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A SHORT INTERVALS RESULT FOR 2a-TWIN PRIMES IN
ARITHMETIC PROGRESSIONS

By
M. B. S. LAPORTA

1. Introduction

In 1937 1. M. Vinogradov [11] proved that for every sufficiently large odd
integer N the equation

(1) N=p +p,+p;

has solutions in prime numbers p, p,, p;. Vinogradov’s estimate for linear
trigonometric sums over primes enabled Chudakov, Estermann and Van der
Corput (for example, see [1]) to prove in 1937 that almost all even integers 2n can
be written as a sum of two primes (Goldbach’s problem):

(2) 2n = p; + p,.

The arguments used in the proof of (2) show that a similar result holds for the
2n-twin primes problem (for example, see [3]):

(3) 2n=pi =Py

Zulauf [12], [13] obtained asymptotic formulas for the number of the prime
solutions of the equations (1) and (2) with p, =/(modk), (I,k) = 1. Zulauf’s
formulas hold uniformly for k < L?, where L =logN and D > 0 is some fixed
constant. Recently Tolev [9] established the following result. Let us consider
integers k,/ such that (k,/) =1 and denote

Jri(N) = Z log p, log p, log ps.
p1+partp3=N
p1=I(mod k)

Then, for every 4 > 0 there exists B = B(A4) > 0 such that

4
@ 2, max

k<+/NL-B

Joi(N) - g (V)

« N2L4.
2¢(k)
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In [9] the main tool is the Hardy—Littlewood circle method. Tolev applied the
Bombieri—Vinogradov theorem to estimate the contribution of the major arcs
and some arguments belonging to Mikawa to treat the minor arcs.

In 1992, using a variant of Linnik’s dispersion method, Mikawa [4] proved
the following result on 2a-twin primes in arithmetic progressions, that is on the
equation (3), with p, =17 (modk), (k) =1.

Let

S° A(m)A(h) — H(N,k,2n), if 2n+1k)=1
mh<N

m—h=2n
h =1 (modk)

S AmAh), otherwise
mh<N

m—h=2n
h =1(mod k)

(5)  E(N,k,1,2n) =

where A is von Mangoldt’s function and

n) p— 1\ N —|2n]
HN. K, 2n) 2[,I>Iz( 1))1,%(‘0—2) p(k)
p>2

Then, for every 4 > 0 there exists B = B(A4) > 0 such that

(6) > max Y |E(N,k[2m)| « N’L74,

k<VNL-B (L=l 4 e N

where the implied constant depends only on A4.

Arguing in a standard way, it is easy to see that (4) is implied by (6). In this
paper we establish a short intervals result for the equation (3) with p, =/
(modk), ({,k) = 1, by following the method of [9] and combining some argu-
ments of [5] and [7] in order to treat the minor arcs. More precisely, let

I, (2n) = Z log p; log p,
pa<2n
P1—p2=2n
p1 =1 (modk)
1 p—-1 .
211~ 3 [{—=), f@2n—->1Lk =1
S i(2n) =< »>2 (p—1)7%) pc\P—2
' p>2
0, otherwise.

Our result is the following:
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THEOREM 1. Let A >0, 0 < & < 2/3 be arbitrary constants and let N'/3+¢ <
H < N. There exists a constant B= B(A) > 0 such that

2. a2

k<A (N) N<2m<N+H

2n

Ik,1(2n) - (P(k)

Sk.1(2n)| « HNL™™,

where A (N) = min(HL™24-% /NL-5).

The implied constant depends only on 4 and e.
Now let us denote

2n
&= max I 1(2n) — —= &4 1(2n)|,
ks;(N) =1y conen 1 p(k)
I;,(2n) = I /(2n,N, Y) = Z log p, log ps,
P1—p2=2n
N<p<N+Y
1259 4
p1 =1l (modk)
P'2m)=P'(2n,N,Y)= > 1
my—my=2n
N<m <N+Y
my<Y

If Y=N and N<2n<N+H we have I} ,(2n) =1 /(2n) + O(HL/k), for
(I,k) =1, and P*(2n) = 2n+ O(H). Moreover, since S ;(2n) « log’ L (see (22)
below), then, for Y = N, we see that

P*(2n)

11:1(2}1) - (D(k)

Sk,,(Zn) + H*L?.

§ < z max Z
(1, k)=1
k<X (N) N<2n<N+H

Hence Theorem 1 will be implied by the following:

THEOREM 2. Let A > 0,0 <e<2/5 7/12 < 8 <1 be arbitrary constants and
let Y=NO Y3 <H < Y. There exist some positive constants 6,B = B(A)
such that
P*(2n)

1121(2”) ———2G(2n)| « HYL ™,

max > o)

N<2n<N+H

k< () ¢
where A (Y) = min(HL™?4~% s (Y)) and
YN-12L-B if3/5+e<O<1,

H(Y)=H (Y, A¢e0) = s
YN/ if 7/12 < 0.
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Here the implied constant depends only on A, & for 3/5+¢< 6 <1, while it
depends on A4, ¢, J and 0 for 7/12 < 6. The values of s#(Y) are due to the short
intervals version of the Bombieri-Vinogradov theorem (see [8]) we use to estimate
the contribution of the major arcs. Note that #'(Y) = #(Y), whenever 6 < 3/4.

The author is very grateful to H. Mikawa for his invaluable help in the
treatment of the minor arcs and to D. I. Tolev for useful and interesting dis-
cussions. He would like also to thank the referee for careful reading of the
manuscript.

2. Notation

Let N be a sufficiently large integer and ¢ > 0 be a sufficiently small real
number. Let 4 >0 be an arbitrary constant and B= A4+ 5C + 68 with C =
3/e(84 +47). Suppose that K is a positive real number such that K < #'(Y).

The lowercase letter p, with or without subscript, will always denote prime
numbers. Let (m,n) denote the greatest common divisor and let [m, n] denote the
least common multiple of m and n. We shall use the convention that a con-
gruence, m = n (mod k), will be written as m = n (k). As usual pu(n) is Mobius’
function, ¢(n) is Euler’s function and 7(n) denotes the number of positive divisors
of n. Moreover e(x) = exp(2nix) and ||B|| is the distance of the real number f
from the nearest integer.

Let ¢ denote a positive real constant, which will not be necessarily the same
in all instances. For example, this convention allows us to write

(logx)e_c log x « efc\/logx.
We denote

g-1 1 1
E=1 U (94A a4 >, major arcs,
9<Q a=0
(a.q)=1

1 1 .
E, = <__71 __>\E1, minor arcs,
T T

Sei(@) =Y (logple(ap), S(x) =Y (logp)e(-ap),

N<p<N+Y p<Y
p=l(k)
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M(a) = Z e(am), M,(x)= Z e(om),

N<m<N+Y m<Y
r—Xx
A(x, y,h) = logp ———|.
(r.y,h)= max =max X;r ogp q)(h)‘
p=m(h)

3. Outline of the Proof of Theorem 2

We have

1-1/7

If (2n) = J Sk (0)S(@)e(—2nm) do = 1)(2n) + 11 (2n),

-1/t
where
I,Ef),(Zn):J Sk.i(0)S(a)e(—2na)y da, i=1,2.
. B

Consequently, if we denote

P*(2n)
(7) — max I,\,*‘,(zn) — *6&/(2?1) s
=k F)=1 N<2§'V+H o(k)
then
(8> ET < &+ &,
where
P*(2n)
9) & = max 1) en) - 222, (2n)],
i<k HR=1 N<2§N+H ' p(k)
(10) &) = max Z |],£2,) (2n)].

k<k BO=V Nl
Theorem 2 will follow from (7)-(10) and from the inequalities

(11) &\« HYL™, &, « HYL™.

4. The Estimate of &,

It is clear that

q
(12) B =375 "hila,q),

4<Q a=1

205
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where

1/(g7) a a y

(13) Ik,l(aaq)zj Skvl(ﬂ+a)S<—+a)e(‘2n<—+1))doc.
~1/(g7) q q q

Let us consider Sy (a/q+ o) for a,q,« satisfying

(14) <0, (a,q)=1, Mg%

For (k,I) =1, arguing as in [9], we have

(15) Sk1 (g + oc) = ;"d](caq]q)) M(%) + O(Q*LA),

where

Under the condition (14) we see that

a, N _H9 s o(YeoVE
(16) S<q+o¢) i Mol=a) + OV )

(see [10], Lemma 3.1).
Formulas (15), (16) and the trivial estimate

Sk,l(g+ oc)
q

YL
&« —

k

imply that

_,u_(q_) Ck,I(aaq) _ nfl_ —a)e(—
= o) w([k,qne( ? q>M(“)M”( et
0 Y2 —cVL YQZL
+C<76 L) HO( v(q) A>

Therefore, from (13) we find
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feilera) = i %4— 2”_“> J‘/’F M (o) M,(—ot)e(—2nat) do

—1/qt

L0 (; e‘”‘/z> +0(g20%L?A).

Hence
q 1/q7
. #(q)bx,1(g, ZH)J
17 I (a,q) = ——+F77"— M(a)M,(—a)e(—2na) da
(17) ; k,1(a; q) o )o@ )1/ (o) Mo (—a)e( )
+0 -gefﬁ> + 0 Q*L*A),
where

q
br.1(q,2n) Z ( 2nq)

Now we show that by ;(¢,2nr) is a multiplicative function of g. Let us suppose
that ¢ = g1492, with (q1,42) = 1. Then, writing a = a,q; + a19> and m = myq; +
miq,, we have

(18) bk,/(q,zn):i ’Zq:* ( )(2}13)

m=1{(k,q))
L, /=2 il e
_ e( n(axq + alq2)> Z e((aqu + alqz)m)
a=1 a=1 9192 o 9192
m=l1((k,q142))
LI -2 <~2na1> (-2na2>
= e e
a=1 ay=1 q1 92

qi 92
* * am am
YN o))
m|:1 m2=l ql q2
myqi+mig2 =1 ((k,q1)(k, q2))

'ZI i ( 2na1> ( 2na2> 4, e<a1m1q2>

ap= laz 1 q2

q2
% Z * e<azm2‘h)

m2=l qz
myqy =1 ((k,q2))

mgq:
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Al N -2 qr N 9 « -2
_ e( na1> Z e<a1m1>z e< naz)
a=1 q1 m=1 q1 q2

a2=1

mi =1 ((k,q1))
92
* amy
) Z e( q )

m2:1
my=1((k.q2))

= br.1(q1,2n)by 1(q2,2n).
Moreover, let us suppose that ¢ = p is a prime. Then we have
1 if pJ2nk,
IL—p if pkk, pl2n,
-1 if plk, pA2n—1,
p—1 if plk, p|2n— 1L

(19) bi,i(p,2n) =

In fact, if ptk then ¢ ;(a,p) =—1 and

p-1 1 if pyan
—2na P )
bi.i(p,2n) = Z ( )Z{ .

1—p if p|2n.

If plk then ¢ (a, p) = e(al/p) and

= _ -1 ifpkn—1,
Y X R

paas p—1 if p2n—1

Consequently, from (18) and (19) we see that

|1(q)bi.1(g,2n)| < p(q)

Since

1/gqr
}lq/ M(a)M,(—o)e(—2na) do = P*(2n) + O(q7),
from (12), (17) and ¢((k,q))¢([k,q]) = p(k)p(q) we write

(1) (9 = £7C20) 5~ @i 1(4,2m)9((4,K) | (o (Y T
(20) I ;(2n) o (k) ‘Z:Q (0((])2 +C<k >

+c0(%2(k q ) +(ﬂ( Lzzq1A>

g<Q 9<0Q
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Now observe that I;,(2n) < L* whenever (2n—/,k) > 1. Hence, by the
definition of & ;(2n), the contribution of 2n’s such that (2n—/[,k) > 1 to &*
is « A (Y)HL?, which is admissible for (11). Consequently, we will assume that
(2n—1,k) = 1. From (19), we get

O
1) ¥ #@)bi.1(g,2n)p((q, k Y Pbk,z(q,fn)l
Q<g9<Q (0(61) dlk QESkq)Ssz 9(q)
q,K)=

_ f:d}bk,l(d, )| by, 2n)]

b} 2
qlk 9(d) 01/d<q<Q,/d o(q)
(g:k)=1

_ Z ZD: |bk1(h, 2n)] < 1

2
dlk p(d H2n o(h) 01/dh<q<Qy/dh o(q)

g

()

(hk)=1 (<q12k)):11
q,2n)=
d 1 (dh )
< E — min 11,
T o(d)? ,,2]2: o(h) o’
(h,k)=1

using the elementary inequality
1
Z~—2 «Z L
z9(9)
Hence

+oc

9)br.1(q,2n)p((q,k))
g o(q)°

is absolutely convergent for (2n —/,k) = 1. Moreover, from (21) we see that

(22) Z,u bk,q,2n (( k)) « k 2n

log L « log’ L.
P o(q) o(k) p(2n)

By Euler’s identity ([2], Th. 286) and by (19) we find

(23) *f:u(q)bk,/(q, 2n)p((q,k))

@)’ = Ck(2n), if 2n—1k)=1.
g=1 @

Since Y « P*(2n) « Y, from (20) and (23) we write
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1) (2n) = P*(2n)

Si(2m) |(q)bx,1(g, 2n) |9 ((g, k)
(k) ( ng v(9)’ )

+ @(%e‘fﬁ> +0 (T,f Z(k q)) +0 (Q“L2 Z q'1A> :

9<@Q 90

Then we obtain

(24) & « YLZ) + HtLE, + HQ*L?Sy + HYe VL,

B 1 |u(q)bx.1(q, 2n)|p((g, k))
=) ZEM 2 o(q)’ 7

N<2n<N+H k<K (2n=T k)= 1q>Q

=y Y &9

k<K g<Q

X3 = Z Z q_lA(N, Y? {kaq])'

k<K ¢<Q

Let us estimate Z;. From (21) we have

1. (dn
25 m= > > < ngd) mem(a,l)

N<m<N+H k<K dlk 2n

(h,k)=1
1 d 1 (dh >
< - —— min I 1
1; k dz\k(/’(d) h<;rH o(h) Q’ N<2n<N+H
(h,k)=1 2n=0(h)
1
«< HQ™ —
kg;( %k: ¢(d) h<ZQ/d o(h)

“HY 2> >

k<K '~ dk ¢(d) Q/d<h<N+H h(p(

2

«< HQ™ ILZ Z—f

2y « HQ™'L? Z _(17« HO'L*,
& k<K
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where we have used the elementary inequality

Z % «log?Z.

k<Z

For the sum X, we get

(26) 22<<Zdz o

d<Q k<K g<0
(k,q)=d
1 2
<<dz Z % Z I«QLZE«QL
<Q k<K/d " q<Q/d d<Q

Now we estimate Xs:

(27) I3= Y w(WA(N,Y,h), with (k)= Z Y g
h<QK k<K [qu
k,ql=h

It is easy to see that w(h) « L?. Using the short intervals version of Bombieri—
Vinogradov’s theorem given by the Corollary in [8], from (27) and the definitions
of K and Q, we obtain

(28) T3 « YQLS3,
By (24), (25), (26), (28), the definitions of Q, 7 and B we find
& <« HYL™.

5. The Estimate of &,

Clearly, for every k < K there exist an integer /; such that (/,k) =1 and

w-y ¥

k<K N<2n<N+H

J S(a) Sk, (0)e(—2na) do
E;

We use Cauchy’s inequality to get

29) &2 (Z)(Zk

k<K k<K N<2n<N+H

J S(a)Sk, 1, (0)e(—2na) da
E,

)

By the well-known estimates Z e(ha) « min(U, ||oc||"1) and ab « a® + b?
V<h<V+U

< HLY, say.

we have
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2
(30) 2=> k

k<K N<2n<N+H

J S(0) Sk 1, (2)e(—2na) do
E,

< Y k[ [ 196)80005(@)S0 (@) min 7,

k<k ‘EBIE

1
—— _Vdad
ilé—all) xde

, ' i
<>k i (IS () k.1, (&)1* + |Sk,1k(a)S(§)|2)m1n<H,M) dadé

k<K JE, JE

<> k [ |Sk,,k(¢)5(a)|2min(f1,”?i—a1—l) dadé

k<k ‘E2JE

1/2
<> ksz 1S(a)|? (J |Sk.1, (2 + 77)|* min (H,ﬁ) dn> do.

k<K -1/2

Let us denote

we(h)= ) logplogp
N<p1,pp<N+Y
pi=pr=Iy (k)
pr—pa=h
and observe that
(31) wi(h) <« L*(Y/k +1).

Then we write

ISk e+ mI =" wi(h)e((x+n)h).

W<y
K|k

Hence from (30), (31) and the estimate
1/2 H
J e(hn) min( ) dn « min (logH )
12 Al

1/2

we obtain

(78S Zkak J |e(hoc)dJ

k<K |h<Y
klh

e(hn) min (H, %l) dn

1/2

H
KYL> + YL? in| log H,—
<« + Z mm( ogH, 7 )

0<h<Y

l IS (o) |*e(hot) dot
JE,

=
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Now we write

(33) > min (logH, %{)

O<h<Y

> 1
k<K
klh

J 1S(a) e (o) da
E

« Z Z r(h)min(logH,L)

l<r<Y/H r—1<h/H<r r—1

JE 1S() e (ht) dix

« L max 7(h)
0<t<y
t<h<t+H

J 1S(a)|e(hat) dox
E;

<<Lorsntaéxy( Z 1:(h)2 Z

t<h<t+H t<h<t+H

J 1S(2) e(hor) da
E,

2) 1/2
by Cauchy’s inequality.
Arguing as in §5 of (7] (see the definition of the constant C ) we have that

2
(34) < Hy?[-#4-11,

J 1S() Pe(hot) da

2

t<h<t+H

Moreover, we see that

max Z t(h)? « max Z t(h)? + max Z w(h)*

OSISYz<hst+H 0S[$Ht<hst+H HS[SYKthH
2 2
S 7(h)” + max E 7(h)
h<2H Hst<Y o hn

Hence, using the estimate

Z t(d)* « Zlog* Z
<z

for the first sum and Lemma 1 in [6] for the second one, we get

2 3
(35) Jmax Z (h)” <« HL’.
I<h<t+H

The second inequality of (I11) follows from (29) and (32)—(35), provided K «
HL=2476_ Theorem 2 is completely proved.
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