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b-FUNCTIONS OF REGULAR SIMPLE

PREHOMOGENEOUS VECTOR SPACES

By

Kazunari Sugiyama

Abstract. A prehomogeneous vector space is called simple if the

group under consideration is the product of a simple algebraic group

and some multiplicative groups. The explicit forms of the b-functions

of regular simple prehomogeneous vector spaces have been deter-

mined except for two spaces. In this paper, we shall calculate the b-

functions explicitly for the remaining cases.

Introduction

Let G be a connected reductive algebraic group defined over the complex

number field C and r : G ! GLðVÞ its finite dimensional rational representation.

A triple ðG; r;VÞ is called a prehomogeneous vector space if there exists an open

dense orbit in V. A non-zero polynomial function f on V is called a relative

invariant corresponding to a character f if f ðrðgÞvÞ ¼ fðgÞ f ðvÞ for any g A G

and v A V . The b-functions of relative invariants were introduced by M. Sato [25,

26], and play a crucial role in the theory of prehomogeneous vector spaces. The

purpose of this paper is to give a complete list of explicit forms of b-functions for

a certain class of prehomogeneous vector spaces.

M. Sato and T. Kimura [23] classified the irreducible prehomogeneous

vector spaces, and their b-functions are determined by A. Gyoja, T. Kimura, M.

Muro, I. Ozeki and T. Yano (cf. [2, 13, 18, 20, 34]). They make use of microlocal

analysis developed in [22].

As a step toward classification of non-irreducible ones, Kimura [14] clas-

sified the prehomogeneous vector spaces of simple algebraic groups with scalar

multiplications. Among them, there exists a certain class of prehomogeneous

vector spaces, which we call regular simple prehomogeneous vector spaces (see § 3).

The b-functions of regular simple prehomogeneous vector spaces are investigated
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mainly by S. Kasai (cf. [8]), and their explicit forms have been known except for

two spaces. In this paper, we determine the b-functions for these remaining cases.

Our method to determine the b-functions is due to K. Ukai [31, 32], and can

be outlined as follows. First we determine the a-functions defined in § 2. Then

Lemma 2.8 will tell us the explicit form of the b-functions to some extent. The

remaining task is to determine some positive rational numbers aj; r in Lemma 2.8.

For this work, we use

(A) the results on the b-functions of irreducible prehomogeneous vector

spaces.

(B) functional equations satisfied by b-functions.

We review (B) briefly in § 2.

Now we shall describe our main results. In this paper, we mainly consider the

following regular simple prehomogeneous vector spaces:

(28) ðGLð1Þ2 � Spð3Þ;L3 lL1;Vð14ÞlVð6ÞÞ.
(37) ðGLð1Þ4 � SLð2nþ 1Þ;L2 lL1 lL1 lL1;Vðnð2nþ 1ÞÞlVð2nþ 1Þl

Vð2nþ 1ÞlVð2nþ 1ÞÞ.

Here we follow the numbering of the spaces in Proposition 3.1.

The space (28) is investigated by S. Kasai from the view point of micro-

local analysis. According to his argument, it seems that microlocal calculus does

not work well for this space. Kasai [8, pp. 65], however, posed a conjecture on

the b-function of this space. Now let us quote his conjecture. The space (28) has

two fundamental relative invariants f1; f2 (see § 5).

Conjecture 0.1 (Kasai). The b-function of the relative invariant f m ¼
f m1

1 f m2

2 ðm1;m2 A Zb0Þ is given by

bf mðsÞ ¼
Ym1�1

n¼0

ðm1sþ 1 þ nÞðm1sþ 2 þ nÞ
( )

�
Ym2�1

n¼0

ðm2sþ 1 þ nÞðm2sþ 3 þ nÞ
( )

�
Ym1þm2�1

n¼0

ðm1 þm2Þsþ
5

2
þ n

� �
ðm1 þm2Þsþ

7

2
þ n

� �( )
:

In § 5, we give an a‰rmative answer to this conjecture (see Theorem 5.11).
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On the other hand, the space (37) is one of the most complicated ones

among regular simple prehomogeneous vector spaces. For example, this space

has infinitely many orbits (see [17]), and hence we can not appeal to microlocal

calculus to determine its b-function. The space (37) has four fundamental relative

invariants f1; f2; f3; f4 (see § 7). Then the b-function of the relative invariant f m ¼Q4
i¼1 f mi

i ðmi A Zb0Þ is given by

bf mðsÞ ¼
Ym1�1

n¼0

ðm1sþ 1 þ nÞ
( ) Ym2�1

n¼0

ðm2sþ 1 þ nÞ
( ) Ym3�1

n¼0

ðm3sþ 1 þ nÞ
( )

�
Ym4�1

n¼0

ðm4sþ 1 þ nÞðm4sþ 2nþ nÞ
( )

�
Ym1þm2þm3þm4�1

n¼0

Ynþ1

k¼2

ððm1 þm2 þm3 þm4Þsþ 2k � 1 þ nÞ
( )

:

We shall prove the above in § 7 (see Theorem 7.4).

The plan of this paper is as follows. In § 1 and § 2, we review some

fundamental results on prehomogeneous vector spaces. In § 3, we give a table

of regular simple prehomogeneous vector spaces, and in § 4, we summarize the

known results on the b-functions of these spaces. In § 5, we determine the

b-function of the space (28). In § 6, we recall some properties of Pfa‰ans of

alternating matrices, and in § 7, by using those properties, we determine the

b-function of the space (37). In Appendix, we give the tables of the explicit

forms of the b-functions.

Notation. We denote by Im the identity matrix of size m and by 0m;n

the m� n zero matrix. For a matrix A, we denote by tA the transposed matrix.

We write 0m instead of 0m;m.

1. Preliminaries

Let G be a connected reductive algebraic group defined over the complex

number field C and r : G ! GLðVÞ a rational representation of G on a finite

dimensional vector space V. The triplet ðG; r;VÞ is called a prehomogeneous

vector space if V has an open dense G-orbit, say O0 ¼ Gv0. Let f be a non-

zero polynomial function on V and f A HomðG;C�Þ. Denote by d :¼ deg f and

n :¼ dim V . We call f a relative invariant (corresponding to f) if f ðrðgÞvÞ ¼
fðgÞ f ðvÞ for all g A G and v A V . Then ðG; r;VÞ and f have the following

properties given in Lemmas 1.1–1.5.
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Lemma 1.1 [23, Proposition 3 in § 4]. Let f1 and f2 be relative invariants

which correspond to the same character. Then f2 is a constant multiple of f1.

Lemma 1.2 [23, Proposition 5 in § 4]. Let S1; . . . ;Sl be the irreducible

components of VnO0 with codimension one and suppose that each Si is the zeros

of some irreducible polynomial fi, namely Si ¼ fv A V ; fiðvÞ ¼ 0g. Then f1; . . . ; fl
are algebraically independent relative invariants. Every relative invariant f is of the

form f ¼ cf m1

1 � � � f ml

l ðc A C�;mi A ZÞ. We call polynomials f1; . . . ; fl the funda-

mental relative invariants.

Lemma 1.3 [23, Proposition 19 in § 4]. Let X �ðG;VÞ be the totality of

the characters associated to some relative invariants of ðG; r;VÞ and let Gv0
be

the isotropy subgroup at a point v0 of the open orbit O0. Then

X �ðG;VÞ ¼ ff A HomðG;GL1Þ; fjGv0
1 1g:

Let fe1; . . . ; eng be a basis of V. For x A V , we define the coordinates of x

by x ¼ x1e1 þ � � � þ xnen, and identify V with C n. Let V4 be the dual space of

V and fe41 ; . . . ; e4n g the dual basis of fe1; . . . ; eng. For y A V4, we define the

coordinates of y by y ¼ y1e
4
1 þ � � � þ yne

4
n , and identify V4 with C n.

Lemma 1.4 [2, Lemma 1.5]. Let r4 : G ! GLðV4Þ be the contragredient

representation of r. Then the triplet ðG; r4;V4Þ is a prehomogeneous vector space.

Moreover it has a relative invariant polynomial f4 of degree d that corresponds

to f�1.

Lemma 1.5 [2, Lemmas 1.6, 1.7]. There exists a polynomial bf ðsÞ ¼
b0s

d þ b1s
d�1 þ � � � þ bd A C ½s� with b0 0 0 such that

f4ðgradxÞ f ðxÞ
sþ1 ¼ bf ðsÞ f ðxÞs;

f ðgradyÞ f4ðyÞsþ1 ¼ bf ðsÞ f4ðyÞs:

Here we put

gradx :¼
q

qx1
; . . . ;

q

qxn

� �
and grady :¼

q

qy1
; . . . ;

q

qyn

� �
:

We call bf ðsÞ the b-function of f . The following lemma is useful for de-

termination of bf ðsÞ.
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Lemma 1.6. (1) The factor ðsþ 1Þ divides bf ðsÞ if f B C�.

(2) Assume that

f ðxÞ ¼
X

ci1;...; inx
i1
1 � � � xin

n ;

f4ðyÞ ¼
X

c4i1;...; iny
i1
1 � � � yin

n ;

where the sums run over ði1; . . . ; inÞ A Z n
b0 such that i1 þ � � � in ¼ d. Then

we have

(i) b0 ¼ f4ððgrad log f ÞðxÞÞ f ðxÞ for x A O0.

(ii) bd ¼
P

ci1;...; in c
4
i1;...;in

i1! � � � in!.

Proof. Putting �1 into s, we have f4ðgradxÞ f ðxÞ
0 ¼ bð�1Þ f ðxÞ�1, and

hence bð�1Þ ¼ 0. This implies (1). (ii) follows from bd ¼ f4ðgradxÞ f ðxÞ. (i)

follows from

qd

qxi1 � � � qxid
f ðxÞsþ1 ¼ sdf ðxÞs�dþ1 � qf

qxi1
� � � qf

qxid
þ ðterms of degs < dÞ: r

The following theorem is due to M. Kashiwara [12].

Theorem 1.7. Let

bf ðsÞ ¼ b0

Yd
j¼1

ðsþ ajÞ:

Then each aj is a positive rational number.

Now we define regularity of prehomogeneous vector spaces. A relative

invariant f is called non-degenerate if the Hessian

det
q2f

qxiqxj
ðxÞ

 !

of f ðxÞ is not identically zero. A prehomogeneous vector space is called regular

if there exists a non-degenerate relative invariant. For the properties of regular

prehomogeneous vector spaces, see [23, § 4].

2. a-Functions and b-Functions

In this section, we give the definitions of a-functions and b-functions and

some properties of them. The main references of this section are [25, 26].
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Let f1; . . . ; fl be the fundamental relative invariants of a prehomoge-

neous vector space ðG; r;VÞ and f41 ; . . . ; f4l the irreducible relative invariants of

ðG; r4;V4Þ such that the characters of fi and f4i are the inverse of each other.

We put f :¼ ð f1; . . . ; flÞ and f4 :¼ ð f41 ; . . . ; f4l Þ. Let Vfi :¼ fv A V ; fiðvÞ0 0g
and Vf :¼ 7 l

i¼1
Vfi . For l-tuple s ¼ ðs1; . . . ; slÞ, we define the power f s and f4s

formally by f s :¼
Q l

i¼1 f si
i and f4s :¼

Q l
i¼1 f4si

i .

Lemma 2.1. For any l-tuple m ¼ ðm1; . . . ;mlÞ A Z l
b0, we have

f mðvÞ f4mðgrad log f sðvÞÞ ¼ amðsÞ

for all v A Vf with some non-zero homogeneous polynomial amðsÞ which is inde-

pendent of v.

We call amðsÞ the a-function of f . When m ¼ ei ¼ ð0; . . . ; 0; 1; 0; . . . ; 0Þ, where

1 appears only at i-th place, we write aiðsÞ instead of aeiðsÞ for an abbreviation.

We can easily see that amðsÞ ¼
Q l

i¼1 aiðsÞ
mi by definition. The following lemma

about the structures of a-functions amðsÞ is stated in [25, Theorem 2] and [26,

Theorem 1].

Lemma 2.2. The a-function amðsÞ is expressed as

amðsÞ ¼ Am
YN
j¼1

ðgjðsÞ
gjðmÞÞmj

where Am ¼
Q l

i¼1 A
mi

i with Ai A C�, N A Z>0, and mj A Z>0, while each gjðsÞ is

a Z-linear function
P l

i¼1 gijsi with gij A Zb0 and GCDðg1j; . . . ; gljÞ ¼ 1.

We have the following lemma by Lemma 2.2.

Lemma 2.3. The leading coe‰cient af m of the b-function bf m of the relative

invariant f m ðm A Z l
b0Þ is given by

af m ¼ Am
YN
j¼1

ðgjðmÞgjðmÞÞmj :

Now we put a certain assumption on the a-function amðsÞ.

Assumption 2.4. For all 1a jaN, there exists m A Z l
b0 such that

gjðmÞ ¼ 1.
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Lemma 2.5. For any l-tuple m ¼ ðm1; . . . ;mlÞ A Z l
b0, we have

f4mðgradÞ f sþm ¼ bmðsÞ f s

with some non-zero polynomial bmðsÞ.

This polynomial bmðsÞ is called the b-function of f . We write biðsÞ instead

of beiðsÞ for an abbreviation. Let a-function amðsÞ be as in Lemma 2.2. The

following lemmas about the structures of biðsÞ and bmðsÞ are stated in [25,

Theorem 3], [26, Theorem 2]. In the following, we always assume that the a-

function amðsÞ satisfies Assumption 2.4.

Lemma 2.6. The b-function biðsÞ is expressed as

biðsÞ ¼ Ai

YN
j¼1

YgjðeiÞ�1

n¼0

Ymj
r¼1

ðgjðsÞ þ aj; r þ nÞ

with some aj; r A Q>0.

Lemma 2.7. The b-function bmðsÞ is expressed as

bmðsÞ ¼ Am
YN
j¼1

YgjðmÞ�1

n¼0

Ymj
r¼1

ðgjðsÞ þ aj; r þ nÞ

with the same aj; r A Q>0 as in Lemma 2.6.

Lemma 2.8. Let the b-function bmðsÞ be as in Lemma 2.7. Then the b-function

bf mðsÞ of the relative invariant f m ðm A Z l
b0Þ is given by

bf mðsÞ ¼ Am
YN
j¼1

YgjðmÞ�1

n¼0

Ymj
r¼0

ðgjðmÞsþ aj; r þ nÞ:

Remark 2.9. In the expression in Lemmas 2.6–2.8, we interpret the symbol

of the product
QgjðmÞ�1

n¼0 ð�Þ as follows:

YgjðmÞ�1

n¼0

ð�Þ ¼

Q
n¼0;1;...; gjðmÞ�1ð�Þ if gjðmÞ > 0;

1 if gjðmÞ ¼ 0;Q
n¼�1;�2;...; gjðmÞð�Þ

�1 if gjðmÞ < 0:

8><
>:
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When ðG; r;VÞ is a regular prehomogeneous vector space, the b-function

bmðsÞ satisfies a certain functional equation, which comes from the fundamental

theorem of prehomogeneous vector spaces.

Lemma 2.10. Let ðG; r;VÞ be a regular prehomogeneous vector space. Then

it has a relative invariant f corresponds to the character det rðgÞ2
where det rðgÞ

denotes the determinant of rðgÞ in V. We define 2k A Z l by the condition

f 2kðrðgÞvÞ ¼ det rðgÞ2
f 2kðvÞ:

For the proof of the above lemma, see [23, Proposition 8 in § 4]. The proof

of the following proposition can be found in [25, Theorem 4].

Proposition 2.11. Let ðG; r;VÞ be a regular prehomogeneous vector space.

Then we have the following functional equations.

bmðsÞ ¼ ð�1Þdeg f m

bmð�s�m� kÞ

where deg f m ¼
P l

i¼1 mi deg fi.

Combining Lemma 2.6 and Proposition 2.11, we have the following theorem.

Theorem 2.12. Put

bgj ðuÞ :¼
Ymj
r¼1

ðuþ aj; rÞ

and let k be as in Lemma 2.10. Then for each j, we have the following functional

equation

bgj ðuÞ ¼ ð�1Þmjbgj ð�u� gjðkÞ � 1Þ

for any u.

In the case of l ¼ 1, we have the following proposition (cf. [24]).

Proposition 2.13. Let ðG; r;VÞ be a regular prehomogeneous vector space

with the irreducible relative invariant f. Denote by d :¼ deg f and n :¼ dim V .

Then we have the following functional equation:

bf ðsÞ ¼ ð�1Þdbf �s� n

d
� 1

� �
:
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3. A Classification of Regular Simple Prehomogeneous Vector Spaces

Let Gs be a simple algebraic group defined over C and rs : Gs ! GLðVÞ be

a rational representation of Gs on a finite dimensional vector space V. Assume

that rs and V are of the form rs ¼ r1 l � � �l rn and V ¼ V1 l � � �lVn where

ri : Gs ! GLðViÞ is an irreducible representation of Gs on Vi. We put G ¼
GLð1Þn � Gs and define a representation r of G on V by

rða1; . . . ; an; gÞv ¼ ða1r1ðgÞv1; . . . ; anrnðgÞvnÞ

for v¼ ðv1; . . . ; vnÞ A V and ða1; . . . ; an; gÞ A G. By abuse of notation, we write r ¼
r1 l � � �l rn. If the triplet ðG; r;VÞ ¼ ðGLð1Þn � Gs; r1 l � � �l rn;V1 l � � �lVnÞ
is a prehomogeneous vector space, we call it a simple prehomogeneous vector

space.

Simple prehomogeneous vector spaces are classified by M. Sato, T. Shintani

and T. Kimura ([23], [24] and [14] with a correction [16]). For n ¼ 1 (resp. nb 2),

regular simple prehomogeneous vector spaces are classified in [23] (resp. [14]), and

the results can be summarized as follows:

Proposition 3.1. Let L0 be a (odd or even) half-spin representation of

Spinð2nÞ. When there is a possible ambiguity, we write Le (resp. Lo) for the even

(resp. odd ) half-spin representation of Spinð2nÞ.
Let L be the spin representation of Spinð2nþ 1Þ, and w the vector repre-

sentation of SpinðmÞ so that ðSpinðmÞ; wÞG ðSOðmÞ;L1Þ.
We denote by l the number of fundamental relative invariants. Then all regular

simple prehomogeneous vector spaces are given as follows:

(I) Irreducible case ðn ¼ 1Þ
(1) GLð1Þ � SLðnÞ; 2L1;V

1
2 nðnþ 1Þ
� �� �

.

(2) ðGLð1Þ � SLð2nÞ;L2;Vðnð2n� 1ÞÞÞ.
(3) ðGLð1Þ � SLð2Þ; 3L1;Vð4ÞÞ.
(4) ðGLð1Þ � SLð6Þ;L3;Vð20ÞÞ.
(5) ðGLð1Þ � SLð7Þ;L3;Vð35ÞÞ.
(6) ðGLð1Þ � SLð8Þ;L3;Vð56ÞÞ.
(7) ðGLð1Þ � SOðnÞ;L1;VðnÞÞ.
(8) ðGLð1Þ � Spð3Þ;L3;Vð14ÞÞ.
(9) ðGLð1Þ � Spinð7Þ;L;Vð8ÞÞ.

(10) ðGLð1Þ � Spinð9Þ;L;Vð16ÞÞ.
(11) ðGLð1Þ � Spinð11Þ;L;Vð32ÞÞ.
(12) ðGLð1Þ � Spinð12Þ;L0;Vð32ÞÞ.
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(13) ðGLð1Þ � Spinð14Þ;L0;Vð64ÞÞ.
(14) ðGLð1Þ � G2;L2;Vð7ÞÞ.
(15) ðGLð1Þ � E6;L1;Vð27ÞÞ.
(16) ðGLð1Þ � E7;L6;Vð56ÞÞ.

(II) Non-irreducible case ðnb 2Þ.

(II-1) l ¼ 1.

(17) ðGLð1Þ2 � SLðnÞ;L1 lL�
1;VðnÞlVðnÞ�Þ.

(18) ðGLð1Þn � SLðnÞ;L1 l � � �l
zfflfflfflfflffl}|fflfflfflfflffl{n

L1;VðnÞ l � � �l
zfflfflfflfflffl}|fflfflfflfflffl{n

VðnÞÞ.
(19) ðGLð1Þ2 � SLð2nþ 1Þ;L2 lL1;Vðnð2nþ 1ÞÞlVð2nþ 1ÞÞ.
(20) ðGLð1Þ2 � SpðnÞ;L1 lL1;Vð2nÞlVð2nÞÞ.
(21) ðGLð1Þ2 � Spinð10Þ;Le lLe;Vð16ÞlVð16ÞÞ (or equivalently, ðGLð1Þ2 �

Spinð10Þ;Lo lLo;Vð16ÞlVð16ÞÞ).

(II-2) l ¼ 2

(22) ðGLð1Þ3 � SLð2nÞ;L2 lL1 lL1;Vðnð2n� 1ÞÞlVð2nÞlVð2nÞÞ.
(23) ðGLð1Þ3 � SLð2nÞ;L2 lL�

1 lL�
1;Vðnð2n� 1ÞÞlVð2nÞ� lVð2nÞ�Þ.

(24)
�
GLð1Þ2 � SLðnÞ; 2L1 lL1;V

1
2 nðnþ 1Þ
� �

lVðnÞ
�
.

(25)
�
GLð1Þ2 � SLðnÞ; 2L1 lL�

1;V
1
2 nðnþ 1Þ
� �

lVðnÞ�
�
.

(26) ðGLð1Þ2 � SLð7Þ;L3 lL1;Vð35ÞlVð7ÞÞ.
(27) ðGLð1Þ2 � SLð7Þ;L3 lL�

1;Vð35ÞlVð7Þ�Þ.
(28) ðGLð1Þ2 � Spð3Þ;L3 lL1;Vð14ÞlVð6ÞÞ.
(29) ðGLð1Þ2 � Spinð10Þ; wlL0;Vð10ÞlVð16ÞÞ.
(30) ðGLð1Þ3 � SLð2nÞ;L2 lL1 lL�

1;Vðnð2n� 1ÞÞlVð2nÞlVð2nÞ�Þ.
(31) ðGLð1Þ2 � Spinð7Þ; wlL;Vð7ÞlVð8ÞÞ.
(32) ðGLð1Þ2 � Spinð8Þ; wlL0;Vð8ÞlVð8ÞÞ.
(33) ðGLð1Þ2 � Spinð12Þ; wlL0;Vð12ÞlVð32ÞÞ.

(II-3) l ¼ 3.

(34) ðGLð1Þ3 � SLð2Þ;L1 lL1 lL1;Vð2ÞlVð2ÞlVð2ÞÞ.

(II-4) lb 4.

(35) ðGLð1Þnþ1 � SLðnÞ;L1 l � � �l
zfflfflfflfflffl}|fflfflfflfflffl{n

L1 lL1;VðnÞ l � � �l
zfflfflfflfflffl}|fflfflfflfflffl{n

VðnÞlVðnÞÞ.

(36) ðGLð1Þnþ1 � SLðnÞ;L1 l � � �l
zfflfflfflfflffl}|fflfflfflfflffl{n

L1 lL�
1;VðnÞ l � � �l

zfflfflfflfflffl}|fflfflfflfflffl{n

VðnÞlVðnÞ�Þ.
(37) ðGLð1Þ4 � SLð2nþ 1Þ;L2 lL1 lL1 lL1;Vðnð2nþ 1ÞÞlVð2nþ 1Þl

Vð2nþ 1ÞlVð2nþ 1ÞÞ.
(38) ðGLð1Þ4 � SLð2nþ 1Þ;L2 lL1 lL�

1 lL�
1;Vðnð2nþ 1ÞÞlVð2nþ 1Þl

Vð2nþ 1Þ� lVð2nþ 1Þ�Þ.
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For the spaces (35) and (36), we assume that nb 3. We have l ¼ nþ 1 for the

spaces (35) and (36), and l ¼ 4 for the spaces (37) and (38).

Remark 3.2. Although the space (34) is a special case of (35), we treat

them separately because the space (34) has finitely many orbits and its microlocal

structure is determined by S. Kasai, while the space (35) with nb 3 has infinitely

many orbits.

4. Known Results

In this section, we summarize the known results on the b-functions of

regular simple prehomogeneous vector spaces. First Kimura [13] and Ozeki [20]

determined the b-functions for all the regular simple prehomogeneous vector

spaces with n ¼ 1. When nb 2 and l ¼ 1, the calculation of the b-functions can

be reduced to the case of n ¼ 1. In view of Proposition 3.1, there are twelve

regular simple prehomogeneous vector spaces with l ¼ 2. We can easily deter-

mine the b-functions of four of the twelve spaces, since these four spaces are

direct sums of some regular prehomogeneous vector spaces whose b-functions

are known. These are the cases of the spaces (30)–(33). Kasai investigated the

remaining eight spaces by using the method of microlocal analysis, and Kasai

determined their b-functions except for the space (28). A brief summary of his

results is included in [8].

Now we describe a di¤erent aspect of the study on the determination of the

b-functions. By using the results of [24] and [27], one can derive the explicit form

of the b-function from the explicit formula for the functional equation satisfied by

the (local ) zeta functions. Thus it is enough to know the explicit formulae for the

(local) functional equations for our purpose. In [30], T. Suzuki gave the explicit

formulae for the functional equations of the spaces (24) and (25). The space (34),

which has three relative invariants, is investigated by F. Sato [27], and we know

the explicit formula for the functional equation satisfied by the zeta functions.

As for the spaces with lb 4, we found that each of the spaces (35)–(38)

has infinitely many orbits ([17]). Hence it seems that the study from the view

point of microlocal analysis is not so e¤ective. However, T. Kimura [15] and

H. Hosokawa [5] investigated these prehomogeneous vector spaces by using a

di¤erent method. Kimura developed a method for explicit calculation of the

functional equation satisfied by the local zeta functions attached to a preho-

mogeneous vector space. This method works without the finitely many orbits

condition. On the other hand, in order to use his method, one needs to know
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the explicit form of the Igusa local zeta function associated with the preho-

mogeneous vector space in question. Hosokawa, however, determined the Igusa

local zeta function of the spaces (35), (36) and (38). As its application, Kimura

determined the explicit formulae for the functional equations (cf. [15, § 4]), and

hence we obtain the explicit forms of the b-functions of the spaces (35), (36)

and (38). We note that Kasai [8] determined the b-functions of the spaces (35)

and (36) by using the Capelli identity.

Hence the b-functions of the spaces (28) and (37) have been unknown before

the present paper. We determine the b-function of the space (28) in § 5 and that

of the space (37) in § 7.

Unfortunately, the article [8] is written in Japanese, and the results in [8]

with detailed proofs have been published in separate papers [9, 10, 11]. For the

convenience of readers, we shall give the tables of the explicit forms of the

b-functions of non-irreducible regular simple prehomogeneous vector spaces in

Appendix.

5. The Space (28)

In this section, we shall determine the b-function of the regular simple

prehomogeneous vector space

ðGLð1Þ2 � Spð3Þ;L3 lL1;Vð14ÞlVð6ÞÞ:ð28Þ

In [8], Kasai gave some comments on the microlocal structure of this space and

posed a conjecture on the b-function. At first, following the Kasai’s argument,

we explain the reason why it is di‰cult to calculate the b-function by using

microlocal calculus.

When we appeal to microlocal calculus, we first determine the orbital de-

composition of a given prehomogeneous vector space and investigate the con-

ormal bundles of the orbits. Then we construct the holonomy diagram which

expresses how each conormal bundle intersects the others. A conormal bundle

L that satisfies certain conditions is called a good Lagrangian, and we can

associate with a good Lagrangian L, its local b-function bLðsÞ. If L and L0 are

good Lagrangians whose intersection is of codimension one, we can determine

the ratio bLðsÞ=bL0 ðsÞ of the local b-functions. Finally we multiply all the ratios

in the path that connects the conormal bundle of the origin and that of V,

i.e., the zero section. As a result, we obtain the b-function, because the local

b-function of the zero section is nothing but the original b-function. For the

detail of the above, see [22].
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The aspect of a holonomy diagram, however, is not so simple in some cases.

For example, three good Lagrangians (say L, L0 and L00) may have a common

intersection of codimension one—it may happen that dim LVL0 ¼ dim V � 1

and LVL0HL00 (in the holonomy diagram, it is expressed as Figure 1). In such

cases, we have to appeal to another formula in the determination of the ratios of

the local b-functions. We call it the three Lagrangians formula. The whole theory

of the formula, however, is not published yet and the only reference to the

author’s knowledge is Ozeki [19], in which Ozeki gave the three Lagrangians

formula without the proof. Moreover, the description in [19] is applicable only

to irreducible prehomogeneous vector spaces. For the three Lagrangians for-

mula, see also [13, Remark 1.10], [18] and [34, Remark 2.4].

Let us return to our case. By looking at the holonomy diagram in [8, pp.

34–35], we observe that we can not avoid the three Lagrangians formula. We

note that the same phenomenon does not occur for the other regular simple

prehomogeneous vector spaces given in Proposition 3.1. Thus we can say that the

prehomogeneous vector space in question is conspicuous for its microlocal

structure. Our approach in the present paper does not rely on such advanced

formulae which are developed with the aid of microlocal analysis.

Now we shall investigate the prehomogeneous vector space (28) in

detail. First we define the irreducible regular prehomogeneous vector space�
GLð6Þ;L3; 5

3
V1

�
. Let V1 ¼

P6
i¼1 Cei be a 6-dimensional vector space with a

basis fe1; . . . ; e6g. The group GLð6Þ acts on V1 by L1ðgÞðe1; . . . ; e6Þ ¼ ðe1; . . . ; e6Þg
for g A GLð6Þ. Denote by 53

V1 the space of skew-symmetric tensors of rank 3,

that is, 53
V1 ¼

P
1ai<j<ka6 Cðei5ej5ekÞ. Then L1 gives rise to the action

L3 of GLð6Þ on 53
V1 as follows: L3ðgÞðei5ej5ekÞ ¼ ðL1ðgÞeiÞ5ðL1ðgÞejÞ5

ðL1ðgÞekÞ for g A GLð6Þ. It is known that the triplet ðGLð6Þ;L3; 5
3
V1Þ is an

irreducible regular prehomogeneous vector space (see [23, Proposition 7 in § 5]).

Figure 1: Three good Lagrangians
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We shall give the irreducible relative invariant of this space explicitly. For

1a la 6, we define the operator q=qel on 53
V1 by

q

qel
ðei5ej5ekÞ ¼ dilej5ek � djlei5ek þ dklei5ej

where dmn is the Kronecker delta. Put t ¼ e15 � � �5e6 and let ~xx ¼
P

xijkei5

ej5ek be an element of 53
V1. For 1a i; ja 6, we define the homogeneous

polynomial jijð~xxÞ of degree 2 on 53
V1 by the relation

~xx5
q~xx

qei
5ej ¼ jijð~xxÞt:

Let jð~xxÞ ¼ ðjijð~xxÞÞ1ai; ja6. Again by [23, Proposition 7 in § 5], we have the

following lemma.

Lemma 5.1. (1) We have jðL3ðgÞ~xxÞ ¼ ðdet gÞ � gjð~xxÞg�1 for g A GLð6Þ.
(2) We have jð~xxÞ2 ¼ f ð~xxÞ � I6 with some irreducible polynomial f ð~xxÞ of

degree 4. Moreover, f ð~xxÞ is a relative invariant on 53
V1 corresponds to

the character ðdet gÞ2.

Now we restrict L3 to the subgroup

Spð3Þ ¼ fg A GLð6Þ; tgJg ¼ Jg; J ¼
0 I3

�I3 0

 !
:

Then we have the decomposition 53
V1 ¼ Vð14ÞlVð6Þ as the representation

space of Spð3Þ, since the restriction of weights fli þ lj þ lk; 1a i < j < ka 6g
of GLð6Þ decomposes into fGl1 G l2 G l3;Gl1;Gl2;Gl3gU fGli; i ¼ 1; 2; 3g. The

action r1 of Spð3Þ on Vð14Þ remains L3, however, the action r2 of Spð3Þ on Vð6Þ
becomes L1. Moreover, an element ~xx ¼

P
xijkei5ej5ek of 53

V1 belongs to

Vð14Þ if and only if xi14 þ xi25 þ xi36 ¼ 0 for 1a ia 6. For ~xx A 53
V1, we denote

by ðx; vÞ the element of Vð14ÞlVð6Þ corresponding to ~xx. We also denote by x

an arbitrary element of Vð14Þ and let

Vð14Þ ¼ x ¼
X

1ai<j<ka6

xijkei5ej5ek; xi14 þ xi25 þ xi36 ¼ 0 ð1a ia 6Þ
( )

:

Let G 0 ¼ GLð1Þ � Spð3Þ, G ¼ GLð1Þ2 � Spð3Þ, V 0 ¼ Vð14Þ and V ¼
Vð14ÞlVð6Þ. The group G 0 acts on V 0 by r 0ða; gÞx ¼ ar1ðgÞx for ða; gÞ A G 0

and x A V 0. Let ~gg ¼ ða; b; gÞ A G and ~xx ¼ ðx; vÞ A V . Then we define the action

r of G on V by rð~ggÞ~xx ¼ ðar1ðgÞx; br2ðgÞvÞ. By [23, Proposition 22 in § 5], the
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triplet ðG 0; r 0;V 0Þ ¼ ðGLð1Þ � Spð3Þ;L3;Vð14ÞÞ is an irreducible regular preho-

mogeneous vector space, and by [14, Proposition 2.38], the triplet ðG; r;VÞ ¼
ðGLð1Þ2 � Spð3Þ;L3 lL1;Vð14ÞlVð6ÞÞ is a regular simple prehomogeneous

vector space.

We shall consider the relative invariants of ðG 0; r 0;V 0Þ and ðG; r;VÞ. Let

f ð~xxÞ be the irreducible relative invariant of ðGLð6Þ;L3; 5
3
V1Þ given in Lemma

5.1. Denote by f1ðxÞ the restriction of f ð~xxÞ to the subspace Vð14Þ:

f1ðxÞ ¼ f jVð14Þ: ð5:1Þ

By [23, pp. 108], we see that f1ðxÞ remains irreducible as a polynomial on Vð14Þ,
and hence f1ðxÞ is the irreducible relative invariant of ðG 0; r 0;V 0Þ. Since the

generic isotropy subalgebra of ðG; r;VÞ is isomorphic to sl2, we observe that

ðG; r;VÞ has two fundamental relative invariants by Lemma 1.3. Clearly the

above f1ðxÞ is one of the irreducible relative invariants of ðG; r;VÞ. Hence it

remains to construct another relative invariant. We define the polynomial f2 on

V by

f2ð~xxÞ ¼ � 1

2

� �
� tvJjðxÞv ð5:2Þ

for ~xx ¼ ðx; vÞ A V . By Lemma 5.1, we easily see that f2 is a relative invariant

of ðG; r;VÞ corresponding to the character a2b2. We can check the irreducibility

of f2 by using Lemma 1.3. Hence we have the following proposition.

Proposition 5.2. (1) The triplet ðG 0; r 0;V 0Þ ¼ ðGLð1Þ � Spð3Þ;L3;Vð14ÞÞ
is an irreducible regular prehomogeneous vector space. This space has

the irreducible relative invariant f1 of degree 4, which corresponds to the

character f1 ¼ a4.

(2) The triplet ðG; r;VÞ ¼ ðGLð1Þ2 � Spð3Þ;L3 lL1;Vð14ÞlVð6ÞÞ is a

regular simple prehomogeneous vector space. This space has two irreduc-

ible relative invariants f1 of degree 4 and f2 of degree 4. Let fi be the

corresponding character of fi for i ¼ 1; 2. Then we have f1 ¼ a4 and

f2 ¼ a2b2.

Remark 5.3. In [14, pp. 97], Kimura asserts that f ð~xxÞ is again a relative

invariant of ðG; r;VÞ. This is not correct, because the subgroup rðGÞ of GLðVÞ
is not contained in L3ðGLð6ÞÞ. This correction is already pointed out by Kasai

([8, pp. 63]). As we will see in Proposition 5.5, f2ð~xxÞ is of integral coe‰cients.

The constant factor ð�1=2Þ in (5.2) is necessary in order that the common factor

of the coe‰cients of f2ð~xxÞ is 1.
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To simplify the notation, we write ðijkÞ instead of ei5ej5ek. Since we

have xi14 þ xi25 þ xi36 ¼ 0 ð1a ia 6Þ, the set of vectors

ð123Þ; ð124 þ 136Þ; ð125 � 136Þ; ð126Þ; ð134 � 235Þ; ð135Þ;
ð145 þ 356Þ; ð146 � 256Þ; ð156Þ; ð234Þ; ð245 � 346Þ;
ð246Þ; ð345Þ; ð456Þ

8>><
>>:

9>>=
>>; ð5:3Þ

is a basis of Vð14Þ. We define the coordinates with respect to this basis as

follows:

x ¼ x123ð123Þ þ x124ð124 þ 236Þ þ x125ð125 � 136Þ þ x126ð126Þ

þ x134ð134 � 235Þ þ x135ð135Þ þ x145ð145 þ 356Þ þ x146ð146 � 256Þ

þ x156ð156Þ þ x234ð234Þ þ x245ð245 � 346Þ þ x246ð246Þ

þ x345ð345Þ þ x456ð456Þ: ð5:4Þ

Expanding the relative invariants f1 along the definition (5.1), we obtain the

following result.

Proposition 5.4.

f1ðxÞ ¼ 4x126x
2
145x234 � 8x125x145x146x234 � 4x135x

2
146x234

þ 4x124x145x156x234 þ 4x134x146x156x234 þ x2
156x

2
234

� 8x126x134x145x245 þ 8x124x135x146x245 � 8x123x145x146x245

� 8x124x134x156x245 � 4x125x156x234x245 � 4x126x135x
2
245

� 4x123x156x
2
245 þ 8x125x134x145x246 � 4x124x135x145x246

þ 4x123x
2
145x246 þ 4x134x135x146x246 � 4x2

134x156x246

� 2x135x156x234x246 þ 4x125x135x245x246 þ x2
135x

2
246

þ 4x124x126x145x345 � 8x124x125x146x345 � 4x126x134x146x345

� 4x123x
2
146x345 þ 4x2

124x156x345 � 2x126x156x234x345

þ 4x125x126x245x345 � 4x2
125x246x345 � 2x126x135x246x345

� 4x123x156x246x345 þ x2
126x

2
345 � 8x124x125x134x456
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� 4x126x
2
134x456 þ 4x2

124x135x456 � 4x123x124x145x456

� 4x123x134x146x456 � 4x2
125x234x456 � 4x126x135x234x456

� 2x123x156x234x456 � 4x123x125x245x456 � 2x123x135x246x456

� 2x123x126x345x456 þ x2
123x

2
456:

By abuse of notation, we denote by fe1; . . . ; e6g the basis of Vð6Þ such that

the action r2 of Spð3Þ is given by ðe1; . . . ; e6Þ 7! ðe1; . . . ; e6Þg for g A Spð6Þ. For

v A Vð6Þ, we take the coordinates with respect to this basis as follows: v ¼
v1e1 þ � � � þ v6e6. Combining with (5.4), we then have the coordinates of ~xx ¼
ðx; vÞ A Vð14ÞlVð6Þ. We expand f2 along the definition (5.2) and obtain the

following proposition.

Proposition 5.5.

f2ð~xxÞ ¼ v2
1ðx234x456 þ x2

245 þ x246x345Þ þ 2v1v2ð�x134x456 � x145x245 � x146x345Þ

þ 2v1v3ðx124x456 � x145x246 þ x146x245Þ

þ v1v4ð�x123x456 þ 2x125x245 þ x135x246 þ x126x345 � x156x234Þ

þ 2v1v5ð�x124x245 � x134x246 þ x146x234Þ

þ 2v1v6ð�x124x345 þ x134x245 � x145x234Þ

þ v2
2ð�x135x456 þ x2

145 � x156x345Þ þ 2v2v3ðx125x456 þ x145x146 þ x156x245Þ

þ 2v2v4ð�x125x145 þ x134x156 � x135x146Þ

þ v2v5ð�x123x456 þ 2x124x145 � x135x246 þ x156x234 þ x126x345Þ

þ 2v2v6ð�x125x345 þ x134x145 þ x135x245Þ þ v2
3ðx126x456 þ x2

146 þ x156x246Þ

þ 2v3v4ð�x124x156 þ x125x146 � x126x145Þ

þ 2v3v5ðx124x146 þ x125x246 � x126x245Þ

þ v3v6ð�x123x456 þ 2x134x146 � x126x345 þ x156x234 þ x135x246Þ

þ v2
4ðx123x156 þ x2

125 þ x126x135Þ þ 2v4v5ð�x123x146 � x124x125 � x126x134Þ

þ 2v4v6ðx123x145 � x124x135 þ x125x134Þ þ v2
5ð�x123x246 þ x2

124 � x126x234Þ

þ 2v5v6ðx123x245 þ x124x134 þ x125x234Þ þ v2
6ðx2

134 þ x123x345 þ x135x234Þ:
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Now we consider the dual triplets of ðG; r;VÞ and ðG 0; r 0;V 0Þ. First we

introduce a skew-symmetric bilinear form on 53
V1 by

hðijkÞ; ðlmnÞi ¼ sgn
1 2 3 4 5 6

i j k l m n

� �
ð5:5Þ

where sgn is the signature on the symmetric group S6 which is extended by

sgn
1 2 3 4 5 6

i j k l m n

� �
¼ 0 if fi; j; k; l;m; ng0 f1; 2; 3; 4; 5; 6g:

By [3, § 2.9], the bilinear form (5.5) is Spð3Þ-invariant.

Let ðV 0Þ4 ¼ Vð14Þ4 be the dual space of V 0 ¼ Vð14Þ and ðr 0Þ4 :

G 0 ! GLððV 0Þ4Þ the contragredient representation of r 0. We identify ðV 0Þ4 with

V 0 by the bilinear form (5.5). Then the action ðr 0Þ4 of G 0 on ðV 0Þ4 is given by

ðr 0Þ4ða; gÞy ¼ a�1r1ðgÞy for ða; gÞ A G 0 and y A ðV 0Þ4. The dual basis of (5.3) is

given as follows:

Lemma 5.6.

ð123Þ4 ¼ ð456Þ; ð124 þ 236Þ4 ¼ � 1

2
ð145 þ 356Þ;

ð125 � 136Þ4 ¼ � 1

2
ð245 � 346Þ; ð126Þ4 ¼ �ð345Þ;

ð134 � 235Þ4 ¼ � 1

2
ð146 � 256Þ; ð135Þ4 ¼ �ð246Þ;

ð145 þ 356Þ4 ¼ 1

2
ð124 þ 236Þ; ð146 � 256Þ4 ¼ 1

2
ð134 � 235Þ;

ð156Þ4 ¼ ð234Þ; ð234Þ4 ¼ �ð156Þ; ð245 � 346Þ4 ¼ 1

2
ð125 � 136Þ;

ð246Þ4 ¼ ð135Þ; ð345Þ4 ¼ ð126Þ; ð456Þ4 ¼ �ð123Þ:

We define the coordinates of ðV 0Þ4 with respect to the above basis by

y ¼ y123ð123Þ4 þ y124ð124 þ 236Þ4 þ y125ð125 � 136Þ4 þ y126ð126Þ4

þ y134ð134 � 235Þ4 þ y135ð135Þ4 þ y145ð145 þ 356Þ4 þ y146ð146 � 256Þ4

þ y156ð156Þ4 þ y234ð234Þ4 þ y245ð245 � 346Þ4 þ y246ð246Þ4

þ y345ð345Þ4 þ y456ð456Þ4
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¼ �y456ð123Þ þ 1

2
y145ð124 þ 236Þ þ 1

2
y245ð125 � 136Þ þ y345ð126Þ

þ 1

2
y146ð134 � 235Þ þ y246ð135Þ � 1

2
y124ð145 þ 356Þ � 1

2
y134ð146 � 256Þ

� y234ð156Þ þ y156ð234Þ � 1

2
y125ð245 � 346Þ � y135ð246Þ

� y126ð345Þ þ y123ð456Þ: ð5:6Þ

Let f41 be a polynomial function on ðV 0Þ4 defined by

f41 ðyÞ ¼ f1ðyÞ ð5:7Þ

for any y A ðV 0Þ4GV 0. We observe that f41 is a relative invariant of the pre-

homogeneous vector space ðG 0; ðr 0Þ4; ðV 0Þ4Þ. Moreover, f41 corresponds to the

character f41 ¼ a�4. We expand f41 with respect to the coordinates (5.6) and

obtain the following proposition.

Proposition 5.7.

f41 ðyÞ ¼ y2
124y156y345 � y124y134y156y245 � y2

134y156y246

þ y124y145y156y234 þ y134y146y156y234 þ y2
156y

2
234

� y124y125y146y345 þ y125y134y145y246 � y124y125y134y456

� y125y145y146y234 � y125y156y234y245 � y2
125y246y345

� y2
125y234y456 þ y124y135y146y245 � y124y135y145y246

þ y2
124y135y456 þ y134y135y146y246 � y135y

2
146y234

� 2y135y156y234y246 þ y125y135y245y246 þ y2
135y

2
246

þ y124y126y145y345 � y126y134y145y245 � y126y134y146y345

� y126y
2
134y456 þ y126y

2
145y234 � 2y126y156y234y345

þ y125y126y245y345 � y126y135y
2
245 � 2y126y135y246y345

� 4y126y135y234y456 þ y2
126y

2
345 � y123y145y146y245

� y123y
2
146y345 þ y123y

2
145y246 � y123y124y145y456
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� y123y134y146y456 � y123y156y
2
245 � 4y123y156y246y345

� 2y123y156y234y456 � y123y125y245y456 � 2y123y135y246y456

� 2y123y126y345y456 þ y2
123y

2
456:

Now let us define a skew-symmetric bilinear form on Vð6Þ by

hv;wi ¼ tvJw ð5:8Þ

for v;w A Vð6Þ. Clearly this bilinear form is Spð3Þ-invariant. Let Vð6Þ4 be the

dual space of Vð6Þ. We identify Vð6Þ4 with Vð6Þ by the bilinear form (5.8).

The dual basis fe41 ; . . . ; e46 g of fe1; . . . ; e6g is given by

e41 ¼ e4; e42 ¼ e5; e43 ¼ e6; e44 ¼ �e1; e45 ¼ �e2; e46 ¼ �e3:

We define the coordinates of w A Vð6Þ4 with respect to the above basis as

follows:

w ¼ w1e
4
1 þ w2e

4
2 þ w3e

4
3 þ w4e

4
4 þ w5e

4
5 þ w6e

4
6

¼ �w4e1 � w5e2 � w6e3 þ w1e4 þ w2e5 þ w3e6: ð5:9Þ

Let V4 ¼ ðVð14ÞlVð6ÞÞ4 ¼ Vð14Þ4lVð6Þ4 be the dual space of V, and

r4 : G ! GLðV4Þ the contragredient representation of r. We identify V4 with

V by the bilinear forms (5.5), (5.8). Then the action r4 of G on V4 is given by

r4ð~ggÞ~yy ¼ ða�1r1ðgÞy; b�1r2ðgÞwÞ for ~gg ¼ ða; b; gÞ A G and ~yy ¼ ðy;wÞ A V4.

We define the polynomial function f42 on V4 by

f42 ð~yyÞ ¼ 4f2ð~yyÞ ð5:10Þ

for any ~yy A V4GV . Then, f42 is a relative invariant of the prehomogeneous

vector space ðG; r4;V4Þ. Moreover, f42 corresponds to the character f42 ¼
a�2b�2. We expand f42 with respect to the coordinates (5.6), (5.9), and obtain

the following result.

Proposition 5.8.

f42 ð~yyÞ ¼ w2
4ð4y123y156 þ y2

125 þ 4y126y135Þ

þ 2w4w5ð�2y123y146 � y124y125 � 2y126y134Þ

þ 2w4w6ð2y123y145 � 2y124y135 þ y125y134Þ

� w1w4ð4y123y456 � 2y125y245 � 4y135y146 � 4y126y345 þ 4y156y234Þ

� 2w2w4ðy125y145 þ 2y135y146 � 2y134y156Þ
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� 2w3w4ð2y126y145 � y125y146 þ 2y124y156Þ

þ w2
5ð�4y123y246 þ y2

124 � 4y126y234Þ

þ 2w5w6ð2y123y245 þ y124y134 þ 2y125y234Þ

� 2w1w5ðy124y245 � 2y146y234 þ 2y134y246Þ

� w2w5ð4y123y456 � 2y124y145 þ 4y135y246 � 4y156y234 � 4y126y345Þ

� 2w3w5ð2y126y245 � y124y146 � 2y125y246Þ

þ w2
6ð4y123y345 þ y2

134 þ 4y135y234Þ

� 2w1w6ð2y145y234 � y134y245 þ 2y124y345Þ

� 2w2w6ð�y134y145 � 2y135y245 þ 2y125y345Þ

� w3w6ð4y123y456 � 2y134y146 þ 4y126y345 � 4y156y234 � 4y135y246Þ

þ w2
1ð4y234y456 þ y2

245 þ 4y246y345Þ

þ 2w1w2ð�2y134y456 � y145y245 � 2y246y345Þ

þ 2w1w3ð2y124y456 � 2y145y246 þ y146y245Þ

þ w2
2ð�4y135y456 þ y2

145 � 4y156y345Þ

þ 2w2w3ð2y125y456 þ y145y146 þ 2y156y245Þ

þ w2
3ðy2

146 þ 4y126y456 þ 4y156y246Þ:

We shall determine the b-function bf1ðsÞ of f1. Although this b-function is

already calculated by T. Kimura [13], our approach is far di¤erent from his one,

namely, microlocal calculus. It may be of some interests to introduce our method,

which is initiated by K. Ukai [31].

Let bf1ðsÞ ¼
P4

i¼0 b
ð1Þ
i s4�i A C ½s�. By Lemma 1.6 (i), we have

b
ð1Þ
0 ¼ f41 ðgrad log f1ðxÞÞ f1ðxÞ

for generic x. Recall that the rational map grad log f1 is defined by

grad log f1ðxÞ ¼
1

f1ðxÞ
� qf1

qx123
ðxÞ; . . . ; 1

f1ðxÞ
� qf1

qx456
ðxÞ

� �
:

We see that x0 ¼ ð123Þ þ ð456Þ A V 0 ¼ Vð14Þ is a generic point of ðG 0; r 0;V 0Þ by

calculating the isotropy subalgebra at x0. Then, by Proposition 5.4, we have
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qf1

qx123
ðx0Þ ¼

qf1

qx456
ðx0Þ ¼ 2;

qf1

qxijk
ðx0Þ ¼ 0 otherwise:

Hence it follows from Proposition 5.7 that b
ð1Þ
0 ¼ 24. By using Lemma 1.6 (ii), we

can determine the constant term b
ð1Þ
4 of bf1ðsÞ and the result is b

ð1Þ
4 ¼ 280 ¼

23 � 5 � 7.

Now we write bf1ðsÞ ¼ b
ð1Þ
0

Q4
i¼1ðsþ aiÞ. We have that ai A Q>0 by Theorem

1.7. Since a1a2a3a4 ¼ b
ð1Þ
4 =b

ð1Þ
0 , we obtain

a1a2a3a4 ¼ 5 � 7

2
: ð5:11Þ

Moreover, by Proposition 2.13, the following functional equation holds:

bf1ðsÞ ¼ bf1 �s� 9

2

� �
: ð5:12Þ

In view of Lemma 1.6 (1), we may assume that a1 ¼ 1. Hence it follows from

(5.12) that ðsþ 7=2Þ divides bf1ðsÞ. Letting a4 ¼ 7=2, we obtain a2 þ a3 ¼ 9=2 and

a2a3 ¼ 5 by (5.11) and (5.12). This immediately implies the following.

Proposition 5.9.

bf1ðsÞ ¼ 24ðsþ 1Þðsþ 2Þ sþ 5

2

� �
sþ 7

2

� �
:

Next we shall calculate the a-functions amðsÞ. Let v0 ¼ e1 þ e4 A Vð6Þ and

~xx0 ¼ ðx0; v0Þ A V ¼ Vð14ÞlVð6Þ. Then we observe that ~xx0 is a generic point

of ðG; r;VÞ. Moreover, by using Proposition 5.8, we obtain

grad log f2ð~xx0Þ ¼ ðð123Þ4� ð156Þ4� ð234Þ4þ ð456Þ4; e41 þ e44 Þ:

Hence it follows from Lemma 2.1 and Proposition 5.7 that

a1ðsÞ ¼ f41 ðgrad log f sð~xx0ÞÞ f1ð~xx0Þ

¼ f41 ðs1 grad log f1ðx0Þ þ s2 grad log f2ð~xx0ÞÞ f1ðx0Þ

¼ ð�s2Þ4 � 2ð�s2Þ2ð2s1 þ s2Þ2 þ ð2s1 þ s2Þ4

¼ 24s2
1ðs1 þ s2Þ2:
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Let

amðsÞ ¼ Am
YN
j¼1

ðgjðsÞ
gjðmÞÞmj

be the a-function as in Lemma 2.2. Since a1ðsÞ is as above, we have N ¼ 3

and may assume that

g1ðsÞ ¼ s1; g2ðsÞ ¼ s2; g3ðsÞ ¼ s1 þ s2:

Moreover we see that m1 ¼ 2, m3 ¼ 2 and A1 ¼ b
ð1Þ
0 ¼ 24. Hence it remains to

determine m2 and A2. Since a2ðsÞ ¼ A2s
m 2

2 ðs1 þ s2Þ2 and deg f2 ¼ 4, we get m2 ¼ 2.

We can calculate the leading coe‰cient b
ð2Þ
0 of bf2ðsÞ by using Lemma 1.6, and

consequently A2 ¼ b
ð2Þ
0 ¼ 24. We therefore obtain the following proposition.

Proposition 5.10.

amðsÞ ¼ 24ðm1þm2Þs2m1

1 s2m2

2 ðs1 þ s2Þ2ðm1þm2Þ:

Now we shall consider the b-function bf mðsÞ of f m. Note that the above

a-function satisfies Assumption 2.4 and consequently we can apply Lemmas

2.6–2.8 to the b-functions. By Lemma 2.6, the b-functions b1ðsÞ and b2ðsÞ are

expressed as

b1ðsÞ ¼ 24ðs1 þ a1;1Þðs1 þ a1;2Þðs1 þ s2 þ a3;1Þðs1 þ s2 þ a3;2Þ;

b2ðsÞ ¼ 24ðs2 þ a2;1Þðs2 þ a2;2Þðs1 þ s2 þ a3;1Þðs1 þ s2 þ a3;2Þ

with some aj; r A Q>0. Let us describe the functional equations explicitly. Since

det rðgÞ2 ¼ a28b12, we see that k in Lemma 2.10 is given by k ¼ ð2; 3Þ. Put

bg1
ðuÞ :¼

Y2

r¼1

ðuþ a1; rÞ; bg2
ðuÞ :¼

Y2

r¼1

ðuþ a2; rÞ; bg3
ðuÞ :¼

Y2

r¼1

ðuþ a3; rÞ:

Then, by Theorem 2.12, we have

bg1
ðuÞ ¼ bg1

ð�u� 3Þ; bg2
ðuÞ ¼ bg2

ð�u� 4Þ; bg3
ðuÞ ¼ bg3

ð�u� 6Þ;

and hence

fa1;1; a1;2g ¼ f3 � a1;1; 3 � a1;2g;

fa2;1; a2;2g ¼ f4 � a2;1; 4 � a2;2g;

fa3;1; a3;2g ¼ f6 � a3;1; 6 � a3;2g:

ð5:13Þ
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By the definition of bf1ðsÞ, it follows that b1ððs; 0ÞÞ ¼ bf1ðsÞ. Combining this with

Proposition 5.9, we have

fa1;1; a1;2; a3;1; a3;2g ¼ 1; 2;
5

2
;
7

2

� �
: ð5:14Þ

By (5.13) and (5.14), we get fa1;1; a1;2g ¼ f1; 2g and fa3;1; a3;2g ¼ f5=2; 7=2g.

Since we also have that b2ðð0; sÞÞ ¼ bf2ðsÞ, fa2;1; a2;2; 5=2; 7=2g are the roots of

the polynomial bf2ðsÞ. However, in view of Lemma 1.6 (1), either a2;1 or a2;2 must

be equal to 1, and thus we get fa2;1; a2;2g ¼ f1; 3g by (5.13). We therefore obtain

the following results:

b1ðsÞ ¼ 24ðs1 þ 1Þðs1 þ 2Þ s1 þ s2 þ
5

2

� �
s1 þ s2 þ

7

2

� �
;

b2ðsÞ ¼ 24ðs2 þ 1Þðs2 þ 3Þ s1 þ s2 þ
5

2

� �
s1 þ s2 þ

7

2

� �
:

Finally, Lemma 2.8 leads us to the following theorem.

Theorem 5.11. Let f ¼ ð f1; f2Þ be the fundamental relative invariants of

the prehomogeneous vector space (28) ðGLð1Þ2 � Spð3Þ;L3 lL1;Vð14ÞlVð6ÞÞ,
and f4 ¼ ð f41 ; f42 Þ the fundamental relative invariants of the dual prehomogeneous

vector space. We normalize f1 (resp. f2; f
4
1 ; f42 ) as (5.1) (resp. (5.2), (5.7), (5.10)).

Then we have

bf mðsÞ ¼ 24ðm1þm2Þ
Ym1�1

n¼0

ðm1sþ 1 þ nÞðm1sþ 2 þ nÞ
( )

�
Ym2�1

n¼0

ðm2sþ 1 þ nÞðm2sþ 3 þ nÞ
( )

�
Ym1þm2�1

n¼0

ðm1 þm2Þsþ
5

2
þ n

� �
ðm1 þm2Þsþ

7

2
þ n

� �( )
:

Hence the conjecture of S. Kasai [8, pp. 65] is true.

6. Expansion of Pfa‰ans

In this section, we shall give a formula for expansion of Pfa‰ans. First let

us recall the definition of Pfa‰ans (cf. [21]).
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Let AltðmÞ be the space of alternating matrices of degree m. We take an

X A AltðmÞ. If m is odd, obviously det X ¼ 0. When m is even, say m ¼ 2n, there

exists a polynomial PfðXÞ of degree n such that

(1) det X ¼ PfðXÞ2,

(2) PfðJnÞ ¼ ð�1Þnðn�1Þ=2 for Jn ¼
0n In

�In 0n

� �
.

The polynomial PfðXÞ is called the Pfa‰an of X A Altð2nÞ.
Now we introduce a notation to simplify the expression of an alternating

matrix. Let Eij be the ði; jÞ-th matrix unit of MðmÞ, that is, the m�m matrix

such that the ði; jÞ-th component is 1 and the other components are 0. When

there is a possible ambiguity on the size of the matrix, we write E
ðmÞ
ij in place

of Eij . We define Dij A AltðmÞ by Dij ¼ Eij � Eji. As before, we write D
ðmÞ
ij in place

of Dij , if we want to make the size clear.

Take an arbitrary alternating matrix of size 2n;

X ¼

0 x12 x13 � � � x1;2n

�x12 0 x23 � � � x2;2n

�x13 �x23 0 � � � x3;2n

..

. ..
. ..

. . .
. ..

.

�x1;2n �x2;2n �x3;2n � � � 0

0
BBBBBB@

1
CCCCCCA A Altð2nÞ:

Then the above X is expressed as

X ¼
X

1aiaja2n

xijD
ð2nÞ
ij :

Now we take natural numbers k1; k2; . . . ; kl such that 1a km a 2n and km 0 kn

if m0 n. Then we define the l � l alternating matrix

Xðk1; k2; k3; . . . ; klÞ ð6:1Þ

by the following formula:

Xðk1; k2; k3; . . . ; klÞ ¼
X

1am<n<l

xkm;knD
ðlÞ
mn

¼

0 xk1;k2
xk1;k3

� � � xk1;kl

�xk1;k2
0 xk2;k3

� � � xk2;kl

�xk1;k3
�xk2;k3

0 � � � xk3;kl

..

. ..
. ..

. . .
. ..

.

�xk1;kl �xk2;kl �xk3;kl � � � 0

0
BBBBBB@

1
CCCCCCA A AltðlÞ:
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Here we interpret the symbol xkm;kn with km > kn as �xkn;km . So, in this notation,

the original X A Altð2nÞ is expressed as

X ð1; 2; 3; . . . ; 2nÞ: ð6:2Þ

Now let us give some examples. In the following, ��� denotes that this element is

removed.

Example 6.1. (1) We have

Xð1; . . . ; �ii; . . . ; 2nÞ

¼

0 x12 � � � x1; i�1 x1; iþ1 � � � x1;2n

�x12 0 � � � x2; i�1 x2; iþ1 � � � x2;2n

..

. ..
. . .

. ..
. ..

. . .
. ..

.

�x1; i�1 �x2; i�1 � � � 0 xi�1; iþ1 � � � xi�1;2n

�x1; iþ1 �x2; iþ1 � � � �xi�1; iþ1 0 � � � xiþ1;2n

..

. ..
. . .

. ..
. ..

. . .
. ..

.

�x1;2n �x2;2n � � � �xi�1;2n �xiþ1;2n � � � 0

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
:

(2) If we interchange ith and jth rows of X, and in addition, ith and jth

columns of X, we obtain the alternating matrix

Xð1; . . . ; j
i

; . . . ; i
j

; . . . ; 2nÞ

¼

0
BBBBBBBBBBBBB@

i j

0 � � � x1j � � � x1i � � � x1;2n

..

. . .
. ..

. . .
. ..

. . .
. ..

.

i �x1j � � � 0 � � � �xij � � � xj;2n

..

. . .
. ..

. . .
. ..

. . .
. ..

.

j �x1i � � � xij � � � 0 � � � xi;2n

..

. . .
. ..

. . .
. ..

. . .
. ..

.

�x1;2n � � � �xj;2n � � � �xi;2n � � � 0

1
CCCCCCCCCCCCCA
:

Remark 6.2. (1) As for the notation such as (6.1) and (6.2), the author

was much inspired by the book of R. Hirota [4], especially, Chapter 2. How-

ever, we slightly modify his notation to make it fitting for our calculation in the

present paper.
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(2) The expansion formula in Proposition 6.5 was discovered in some various

contexts. For example, see [1, 4, 6]. The author, however, shall give a proof of

the formula for the sake of completeness.

Since PfðAX tAÞ ¼ det A � PfðX Þ for A A GLð2nÞ and X A Altð2nÞ, we have

the following lemma.

Lemma 6.3.

Pf Xð1; . . . ; j
i

; . . . ; i
j

; . . . ; 2nÞ
� 	

¼ ð�1Þ � PfðX Þ:

The following formula is proved in [21, pp. 95].

Proposition 6.4. For X A Altð2nÞ, we have

PfðXÞ ¼
X

sgn
1 2 � � � 2n� 1 2n

i1 i2 � � � i2n�1 i2n

� �
xi1i2 � � � xi2n�1i2n ;

where the sum runs over ði1; i2; . . . ; i2n�1; i2nÞ A Z 2n
>0 such that

(i) fi1; i2; . . . ; i2n�1; i2ng is a permutation of f1; 2; . . . ; 2n� 1; 2ng, and

(ii) i1 < i2; i3 < i4; . . . ; i2n�1 < i2n, and

(iii) i1 < i3 < i5 < � � � < i2n�1.

By Proposition 6.4, we obtain the following formula, which we call the

expansion of PfðXÞ along the i0th hock.

Proposition 6.5. We fix a number i0 with 1a i0 a 2n. Then PfðX Þ is

expressed as

PfðXÞ ¼
Xi0�1

j¼1

ð�1Þ i0þj�1
xji0 Pf ½Xð1; . . . ; �jj; . . . ; �ii0; . . . ; 2nÞ�

þ
X2n

j¼i0þ1

ð�1Þ i0þj�1
xi0 j Pf ½X ð1; . . . ; �ii0; . . . ; �jj; . . . ; 2nÞ�:

Proof. Let S be the set of indices ði1; i2; . . . ; i2n�1; i2nÞ A Z 2n
>0 with the

conditions (i), (ii), (iii) in Proposition 6.4. For 2a ja 2n, we denote by Sj
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the subset of S consisting of indices ði1; i2; . . . ; i2n�1; i2nÞ with i1 ¼ 1 and i2 ¼ j.

It is easy to see that S ¼ S2 t � � � tS2n. By Proposition 6.4, we have

Pf ½X ð2; 3; . . . ; �jj; . . . ; 2nÞ�

¼
X

sgn
2 3 � � � j � 1 j þ 1 � � � 2n

k1 k2 � � � kj�2 kj�1 � � � k2n�2

� �
xk1k2

� � � xk2n�3;k2n�2
:

Thus we observe that

X
Sj

sgn
1 2 � � � 2n� 1 2n

i1 i2 � � � i2n�1 i2n

� �
xi1i2 � � � xi2n�1i2n

¼ sgn
1 2 3 4 � � � j � 1 j j þ 1 � � � 2n� 1 2n

1 j 2 3 � � � j � 2 j � 1 j þ 1 � � � 2n� 1 2n

� �

� x1j � Pf ½Xð2; 3; . . . ; �jj; . . . ; 2nÞ�

¼ ð�1Þ j�2 � x1j � Pf ½X ð2; 3; . . . ; �jj; . . . ; 2nÞ�:

Hence it follows from Proposition 6.4 that

PfðXÞ ¼
X2n
j¼2

X
Sj

sgn
1 2 � � � 2n� 1 2n

i1 i2 � � � i2n�1 i2n

� �
xi1i2 � � � xi2n�1i2n

¼
X2n
j¼2

ð�1Þ j � x1j � Pf ½X ð2; 3; . . . ; �jj; . . . ; 2nÞ�:

This proves the proposition for i0 ¼ 1. Now we have

Pf ½Xð1; 2; . . . ; i0; . . . ; 2nÞ� ¼ ð�1Þ i0�1 � Pf ½Xði0; 1; 2; . . . ; i0 � 1; i0 þ 1; . . . ; 2nÞ�

by Lemma 6.3. Noticing that

Xði0; 1; 2; . . . ; i0 � 1; i0 þ 1; . . . ; 2nÞ

¼

0 �x1i0 �x2i0 � � � �xi0�1; i0 xi0; i0þ1 � � � xi0;2n

x1i0 0 x12 � � � x1; i0�1 x1; i0þ1 � � � x1;2n

x2i0 �x12 0 � � � x2; i0�1 x2; i0þ1 � � � x2;2n

..

. ..
. ..

. . .
. ..

. ..
. . .

. ..
.

0
BBBB@

1
CCCCA;

we have
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Pf ½Xði0; 1; 2; . . . ; i0 � 1; i0 þ 1; . . . ; 2nÞ�

¼
Xi0�1

j¼1

ð�1Þ jþ1 � ð�xji0Þ � Pf ½Xð1; . . . ; �jj; . . . ; �ii0; . . . ; 2nÞ�

þ
X2n

j¼i0þ1

ð�1Þ j � xi0 j � Pf ½Xð1; . . . ; �ii0; . . . ; �jj; . . . ; 2nÞ�:

We therefore obtain our assertion. r

In § 7, we shall calculate the value of grad log f at a generic point for some

relative invariants f related to Pfa‰ans, by using the expansion formula above.

Let us illustrate our method with the following example.

Example 6.6. We consider the irreducible regular prehomogeneous

vector space ðH; s;WÞ ¼ ðGLð2nÞ;L2;Vðnð2n� 1ÞÞÞ. When we identify W ¼
Vðnð2n� 1ÞÞ with Altð2nÞ, the representation s ¼ L2 is explicitly given as fol-

lows: sðAÞX ¼ AX tA for A A H and X A W . Then f ðX Þ :¼ PfðX Þ is the irre-

ducible relative invariant of this space and X0 :¼ Jn is a generic point. Let

us define a bilinear form on Altð2nÞ by hX ;Yi ¼ ð1=2Þ tr tXY . We identify the

dual space W4 of W with Altð2nÞ by this bilinear form. The action s4 of H

on W4 is given by s4ðAÞY ¼ tA�1YA�1 for H A H and Y A W4 ¼ Altð2nÞ. We

take Dij ¼ Eij � Eji ð1a i < ja 2nÞ as a basis of W ¼ Altð2nÞ. Its dual basis of

W4 is given by

ðDijÞ4 ¼ ðEij � EjiÞ4 ¼ Eij � Eji ð1a i < ja 2nÞ:

Then we have

ðgrad log f ÞðX Þ ¼
X

1ai<ja2n

1

f ðXÞ �
qf

qxij
ðX Þ �Dij A W4 ¼ Altð2nÞ

for X A W ¼ Altð2nÞ. By Proposition 6.5, it follows that

qf

qxij
ðXÞ ¼ ð�1Þ iþj�1 � Pf ½Xð1; . . . ; �ii; . . . ; �jj; . . . ; 2nÞ�

for 1a i < ja 2n, and so

qf

qxij
ðX0Þ ¼ ð�1Þ iþj�1 � Pf ½Jnð1; . . . ; �ii; . . . ; �jj; . . . ; 2nÞ�:
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By an easy consideration, we see that Pf ½Jnð1; . . . ; �ii; . . . ; �jj; . . . ; 2nÞ� is not equal

to zero if and only if 1a ia n and j ¼ nþ i. Moreover, we obtain

qf

qxi;nþi

� �
ðX0Þ ¼ ð�1Þ iþðnþiÞ�1 � PfðJn�1Þ ¼ ð�1Þnðn�1Þ=2:

Together with f ðX0Þ ¼ PfðJnÞ ¼ ð�1Þnðn�1Þ=2, we have

ðgrad log f ÞðX0Þ ¼
X

1ai<ja2n

1

f ðX0Þ
� qf
qxij

ðX0Þ �Dij

¼
Xn
i¼1

1

PfðJnÞ
� qf

qxi;nþi

� �
ðX0Þ �Di;nþi

¼
Xn
i¼1

Di;nþi ¼ Jn:

7. The Space (37)

In this section, we shall determine the b-function of the regular simple

prehomogeneous vector space

(37) ðGLð1Þ4 � SLð2nþ 1Þ;L2 lL1 lL1 lL1;Vðnð2nþ 1ÞÞlVð2nþ 1Þl
Vð2nþ 1ÞlVð2nþ 1ÞÞ.

First we give the prehomogeneous vector space above explicitly. We iden-

tify Vðnð2nþ 1ÞÞ with the space Altð2nþ 1Þ of alternating matrices of degree

ð2nþ 1Þ, and Vð2nþ 1Þ with C 2nþ1. Let G ¼ GLð1Þ4 � SLð2nþ 1Þ and V ¼
Altð2nþ 1ÞlC 2nþ1 lC 2nþ1 lC 2nþ1. We take ~gg ¼ ða; b; g; d;AÞ A G and ~xx ¼
ðX ; y; z;wÞ A V . Then we define the action r of G on V by

rð~ggÞ~xx ¼ ðaAX tA; bAy; gAz; dAwÞ:

By [14, Proposition 2.5], the triplet ðG; r;VÞ ¼ ðGLð1Þ4 � SLð2nþ 1Þ;L2 lL1 l

L1 lL1;Altð2nþ 1ÞlC 2nþ1 lC 2nþ1 lC 2nþ1Þ is a regular simple prehomoge-

neous vector space. When we want to distinguish one copy of C 2nþ1 in V from

the others, we write V ¼ V1lV2lV3lV4 with V1GAltð2nþ 1Þ and VnGC 2nþ1

for n ¼ 2; 3; 4. The relative invariants of ðG; r;VÞ are given explicitly in [14]; let

f1ð~xxÞ ¼ Pf
X y

� ty 0

� �
;

f2ð~xxÞ ¼ Pf
X z

� tz 0

� �
;
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f3ð~xxÞ ¼ Pf
X w

� tw 0

� �
;

f4ð~xxÞ ¼ Pf

X y z w

� ty 0 0 0

� tz 0 0 0

� tw 0 0 0

0
BBB@

1
CCCA:

ð7:1Þ

Then f1ð~xxÞ; . . . ; f4ð~xxÞ are the fundamental relative invariants of ðG; r;VÞ. For

1a ia 4, denote by fi the character of G corresponding to fi. Then we have

f1 ¼ anb; f2 ¼ ang; f3 ¼ and; f4 ¼ an�1bgd:

For 1a i; ja 2nþ 1, let E
ð2nþ1Þ
ij be the ði; jÞ-th matrix unit of Mð2nþ 1Þ, and

let D
ð2nþ1Þ
ij ¼ E

ð2nþ1Þ
ij � E

ð2nþ1Þ
ji A Altð2nþ 1Þ. A basis of V1 GAltð2nþ 1Þ is given

by D
ð2nþ1Þ
ij ð1a i < ja 2nþ 1Þ. For n ¼ 2; 3; 4, we denote by feðnÞ1 ; e

ðnÞ
2 ; . . . ; e

ðnÞ
2nþ1g

the standard basis of Vn. Let

X0 ¼
Xnþ1

i¼2

D
ð2nþ1Þ
i;nþi ¼

0 01;n 01;n

0n;1 0n In

0n;1 �In 0n

0
BB@

1
CCA A Altð2nþ 1Þ: ð7:2Þ

and

y0 ¼ e
ð2Þ
1 ¼ tð1j0; . . . ; 0j0; . . . ; 0Þ A V2 ¼ C 2nþ1;

z0 ¼ e
ð3Þ
1 þ e

ð3Þ
2 ¼ tð1j1; 0; . . . ; 0j0; . . . ; 0Þ A V3 ¼ C 2nþ1;

w0 ¼ e
ð4Þ
1 þ e

ð4Þ
nþ2 ¼ tð1j0; . . . ; 0j1; 0; . . . ; 0Þ A V4 ¼ C 2nþ1:

ð7:3Þ

We put ~xx0 ¼ ðX0; y0; z0;w0Þ A V . By calculating the isotropy subalgebra at ~xx0, we

see that ~xx0 is a generic point of ðG; r;VÞ. Let us define a bilinear form on V by

h~xx; ~xx4i ¼ 1

2
tr tXX4 þ tyy4 þ tzz4 þ tww4:

We identify the dual space V4 of V with V by this bilinear form. Then the action

r4 of G on V4 is given by

r4ð~ggÞ~xx4 ¼ ða�1 tA�1X4A�1; b�1 tA�1y4; g�1 tA�1z4; d�1 tA�1w4Þ

for ~gg ¼ ða; b; g; d;AÞ A G and ~xx4 ¼ ðX4; y4; z4;w4Þ A V4. Replacing ~xx in the
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polynomials f1ð~xxÞ; . . . ; f4ð~xxÞ in (7.1) by ~xx4 A V4, we obtain the fundamental

relative invariants f41 ð~xx4Þ; . . . ; f44 ð~xx4Þ of ðG; r4;V4Þ. Moreover, we have

ðgrad log fmÞð~xxÞ ¼ ðX4ð~xxÞ; y4ð~xxÞ; z4ð~xxÞ;w4ð~xxÞÞ

A Altð2nþ 1ÞlC 2nþ1 lC 2nþ1 lC 2nþ1;

for ~xx A V and m ¼ 1; 2; 3; 4, where

X4ð~xxÞ ¼
X

1ai<ja2nþ1

1

fmð~xxÞ
� qfm
qxij

ð~xxÞ �Dð2nþ1Þ
ij ;

y4ð~xxÞ ¼
X2nþ1

k¼1

1

fmð~xxÞ
� qfm
qyk

ð~xxÞ � eð2Þk ;

z4ð~xxÞ ¼
X2nþ1

l¼1

1

fmð~xxÞ
� qfm
qzl

ð~xxÞ � eð3Þl ;

w4ð~xxÞ ¼
X2nþ1

m¼1

1

fmð~xxÞ
� qfm
qwm

ð~xxÞ � eð4Þm :

The following proposition is critical in our calculation.

Proposition 7.1. For 1a i < ja 2nþ 1, let D
ð2nþ1Þ
ij ¼ E

ð2nþ1Þ
ij � E

ð2nþ1Þ
ji A

Altð2nþ 1Þ. We define the n� n matrix I 0
n�1 by

I 0
n�1 ¼

0 01;n�1

0n�1;1 In�1

 !
A MðnÞ:

and the vector v0 by v0 ¼ tð1; 0; . . . ; 0Þ A C n. Then we have

(1) ðgrad log f1Þð~xx0Þ ¼ ðX4
1 ; e

ð2Þ
1 ; 0n;1; 0n;1Þ.

(2) ðgrad log f2Þð~xx0Þ ¼ ðX4
2 ; 0n;1; e

ð3Þ
1 ; 0n;1Þ.

(3) ðgrad log f3Þð~xx0Þ ¼ ðX4
3 ; 0n;1; 0n;1; e

ð4Þ
1 Þ.

(4) ðgrad log f4Þð~xx0Þ ¼ ðX4
4 ; e

ð2Þ
1 � e

ð2Þ
2 � e

ð2Þ
nþ2; e

ð3Þ
2 ; e

ð4Þ
nþ2Þ.

Here X4
1 ¼ X0 in (7.2) and

X4
2 ¼ �D

ð2nþ1Þ
1;nþ2 þ

Xnþ1

i¼2

D
ð2nþ1Þ
i;nþi ¼

0 01;n � tv0

0n;1 0n In

v0 �In 0n

0
BB@

1
CCA A Altð2nþ 1Þ;
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X4
3 ¼ D

ð2nþ1Þ
1;2 þ

Xnþ1

i¼2

D
ð2nþ1Þ
i;nþi ¼

0 tv0 01;n

�v0 0n In

0n;1 �In 0n

0
BB@

1
CCA A Altð2nþ 1Þ;

X4
4 ¼

Xnþ1

i¼3

D
ð2nþ1Þ
i;nþi ¼

0 01;n 01;n

0n;1 0n I 0
n�1

0n;1 �I 0
n�1 0n

0
BB@

1
CCA A Altð2nþ 1Þ:

Proof. First we shall calculate f1ð~xx0Þ; . . . ; f4ð~xx0Þ. We make use of Prop-

osition 6.5 to expand the Pfa‰ans along the 1st hock, and obtain

f1ð~xx0Þ ¼ f2ð~xx0Þ ¼ f3ð~xx0Þ ¼ ð�1Þnðn�1Þ=2: ð7:4Þ

As for f4ð~xx0Þ, we use Proposition 6.5 two times:

f4ð~xx0Þ

¼ Pf
Xnþ1

i¼2

D
ð2nþ4Þ
i;nþi þD

ð2nþ4Þ
1;2nþ2 þD

ð2nþ4Þ
1;2nþ3 þD

ð2nþ4Þ
2;2nþ3 þD

ð2nþ4Þ
1;2nþ4 þD

ð2nþ4Þ
nþ2;2nþ4

 !

¼ ð�1Þ1þð2nþ2Þ�1 � Pf
Xn
i¼1

D
ð2nþ2Þ
i;nþi þD

ð2nþ2Þ
1;2nþ1 þD

ð2nþ2Þ
nþ1;2nþ2

 !

¼ ð�1Þ1þð2nþ1Þ�1 � Pf
Xn
i¼1

D
ð2nÞ
i;nþi

 !
¼ ð�1Þ � PfðJnÞ:

Thus we obtain

f4ð~xx0Þ ¼ ð�1Þðn
2�nþ2Þ=2: ð7:5Þ

For 1a ka 2nþ 1, we define the polynomial function gkðX Þ on Altð2nþ 1Þ by

gkðXÞ ¼ Pf ½Xð1; . . . ; �kk; . . . ; 2nþ 1Þ�:

By Proposition 6.5, we have that

f1ð~xxÞ ¼
X2nþ1

k¼1

ð�1Þkþð2nþ2Þ�1 � yk � gkðX Þ;

and thus

qf1

qxij
ð~xxÞ ¼

X2nþ1

k¼1

ð�1Þk�1 � yk �
qgk

qxij

� �
ðX Þ
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for 1a i < ja 2nþ 1. On account of (7.3), we see that only ðqg1=qxijÞðX0Þ
contributes to the value ðqf1=qxijÞð~xx0Þ. Again by Proposition 6.5, it follows that

qg1

qxij
ðXÞ ¼ ð�1Þði�1Þþð j�1Þ�1 � Pf ½X ð2; . . . ; �ii; . . . ; �jj; . . . ; 2nþ 1Þ�:

By an easy consideration, we observe that Pf ½X0ð2; . . . ; �ii; . . . ; �jj; . . . ; 2nþ 1Þ� does

not vanish if and only if 2a ia nþ 1 and j ¼ nþ i, and that

qg1

qxi;nþi

� �
ðX0Þ ¼ ð�1Þði�1Þþðnþi�1Þ�1 � PfðJn�1Þ ¼ ð�1Þnðn�1Þ=2:

Together with (7.4), we obtain

X
1ai< ja2nþ1

1

f1ð~xx0Þ
� qf1
qxij

ð~xx0Þ �Dð2nþ1Þ
ij ¼

Xnþ1

i¼2

D
ð2nþ1Þ
i;nþi ¼ X4

1 :

Since all the components of the 1st row (column) of X0 are 0, it follows that

ðqf1=qykÞð~xx0Þ ¼ 0 for 2a ka 2nþ 1. Moreover, by Proposition 6.5,

qf1

qy1

� �
ð~xx0Þ ¼ ð�1Þ1þð2nþ2Þ�1 � PfðJnÞ ¼ ð�1Þnðn�1Þ=2;

and thus we get the assertion (1).

Now we turn to ðgrad log f2Þð~xx0Þ. Taking (7.3) into account, we observe that

qf2

qxij

� �
ð~xx0Þ ¼

qg1

qxij

� �
ðX0Þ þ ð�1Þ � qg2

qxij

� �
ðX0Þ

for 1a i < ja 2nþ 1. We have already considered ðqg1=qxijÞðX0Þ. Notice that,

in the 2n� 2n alternating matrix X0ð1; 3; 4; . . . ; 2nþ 1Þ, the 1st row (column)

and the ðnþ 1Þ-th row (column) are zero vectors. Hence we observe that

ðqg2=qxijÞðX0Þ0 0 if and only if i ¼ 1 and j ¼ nþ 2, and that

qg2

qx1;nþ2

� �
ðX0Þ ¼ ð�1Þ1þðnþ1Þ�1 � Pf ½X0ð�11; 3; 4; . . . ; n �þþ 2; . . . ; 2nþ 1Þ�

¼ ð�1Þ1þðnþ1Þ�1 � PfðJn�1Þ ¼ ð�1Þnðn�1Þ=2:

Together with (7.4), we obtain

X
1ai<ja2nþ1

1

f2ð~xx0Þ
� qf2
qxij

ð~xx0Þ �Dð2nþ1Þ
ij ¼ �D

ð2nþ1Þ
1;nþ2 þ

Xnþ1

i¼2

D
ð2nþ1Þ
i;nþi ¼ X4

2 :
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In addition, we see that

X2nþ1

l¼1

1

f2ð~xx0Þ
� qf2
qzl

ð~xx0Þ � eð3Þl ¼ e
ð3Þ
1 ;

X2nþ1

k¼1

1

f2ð~xx0Þ
� qf2
qyk

ð~xx0Þ � eð2Þk ¼
X2nþ1

m¼1

1

f2ð~xx0Þ
� qf2

qwm

ð~xx0Þ � eð4Þm ¼ 0n;1:

and thus we get the assertion (2). We omit the proof of (3), since it is quite the

same as (2).

Let T be the index set defined by

T ¼ fðk; l;mÞ A Z3
>0; 1a k; l;ma 2nþ 1; k0 l; l0m;m0 kg:

For ðk; l;mÞ A T, we define the polynomial function hk; l;mðXÞ on Altð2nþ 1Þ by

hk; l;mðXÞ ¼ Pf ½Xð1; . . . ; �kk; . . . ; �ll; . . . ; �mm; . . . ; 2nþ 1Þ�:

By using Proposition 6.5 three times, we obtain

f4ð~xxÞ ¼
X
T

eðk; l;mÞ � ykzlwm � hk; l;mðX Þ;

where eðk; l;mÞ is a function on T such that eðk; l;mÞ takes G1 as its values. On

account of (7.3), we see that, among fðqhk; l;m=qxijÞðX0Þgðk; l;mÞ AT, only

qh1;2;nþ2

qxij

� �
ðX0Þ

contributes to the value ðqf4=qxijÞð~xx0Þ. It follows from Proposition 6.5 that

eð1; 2; nþ 2Þ ¼ ð�1Þ1þð2nþ2Þ�1 � ð�1Þ1þð2nþ1Þ�1 � ð�1Þnþ2n�1 ¼ ð�1Þn;

and that

qh1;2;nþ2

qxij

� �
ðX0Þ ¼ dði; jÞ Pf ½X0ð3; 4; . . . ; �ii; . . . ; n �þþ 2; . . . ; �jj; . . . ; 2nþ 1Þ�

for 1a i < ja 2nþ 1. Here dði; jÞ is a function of i and j, taking G1 as its

values. By an easy consideration,

Pf ½X0ð3; 4; . . . ; �ii; . . . ; n �þþ 2; . . . ; �jj; . . . ; 2nþ 1Þ� ð7:6Þ

is not equal to zero if and only if 3a ia nþ 1 and j ¼ nþ i. Moreover, if
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this follows, dði; nþ iÞ ¼ ð�1Þði�2Þþðnþi�3Þ�1 and (7.6) is equal to PfðJn�2Þ. Hence

ðqf4=qxijÞð~xx0Þ0 0 if and only if 3a ia nþ 1 and j ¼ nþ i. Furthermore,

qf4

qxi;nþi

� �
ð~xx0Þ ¼ eð1; 2; nþ 2Þ � qh1;2;nþ2

qxi;nþi

� �
ðX0Þ

¼ ð�1Þn � ð�1Þði�2Þþðnþi�3Þ�1 � PfðJn�2Þ

¼ ð�1Þðn�2Þðn�3Þ=2

for 3a ia nþ 1. Together with (7.5), we have

1

f4ð~xx0Þ
� qf4

qxi;nþi

ð~xx0Þ ¼ ð�1Þn
2�3nþ4 ¼ 1;

and consequently

X
1ai<ja2nþ1

1

f4ð~xx0Þ
� qf4
qxij

ð~xx0Þ �Dð2nþ1Þ
ij ¼

Xnþ1

i¼3

D
ð2nþ1Þ
i;nþi ¼ X4

4 :

We can evaluate the values ðqf4=qykÞð~xx0Þ, ðqf4=qzlÞð~xx0Þ, ðqf4=qwmÞð~xx0Þ, by using

Proposition 6.5. The results are the following:

X2nþ1

k¼1

1

f4ð~xx0Þ
� qf4
qyk

ð~xx0Þ � eð2Þk ¼ e
ð2Þ
1 � e

ð2Þ
2 � e

ð2Þ
nþ2;

X2nþ1

l¼1

1

f4ð~xx0Þ
� qf4
qzl

ð~xx0Þ � eð3Þl ¼ e
ð3Þ
2 ;

X2nþ1

m¼1

1

f4ð~xx0Þ
� qf4

qwm

ð~xx0Þ � eð4Þm ¼ e
ð4Þ
nþ2:

Hence we have proved the assertion (4). r

Now we shall calculate the a-function amðsÞ. Let Xs ¼ s1X
4
1 þ s2X

4
2 þ

s3X
4
3 þ s4X

4
4 and ys ¼ ðs1 þ s4Þe1 þ ð�s4Þe2 þ ð�s4Þenþ2. Then we have

f41 ðgrad log f sð~xx0ÞÞ ¼ Pf
Xs ys

� tys 0

� �

¼ ð�1Þnðn�1Þ=2 � s1 � ðs1 þ s2 þ s3 þ s4Þn:

by Proposition 6.5. Since f1ð~xx0Þ ¼ ð�1Þnðn�1Þ=2 by (7.4), we have

a1ðsÞ ¼ f41 ðgrad log f sð~xx0ÞÞ f1ð~xx0Þ ¼ s1ðs1 þ s2 þ s3 þ s4Þn:
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Similarly, we can calculate the a-functions a2ðsÞ; a3ðsÞ; a4ðsÞ, and obtain the

following proposition.

Proposition 7.2.

amðsÞ ¼ sm1

1 sm2

2 sm3

3 s2m4

4 ðs1 þ s2 þ s3 þ s4Þnðm1þm2þm3þm4Þ:

Now we use the same notation as in Lemma 2.2. Let

g1ðsÞ ¼ s1; g2ðsÞ ¼ s2; g3ðsÞ ¼ s3; g4ðsÞ ¼ s4; g5ðsÞ ¼ s1 þ s2 þ s3 þ s4:

Then we have m1 ¼ m2 ¼ m3 ¼ 1, m4 ¼ 2, and m5 ¼ n. Note that the above a-

function satisfies Assumption 2.4 and consequently we can apply Lemmas 2.6–2.8

to the b-functions. By Lemma 2.6, the b-functions biðsÞ for i ¼ 1; 2; 3; 4 can be

expressed as

b1ðsÞ ¼ ðs1 þ a1;1Þ �
Yn
k¼1

ðs1 þ s2 þ s3 þ s4 þ a5;kÞ;

b2ðsÞ ¼ ðs2 þ a2;1Þ �
Yn
k¼1

ðs1 þ s2 þ s3 þ s4 þ a5;kÞ;

b3ðsÞ ¼ ðs3 þ a3;1Þ �
Yn
k¼1

ðs1 þ s2 þ s3 þ s4 þ a5;kÞ;

b4ðsÞ ¼ ðs4 þ a4;1Þðs4 þ a4;2Þ �
Yn
k¼1

ðs1 þ s2 þ s3 þ s4 þ a5;kÞ;

with some aj; r A Q>0. Let us describe the functional equations explicitly. We

see that k in Lemma 2.10 is given by k ¼ ð1; 1; 1; 2nÞ. Put

bg1
ðuÞ ¼ uþ a1;1; bg2

ðuÞ ¼ uþ a2;1; bg3
ðuÞ ¼ uþ a3;1;

bg4
ðuÞ ¼ ðuþ a4;1Þðuþ a4;2Þ; bg5

ðuÞ ¼
Yn
k¼1

ðuþ a5;kÞ:

Then, by Theorem 2.12, we have

bg1
ðuÞ ¼ ð�1Þbg1

ð�u� 2Þ; bg2
ðuÞ ¼ ð�1Þbg2

ð�u� 2Þ;

bg3
ðuÞ ¼ ð�1Þbg3

ð�u� 2Þ; bg4
ðuÞ ¼ bg4

ð�u� 2n� 1Þ;

bg5
ðuÞ ¼ ð�1Þn � bg5

ð�u� 2n� 4Þ:
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Hence we observe that

a1;1 ¼ a2;1 ¼ a3;1 ¼ 1; ð7:7Þ
and that

fa4;1; a4;2g ¼ f2nþ 1 � a4;1; 2nþ 1 � a4;2g;

fa5;1; . . . ; a5;ng ¼ f2nþ 4 � a5;1; . . . ; 2nþ 4 � a5;ng:
ð7:8Þ

Now we quote the following result from Kimura [13].

Proposition 7.3. Let f ðX Þ ¼ PfðX Þ be the irreducible relative invariant of

the irreducible regular prehomogeneous vector space ðGLð2nÞ;L2;Vðnð2n� 1ÞÞÞ,
which we gave explicitly in Example 6.6. Then the b-function bf ðsÞ of f is given by

bf ðsÞ ¼
Yn
k¼1

ðsþ 2k � 1Þ ¼ ðsþ 1Þðsþ 3Þ � � � ðsþ 2n� 1Þ:

We see that each of f1ð~xxÞ, f2ð~xxÞ, f3ð~xxÞ in (7.1) can be regarded as the

irreducible relative invariant of the prehomogeneous vector space ðGLð2nþ 2Þ;
L2;Vððnþ 1Þð2nþ 1ÞÞÞ. So we obtain

bfiðsÞ ¼
Ynþ1

k¼1

ðsþ 2k � 1Þ ¼ ðsþ 1Þðsþ 3Þ � � � ðsþ 2nþ 1Þ: ð7:9Þ

for i ¼ 1; 2; 3. By the definition of bf1ðsÞ, it follows that b1ðse1Þ ¼ bf1ðsÞ. Com-

bining this with (7.7) and (7.9), we get

fa5;1; a5;2; . . . ; a5;ng ¼ f3; 5; . . . ; 2nþ 1g: ð7:10Þ

It remains to determine a4;1 and a4;2. Since we also have that b4ðse4Þ ¼ bf4ðsÞ by

definition, we observe that the roots of the polynomial of bf4ðsÞ are given by

fa4;1; a4;2; a5;1; a5;2; . . . ; a5;ng ¼ fa4;1; a4;2; 3; 5; . . . ; 2nþ 1g:

However, in view of Lemma 1.6 (1), either a4;1 or a4;2 must be equal to 1, and

hence we have fa4;1; a4;2g ¼ f1; 2ng by (7.8). We therefore obtain the following

results:

b1ðsÞ ¼ ðs1 þ 1Þ �
Ynþ1

k¼2

ðs1 þ s2 þ s3 þ s4 þ 2k � 1Þ;

b2ðsÞ ¼ ðs2 þ 1Þ �
Ynþ1

k¼2

ðs1 þ s2 þ s3 þ s4 þ 2k � 1Þ;
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b3ðsÞ ¼ ðs3 þ 1Þ �
Ynþ1

k¼2

ðs1 þ s2 þ s3 þ s4 þ 2k � 1Þ;

b4ðsÞ ¼ ðs4 þ 1Þðs4 þ 2nÞ �
Ynþ1

k¼2

ðs1 þ s2 þ s3 þ s4 þ 2k � 1Þ:

Finally, Lemma 2.8 leads us to the following theorem.

Theorem 7.4. Let f ¼ ð f1; f2; f3; f4Þ be the fundamental relative invariants of

the regular simple prehomogeneous vector space (37) ðGLð1Þ4 � SLð2nþ 1Þ;L2 l

L1 lL1 lL1;Vðnð2nþ 1ÞÞlVð2nþ 1ÞlVð2nþ 1ÞlVð2nþ 1ÞÞ. Then the b-

function of f m ¼
Q4

i¼1 f mi

i is given by

bf mðsÞ ¼
Ym1�1

n¼0

ðm1sþ 1 þ nÞ
( ) Ym2�1

n¼0

ðm2sþ 1 þ nÞ
( ) Ym3�1

n¼0

ðm3sþ 1 þ nÞ
( )

�
Ym4�1

n¼0

ðm4sþ 1 þ nÞðm4sþ 2nþ nÞ
( )

�
Ym1þm2þm3þm4�1

n¼0

Ynþ1

k¼2

ððm1 þm2 þm3 þm4Þsþ 2k � 1 þ nÞ
( )

:

Remark 7.5. It is known that the space (37) decomposes into infinitely

many orbits (see [17]). On the other hand, it is possible to apply the method of

Kimura [15] to the space (37). However, the explicit form of the Igusa local

zeta function of the space (37) is still open (cf. [5]). So the explicit form of the

b-function has not been determined by the other methods.

8. Final Remarks

As indicated in the Introduction, our method is mainly due to K. Ukai

[31, 32]. Ukai determined the b-functions of the prehomogeneous vector spaces

arising from nilpotent elements of exceptional Lie algebra, via the Dynkin-

Kostant theory. A. Gyoja and Y. Kaneko also determined the b-functions of

prehomogeneous vector spaces of Dynkin-Kostant type for classical groups, by

using the castling transform ([7]).

Recently, S. Wakatsuki and the present author started explicit calculation

of the b-functions associated with regular 2-simple prehomogeneous vector spaces
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of type I, which are listed in [16, pp. 395–398]. At present, we have determined

those b-functions except for the following five cases:

. ðGL2
1 � SL5 � GL2;L2 nL1 þ ðL�

1 þL�
1Þn 1Þ.

. ðGL1 � SL5 � GL8;L2 nL1 þ 1nL�
1Þ.

. ðGL1 � SL5 � GL9;L2 nL1 þ 1nL�
1Þ.

. ðGL1 � Spin10 � GL14;L
0 nL1 þ 1nL�

1Þ.
. ðGL1 � Spin10 � GL15;L

0 nL1 þ 1nL�
1Þ.

The details will be discussed in the forthcoming papers [28, 29, 33].

Appendix: Tables of the b-Functions

(I) Irreducible case ðn ¼ 1Þ
In this case, we have l ¼ 1. Thus we shall give the list of d ¼ deg f and aj .

The following results are due to Kimura [13] and Ozeki [20].

d aj

(1) n kþ1
2 ðk ¼ 1; . . . ; nÞ

(2) n 2k � 1 ðk ¼ 1; . . . ; nÞ

(3) 4 1�2; 5
6 ;

7
6

(4) 4 1; 5
2 ;

7
2 ; 5

(5) 7 1; 2; 5
2 ;

7
2 ; 3; 4; 5

(6) 16 1; 3
2

�2
; 11

6 ; 2�3; 13
6 ; 7

3 ;
5
2

�3
; 8

3 ; 3�2; 7
2

(7) 2 1; n2

(8) 4 1; 2; 5
2 ;

7
2

(9) 2 1; 4

(10) 2 1; 8

(11) 4 1; 7
2 ;

11
2 ; 8

(12) 4 1; 7
2 ;

11
2 ; 8

(13) 8 1; 5
2 ;

7
2 ; 4; 5; 11

2 ; 13
2 ; 8

(14) 2 1; 7
2

(15) 3 1; 5; 9

(16) 4 1; 11
2 ; 19

2 ; 14
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(II) Non-irreducible case ðnb 2Þ.

(II-1) l ¼ 1.

d aj

(17) 2 1; n

(18) n k ðk ¼ 1; . . . ; nÞ

(19) nþ 1 2k � 1 ðk ¼ 1; . . . ; nþ 1Þ

(20) 2 1; 2n

(21) 4 1; 4; 5; 8

(II-2) l ¼ 2.

In what follows, notations in the tables below are the same as in § 2: Let

f1; . . . ; fl be the relative invariants. Their degrees are given by di ¼ deg fi. The

b-function of the relative invariant f ¼ f m1

1 � � � f ml

l ðm1; . . . ;ml A Zb0Þ is given by

bmðsÞ ¼
YN
j¼1

YgjðmÞ�1

n¼0

Ymj
r¼1

ðgjðsÞ þ aj; r þ nÞ:

The ordering of relative invariants f1; . . . ; fl is the same as in Kimura [14]. In

addition, we shall ignore the constant multiple Am of the b-function bmðsÞ.

di gj aj; r

n
s1 1

(22)
nþ 1

s2 1; 2n [8, 10]

s1 þ s2 2k � 1 ðk ¼ 2; . . . ; nÞ

n
s1 2k � 1 ðk ¼ 1; . . . ; n� 1Þ

(23)
3

s2 1; 2n [8, 10]

s1 þ s2 2n� 1

n
s1 1

(24)
nþ 1

s2 1; n2 [8, 30]

s1 þ s2
kþ1

2 ðk ¼ 2; . . . ; nÞ

n
s1

kþ1
2 ðk ¼ 1; . . . ; n� 1Þ

(25)
3

s2 1; n2 [8, 30]

s1 þ s2
nþ1

2
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di gj aj; r

7
s1 1; 2; 3

(26)
6

s2 1; 7
2 [8]

s1 þ s2
5
2 ;

7
2 ; 4; 5

7
s1 1; 2; 5

2 ;
7
2

(27)
5

s2 1; 7
2 [8, 9]

s1 þ s2 3; 4; 5

4
s1 1; 2

(28)
4

s2 1; 3 § 5

s1 þ s2
5
2 ;

7
2

2
s1 1

(29)
3

s2 1; 8 [8, 11]

s1 þ s2 5

The four spaces listed blow are direct sums of some regular prehomogeneous

vector spaces whose b-functions are known.

di gj aj; r

(30)
n s1 2k � 1 ðk ¼ 1; . . . ; nÞ
2 s2 1; 2

(31)
2 s1 1; 7

2

2 s2 1; 4

(32)
2 s1 1; 4

2 s2 1; 4

(33)
2 s1 1; 6

4 s2 1; 7
2 ;

11
2 ; 8

(II-3) l ¼ 3.

di gj aj; r

2
s1 1

(34) 2
s2 1

[8, 27]

2
s3 1

s1 þ s2 þ s3 2
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(II-4) lb 4.

For the space (35), we have l ¼ nþ 1 and d1 ¼ � � � ¼ dnþ1 ¼ n (see [14]).

di gj aj; r

n
s1 1

(35) ..
. ..

. ..
.

[5, 8, 15]

n
snþ1 1

s1 þ � � � þ snþ1 k ðk ¼ 2; . . . ; nÞ

For the space (36), we have l ¼ nþ 1 and d1 ¼ � � � ¼ dn ¼ 2 and dnþ1 ¼ n (see

[14]).

di gj aj; r

2
s1 1

..

. ..
. ..

.

(36)
2

sn 1 [5, 8, 15]

n
snþ1 k ðk ¼ 1; . . . ; n� 1Þ

s1 þ � � � þ snþ1 n

nþ 1
s1 1

nþ 1
s2 1

(37)
nþ 1

s3 1 § 7

nþ 2
s4 1; 2n

s1 þ s2 þ s3 þ s4 2k � 1 ðk ¼ 2; . . . ; nþ 1Þ

nþ 1
s1 2k � 1 ðk ¼ 1; . . . ; nÞ

2
s2 1

(38)
2

s3 1 [5, 15]

3
s4 1; 2n

s1 þ s2 þ s3 þ s4 2nþ 1

Added in proof. The expansion formula for Pfa‰ans (Proposition 6.5) is also

stated in the following paper: J. Igusa, On the arithmetic of Pfa‰ans, Nagoya

Math. J. 47 (1972), 169–198.
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