

(y)

＼(//)

v-mx(y)pm(vy,r1)^(r1)

-m+3

|/?|=3 P-

(

(

v{y + y)
2

V(y + y)

2

(l-O)＼dZpm)(Ovy,ri)dP＼{ri),
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<7v(}V/) = vm 3qv{y,rj)

qv(y,ri)>0 for (y^) e R" x R≫

Further we have

＼^(y,rt)＼<cx.p<fi>m-^

where the C%_p are independent of v. Therefore by Proposition 2.2

{qv(y,Dy)vv,v,)> -C＼＼vv＼＼l/2-n

for 0 < v < vq if ue Cq{U) and vv(y)= u(vy). Then

(qv(y,Dy)vV7vv)= vm-3((pm,v(x,D)u＼x=vru(vy))

On the other hand,

Since

we have

= vm-l-" ((pimv(x,D)u,u) for ueC*(U).

I i|2 /^ ＼―n
I

INL/2-1 = (2tt) I

= (2*)-f

(271)-

＼A+ vW = v

<ri>m-2＼vv{n)＼2 dfl

<vOm-2＼vv(vZ)＼2vn d£

<vOlfI-2|fi(0|V"</f

(l + ＼i＼2)+72-l

(vOm-2<(2v)m-2UOm'2+(^:

If m < 2, then

Therefore we obtain

0
w/2-1

<vOm~2 < vm-＼Om~2

)

if m > 2.

273
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lklli/2-i <
<

y,m―l―ny/n―i
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(

II ||2
(l

WU＼＼ml2-＼+ ＼~2

v-"IMlJ

vm-2-"M＼2m/2-i

-

0 m/2-l

IMIo

]

if m > 2,

if m = 2

if m<2

Consequently, we have

(pm>v(x,D)u,u) > -vC＼＼u＼＼2m/2_x- Cv＼＼u＼＼2m/2_2.

Further, there exists a constant c > 0 such that

Re/^fof) + Repm-2{x,Z) > c＼Qm-＼

if x U and |^| > 1. Then there is a constant C such that

Re((pm-i +pm-2)(x,D)u,u) > c＼＼u＼＼2m/2_x- C'＼＼u＼＼2m/2_2

for u e C^'(U). Taking v so that vC < c/2, we have

Re(p(x,D)u,u) = m vO D)u,u) + (ov(x

M(-'@)
c

- 2
I II2 rI wIL/2-i "" cv

pm(x

IML/2-2

,Z))u,uJ

xA){＼-^{vQ)u,u

+ Re((p(x,D)-pm(x,D))u,u)

if u q° G->

since Op{x(x/v)pm(x^)(l-^M) and Op((l -X(x/v))pm(x,£) are in S"00.

Therefore we know that(A-2) holds with U replaced by v/2B. D

Proposition4.2. We assume that(A-0),(A-l)'and

(A-2)" thereexistsa neighborhood U of 0 such that

(i) Pmw(x, )=0 (|£|= 2),

(ii) lmpm_m(x,£) = 0 (|^|= l),

if xeU, ＼{＼>landpm(x,Z)=0.

Then we havefor any v > 0 thereis a constantCv such that

V ＼pmm(x,Q＼<O~2+ V ＼lmpm_m(xA)KO-X < vs(x,£)+ Cv(Om~＼
101=2

ifxeU

l/≫l=l
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Proof. Let

V = Ux,Z) e U x Sn-l;pm(x,£) = 0},

/(*,£)= J2 ＼Pm(fi)(x^)＼<O-2+J2 ＼1mpm_m(X'Z)＼<O-1

＼P＼=2 |/?|=1

where Sn~l denotes the (n ― 1)-dimensional unit sphere. Then

I{x, 0=0 in V.

Let v > 0 and Vv be a neighborhood of V in Rn x 51""1 satisfying

/(*,£) <vc for (x,£)eFv,

where

c = min Re/?w_2(x, ^) > 0.
xeU
1^1=1

Then there is a constant cv > 0 such that

pm{x,£) > cv for (x,0 e {U x ^"^VF,.

Therefore

/a*,^>(^i2)i£r-2,

if |<^|> 1, (*,f/|f|) e (C7 x S^^XKv. Hence we have

/(x,0 < v{pm(x, £)+ Re/7W_!(x, Ci + Re/?wl_2(jc,0),

if (jc,£/|f|)e t7 x ^"-^F,, and |<^≫ 1. This proves Proposition 4.2 □

Thus Proposition 4.1 and 4.2 imply that the operator L2 defined in Section 1

satisfies(A-0)-(A-4) if it satisfies(B-l) and (B-4). In particular, L2 is hypoelliptic

at 0 under the conditions (B-l) and (B-4).

Example 4.3. Let hk[x) gC* (1 < k < n) satisfy hk > 0 and

hm{x) = 0 if x e Rn, hk{x)=0 and ＼fi＼= 2.

We assume that there exist constants Ckj > 0 and my > 0 such that for any

k,j=l,...,n

hk(x) < CkMx)m*.
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k=＼

*)Zl + 1

Then, applying Theorem 1.2 and Proposition 4.2 we can see that p{x,D) is

hypoelliptic.

For a > 0 we put

Mt)

fexp

0

(

I'lV
(r#0),

(r = 0).

Example 4.4. Let n = 2 and a > 0. Put

Then/?(x, Z>) is hypoelliptic. Indeed, by Proposition 4.1 p(x,£) satisfies(A-0) with

m = 2, (A-l), (A-2) and (A-3) with r= 1. Note that

＼/M＼ ^ cVmD < c(fam＼3/2 + i^r3/2)

for |£|# 0. Therefore we have

/ato)(iog<o)2 + i/;(^)iiog<o

･

c*f(i +tf)1/2 < c'p(x,zko~] if |6I > |6

^(x^XO"1 + Q(jc,0<O"1/4 + c<O"1 if 161 < 161

This implies that p(x,£) satisfies(A-4).

Example 4.5. Let n ―2 and 0 < a < 2. Put

P(x^)=f(J(xl)el+x*e2 + i.

Let us prove that p(x,£) satisfies(A-0)-(A-4). It is obvious that p(x,£)

satisfies(A-0) with m = 2, (A-2) and (A-3) with r ― 1. Fix v > 0. Assume that

x/(log<O)2 ^ v- Then we have

v/ff(jc,)<O2> vexp(-v-ff/4(log<0)fj/2)<02

> v<^>2-^/4(1°g<≪≫ff/2"1

>V<O
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if <O > Qxp(v-a^2{2-a≫). This gives

x?(log<O)2 < vp(x,£)+ Cv(O~l if N < 1,

where Cv is a constant. Similarly, we have

v/ff(x,)<o2 > v<o2^"/3(log<or/"' > v<o

if ＼x＼＼log<^> > v and <O > exp(v~ff/(3~<J)).This gives, with some constant Cv,

|^|3log<^> < vp{x,£)+ Cv^)"1 if ＼Xl＼< 1.

Therefore ≫(x,<f)satisfies(A-4), and p(x,D) is hypoelliptic.

Example 4.6. Let n= 1 and Ce J?＼{0}.Then

p(x,D) = -x4d2x-C2.

does not satisfy(A-2). If we choose

(x#0)

(x = 0)

then for <p(x)e C£(if)

(p(x,D)ul(py = <(-x4d; - C2)u,<p}

= -<d2x(x4u) - &dx{x＼) + (12jc2 + C2)u,(p}

= <0,≪>.

Therefore

p(x,D)u = 0 in R'(R)

However u is not differentiableat x = 0, that is,

0 e singsupp u.

Hence, p(x, D) is not hypoelliptic at x = 0.

Example 4.7. Let C e C. Then

p(x,D) = -x2lA + C.

does not satisfy(A-4). Put

u(x) = (xi)i =
＼4 (*1 >

<

0)

0)
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where X = (1 + ＼/l+4C)/2 and we take a branch of >/l + AC satisfying

Re y/＼ +4C> 0. Since Re A > 1/2 > -1, we have

Therefore

Obviously,

Sincek(k-l)-C

X'dxj{{Xl)A+)

x2d2 u(x)

= A(A-l)(xi)i in g>＼R)

= A{A-l)u(x) in R'{Rn).

d2u{x) = 0 in R'(R)

= 0 we obtain

(2<j<n)

P(x,D)u = O in 9＼Rn).

On the other hand, we have

0 e smg supp u.

Hence, p(x, D) is not hypoelliptic at x = 0
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