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NUMERICAL APPROXIMATION OF WEAK SOLUTIONS

FOR BOUNDARY VALUE PROBLEMS
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Reiko Sakamoto

Introduction

There are a lot of existence theorems for boundary value problems relating to

linear partial di¤erential equations. Although formulations of boundary value

problems are di¤erent according to types of di¤erential operators such as elliptic,

parabolic, hyperbolic etc., their methods of proof seem very similar. The most

popular method is to use Riesz’ Theorem in a Hilbert space, based on energy

estimates. On the other hand, methods of numerical approximation of solutions

seem strictly combined with some positive forms (e.g. [1]). Since Riesz’ Theorem

is highly abstract, it seems that there is a very long distance between existence of

solutions and approximation of solutions. Our aim in this paper is to see that the

method of approximation is just behind Riesz’ Theorem.

In this paper, weak solutions are defined by using supplementary functions,

which play essential role for approximation of solutions. Existence of weak solu-

tions is proved by using Riesz’ Theorem, based on weak energy estimates on the

adjoint problems. The essence of this idea is found in [2], [3], etc. Concerning to

approximation, the trigonometrical functions are used as basis functions. It is the

most remarkable point that basis functions can be chosen without any consider-

ation of domains or boundary conditions.

Our problem is as follows. Let W be a bounded open set in Rn. Let G be

the boundary of W, which is a finite sum of smooth surfaces, i.e. G ¼ 6
1eieh

Gi,

where Gi is a smooth manifold of dimension n� 1. Let us consider a boundary

value problem:

Au ¼ f in W;

B
ðiÞ
j u ¼ 0 on Gi ð j ¼ 1; . . . ; bðiÞ; i ¼ 1; . . . ; hÞ;

(
ðPÞ
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where fA;BðiÞ
j g are linear partial di¤erential operators, f is a given function of

L2ðWÞ, and u is an unknown function of L2ðWÞ.
The following Assumption(A) is assumed throughout this paper.

Assumption(A). 1) Let x A Gi1 V � � � VGig and x B Gigþ1
U � � � UGih , then there

exists UðxÞ (: a neighbourhood of x) such that

FðUðxÞÞ ¼ V ðF;F�1: smoothÞ;

FðWVUðxÞÞ ¼ fy A V j y1 > 0; y2 > 0; . . . ; yg > 0g;

FðGi1 VUðxÞÞ ¼ fy A V j y1 ¼ 0; y2 > 0; . . . ; yg > 0g;

FðGi2 VUðxÞÞ ¼ fy A V j y1 > 0; y2 ¼ 0; y3 > 0; . . . ; yg > 0g;

� � � � � � � � �

FðGig VUðxÞÞ ¼ fy A V j y1 > 0; . . . ; yg ¼ 0g;

where V ¼ fy A Rn j jyj < 1g. We say that x A G is a g-ple point of G ð1e ge nÞ,
if x A Gi1 V � � � VGig and x B Gigþ1

U � � � UGih .

2) A ¼ Aðx;DxÞ is a linear partial di¤erential operator of order m with

smooth coe‰cients. Let A0ðx;DxÞ be the principal part of A. We assume that

jA0ðx; nðiÞðxÞÞj > c ð>0Þ ðx A GiÞ, where nðiÞðxÞ is the unit exterior normal vector

at x A Gi.

3) B
ðiÞ
j ¼ B

ðiÞ
j ðx;DxÞ is a linear partial di¤erential operator of order m

ðiÞ
j

ð0em
ðiÞ
j em� 1Þ defined near Gi with smooth coe‰cients. Let B

ðiÞ
j0 ðx;DxÞ be the

principal part of B
ðiÞ
j . We assume that jBðiÞ

j0 ðx; nðiÞðxÞÞj > c ð>0Þ ðx A GiÞ and

m
ðiÞ
j 0m

ðiÞ
k ð j0 kÞ.

We use notations:

k � k ¼ k � kL2ðWÞ; ð� ; �Þ ¼ ð� ; �ÞL2ðWÞ;

k � ks ¼ k � kH sðWÞ; ð� ; �Þs ¼ ð� ; �ÞH sðWÞ;

h � iðiÞ ¼ k � kL2ðGiÞ; h� ; �iðiÞ ¼ ð� ; �ÞL2ðGiÞ;

h � iðiÞ;s ¼ k � kH sðGiÞ; h� ; �iðiÞ;s ¼ ð� ; �ÞH sðGiÞ;

where s is a non-negative integer, in general. But h � iðiÞ;s and h� ; �iðiÞ;s may be

used for fractional s, in case when Gi is closed.
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§ 1. Existence of Weak Solutions

Let

Aðx;DxÞ ¼
X
jnjem

anðxÞDn
x ðDxj ¼ i�1qxj Þ;

and

A�ðx;DxÞ ¼
X
jnjem

Dn
xanðxÞ:

Let fmðiÞ
j ð j ¼ bðiÞ þ 1; . . . ;mÞg be defined such as

fmðiÞ
j ð j ¼ 1; 2; . . . ; bðiÞÞgU fmðiÞ

j ð j ¼ bðiÞ þ 1; . . . ;mÞg ¼ f0; 1; . . . ;m� 1g;

and define

B
ðiÞ
j ðx;DxÞ ¼ ðd=dnðiÞÞm

ðiÞ
j ð j ¼ bðiÞ þ 1; . . . ;mÞ:

Corresponding to fBðiÞ
j ðx;DxÞ ð j ¼ 1; . . . ;mÞg, as is well known, there exist

partial di¤erential operators fB 0ðiÞ
j ðx;DxÞð j ¼ 1; . . . ;mÞg near Gi of orders fm 0ðiÞ

j ¼
m� 1 �m

ðiÞ
j ð j ¼ 1; . . . ;mÞg such that it follows.

Lemma 1.1. Suppose that u; f A L2ðWÞ satisfy Au ¼ f in W ðdis:Þ. Then

B
ðiÞ
j u A D 0ðGiÞ and it holds

ð f ; vÞ � ðu;A�vÞ ¼
X

1e jem

hBðiÞ
j u;B

0ðiÞ
j viðiÞðGÞ

for any v A CyðWÞ, satisfying supp½v�VG ¼ supp½v�VGi, where h ; iðiÞ is interpreted

as the duality of D 0ðGiÞ and DðGiÞ, where B
ðiÞ
j u denotes B

ðiÞ
j ujGi .

Now we define the adjoint problem (P 0) corresponding to (P) by

A�v ¼ g in W;

B
0ðiÞ
j v ¼ g

ðiÞ
j on Gi ð j ¼ bðiÞ þ 1; . . . ;m; i ¼ 1; . . . ; hÞ;

(
ðP 0Þ

and we assume

kvk2
eC kA�vk2 þ

Xh

i¼1

Xm
j¼bðiÞþ1

hB 0ðiÞ
j vi2

ðiÞ;sij

8<
:

9=
; ðEv A HMðWÞÞ;ðE 0Þ

where M ¼ max
i; j

ðm;m
0ðiÞ
j þ sij þ 1Þ.
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Let H be a Hilbert space defined by the completion of HMðWÞ with respect

to the norm

jjvjj2 ¼ kA�vk2 þ
Xh

i¼1

Xm
j¼bðiÞþ1

hB 0ðiÞ
j vi2

ðiÞ;sij :

Inner product of H is defined by

[w; v] ¼ ðA�w;A�vÞ þ
Xh

i¼1

Xm
j¼bðiÞþ1

hB 0ðiÞ
j w;B

0ðiÞ
j viðiÞ;sij :

Remark. Energy estimate (E 0) means that

kvkeCjjvjj ðEv A HÞ:

Our reasoning depends on the following well known theorem.

Riesz’ Theorem. Let l½v� be a continuous anti-linear functional on H. Then

there exists w A H such that

l½v� ¼ [w; v]

and

jjwjj ¼ sup
v AH

jl½v�j
jjvjj :

We call w a Riesz’ function of l½v�.

Let f A L2ðWÞ, then we have

jð f ; vÞje k f k kvkeCk f k jjvjj ðEv A HÞ;

therefore l½v� ¼ ð f ; vÞ defines a continuous anti-linear functional on H. Owing to

Riesz’ Theorem, there exists w A H such that

ð f ; vÞ ¼ [w; v] ðEv A HÞ; jjwjjeCk f k:

It means that

ð f ; vÞ ¼ ðA�w;A�vÞ þ
Xh

i¼1

Xm
j¼bðiÞþ1

hB 0ðiÞ
j w;B

0ðiÞ
j viðiÞ;sij ðEv A HÞ:

Set u ¼ A�w, then

ð f ; vÞ � ðu;A�vÞ ¼
Xh

i¼1

Xm
j¼bðiÞþ1

hB 0ðiÞ
j w;B

0ðiÞ
j viðiÞ;sij ðEv A HÞ:
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Lemma 1.2. Suppose that

ð f ; vÞ � ðu;A�vÞ ¼
Xh
i¼1

Xm
j¼bðiÞþ1

hB 0ðiÞ
j w;B

0ðiÞ
j viðiÞ;sij ðEv A HÞ

holds. Then

1) ð f ; fÞ � ðu;A�fÞ ¼ 0 ðEf A DðWÞÞ, that is, Au ¼ f in W (dis.),

2) hBðiÞ
j u; fiðiÞ ¼ 0 ðEf A DðGiÞÞ, that is, B

ðiÞ
j u ¼ 0 on Gi (dis.) ð j ¼ 1; . . . ; bðiÞÞ.

Proof. 1) is obvious. 2) Set Cy
i ðWÞ ¼ fv A CyðWÞ j supp½v�VG ¼ supp½v�V

Gig, then

ð f ; vÞ � ðu;A�vÞ ¼
Xm

j¼bðiÞþ1

hB 0ðiÞ
j w;B

0ðiÞ
j viðiÞ;sij ðEv A Cy

i ðWÞÞ

holds. On the other hand, we have

ð f ; vÞ � ðu;A�vÞ ¼
X

1e jem

hBðiÞ
j u;B

0ðiÞ
j viðiÞ ðEv A CyðWÞÞ

from (G). Hence we have

Xm
j¼1

hBðiÞ
j u;B

0ðiÞ
j viðiÞ ¼

Xm
j¼bðiÞþ1

hB 0ðiÞ
j w;B

0ðiÞ
j viðiÞ;sij ðEv A Cy

i ðWÞÞ;

which means B
ðiÞ
j u ¼ 0 on Gi (dis.) ð j ¼ 1; . . . ; bðiÞÞ. r

We say that u A L2ðWÞ is a weak solution of (P), if

Au ¼ f in W ðdis:Þ;
B

ðiÞ
j u ¼ 0 on Gi ðdis:Þ ð j ¼ 1; . . . ; bðiÞ; i ¼ 1; . . . ; hÞ

(

is satisfied. We say that u A L2ðWÞ is a H-weak solution of (P), if u ¼ A�w, where

w A H satisfies

[w; v] ¼ ð f ; vÞ ðEv A HÞ:

We call w a supplementary function of H-weak solution of (P). A supplemen-

tary function of H-weak solution of (P) is a Riesz’ function of l½�� ¼ ð f ; �Þ. As is

shown above, H-weak solution of (P) is a weak solution of (P). Here we have

Theorem I. Assume (E 0). Then for any f A L2ðWÞ, there exists a unique

H-weak solution u A L2ðWÞ of (P) and it holds

kukeCk f k;

where C is independent of f.
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Let us consider of a generalization of Theorem I. Let m be a natural number

and let us consider a solution u A L2ðWÞ for f A ðH mðWÞÞ0, where ðH mðWÞÞ0 is the

dual space of H mðWÞ with dual norm

k f k�m ¼ sup
v AH mðWÞ

jð f ; vÞj
kvkm

;

where ð� ; �Þ is interpreted as the duality of ðH mðWÞÞ0 and H mðWÞ. If we assume

kvk2
m eC kA�vk2 þ

Xh

i¼1

Xm
j¼bðiÞþ1

hB 0ðiÞ
j vi2

ðiÞ;sij

8<
:

9=
; ðEv A HMðWÞÞ;ðE 0Þm

instead of (E 0), then it holds

kvkm eCjjvjj ðEv A HMðWÞÞ;

therefore, for f A ðH mðWÞÞ0, we have

jð f ; vÞje k f k�mkvkm eCk f k�mjjvjj ðEv A HÞ:

Hence, as in the above, there exists w A H such that

ð f ; vÞ ¼ [w; v] ðEv A HÞ; jjwjjeCk f k�m;

owing to Riesz’ Theorem. Here we have

Theorem II. Assume (E 0)m. Then for any f A ðH mðWÞÞ0, there exists a unique

H-weak solution u A L2ðWÞ of (P) and it holds

kukeCk f k�m:

Example 1. Let W be a bounded open set in R2, bounded by two closed

curves G1 and G2 without any intersection. Let us consider

DU ¼ 0 in W;

U ¼ f on G1;

ðd=dnÞU ¼ 0 on G2;

8<
:ðPÞ

where D ¼ q2
x þ q2

y . Choose F such that

F ¼ f on G1; F ¼ 0 near G2;

and set

u ¼ U �F; f ¼ �DF;
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then (P) is reduced to

Du ¼ f in W;

u ¼ 0 on G1;

ðd=dnÞu ¼ 0 on G2:

8<
:ðPÞ

The adjoint problem of (P) is

Dv ¼ g in W;

v ¼ g1 on G1;

ðd=dnÞv ¼ g2 on G2:

8<
:ðP 0Þ

Since we know the energy inequality for (P 0):

kvk2 eCfkDvk þ hvið1Þ;3=2 þ hðd=dnÞvið2Þ;1=2g ðEv A H 2ðWÞÞ;

we may define H as the completion of H 2ðWÞ by the norm:

jjvjj2 ¼ kDvk2 þ hvi2
ð1Þ;3=2 þ hðd=dnÞvi2

ð2Þ;1=2:

Example 2. Let o be a bounded open set in R2 with smooth boundary qo. Set

W ¼ ð0;TÞ � o; G0 ¼ ð0;TÞ � qo; G1 ¼ ft ¼ 0g � o; G2 ¼ ft ¼ Tg � o;

and consider

ðq2
t � DÞU ¼ 0 in W;

U ¼ 0 on G0;

U ¼ f0 and qtU ¼ f1 on G1;

8><
>:ðPÞ

where D ¼ q2
x þ q2

y , and f0 ¼ f1 ¼ 0 on qG1. Set

F ¼ f0 þ tf1; u ¼ U �F; f ¼ DF;

then ðPÞ is reduced to

ðq2
t � DÞu ¼ f in W;

u ¼ 0 on G0;

u ¼ qtu ¼ 0 on G1;

8<
:ðPÞ

The adjoint problem of (P) is

ðq2
t � DÞv ¼ g in W;

v ¼ g0 on G0;

v ¼ g1; qtv ¼ g2 on G2:

8<
:ðP 0Þ
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Since we know the energy inequality for (P 0):

kvk1 eCfkðq2
t � DÞvk þ hvið0Þ;1 þ hvið2Þ;1 þ hqtvið2Þ;0g ðEv A H 2ðWÞÞ;

we may define H as the completion of H 2ðWÞ by the norm:

jjvjj2 ¼ kðq2
t � DÞvk2 þ hvi2

ð0Þ;1 þ hvi2
ð2Þ;1 þ hqtvi

2
ð2Þ;0:

§ 2. Approximation of Weak Solutions

Lemma 2.1. Suppose that diamðWÞ < ap. Set

W 0 ¼
Yn
j¼1

ðx0
j � ap; x0

j þ apÞ

for fixed x0 A W. Then WHW 0 and there exists a continuous linear map Lk from

HkðWÞ to HkðW 0Þ such that

ðLkwÞðxÞ ¼ wðxÞ in W; supp½Lkw�HW 0:

Proof. Since WHW 0, we can choose d ð>0Þ such that

WHWd HW 0;

where Wd is the d-neighbourhood of W. From Assumption(A-1), there exist

xð1Þ; . . . ; xðJÞ A G and their neighbourhoods U1; . . . ;UJ such that

GH 6
J

j¼1

Uj; diamðUjÞ < d;

FjðUjÞ ¼ V ; FjðUj VWÞ ¼ V VSj;

where Sj ¼ fy A Rn j y1 > 0; . . . ; ygj > 0g, where xð jÞ is a gj-ple point of G. Let

fb jðxÞg be smooth functions such that

supp½b jðxÞ�HUj ð j ¼ 1; . . . ; JÞ;
XJ
j¼1

b jðxÞ
2 ¼ 1 near G;

and

b0ðxÞ ¼
1 �

PJ
j¼1

b jðxÞ
2 ðx A WÞ;

0 ðx A WcÞ:

8><
>:
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Let w A HkðWÞ, then

wðxÞ ¼
XJ
j¼1

b jðxÞ
2
wðxÞ þ b0ðxÞwðxÞ ðx A WÞ:

Set

WjðyÞ ¼
ðb jðxÞwÞðF�1

j ðyÞÞ ðy A V VSjÞ;
0 ðy A V c VSjÞ;

(

then

kWjkHkðSjÞ eCkkwkHkðWÞ:

Let fc1; . . . ; ckg be defined by

Xk

s¼1

csð�sÞr ¼ 1 ðr ¼ 0; 1; . . . ; k � 1Þ:

Set

W
ð1Þ
j ðyÞ ¼

WjðyÞ ðy1 > 0Þ;

Pk
s¼1

csWjð�sy1; y2; . . . ; ynÞ ðy1 < 0Þ;

8>><
>>:

W
ð2Þ
j ðyÞ ¼

W
ð1Þ
j ðyÞ ðy2 > 0Þ;

Pk
s¼1

csW
ð1Þ
j ðy1;�sy2; y3; . . . ; ynÞ ðy2 < 0Þ;

8>><
>>:

. . . . . . . . . . . . : ;

and set

W@
j ðyÞ ¼ W

ðgjÞ
j ðyÞ:

Then we have

W@
j ðyÞ ¼ WjðyÞ ðy A SjÞ; supp½W@

j ðyÞ�HV ;

and

kW@
j kHkðRnÞ eCkkWjkHkðSjÞ:

Finally, set

w@ðxÞ ¼
XJ
j¼1

b jðxÞW@
j ðFjðxÞÞ þ b0ðxÞwðxÞ;
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then we have

supp½w@�HWd; w@ðxÞ ¼ wðxÞ ðx A WÞ;

and

kw@kHkðWdÞ eCkkwkHkðWÞ:

Hence we have a continuous linear map: w ! w@ from HkðWÞ to HkðW 0Þ. r

The following Lemma is well known in the theory of Fourier series.

Lemma 2.2. Let w A HkðW 0Þ with supp½w�HW0. Set

Ca ¼ ð2apÞ�nðw; expðia�1 a � xÞÞ ða ¼ ða1; . . . ; anÞ A ZnÞ;

then

kwk2
H kðW 0Þ ¼

X
jnjek

kDnwk2
L2ðW 0Þ:

¼ ð2apÞn
X
a AZn

X
jnjek

ða�1aÞ2n

8<
:

9=
;jCaj2

and

wðxÞ ¼
X
a AZn

Ca expðia�1 a � xÞ in H kðW 0Þ;

that is, X
jajeN

Caða�1aÞn expðia�1 a � xÞ ! Dn
xw in L2ðW 0Þðjnje kÞ

as N ! y.

From Lemma 2.1 and Lemma 2.2, we have

Lemma 2.3. Suppose that diamðWÞ < ap and w A HMðWÞ. Then there exists

fCa j a ¼ ða1; . . . ; anÞ A Zng

such that

c1kwkHM ðWÞ e
X
a AZn

ð1 þ jajÞ2M jCaj2 e c2kwkHM ðWÞ
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and

wðxÞ ¼
X
a AZn

Ca expðia�1 a � xÞ in HMðWÞ:

Therefore, set

wNðxÞ ¼
X
jajeN

Ca expðia�1 a � xÞ ðx A WÞ;

then it holds

wN ! w in H as N ! y:

Proof. Let w A HMðWÞ, and set w@ ¼ LMw A HMðW 0Þ, where LM is in

Lemma 2.1. Let us apply Lemma 2.2 to w@, then there exist fCag such thatX
a AZn

ð1 þ jajÞ2M jCaj2 eCkw@kHM ðW 0Þ eC 0kwkHM ðWÞ

and

w@ðxÞ ¼
X
a AZn

Ca expðia�1 a � xÞ in HMðW 0Þ:

Set

w@
N ðxÞ ¼

X
jajeN

Ca expðia�1 a � xÞ; wN ¼ w@
N jW;

then

kwN � wkHM ðWÞ e kw@
N � w@kHM ðW 0Þ ! 0 ðas N ! yÞ;

therefore

jjwN � wjj ! 0 ðas N ! yÞ: r

Now we say that V ¼ fvi A H ði ¼ 1; 2; . . .Þg is a set of basis functions of H,

if sp V (: the linear space spaned by V ) is dense in H. Since HMðWÞ is dense in

H, we have from Lemma 2.3.

Proposition 2.1. Let diamðWÞ < ap. Then

V ¼ fexpðia�1 a � xÞ j a ¼ ða1; . . . ; anÞ A Zng

is a set of basis functions of H.
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Hereafter we assume that V ¼ fv1; v2; . . . :g is a set of basis functions of H.

Let fv̂v1; v̂v2; . . . :; v̂vNg be an ortho-normalization of fv1; v2; . . . ; vNg in H, and set

v̂v1

..

.

v̂vN

0
B@

1
CA ¼ SN

v1

..

.

vN

0
B@

1
CA; SN ¼ ðsijÞi; j¼1;...;N :

As is well known, we have

Lemma 2.4. For w A H, set

wðNÞ ¼
XN
k¼1

[w; v̂vk]v̂vk:

Then it holds

jjwðNÞ � wjje jjz� wjj

for any z A spfv1; . . . ; vNg.

Lemma 2.5. For w A H, set

wðNÞ ¼
XN
k¼1

[w; v̂vk]v̂vk:

Then it is represented by

wðNÞ ¼ ð[w; v1]; . . . ; [w; vN ]ÞK�1
N

v1

..

.

vN

0
B@

1
CA;

where

KN ¼ ð[vj ; vk]Þj;k¼1;...;N :

Proof. It is clear that

wðNÞ ¼ ð[w; v1]; . . . ; [w; vN ]ÞS �
NSN

v1

..

.

vN

0
B@

1
CA:

On the other hand, we have

[v̂vi; v̂vj] ¼
XN
p¼1

sipvp;
XN
q¼1

sjqvq

" #
¼

XN
p;q¼1

sip[vp; vq]sjq;
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that is,

ð[v̂vi; v̂vj]Þi; j¼1;...;N ¼ SNKNS
�
N ;

that is, S �
NSN ¼ K�1

N . r

Proposition 2.2. Suppose that w is a supplementary function of H-weak

solution of (P). Then it holds

wðNÞ ¼ ðð f ; v1Þ; . . . ; ð f ; vNÞÞK�1
N

v1

..

.

vN

0
B@

1
CA ! w in H ðas N ! yÞ:

Proof. Let w A H. Since sp V is dense in H, there exist Nð jÞ and

wj A spfv1; . . . ; vNð jÞg such that jjwj � wjj < 1=j, for any positive integer j. Set

wðNÞ ¼ ð[w; v1]; . . . ; [w; vN ]ÞK�1
N

v1

..

.

vN

0
B@

1
CA;

then we have from Lemma 2.4

jjwðNÞ � wjje jjwj � wjj ðENfNð jÞÞ:

Therefore we have

jjwðNÞ � wjj ! 0 ðN ! yÞ:

On the other hand, since w is a supplementary function of H-weak solution of

(P), we have

[w; v] ¼ ð f ; vÞ ðEv A HÞ

therefore

[w; vk] ¼ ð f ; vkÞ ðk ¼ 1; 2; . . .Þ:

Hence we have

wðNÞ ¼ ðð f ; v1Þ; . . . ; ð f ; vNÞÞK�1
N

v1

..

.

vN

0
B@

1
CA: r
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Let wðNÞ be the one defined in Proposition 2.2 and set uðNÞ ¼ A�wðNÞ, then we

have

kuðNÞ � uk ¼ kA�wðNÞ � A�wke jjwðNÞ � wjj ! 0 ðas N ! yÞ

from the definition of the norm of H. Hence we have

Theorem III. Suppose that u is a H-weak solution of (P). Set

uðNÞ ¼ ðð f ; v1Þ; . . . ; ð f ; vNÞÞK�1
N

A�v1

..

.

A�vN

0
B@

1
CA;

where KN ¼ ð[vi; vj ]Þi; j¼1;...;N . Then it holds that

kuðNÞ � uk ! 0 ðas N ! yÞ:

§ 3. Variational Problems

Let us consider of a variational problem, relating to a continuous anti-linear

functional l½v� on H. Namely, define a quadratic functional on H:

J½v� ¼ jjvjj2 � 2 Re l½v�;

and the variational problem of J½v� in H is to seek a stationary function w A H

such that

J½w� ¼ min
v AH

J½v�:

Since

J½wþ v� � J½w� ¼ 2 Ref[w; v]� l½v�g þ jjvjj2;

w satisfies

J½wþ v� � J½w�f 0 ðEv A HÞ

i¤

[w; v]� l½v� ¼ 0 ðEv A HÞ:

Here we have

Lemma 3.1. w A H is a Riesz’ function of l½v� in H, i.e.

[w; v] ¼ l½v� ðEv A HÞ;
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i¤ w is a stationary function of the variational problem of J½v�, i.e.

J½w� ¼ min
v AH

J½v�:

Moreover,

jjwjj2 ¼ sup
v AH

jl½v�j
jjvjj

� �2

¼ �min
v AH

J½v�:

Set HN ¼ spfv1; . . . ; vNg, then we have

Lemma 3.2. wðNÞ A HN is a Riesz’ function of l½v� in HN , i.e.

[wðNÞ; v] ¼ l½v� ðEv A HNÞ;

i¤ wðNÞ is a stationary function of the variational problem of J½v� in HN , i.e.

J½wðNÞ� ¼ min
v AHN

J½v�:

Moreover,

jjwðNÞjj2 ¼ sup
v AHN

jl½v�j
jjvjj

( )2

¼ � min
v AHN

J½v�:

From Lemma 3.1 and Lemma 3.2, we have

Theorem IV. The supplementary function w of H-weak solution of the

problem(P) is a stationary function of the variational problem of

J½v� ¼ jjvjj2 � 2 Reð f ; vÞ in H;

and

wðNÞ ¼ ðð f ; v1Þ; . . . ; ð f ; vNÞÞK�1
N

v1

..

.

vN

0
B@

1
CA

is a stationary function of the variational problem of

J½v� ¼ jjvjj2 � 2 Reð f ; vÞ in HN :
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