
TSUKUBA J. MATH.
Vol. 23 No. 1 (1999), 37-54

EXISTENCE OF WEAK SOLUTIONS FOR A PARABOLIC

ELLIPTIC-HYPERBOLIC TRICOMI PROBLEM

By

John Michael Rassias

Abstract. It is well-known that the pioneer of mixed type boundary

value problems is F. G. Tricomi (1923) with his Tricomi equation:

yuxx + uyy ― 0. In this paper we consider the more general case of

above equation so that

Lu = Kx(y)uxx + {K2{y)uyy + ru = f

is hyperbolic-ellipticand parabolic, and then prove the existence of

weak solutions for the corresponding Tricomi problem by employing

the well-known a-b-c energy integral method to establish an a-priori

estimate. This result is interesting in fluid mechanics.

The Tricomi Problem

Consider the parabolic elliptic-hyperbolicequation

Lu = Ki(y)uxx + (K2(y)uyY + r(x,y)u = f{x, y), (*)

([2],[6]),in a bounded simply-connected domain D(<=*R2) with a piecewise-

smooth boundary G = 3D = g＼U^U^, where / =/(x, y) is continuous, r =

r(x,y) (< 0) and K＼ = K＼(y) are once-continuously differentiablefor xe [―1,1]

and y e [―m, M] with ―m = inf{y : (x, y) e D}, and M = sup{j : (x, y) e D},

and Ki(y) > 0 for y > 0, = 0 for y = 0, and < 0 for j; < 0. Also J£2= ^(^ is

twice-continuously differentiablein [―m,M], Ki(y) > 0 in D. Besides lirn^o K{y)

exists,if K ― K{y) = K＼(y)/K2(y) > 0 whenever y > 0, = 0 whenever y = 0, and

< 0 whenever v < 0.
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y

X

Finally g＼is "the ellipticarc (for y > 0)" connecting points A' = (―1,0) and

A = (1,0), #2 is "the hyperbolic characteristicarc (for y < 0)" connecting points

A = (1,0) and P = (0, ^): $' ^K{j)dt = -1 (e.g.if K＼ = y and K2 = 1, then

j;,= -(3/2)2/3s -1.31), <72(=PA): x = J0J>/=^(0*+ 1, and g3 is "the

hyperbolic characteristicarc (for y < 0)" connecting points
^4'=
(―1,0) and P =

(0,^): g3(=A'P): x = -＼> ^FW)dt - 1.

Denote "the ellipticsubregion of Z>" by De (= the space bounded by g＼and

^4'y4),
"the hyperbolic subregion of Z>" by D/, (= the space bounded by gj, $3 and

A^')? and "the parabolic arc of D" by

Dp(=A'A) = {{x,y)eD: -1<jc< 1,^ = 0}.

Note that the order of equation (*) does not degenerate on the line y = 0. But

(*) is parabolic for y = 0 because ATi(0) = 0 and A^(0) > 0 hold simultaneously.

Assume boundary condition

u = 0 on g＼U02- (**)

The Tricomi problem, or Problem (T) consists in finding a function u =

u(x, y) which satisfiesequation (*) in D and boundary condition (**) on g＼U#2

([4],[5],[7]).

Preliminaries. Denote a = (a 1,1x2)

(x, y) e %2, and p = (x,y) e 9?2, then

＼P＼= ≪P,P≫1/2-

ai, a2 > 0, |a| = o>＼+ olj. Also if p =

denote px = xaija2, (p,p} = xx+ yy,
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/>i=|;, D2=j-y, and (D*u)(p) = (D?D?u)(p)

for sufficientlysmooth functions u = u(p) : p = (x, y) e %2. Consider the adjoint

equation

L+w = Ki(y)wxx + (K2{y)wyy + r(x,y)w = f(x, y), [*]

([l]-[2],[6]),in D, where L+ is the formal adjoint operator of the formal operator

L and is L+ = L. (Note that equations for characteristics of (*) and [*] are

identical).In fact,

(K2(y)wyY = K2{y)wyy + K2{y)wy, and

thus

L+w = (K,(y)W)xx + (K2(y)w)yy - (K^(y)w)y + r(x, y)w

= Lw, because (K2(y)w)yy = {K2(y)wy)' + (J^(>0w)r

Note in general that if

2 2
Lu = ^2 aij{p)DiDjU+ ^2 at{p)DiU+ a(p)u, then

1,7=1 1=1

L+w =
2£

2
DiDj(au{p)w) - Y,Di(ai{p)w) + a(p)w

;=1

Assume adjoint boundary condition

w ― 0 on g＼U g-i

Denote

C2{D) = {u{p) ＼p=(x,y)eD(=D{JG): u = u{p)

is twice-continuously differentiablein D}

This space is complete normed space with norm

||≪||C2(m = max{＼Dau(p)＼ ＼peD: ＼a＼< 2}

[**]
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Also denote
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L＼D)

The norm of space L2(D) is

■

{
■
I
＼u(p)＼2dp< go

i

Qy/2＼u{p)＼2dpj

where p = (x, y), and dp = dxdy.

Besides denote

D(L) = {u e C2(D): u = 0 on gx U g2},

which is the domain of the formal operator L, and

D(L+) = {weC2{D): w = 0 on gx U g2}

which is the domain of the adjoint operator L+.

Finally denote

Wl{D) = {u |Dau{-) e L2(D), ＼a＼< 2}

which is the complete normed Sobolev space with norm

1Mb = IImIIr>2(d) ― HMI

or equivalently: ||u||2= (]P ＼＼Dau＼

|a|<2

|a|=2

＼l2(d))

r

Wi(D,bd)=D(L)H2,

which is the closure of domain D(L) with norm ||･||?,and

W*(D,bd+) =Whh

which is the closure of domain D{L+) with norm ||･||2,or equivalently:

W^{D,bd+) = {we W*{D): <Lu,w}0 = <h,Z,+w>0 for allue W^(D,bd)}

on the corresponding norms.

Definition. A function u = u(p) e L2{D) is a weak solutionof Problem

(T) if
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</≫o = <≪,L+w>o ([4](2),p.86-106)

holds for all we W*(D,bd+) ([4](2),p. 86-106).

Criterion ([1]). (i).A necessary and sufficientcondition for the existence of

a weak solution of Problem (T) is that the following a-priori estimate

IM|0 * C＼＼L+W＼＼0, (AP)

holds for all we W%(D,bd+), and for some C = const. >0 ([4](2),p. 86-106).

(ii).A sufficientcondition for the existence of a weak solution of Problem (T)

is that the following a-priori estimate

Hli * C||L+H|0, [AP]

holds for all we W＼{D,b(tr), and for some C = const. > 0.

Also note that both the Hahn-Banach Theorem and the Riesz Representation

Theorem would play ([4](2),p. 92-95) an important role in this paper if above

criterionwere not employed. For the justificationof the definitioncf weak solutions

we apply Green's theorem ([4](2),p. 95-98) and classicaltechniques in order to

show that / = Lu in D and u ―0 on a＼U gi-

A-Priori estimate ([^4-f])

We apply the a ―b ―c classical energy integral method and use adjoint

boundary condition [**]. Then claim that the a-prioriestimate [AP] holds for all

w e W2(D,bd+), and for some C = const. > 0.

In fact, we investigate

where

/+=2<M+h>,I+w>0 =

with choices:

+

1

2

[[ 2M+wL+wdxdy

M+w = a+(x, y)w + b+(x, y)wx + c+(x, y)wy in D

and b+ x ― c＼ in D, and c+ =

where c＼― 1 + cq, and Co, C2- are positive constants.

for y > 0

for y < 0'

(1)

(2)
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Consider the ordinary identities:

2aK{wwxx = {2aKYwwx)x - 2aK＼w＼- {axK＼w＼)x+ axxK＼w2,

2aK2wwyy = (23^2^)3, - 2aK2w2y - {(aK2)yw2)y + {aK2)yyw2,

2hKxwxwxx = (bKiw2x)x - bxKxw2x,

2bK2wxwyy = {2bK2wxwy)y - {bK2w2y)x + bxK2w2 - 2(6*2)^^,

2cKxwywxx = (2cK＼wxwy)x - {cK＼w2x)y+ {cK＼)yw2x- 2K{cxwxwy,

2cK2wywyy = {cK2w2)y - (cK2)ywj,

2arww ― 2arw2, 2brwwx ―{brw2)x ―{br)xw2,

2crwwy = (crw2)y ―(cr)yw2, 2atwwy = (atw2)y ―(at)yw2,

2btwxwy = 2btwxwy, 2ctwywy = 2ctw2

where t (= coefficientof wy in L+w), or

t = K[{y). (3)

Then employing above identitiesand Green's theorem, and settingt―K^y)

we obtain from (1) and [*] that

/+ = 2{a+w + b+wx + c+wy)[K＼(y)wxx + K2{y)wyy + rw + twy]dxdy

= IS+Iig + I2g + Iig, (4)

where

and

hG

ii (A+

Ka =

w2x+ B+w2y + C+w2 + 2D+wxwy) dxdy,

{2a+w(Kiwxv＼ + K2wyv2)} ds,

{-[Kmtvi + {a+K2)v2} + [(b+vl+c+v2)r] + [(a+v2)t]}w2ds,

n
G
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c+
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A+ = -2a+Kx - bJtf ,+(*+*!),

B+ = -2a+K2 + b+K2 - (c+K2)y + 2c+t,

= [2a+r + K,aix + (a+K2)yy) - [(h+r)x + (c+r)y] - [(a+t)y],

D+ = -[Kxc+X + (b+K2)y - b+t], and

i+ = (b+vi - c+v2)Ku B+ = (-b+vi + c+v2)K2,

D+ = b+K2v2 + c+Kxv＼, where

v= (vi,v2)=
(*!.

＼ds Is)
(ds > 0)

43

(5)

is the outer unit normal vector on the boundary G of the mixed domain D.

Note thatIn D,y > 0 (if a+ = -1/2, b+ = x - cu c+ = y + c2):

A+ = KX - (ft) + ((y + c2)K1)y = Kx + (y + cz)^,',

B+=K2 + (K2) - ((y + c2)K2)y+ 2(y + c2)t= K2 + (y + c2)K^

c+

[

r

±K≫]-[{(x-Cl)r)x
+ ((y + c2)r)y]-＼

[3r + (x - ci)rx + (y + c2)ry], and

D+ = -[((x-cl)K2)-(x-cl)t]

1

2

= -[(x-cl)Ki-{x-cl)KH=O,

because from (3): t = K^y).

Similarly in D,y < 0 (if a+ = -1/2, b+ = x - ch c+ = c2):

A+=Kl-(K1) + (ciKti^aKl,

B+=K2 + (K2) - (c2K2)y + 2c2t = 2K2 + c2K^

c+

[

r

[2r

H [((x-Cl)r)x + {c2r)y]-＼

+ (x-ci)rx + c2

D+ = -

because from (3): t ―K[{y)

ry] and

{((x-cl)K2)-(x-cl)t}=0

1

2

kA

kA
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Therefore

where Q =

and

n
D
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^+wj + .g+w^ + 2D+wxw^ = Q(ux,Uy),

Ko
J J D,y>0

Q(wx, wy) dxdy, or

f f
[(*i + (y + c2)K[)w2x + (K2 + (y + c2)Ki)w2y] dxdy,

JJD,y>0

n
D

Vd

IL.

n
Q(wx,wy)dxdy, or

D,y<0

＼{c2K[)w2x+ (2K2 + c2Ki)w2y]dxdy,

≪-J

JJD,y>0

In, = <

"

I!

, JJD,y<0

On G: claim that

In fact,

C+w2dxdy, or

Jd

[3r + (x - c＼)rx+ (y + cz)^]^2 ixJy

[2r + (x ― c＼)rx+ C2ry]w2 dxdy.

nG > o-

KigxUgj)= ~ {w(KiWxVi + K2WyV2)} ds = 0
J01U33

because w = 0 on gi U #3 from [**]

Also that

In fact, on g2i

7i = ~ {w(KiwxV! + K2wyv2)} ds > 0.

J92

dx = V―Kdy, or V2

because dx = ―vjds and dy = vi ds from (5)

= _>/=Xvi,

(6)

(6),

(6)2

(6)3

(7)

(7)i

(7)2
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dw
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= wx dx + wy dy ―(―wxv2+ wyv＼)ds

= (wxV^K + wy)vids (with K = ^1/^2)

= v^ ""*

K＼wx ― ^J―KiKiWy

―J―KiKi

vi ds

K＼wxvi +K2wyv2 .
= . ― as (because: Kivy

―y―js.1A2
= -J-KiKiVi)

{Kxwxv＼ + K2wyv2) ds＼

Therefore from (7)

= ―＼J―K＼Kidw.

3
and by integration by parts we get that

because w = 0 at the end-points of $2 (as w ―0 on gi and w = 0 on #3)

But

<fy= vi ds > 0 on 02.

Thus

Iig2=A＼ r-7rjrw dy>0

45

(7)3

(7)4

from condition [R＼b],completing the proof of (7)2 and thus of (7) (from (7)!).

Claim now that

I+G > 0. (8)

In fact,

tujj)
~

because w

ij^2J+[(6+v1+C+v2>-]+[ iAjJWds,
or

hfg^gi) -
f
{[(6+v1+c+v2≫2}Js = 0

0 on g＼U 03 from [**] and t = K'2 from (3)

(8),
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Also that
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42 =
J { [^2]

+ [((*- ci)vi+ c2v2)r]+
[- i^v2] Xw2ds,

or

T2g2=1 it(x - c0vi + C2V2]r}w2ds > 0,

J92

from condition [R＼a]and the fact that (x - ci)vi + C2V2 < 0 on g2 (as on ^2

0, v2 < 0 and x-c＼= Joyy/-K(t) dt - c0 < 0) completing the proof of (8)

Claim then that

'3+G=
|
Q+(wx,Wy)ds>0,

JG

where

Q+{wx, wy) = A+w2x + B+w2y + 2D+wxwy

is quadratic form with respect to wx, and wy on G.

In fact, note that on gt (if a+ = -1/2, b+ = x - c＼,c+ = y + ci):

A+ = [(x - ci)v, -{y + c2)v2]Ku B+ = [-(x - ci)vi + (y + c2)v2]K2,

D+ = (x- cx)K2v2 + (y + c2)KlVl.

From adjoint boundary condition [**] we get

0
= dw＼ =wxdx + wy dy, or

wx = N+vu wy = N+v2,

where N+ = normalizing factor.

& =

Jg＼

Q+(wx,wy)ds

Therefore

f
(7V+)2[(x-ci)v1 + (j; + c2)v2]/f^,

where

H = Klv2l+K2vj (>0 on gx).

It is clearfrom (10)-(10a) and condition[R2] that

4> =
f
(^)2[(* -ci)dy-(y + ci)dx]H > 0.

(8)2

: vi >

where

(9)

(9a)

(10)

(10a)

(10b)
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Similarly on g3 (if a+ = -1/2, b+

>i, =
J
e+K, wy)ds

J#3

= x-a, c+ = c2):

(N+)2[{x - ci)vi + c2v2]Hds, or

because

(N+)2[(x -ci)dy-c2 dx]H = 0,

H = 0 on 03,

as g3 is characteristic.

Finally claim that on g2 (if a+ = -1/2, 6+ = x - c＼,c+ = C2)

^=
f
G+K,w,)^>o.

In fact, Q+

because of

47

(11)

(lla)

Q+{wx,wy) is non-negative definiteon g2. It is clear that

A+ = [(x - ci)vi - c2v2}Ki > 0 on g2,

(x-ci)＼ =＼ y/-K(t)dt-co<O on g2
Jo

dy

ds
02

V2 = ―＼/―Kv＼on 02> and

>0, v2
dx

~~~ds

of condition

[(X - Ci)vi - C2V2]＼g2=

<o, *ilw<o,

91

[R6]. In fact,

[(1^*-*) + v/r^c2 vi

ay , , ＼
y/-K{t) dt + c2V-K - co vi > 0 on g2
o /

from condition [R(,].Therefore

Oy . . ＼
y/-K(t) dt + c2V^K - co IviK＼ > 0 on g2

o /

Also

B+

B+ = [-{x - ci)vi + c2V2}K2, or

(r
y/-K(t)dt + c2yf^K - Co)vxK2 > 0 on fl2

(12)

(12a)

(12b)
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because of condition [Re], vi| > 0, Ki＼ > 0, and of above facts. Note that

Besides

A+ = (-K)B+ on g2

D+ = (jc- c＼)K2v2 + c2K＼ v＼, or

^+ = I
~
( r
^~K^dt

~
coj^v^K + c2Ki~＼vj

D+ = -y/-KiK2(＼ y/-K(t) dt + c2yf^K - cA vx

[12a]

or

because

Note that

on g2

-Ki/Kj^/^K^V^K and K2V^K = ＼f-KxK2.

D+ = V^KB+ on g2,

because yJ―K＼K2 = ＼f-KKj.

Finally from [12a] and [12c], we get

A+B+ - {D+)2 = 0 on g2.

Therefore the quadratic form Q+ is

Q+ = Q+(wx, wy) = (V^Kwx + wy)2(B+) > 0 on g2, or

Q+ds

'L

= -iv^Kwx +^)2(

Wy)2

iy
/ /―

＼
y/-K{t) dt + c2v-K - Co )K2 dy, or
Jo /

(Iy
y/-K{t) dt + c2V^K -c0JK2dy>0,

(12c)

[12c]

[12d]

[12]

because of condition [Re], dy(= v＼ds)＼gi> 0, and Ki > 0 on §2, completing the

proof of (12).

Therefore

4 = Kg + I2G + I3G> 0F (13)
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+ {[(^~ci)vi +c2v2}r}w2ds
hi

+
f
{N+)2{{x-cl)dy-{y + c2)dx＼H

J02

(V^KWX + Wy)2

But on g2(: dx = y/―Kdy)

[(x-ci)vi +c2v2]ds =

Thus

Jgi

( r
y/-K{i)dt + c2V^K - c0 JK2 dy.

(x ― c＼)dy - C2 dx = ＼(x- c＼)- C2V-K] dy

(J
yTx(fydt - c2^K - co^ dy (< 0)

(N+)2[(x-cl)dy-(y + c2)dx}H

u i (KiK2y4 4 ^-KiK2
(v^Kwx + wy)2

+ r(J V/=^Wdt - c2V^ - co)
1

( r
y/-K{t) dt + c2＼fZK - cAKA

＼dy>0,

49

(14)

(14a)

(15)

where H = K＼v＼+ K2v＼(> 0 ong＼), and N+ ―normalizing factor: wx = N+v＼,

Wy = N~v2 (on 0i).

Note from (15) that the two conditions ([i^ia]―[i?i*])could be replaced by the

following condition [Ri] on g2:

[Ri] : (KiK2)' + Ar^-KXK2
( T
y/-K{t) dt - c2^K - co＼>0

Similarly

/+
_ /+

I T+ Ar
JD ~ ID,y>0 "T"ID,y<Qi Or

(16)

(17)
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It
J J D,y>0

+ (
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{-(3r +{x- ci)rx+ (y + c2)ry)w2

Kx + (y + C2)K[)w2x + (K2 + (y + c2)K^)w2v} dxdy

+JI
{-(2r+ {x- c＼)rx+ c2ry)w2

D,v<0

+ {c2K[)w2x+ {2K2 + C2KQw$} dxdy.

It is clearnow from (4),(15),and (18) that

j ―iD -t-iG > iD,

/ia2+-b2>2＼abl fi> 0.

But from (1) we get

2M+wL+w = 2a+wL+w + 2b+wxL+w + 2c+wyL+w

Therefore from (1),(20) and (21) we find

J+ <

<

<
.

2＼M+wL+w＼ dxdy

{2＼a+w＼ ＼L+w＼ + 2＼b+wx＼ ＼L+w＼ + 2＼c+wy＼ ＼L+w＼} dxdy

w)2+-

+
L(C+HV)2

+

"<-＼

(L+w)2] +
L(b+wx)2+±-

jW

T+(w,wx,wy) dxdy +
JD

where jut= const. > Q(z

Denote

1,2,3), and

> dxdy, or

(L+w)2]

(-
+ - + -)[[ (L+w)2dxdy,

T+(w, wx,wy) = M^+)2w2 + Mb+)2M2 + fi,{c+)＼wy)2

C, = */- + - + - (>0)
V Mi Mi Mi

(18)

(19)

(20)

(21)

(22)

(23)
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Thus from (19) and (22)-(23) we get

It < J+ <

n-

L T+(w, wx, wy) dxdy + Cf＼＼L+w＼＼l or

jj
T+(w,wx,wy)dxdy < CfHZ+HIo2

Therefore from (2), (18) and (24) we find

JJD,y>0 [
(3r + (x - cx)rx + (y + c2)ry) + -^ w2

+ [(Kl + {y + c2)Kl)-ii2(x-cl)2}w2x

+ {(K2 + (y + c2)K>) -fi3(y + c2)2]w2y

+1L.{

+ ＼{C2K[)

}

dxdy

(2r + (x - c＼)rx+ c2ry) + -fiY w2

- ju2{x - Cl)2}w2x

+ [(2K2 + c2K^-ju3(c2)2}w2y

< cHl+w＼＼1

But

HI?

Thus from (25)-(26)

> dxdy

+
)(w2
+ w

J D,y>0 JJD,y<0/

i + wj)dxdy.

and conditions ([i?3J-[i?4]-[i?5])we get

r2 HI? < CfUL+wHo2,

HI? < C2＼＼L+w＼＼20

or

51

(24)

(25)

(26)

with C = C＼/Ci = const. > 0, completing the proof of the a-prioriestimate [AP]

Note that

c2 min(Sn,S2i,S3i) + min(Si2,S22,S32) (> 0), (27)
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dy = const. > 0 (i = 1,2,3;7 = 1,2) in conditions ([^3]-[i?4]-[^5]).

Therefore by above Criterion ([1])the following Existence Theorem holds.

Existence Theorem

Consider Problem (T) with parabolic elliptic-hyperbolicequation:

Lu = Ki(y)uxx + (K2(y)uyY + r{x,y)u = f(x, y),

and boundary condition: w = 0 on g＼＼Jg2-Also consider the simply-connected

domain D(cz5l2) bounded by a piecewise-smooth boundary G = 3D = g＼＼Jg2U

^3: curve g＼ (for y > 0) connecting A'= (-1,0) and ,4 = (1,0), and charac-

teristics02, 03 (for j < 0) such that g2: x = $ y/―K(t)dt + 1, 03: * = - J^

y/-K{t)dt - 1, and J£= ATi/A^ : lim^^o^l^) exists,̂ i(j) > 0 whenever y > 0,

= 0 whenever j> = 0, and < 0 whenever y < 0, as well as is^Cy) > 0 in D.

Assume conditions:

[R

[*3]

{

[Ria]: r < 0 on g2,

[Rib]: (KM)' >0 on g2,

[Ric]: A/ >0(i= 1,2) in D,

2]: (x ― c＼)dy ― (y + c2)dx > 0: "star-likedness" on g＼

4(3r +{x- d)rx + {y + c2)ry)+ ^ < - 4SU < 0

4(2r + (x - c＼)rx+ c2ry)+ px < - ASn < 0

[*4]

[*5]

KX + (y + c2)K[ - ^{x -cx)2> S2l > 0

c2K{ - ju2(x - c＼)2> 822 > 0

K2 + (y + c2)K'2- ^{y + c2)2 > S3l > 0

2K2 + c2K;-fi3(c2)2>332>0

for y > 0

for y < 0,

for y > 0

for v < 0,

for y > 0

for v < 0,

where dy are positive constants (/ = 1,2,3; j = 1,2), and

[Ra]: ＼/-K{t) dt + c2^J-K(y) - c0 < 0 on g2,
Jo

where Kt{i = 1,2), r, and / are sufficientlysmooth, and c＼= ＼+ cq, and c$, c2

and H: (i― 1,2,3) are positive constants.



Existence of Weak solutions for a Parabolic

Then there existsa weak solutionof Problem (T) in D

Special case: In D take

Kx = y and K2 = y - kyp(> 0), where k ― constant > 2 and

yp = constant (< 0)

yP
■/(

[y≫I t
a r―dt = -l(yp < t < 0), or equivalently
Jo y ?~kyp

Vk- 1 -k tan"1

1

VF^T

V
<0) for k > 2.
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Then conditions [Rib],[R4], [Rs] and [R&] hold on y ―0 and in general in D.

Note that substituting J-t/{t - kyp) ― <p,one gets that

where

I frSi/'=ky'tan" i-j=w,+y/-*>-w<

(1+P2)2
^tairV-Y-p-j + c.

Note that conditions ([RiJ-LRiJ) could be substituted by condition [R＼](16)

Open: If r = 0, then (25) does not yield existence of weak solution.
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