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THE ALGORITHM TO CALCULATE THE
PERIOD MATRIX OF THE CURVE x" 4 y" =1

By

Yasuo KAMATA

Abstract. We show how to take a canonical homology basis and a
basis of the space of holomorphic 1-forms on the curve x” + y" =1,
and we show how to calculate its explicit period matrix.

1. Introduction

Let R be a compact Riemann surface and g be the genus of R. Let {w;},
(j=1,2,...,9) be a basis of the space of holomorphic 1-forms of R and {oy, ;. },
(k=1,2,...,9) be a basis of the first homology group of R over Z, the ring of
integers. Suppose that the intersection numbers of the closed paths ax’s and f,’s
satisfy

I(Ocjvﬂk) = _I(ﬁkv O(/) = (s./kv I(Of_i’ ak) = I(ﬂjvﬁk) =0.

Such a basis {og, S}, (k=1,2,...,g) is called a canonical homology basis.
In other words, a canonical homology basis is a set of closed paths whose in-

0o 1
J:(—I 0)’

where O and I are the g x g zero and identity matrices.
We denote by Q the period matrix (or Riemann matrix) of R with respect to
{w;} and {ox,p,}, that is,

tersection matrix is

alwl J\a w1 J’\[)’] w1 J}}gwl

g

Llwg Lga’g Jﬁlwg Jﬁ @y
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We write this matrix as (4, B) by two g x g matrices. Multiplying Q by 47!,
we obtain the normalized period matrix (I,T) = (I,4A~'B). The matrix 7, called
the theta matrix of R with respect to {w;} and {u, f;}, is non-singular symmetric
and has positive definite imaginary part.

Let L be the lattice of C? generated by the column vectors of (I, T). Then
the torus J(R) = CY/L is an algebraic variety called the Jacobian variety of R.
One of the advantages of computing 7 lies in the theorem of Torelli which states
that given Riemann surfaces R; and R, are isomorphic if and only if their
Jacobian varieties J(R;) and J(R;) are isomorphic.

In general it is not so easy to give explicitly a canonical homology basis on
R. Recently the combinatorial group theoretic method for general curves is
presented by C. L. Tretkoff and M. D. Tretkoff [2]. Unfortunately the method
needs to draw complicated figures and requires some knowledge of graph theory.
If R is a hyperelliptic curve, a general method to compute its normalized period
matrix is well-known (cf. [1], pp. 256-259).

If R is Fermat curve, only its period lattice can be known by David E.
Rohrlich ([5], p. 79). But the representation is not so simple, and the method can
not present the intersection matrix of the homology basis on R.

In the usual definition of the theta function attached to R, the period matrix
is normalized. Our method can present not only the period lattice but also the
intersection matrix and, hence, the normalized period matrix. Our method is an
extension of the method for the case of hyperelliptic curves.

Let R be the curve y" =1 —x", (n,me N), and g (=1) be the genus of R.
If we regard R as a n-ply branched covering of c=cC U{oo} and apply the
Riemann-Hurwitz formula, we have

g={(n—1)(m—-1)+1-d}/2, where d is the G.C.D. of m and n.

Let R be the projective imbedding of R into P?, the complex projective plane.
That is, R={[X,Y,Z]eP?|Y"=2Z"—X"Z"™} The points at infinity
(x = ) of R correspond to the set E := {[X, Y,0] € P>} N R. We classify R into
the following three cases:

(i) n=m (E={[1,p/,0] € P*|p = exp(ni/n), j = 1,2,...,n}.),

(i) n=m+1 and d =1 (E = {[1,0,0] € P?}. The point [1,0,0] is a branch
point of order n.),

(iii) n>m+1 and d > 1 (E = {[1,0,0] € P*}. The point [1,0,0] is a branch
point of order n/d.).

I would like to thank professor Kimio Watanabe for his instruction and
helpful advice, and the referee for his careful reading and detailed suggestions.



The algorithm to calculate the period matrix 17

2. Topological Model and Homology Basis

We regard R as a Riemann surface of n-ply branched covering of the
Riemann sphere C. Let X;, X»,..., X, be these C’s. 5/ (j=1,2,...,m) are the
branch points of R, where # is one of the primitive m-th roots of unity.

Since the ramification indices of these branch points are equal to n, there is
no ambiguity to choose the branch points on Xj,...,X,. Therefore any round
trip path on R between two of these branch points is a closed path and belongs
to Hi(R,Z), the first homology group. There exist dim H;(R,Z) = 2g closed
paths which are linearly independent over Z.

It is clear that any closed path on R is homologous to the union of the round
trip paths between two branch points on R. We cut open the lines between #/ and
77j+1, (]: 1,2,...,m— 1) on XI,XQ,...,X,,.

Now we consider the minimal loop that is the union of the branch cuts
(77,771, from n/ to /™" on X; and [/, 7], from n/™! to 5/ on Xiiy. We
denote such loops by

o = [, e+ 7 0 )

for j=1,2,....m—1 and k=1,2,...,n, where X,,| = X].

Case (i). In this case, all closed paths on R are generated by the o, ;’s. Since
the cut lines [n,%7%],, 7% %°];,---, "', 1], belong to X, each of the other bank
of these branch cuts belongs to another X;. We denote the path of the opposite
bank of the path [n/,n/*1], by [/,n/*,., Xir € {X1,..., X,}. Here Xy is selected
by the analytic continuation of y, n-ply valued function of x e C.

Since the union of the loops oy 1,01,,...,021,, is homologous to zero on R,
any one of them is not required to obtain a homology basis. So we discard the
loop o, ,. Because of the same reason we discard the 10ops o2 ,, 93,4, - - -, Om—1,n-

Now consider the following path on R:

Ll + o + -+ ™ S+ L™ 4+ 0]y + Py

The path / is obviously closed and homologous to zero on Xj. Since / is a sum of
the loops

[”jvanrl]l + [”j+1377j]1’7 ]: 1,2,...,]’)’!— 17

in order to get independent loops, at least one of them has to be discarded.
According to the same argument for X, X3,...,X,, we discard the loops

™)+ Ly Y, k=12, 0
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In other words, by the rearrangement of the branch cuts, we discard the minimal
loops
Om—1,k = [17’”’1, 1], + [1,17"”1]k+17 k=12,...,n

Now the remaining minimal loops are o, (j=1,2,...,m—2 and
k=1,2,...,n—1). The number of them is (n—1)(m—2). Since (n—1)-
(m—2) =2g =dim H,(R, Z), these loops must be independent over Z. Therefore
they form a basis of H;(R,Z).

Case (ii). If once we add the point at x = oo to the set of the branch points,
we can obtain a homology basis in the same way as in the case (i). From the
minimal loops

gk = e+ etk = [, 0], + [0, 154
j=12,....om—1and k=1,2,...,n, where X, = Xj,
we discard the loops
0L my 02,1y -+ 3 Oy Ol 1y O, 25+« 5 Ol j—1

to eliminate the linear dependence over Z. Then the number of the remaining
minimal loops is mn—{m+ (n—1)} = (n—1)(m—1) =2¢. So the remaining

minimal loops ok, (j=1,2,...,m—1 and k=1,2,...,n—1) form a basis of
H\(R,Z).

Case (iii). As the ramification index of x = oo is n/d, there are d points at
infinity; hence, the minimal loops o, x, (k=1,2,...,n) are not always closed.

Since the number of the loops corresponding to the remaining minimal loops in
the case (ii) is (n—1)(m—1)>2g=m—1)(m—1)+1—d, they are linearly
dependent over Z. To remove the dependent loops, we have to construct a
topological model of R by gluing Xi,..., X, together. To do so we investigate
how the branch cuts join one another. Since each of the branch cuts [/,5/™],
and [1, oo], belongs to only one side of Xj, the paths of the opposite bank to Xj
do not belong to X. These branch cuts are joined with the corresponding branch
cut by the analytic continuation of the branch of y.

Let X, (k=1,2,...,n) be Xi—{n,n%...,n" ", 1,0} cut open all the
branch cuts [7/,7/*!], and [1,0],. Let { be one of the primitive n-th roots of
unity and f be a branch of y on X;. Since the interchange of the branches of y
does not occur by the analytic continuation along any closed path on Xj, we can
assume that the branches (*!f, (k=1,2,...,n) are assigned to X; by the
analytic continuation.

In the first place, we consider the analytic continuation of f along a path
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which starts from any point on the branch cut [5,7?],, encircles the branch point
n counterclockwise, ends at the point on [7,5?],, opposite to the starting point.
Then the branch turns from f to {f. So the end point of the path should be on
[n,7%], and the branch cut [7,7%];, is identified with the branch cut [y,7?],.
Similarly we see the branch cuts [7,%%],,...,[1,7°], are identified with the
branch cuts [7,%7%);,. .., [1#,7%],, respectively.

In the next place, we take a path which starts from any point on [7%,7°];,
encircles the branch points #> and # counterclockwise, ends at the point on
[7?,7%],, opposite to the starting point. Since this path encircles two branch
points, the branch turns from f to sz by the analytic continuation along this
path. Therefore the branch cut [, 7%, is identified with the branch cut [5?,7%];.
Similarly we see the branch cuts [72,%%],,...,[n% 1], are identified with the
branch cuts [2,%%),,..., 7% n’],, respectively.

Successively using the same process, we see that the branch cuts [/,7/%!],,
and [1,00],, on each X  are glued by

[’7‘/777'/+1]k/ = [77‘,777]+1]<k+j>7 [1, 0] = [1, OO]<k+m>

for j=1,2,....m—1 and k=1,2,...,n, where <{a) denotes the eclement of
{1,2,...,n} congruent to a modulo n.
Xie, Xtkymys -+ Xk (nja—1ymy —are  glued together by the identification
(1, 0] vy’ = [1s Ol ki (@rtymys for k=1,2,...,n and a=0,1,...,n/d — 1.
Since any two of the numbers 1,2,...,d are not congruent each other
modulo m, the set of all

Yi = X UXgrmyU - UXGypa—ymy, k=1,2,...d

glued by the above identification is a topological model of R.
Since the sum of the loops

) a0 ) sy S = 1,2,.,m—1 and a=0,1,...,n/d — 1

is homologous to zero on Y, we discard one of these loops. Here we discard the
loop
)y + [ nly = o)y + [ nly = o

By the same reason for Yi,...,Y; | the loops oy o,013,...,004-1 are
discarded. We can not discard oy 4 since Y; contains X, and the loop o, is
already discarded.

Now the number of the remaining minimal loops is (n—1)(m—1)—
(d — 1) = 2g. Therefore the remaining minimal loops o1 4,01 d+1,- -, %1 n—1, % ks
(j=2,3,....m—1and k=1,2,... ,n—1) form a basis of H|(R,Z).
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3. Holomorphic 1-Forms

We shall find the condition that the differential 1-form = x“y?~"*! dx,
(a,b € Z) is holomorphic. For this purpose we consider the representation of w
by a local coordinate at each point on R (cf. [6], pp. 189-192).

If x =0 € C is not a branch point, then ¢:= x — « is a local coordinate in a
neighbourhood of o. If o # 0, w is obviously holomorphic in this neighbourhood.
If « =0, w is holomorphic for a > 0.

In a neighbourhood of the branch point x =#/, t:={/x—#5/ is a local
coordinate. Then @ = u(t)t® dt, where u(f) is a non-vanishing holomorphic
function on this neighbourhood. Hence « is holomorphic for b >0 in this
neighbourhood.

To describe w in a neighbourhood of x = oo, we consider w in the affine part
f?ﬂ{[X, Y,Z] e P*| X #0}. We rewrite the defining equation and w:

n—m —a—b+l1—3wb—n+l dZ,

wh=z"— 2" = xyb gy = 2

where z=Z/X =1/x, w=Y/X =y/x.

Case (i). The points at infinity x =00 on R correspond to the points
(z,w) = (0,p7), p=-exp(ni/n), j=1,2,...,n. We choose a local coordinate
t:= {/w — pJ vanishing at (z,w) = (0,p/). Then w = ~4">*""3u(t) dt, where u(r)
is a non-vanishing holomorphic function on a neighbourhood of # = 0. Hence w
is holomorphic everywhere on R if and only if a,b>0 and n—3>a+b.
Because the number of the pairs of integers (a,b) which satisfy these inequalities
is

S n—2—j)=(n-1)n-2)/2=g,

the differentials x“y?~"*! dx with a,b >0, n—3>a+b form a basis of the
vector space of holomorphic 1-forms.

Case (ii). The unique point at infinity x = co on R corresponds to the point
(z,w) = (0,0). We choose a local coordinate ¢ := v/z vanishing at (z,w) = (0,0).
Then @ = ¢~an=bm=—m=ntmn=1y,1) dt with u(f) as above. Hence @ is holomorphic
everywhere on R if and only if

(1) a,b>0, —an—bm—m—n+mn—120.

These inequalities are equivalent to being m —1— (m+1)/n>a+bm/n >
a>0 and n—1—{(a+1)n+1}/m=b=>0. Since 0<(m+1)/n<l, 0<a
<m-—2.
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Let N be the number of the pairs of integers (a,b) that satisfy (1). Then we
have

2N = Z + Dn+1}/m] +Z {(j+ Dn+1}/m]

m—2

=D o n—{(+1 )n+l}/m+z (m—j— Ln+1}/m,

where the symbol [ ] is the Gauss’ symbol. Now suppose (j+ 1)n=gjm+r;,
gj,rjeZ, 1 <rp<m—1. Then

=G+ Dn+13/m = [n—q; — (1 + 1)/m] =n—q; =1,
[ —A{(m =1 =j)n+1}/m| = [g; + (r; = 1)/m] = g;.

N= {Z]}gz +Zn0 q/}/Z

Therefore

Hence the differentials x¢y?~"! dx with a, b satisfying (1) form a basis of the
vector space of holomorphic 1-forms.

Case (iii). The unique point at infinity x = oo on R corresponds to the point
(z,w) = (0,0). Then o is equal to (~@—bmimn=—m-n=d)/dy 1) dt and holomorphic
everywhere on R if and only if

a,b>0, —an—bm+mn—m—-—n—d=>0.
We rewrite this condition as follows:
(2) a,b>0, —an' —bm'+m'n'd —m' —n'—1>0,
where n' =n/d,m' =m/d.

We denote by N the number of pairs (a,b) that satisfy (2). If m’' =1
(d =m), then (2) is equivalent to the condition 0 <a<d—-2 and 0<bh <
n'd—n'—2—an'. So

N = Z]f:)z(n'd —n' —1—jn')
—{d—n = 1)(d=1) = n'(d =2)(d —1)/2}
=(m-1)n-2)

:g.
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If m’ # 1, then the conditions are 0 <a<m—-2=m'd—2 and 0<b <

n—1—{(a+ VDn+dy/m=n'd—1—{(a+1)n' +1}/m’". So we have
zszzjf’jo"z[n/d—{(H D' + 1} /m]
=23 S = (G D+ 1
—%2§: n'd — {(jm")n' + 1} /m’]

= Sl d = {(+ D'+ 1)
+[n'd — {2km' +m' —j — 1)n' + 1}/m']}
+ 22;:11(11’51 —jn’ = 1).
Suppose (j+ 1)n' = qm’ +r;, qj,rje Z, 1 <r; <m’—1. Then
'd —{(j+ )"+ 1}/m'] = [n'd — q; — (r; + 1)/m'] = n'd — ¢; — 1,
n'd —{(2km' + m' —j— V)n' + 1}/m’) = [n'd — 2kn’ —n' + q; + (r; — 1) /m’]
n'd —2kn' —n' + g;.
Therefore
=" Z/"Z’” n'd — 2kn' —n' — 1)+2Z;:1(n'd = 1)
=(m' - D){@2n'd —n" —1)d —2n'(d — 1)d/2}
+2{(n'd —1)(d — 1) —n'(d — 1)d/2}
=mm—-—m—-—n+2—d

—(n—1)(m—1)+1—d

2g (So N =yg).

Hence the differentials x?y?~"! dx with a, b satisfying (2) form a basis of the
vector space of holomorphic 1-forms.

4. Period Lattice

In this section we compute the period lattice relative to the differential
1-forms and the homology basis obtained in the previous Sections.
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Let {,n be one of the primitive n-th, m-th roots of unity and f be a branch of
y on X;. Then ¢*7'f, a branch of y, is assigned by the analytic continuation.
The integral along o; ; of the differential 1-form w; = x%y?="+1 dx is

it 0
J w = J x(FP a4 J X (CEp)yP dx
% k

i ,1/ ,7j+1

1
= ﬂj(azirl)((k*l)(/n*”l) J” xuszzfnﬂ dx + ﬂj(uﬂrl)ék(h/*nﬂ) J xmfb/fnﬂ dx
1 1
_ ﬂj(a/Jrl)Ck(b[fnJrl)(Cf(b,7n+l) _ 1) J” xa/fblfnﬂ dx.
1

From this equality, we find the relations

b—n+1 k(bj—n+1
J wp =" J w = ¢F )J wy,
% k+1 %, k o

.1

J W = ;,]a/-H J W) = ”j(az-H)J W)
%1,k % k %1,k

J A

We compute the period lattice for the case (i) and (ii) at the same time.
Let P, be the matrix whose (/,k)-component is Ll_k o (k=1,2,...,n—1,
1=1,2,...,9). Then we have

fau wr L],M )
P = : :
J““H wy; J*MLH w,
51 o 1 (chmely L (et yne2
N : : : , where s,:J o).
0 Sq 1 (ot (g2 n

Similarly the matrix P, whose (/,k)-component is ch.k o (k=1,2,...,n—1,
1=1,2,...,9) is given as follows:

) 0 7/(01+1) 19) 1 (Cb17n+l) . (C[717n+1)n—2
Py = . . : : . .
[0} Sy 0 n(a,,+l) 1 (Cbg—nJrl) . (Cbg—n+l )n72
In the same way we can also obtain Pj,Ps,...,P,_» for the case (i),

P3Py, ..., P, for the case (ii). Letting
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S1 (0] ’7(61|+1) [0)

0] Sy (0] n(“y‘”)
and
1 (gbl*l’H’l) . (é'blfnJrl)an
B=|: i : :
1 (be—n-«—l) . (be—n-&-l)n—Z
we consider a g x 2g matrix
P' = (P\,Py,...,Py,_2)=S(B,AB,..., A" *B) for the case (i),
P' = (P,Py,...,P,_1)=S(B,AB,...,A"*B) for the case (ii).

The set of the 2g column vectors of P’ is obviously a basis of the period lattice
relative to the holomorphic 1-forms selected in Section 3.

For the case (iii) we define S as above. Then the period lattice P’ relative to
the holomorphic 1-forms selected in Section 3 is obtained by removing the first
(d — 1) columns from the period lattice P’ of the case (ii).

In any case (i), (ii), or (iii), we change the basis of the space of the
holomorphic 1-forms by multiplying S~

{@1,0,...,04} = {w1,m,. .. ,cug}S_1 = {sflwl,sz_lcoz, .. 755160!,}.
Thus we can obtain the following theorem (cf. [5], p. 79).
THEOREM 1. Let S, P, and {@1,®2,...,@4} be as above. Let P = S~'P'. The
period lattice of the curve defined by x™ + y" = 1 relative to the basis of the space

of the holomorphic 1-forms {&1,@,...,0,} is spanned by the 2g column vectors
of P.

Note that each of the components of P is just a monomial of the primitive
root of unity.

5. Intersection Matrix

In this section, we show how to obtain the intersection matrix.

Case (i). In order to read the intersection numbers between o, ;’s, we deform
ok, (j=1,2,...,m—=2,k=1,2,...,n—1) around the branch points like the
Appendix. If the minimal loops are chosen such a way, we have

I(% 1, % ges1) = 1, T(0 6, 001.6) =1, T(0 kst %1, 6) = 0, T(% k5 %1 k1) = —1.
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Clearly the other intersection numbers are I(ajx, o) =0 for |j—j'| >2 or
|k —k'| > 2.

The intersection matrix L; of the minimal loops o; 1,2, ..., ,—1, namely,

the (n—1) x (n—1) matrix whose (s,#)-component is I(«, %), is given by

0 1 0 -+ - 0

-1 0 1

0 -1

L= )
0

: ) . o1

0O -+ ... 0 =10
The matrix L, of the intersection numbers of o; 1,% 2,...,% ,—1 and o1 1,

Oj41,2, - - - %j41,n—1, Damely, the (n — 1) x (n — 1) matrix whose (s, f)-component is

I(oj 5, %41,0), 1s given by

1 -1 0 0
0o 1 -1
L, =
0
: . .1
0 -+ o o 0 1

Then the intersection matrix of the minimal loops ok, (j=1,2,..
m—2k=1,2,...,n—1) can be represented by

L L, O - - 0
—'L, ’
K = 0 ,
0]
. . . L
0 N o B S

where O is the (n — 1) x (n — 1) zero matrix. This is the (m — 2) x (m — 2) matrix
of the (n—1) x (n— 1) minor matrices.
Case (ii). The intersection matrix of the same representation is obtained in the

same way, and the matrix is the (m — 1) x (m — 1) matrix of the (n — 1) x (n — 1)
minor matrices.
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Case (iii). The intersection matrix is obtained by removing the first (d — 1)
rows and columns from the intersection matrix of the case (ii).

To get a canonical homology basis we transform the intersection matrix into
J. For the case (i), for example, this transformation is equivalent to finding a
2g x 2g unimodular matrix M which satisfies

(ocl,...,ocg,/fl,...,ﬁg) = (961’1,...,Ocl"n_],o(z’],...,O(z"n_],...,OCm_z"n_l)M,
where {ocj,/ij} is a canonical homology basis. It is also equivalent to finding a
2g x 2g unimodular matrix M which satisfies J =" MKM.

Finally, we obtain a normalized matrix from PM as we mentioned in In-
troduction. It is guaranteed by the theorem of Frobenius that we can transform
the intersection matrix K into J within finitely many operations (cf. [3] p. 65, [4]
p. 156). We explain the process of finding M in the next Section.

6. Examples

(1) The curve C; defined by y*=1—x*.
This curve is of genus 3. The pairs of integers (a,b) which satisfy a,b > 0,
1 >a+b=>0 are (0,0),(0,1),(1,0). Therefore the set of

w] = y’3 dx, w, = y’2 dx, w;= xy’3 dx

is a basis of the space of holomorphic I-forms on Cj.
Let # be one of the primitive fourth roots of unity. The matrices 4, B and P
are

n 0 0 Lo )’ Lo
A=10 n 0], B=|1 52 2*|=[1 #* 1],
00 # 1 g3 (%) 1 7 7

Loy o n ooy
P=(BAB)=|1 n* 1 n n* 7
Loy w1

The intersection matrix of the minimal loops o;; (i=1,2,j=1,2,3) is

0 1 0 1 -1 0

-1 0 1 0 1 -1

K_< L Lz)_ 0o -1 0 0 0 1
Ly L -1 0 0 0 1 0

1 -1 0 -1 0 1

0 1 -1 0 -1 0



The algorithm to calculate the period matrix 27

Now we explain the method to find a unimodular matrix M which transform
K into J. The i-th column of the intersection matrix is called ¢; (i=1,...,6) in
each step.

Step 1.

Choose a column whose the first element is non-zero, for instance, c;.
Subtract ¢, from ¢4 and add ¢, to ¢s so that the first element of each column
except ¢ vanishes (i.e. ¢4 — ¢4 — ¢z, ¢s — ¢5+ ¢2). This operation substitutes
o1 — o2 for op 1,002+ a2 for oy 2. The matrix that represents the change of
the minimal loops is

1 00 0 00

010 -1 10

M, — 001 0 00

000 1 00

000 O 10

000 0 01

Then the intersection matrix changes into

0 1 o 0 0 0
-1 0 1 0 1 -1
K = M KM, — 0 -1 0 1 -1 1
0 0 -1 0 O 1
0 -1 1 0 0 0
0 1 -1 -1 0 0

Step 2.

Choose a column whose the second element is non-zero and the first element
is zero, for instance, ¢;. Add ¢; to ¢3,¢s5 and subtract ¢; from ¢ so that the
second element of each column except ¢; vanishes (i.e. ¢3 — ¢3 + ¢1, ¢5 — ¢5 + ¢,
¢6 — ¢6 — ¢1). This operation substitutes oy 3+ o1 for oy 3,022+ 01 for os»
and op3 —oy for oz 3. We see the matrix that represents the change of the
minimal loops is

-1

M,

Il
coc oo o~
cococo~o
c oo~ o
c o~ o oo
o — oo o~
— o o o o
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Then the intersection matrix changes into

01 0 0 0 0
10 0 0 0 0
00 0 1 -1 1

K> =' MoK, M, =

2 2 0 0 -1 0 0 1
00 1 0 0 0
0 0 =1 -1 0 0

Step 3.

Choose a column whose the third element is non-zero and the first and the
second elements are zero, for instance, ¢s. Add ¢4 to ¢5 and subtract ¢4 from cq
so that the third element of each column except ¢; vanishes (i.e. ¢5 — ¢s + ca,
¢ — ¢ — ¢4). This operation substitutes on 2+ oz 1 for o 2,003 —0p 1 for oy 3.
We see the matrix that represents the change of the minimal loops is

1 0000 O

01 00 0 O

001 00 O

Ms=1o 0011 -1

000O0T1 O

000 0O0 1

The intersection matrix changes into

60 1.0 0 0 O
-10 0 0 0 O
. 60 0 0 1 0 O
=M= o 1 0 0 1
0 0 0 0 1
0 0 0 -1 -1 0

Step 4.

Choose a column whose the fourth element is non-zero and the elements from
the first to the third are zero, for instance, ¢3. Add ¢3 to ¢ so that the fourth
element of each column except c¢3 vanishes (i.e. ¢ — c¢ + ¢3). This operation
substitutes oy 3 + aq,3 for o 3. We see the matrix that represents the change of the
minimal loops is

My

S OO OO
=l Nel =
S O o = O O
S O = O OO
SO — O O OO
—_ o O = O O
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The intersection matrix changes into

60 1.0 0 0 O
-1 0 0 0 0 O
0 0 0 1 0 O
_t _
Ra=MEMi= "4 6 _1 0 0 o
0 0 0 0 1
0 0 0 0 -1 0
Here each column of K4 has only one nonzero element. Letting yy,..., 7
be the loops corresponding to the columns cy,...,cs, we have the intersection

numbers of these loops

I(ylay2):15 I(y37y4):17 I(VSay6):1

Therefore we arrange

(715735755 V2, Va5 76) = (V15725 V3 Va» V55 V6) M,

where Ms =

[ R R =
S O O~ O O
S = O O O
S O O O =
S O = O O
—_ o O O O O

Through out these steps, we have a canonical homology basis

(or, 02,03, By, Bas f3) = (01,1, 001,2, 01,3, 002, 1, 02,2, 02,3 ) M

1110 0 O
0001 -1 1
where M = M1M2M3M4M5 = 0 100 0 !
0 01 0 1 -1
001 0 O 0
0 000 O 1

If we multiply P by M, then we have

1 145 14n5+n*> 7 0 n> 4+
PM =11 2 1+;7+;73 772 77—712 ;12—1—1
1 1+7> 1492+ n w*—n n+1
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Finally using the relation #> = —1, we obtain a normalized period matrix
1 00 n -(n+1)/2 0
Q=101 0 —(+1/2 2y+1)/2 (1-n)/2
0 0 1 0 (1—7n)/2 n—1

The theta matrix T of Q is certainly non-singular (Det 7 = (=25 + 1)/2 # 0),
symmetric, and has positive definite imaginary part (because of # = i).

(2) The curve C, defined by 3> =1—x3.
This curve is of genus 4. The pairs of integers (a,b) which satisfy a,b > 0,
6>5a+3b>0 are (0,0),(0,1),(0,2),(1,0). Therefore the set of

o=y tdx, o=y 3dx, w3=yrdx, ws=xy*dx

is a basis of the space of the holomorphic 1-forms on Cj.
Let #,{ be one of the primitive cubic, fifth roots of unity. The matrices 4, B

and P are
7 0 0 0 e (e RN (G N 1 ¢ 20
07 0 0 e (o R (e NN
A= 5 B = = 5
0 0 n 0 1 -2 (C72)2 (€72)3 1 53 C C4
00 0 G (e B (R Lo e g

& Con o g gl
;oo o w owtt oyl
no ol owt o gl

1
1
P = (B, AB) = |
1 ¢ &0 9 g ¢ p0

Let o be one of the primitive fifteenth roots of unity. Then the components of
P can be expressed by the monomials of o:

3 6 9 5 8 11 14

1 ¢ o o o c® o o

1 o6 62 o3 &5 ol g2 o8
P= 1 6 o3 o2 o5 g o8 o2

1 63 of 2 o0 o83 o o4

The intersection matrix of the minimal loops o;; (i=1,2,7=1,2,3,4) is
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L,
i,

If we execute the steps as in the first example, we can obtain two unimodular

matrices

0 0 -1

0

1
0

1
0
0
0

1
00 00
0 0 0O
0 0 0O
0 0 0O

0 00

0
0

M =

and

00 0 O0O0TO0TO

1

1 0 00

00 0O0O0O

0 0 00

1

000 0O

0

1

000 0O

1

0
0 0 0

00 0O

1

0

1

1

000 0 O0O0

000 0O0OTP O

Mll —

which satisfy

0
0

0 0

-1

:l M/l

M//M/KMIMII
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Then the matrix

11 0 1 00 —1 0
00 -1 110 0 0

01 0 000 0 1

., loo -1 101 -1 0
M=MM"=1406 1 000 0 0
00 0 100 0 0

00 0 000 1 1

00 0 000 0 1

transforms K into J and gives a canonical homology basis:

(o1, 02, 003, 04, 1, By B3y Ba) = (o011, 01,2, 0013, 01 4, 02,1, 02,2, 02,3, 02, 4) M.
We have

PM

1 1406° —a3+6°5 -6 1+6°+0%40° 0® 6° —1 — ¥+g!! O+l yglt
11462 —g3+6° —0° 1403 +6°+a! ¢° 6° —1 -3 +0? o?+o840!2
11463 65 —0% — 62 146°461246%46%612 —1+4+0% — ¢12 G24a3+a8

1 1+6° —63 —a?+0!0 1463 +6°+6P 63 ¢° —140—0° o+o*+o®
Using the relation ¢® =6’ —0°4+0* —0® +0—1, we can represent each

component of the theta matrix 7 by the quotient of the polynomials of degree at
most seven. The result is

T 1

__20'7—0'5—30'4_0-3_0-2_20._1(Tl T2 T3 T4)’

where

—5¢7 — g% +35° —20* +4
46" —20° +30* +0 -2
o +o+1
26’ -+t +o—1

T =

467 —20° 4+ 30* +0 -2
—467 + 0%+ 20° —30* + 20 -0+ 4
267 — > +20% — 1 ’
—¢’ —20%* - 20

T
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o +o+1
267 — 6> +26% — 1
—567 4+ 0%+ 30° —36*+26° — 6> +4
—0" +20° +6*+20+2

T; =

)

20’ -+t +o—1
—0 —20* - 20
—0'+20°+0*+20+2
20" 4+20° +0*+203 -~ +20+4

Ty =

Certainly, T is non-singular (Det T = (¢/ — 26* + ¢* — 6> —2)/(267 + &> —
o* + 263 — 1) #0), symmetric with positive definite imaginary part (because of
o = cos(2r/15) + i sin(2z/15) = (2 + 2v/5 — /6(5 + V/3) + /30(5 + V/5))/16 +
(2V3 +2VT5 +1/2(5 + V3) — /1005 + V3))i/16).

(3) The curve C; defined by y® =1 — x3.

This curve is of genus 4. The pairs of integers (a,b) which satisfy a,b > 0,
2>2a+b>0 are (0,0),(0,1),(0,2),(1,0). Therefore we choose

o=y Ydx, o=y 3dx, w3=yrdx, ws=xy *dx

for a basis of the space of holomorphic 1-forms on Cs.
Let #,{ be one of the primitive cubic, sixth roots of unity. The matrices 4, B

and P are
7 0 0 0 I () R (e M (G
P N A R I B o (N (S R (G
00 0] [ () N (S R (G
0.0 0 » (I o (o R (o M (e
1 ¢ 28
B 1 CZ 4'4 1 CZ
I I S S T
1 ¢ 28
¢cet oy o g o gt
[ S S A S S
I B I SR R (G

[

SN N A S NS e
We simplify the representation of P by using the relations # = (> and
£=-1
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R e A
P T T e A R

-1 -t -t ¢ 1 ¢

The intersection matrix of the minimal loops o;; (i=1,2,j=1,2,3,4,5) is

0 1 0 o0 0 1 -1 0 0
-1 0 1 0o o o0 1 -1 0 O
0o -1 0 1 0 0 0 1 -1 0
0 0 -1 0 1 0 0 0 1 -1
o o0 o0 -1 0 O 0 0 O 1
-1 0 0 0 0 O 1 0o 0 O
1 -1 0 0 0 -1 0 1 0 O
0 1 -1 0 0 0 -1 0 1 0
0 0 1 -1 0 0 0 -1 0 1
0 0 0 1 -1 0 0 0 -1 0

Therefore the intersection matrix of the minimal loops oy 3,01 4,015,021,

002,2,0%2, 3,02 4,02 5 18

0 1 0o 0 O I -1 0
-1 0 1 0 o0 0 I -1
o -1 0 0 o0 0 0 1
K- 0o o0 0 0 1 0 0 0
o o0 o0 -1 o0 1 0 0
-1 0 0 0 -1 0 1 0
1 -1 0 0 0 -1 0 1
0 1 -1 0 0 0 -1 0

If we execute the steps as in the first example, we obtain two unimodular

matrices
1 01 00 0 1 O
01 000 -1 0 1
00100 0 0 1
00010 1 1 -1
r_
M= 000 O0OT1 O O O
000 O0O0 1 1 -1
00 0O0O0O O 1 O
000 0O O O 1
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and

1 00 000 0O

00 0 01 0 00O

01 0 0 0 0 0 O

001 0 0 O0 OO0

Ml/:

00 0 0 O0O0T1O0

00 0 0 01 O00O0

00 01 0 0 O00O0

00 0 0 0 0 01

which satisfy
o 1 0 0 O 0 0 0
-1 0 0 0 O 0 0 0
0O 0 O 1 O 0 0 O
M//M/KM/MHZIM// 0 0 -1 0 0 0 00 M//:J
0O 0 0 o0 O 0O 1 0 '
0O 0 0 0 O 0 0 1
o 0 0 0 -1 0 0 O
o 0 0 0 O -1 00
Then the matrix
1 101 0 0 O O
00 0 01 -1 0 1
0O 1 0 0 0 O O 1
0o 01 1 0 1 0 -1
_ rag!
M=MM" = 00000 O 1 0

O 001 0 1 0 -1
00 010 O 0 O
o0 0 00 0 0 1

transforms K into J and gives a canonical homology basis:

(0617a27a37“47ﬁ1,ﬂ27ﬁ3,ﬁ4) = (061,3=0€1.,470€1,5,0<2,17062,27062‘3,062,47062,5)M~

Then we have
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¢ - -t -1 14— 1
py—| O 8 1220 ¢ -t ¢
1 AN N R S
& -t ¢ 1+ -1 2-¢ P 24
(-1 -1 ¢—=1 -1 -1 0 -1 —{+1
I A B B R ~L
1 2 (=1 ¢ =1 20—-1 —=¢+1 —(+1

(1 -1 ¢ ¢ =1 2-¢ —{+1 (-3

(-6 4-20 (-1 -1
4-20 -4 2-1 60+1
(-1 20—-1 -4 3-2¢
—1  6(+1 3-20 -3(—4

We used the relation (> —¢+1=0 for simplification.
The theta matrix 7 1is certainly non-singular (Det T = 20(48( —61)/
(185 — 416) # 0), symmetric with positive definite imaginary part (because of

{=(1+3i)/2).
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