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SPECTRAL PROPERTIES OF QUASIPERIODIC

KRONIG-PENNEY MODEL

By

Masahiro Kaminaga and Fumihiko Nakano

Abstract. We study some spectral properties of quasiperiodic

Kronig-Penney model. We show the absence of point spectrum in

some situations, and derive a relationship between the spectrum of

this model and that of the corresponding tight-binding model.

1. Introduction

In 1984, Schechtman et al. [22] discovered the quasicrystalline phase in a

metallic solid (an Al-Mn alloy), which is neither crystalline nor amorphous. It

has symmetrical properties inconsistent with crystal structure, and thus it is called

‘‘quasicrystal’’. The behavior of electrons in the quasicrystal is described by the

Schrödinger operator with quasiperiodic potential, of which the spectral theory is

far from complete despite intensive researches by many mathematical physicists

since eighties. In fact, most of basic problems are unsolved for dimension larger

than one.

However, in one-dimensional case, the quasiperiodic Schrödinger operators

such as the following tight-binding Hamiltonian on l 2ðZÞ are known to have

interesting spectral properties.

ðhyðlÞuÞðnÞ :¼ uðnþ 1Þ þ uðn� 1Þ þ lvyðnÞuðnÞ;ð1:1Þ

vyðnÞ :¼ wAðFðanÞ þ yÞ;ð1:2Þ

where l is a real constant, wA is the characteristic function of an interval A on

the torus R=Z, F is the canonical projection from R onto R=Z, a A ð0; 1Þ, and

y A R=Z. The operator (1.1) is proposed by Kohmoto et al. [14] and Ostlund

et al. [18] in the case of a ¼ ð
ffiffiffi
5

p
� 1Þ=2, A ¼ Fð½1 � a; 1ÞÞ, and y ¼ 0. When a

is irrational, vyðnÞ is quasiperiodic and by Luck and Petritis [17], the oper-
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ator hyðlÞ is interpreted as a model describing the phonon spectra in one-

dimensional quasicrystals. In the above-mentioned case (i.e., a ¼ ð
ffiffiffi
5

p
� 1Þ=2,

A ¼ Fð½1 � a; 1ÞÞ, and y ¼ 0), Sütő ([23], [24]) proved that the spectrum of

h0ðlÞ is a Cantor set (i.e., nowhere dense closed set without isolated points) of

zero Lebesgue measure and purely singular continuous. Furthermore, Bellissard

et al. [4] extended Sütő’s result to the case where a is an any irrational number.

Delyon-Petritis [7] and Kaminaga [11] proved the absence of point spectrum for

a.e. y with respect to the Lebesgue measure under certain conditions.

The operator we study in this paper is a continuous analogue of (1.1) for-

mally given by

Hy :¼ � d 2

dx2
þ
X
j AZ

Vyð jÞdðx� jÞ;ð1:3Þ

where d denotes the one-dimensional delta-function, and fVyð jÞgj AZ is a sequence

which takes only two positive values l1; l2 ðl1; l2 > 0; l1 0 l2Þ:

Vyð jÞ :¼ l1wAðFðajÞ þ yÞ þ l2wAcðFðajÞ þ yÞ; j A Z:ð1:4Þ

An explicit definition of (1.3) will be given in the next section. Some interesting

spectral properties of Hy (or variant of that), such as the hierarchical structure,

are discussed in physics literature (e.g., [3], [8], [10], [15], [25], [26]) partly with

the aid of numerical computations. When l1 ¼ l2 ¼ l, Hy is called the Kronig-

Penney model and its spectrum is known to coincide with the following set

SðlÞ :¼ E A ð0;yÞ j 2 cos
ffiffiffiffi
E

p
þ l

sin
ffiffiffiffi
E

pffiffiffiffi
E

p A ½�2; 2�
� �

;ð1:5Þ

which consists of infinitely many closed intervals ([1], Theorem III.2.3.1). Kirsch-

Martinelli [13] studied the spectrum of the random Kronig-Penney model

H o :¼ � d 2

dx2
þ
X
j AZ

V oð jÞdðx� jÞ;

where fV oð jÞgj AZ are independent, identically distributed random variables on

a probability space ðW;F;PÞ, and V oð0Þ satisfies 0 < c1 aVoð0Þa c2 < y for

some constants c1; c2 > 0 almost surely. They proved that the spectrum of H o

is given by

S ¼ SðVminÞ;ð1:6Þ

almost surely, where Vmin ¼ ess-inffq j q A supp Pg.
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In this paper, we prove the absence of point spectrum of Hy under certain

conditions and show that, in the case of A ¼ Fð½1 � a; 1ÞÞ, sðHyÞ (the spectrum

of Hy) can be represented in terms of sðh0ðlÞÞ. Our main result (Theorem 4.1)

implies that sðHyÞ is related to the family of sðh0ðlÞÞ : fsðh0ðlÞÞ j l A Cg, where

C is a certain subset of R, and not to sðh0ðl0ÞÞ for a particular value of l0

alone. Moreover, sðHyÞ is even related to sðhð0ÞÞ: the spectrum of free discrete

Laplacian (Cor. 4.1 (1)). We remark that a similar relation is already found in [5],

[26]. Their argument to derive it is to transform the transfer matrix of Hy into

that of a certain tight-binding Hamiltonian. On the other hand, our argument

described below is to compare corresponding discrete dynamical systems.

The rest of this paper is organized as follows. In section 2, we clarify the

definition of the quasiperiodic Kronig-Penney model. In section 3, we prove the

absence of point spectrum for almost all y under certain conditions (Theorem

3.2) by applying the arguments in [7], [11]. In section 4, we prove that sðHyÞ
is independent of y, and give an explicit representation of sðHyÞ in terms of

sðh0ðlÞÞ. The argument in section 4 is based on the works of Sütő [23], and

Bellissard et al. [4] where they proved sðh0ðlÞÞ is equal to the set (which is called

the dynamical spectrum) such that the sequence of traces of transfer matrices is

bounded. We show that a similar fact also holds for the sequence of transfer

matrices of Hy which satisfies the same recursive equation as that of h0ðlÞ, and

thus derive a relationship between sðh0ðlÞÞ and sðH0Þ by comparing initial values

of them.

2. Definition of the Quasiperiodic Kronig-Penney Model

In this section, we define the quasiperiodic Kronig-Penney model, and derive

the transfer matrix of the solution of the equation Hyc ¼ k2c. We define the

formal Schrödinger operator

Hy ¼ � d 2

dx2
þ
X
j AZ

Vyð jÞdðx� jÞ

as the one-dimensional Laplacian

�sy ¼ � d 2

dx2
;

with domain

Dð�syÞ :¼ fc A H 1ðRÞVH 2ðRnZÞ jc 0ð j þ 0Þ � c 0ð j � 0Þ ¼ Vyð jÞcð jÞ; j A Zg:
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HpðDÞ denotes the Sobolev space of order p over an open set D ðHRÞ. The

operator �sy is self-adjoint on L2ðRÞ, and coincides with the unique self-adjoint

operator on L2ðRÞ associated with the closed quadratic form on H 1ðRÞ given

by

Qðc; fÞ :¼ ðc 0; f 0Þ þ
X
j AZ

Vyð jÞcð jÞfð jÞ:

ð� ; �Þ is the inner product on L2ðRÞ. For proofs of these known facts, we refer

to [1], [9], [13]. By the definition of Hy, the solution of the equation Hyc ¼ k2c

is given by

cðxÞ ¼
aj sin kðx� jÞ þ bj cos kðx� jÞ; ðif k > 0Þ;
aj þ bjðx� jÞ; ðif k ¼ 0Þ;

�
ð2:1Þ

x A ð j; j þ 1Þ; aj; bj A C ;

which satisfies

cð j þ 0Þ ¼ cð j � 0Þ;

c 0ð j þ 0Þ � c 0ð j � 0Þ ¼ Vyð jÞcð jÞ; j A Z:

Let

wj :¼ t ðaj ; bjÞ A C 2; j A Z;

RV ðk2Þ :¼

cos k þ ðV=kÞ sin k �sin k þ ðV=kÞ cos k

sin k cos k

� �
; ðif k > 0Þ;

1 1

V 1 þ V

� �
; ðif k ¼ 0Þ:

8>>>><
>>>>:

ð2:2Þ

Rð j; k2Þ :¼ RVyð jÞðk2Þ; j A Z; kb 0:

Then we have the following equation

wj ¼ Rð j; k2Þwj�1; j A Z; kb 0:ð2:3Þ

We call Rð j; k2Þ the transfer matrix of Hy.

3. Absence of Point Spectrum

In this section, we prove that Hy has no point spectrum for Lebesgue-a.e.

y under certain conditions. Let us consider the continued fraction expansion

of a,

Masahiro Kaminaga and Fumihiko Nakano208



a ¼ 1

a1 þ
1

a2 þ
. .
.

with an A N . The associated rational approximations pn=qn obey

pnþ1 ¼ anþ1pn þ pn�1;ð3:1Þ

qnþ1 ¼ anþ1qn þ qn�1; nb 0;ð3:2Þ

with p0 ¼ 0, q0 ¼ 1, p�1 ¼ 1, and q�1 ¼ 0. The following facts are well-known

(e.g., [16]).

a� pn

qn

����
����a 1

qnqnþ1
; nb 1;ð3:3Þ

kqnak ¼ ð�1Þnðqna� pnÞ < kkak; k ¼ 1; . . . ; qnþ1 � 1; k0 qn; nb 1;ð3:4Þ

where kxk :¼ infn AZ jx� nj is the distance from x to Z. As for the spectrum of

hyðlÞ, the following result is known.

Theorem 3.1 (Kaminaga [11]). Suppose that lim supn!y an b 4 or A ¼
Fð½1 � a; 1ÞÞ. Then hyðlÞ has no point spectrum for almost every y with respect

to the Lebesgue measure.

Remark 3.1. Damanik-Lenz [6] has shown that hyðlÞ has no point spectrum

for all y A R=Z under the condition: A ¼ Fð½1 � a; 1ÞÞ and lim supn!y an 0 2.

By using the arguments in [7], [11], we can show the following result which

means the absence of point spectrum under the same assumptions as in

Theorem 3.1.

Theorem 3.2. Suppose that lim supn!y an b 4 or A ¼ Fð½1 � a; 1ÞÞ. Then Hy

has no point spectrum for almost every y with respect to the Lebesgue measure.

Proof of Theorem 3.2. We first consider the eigenvalue equation Hyc ¼
k2c ðk > 0Þ. By (2.1), the solution of this equation is given by

cðxÞ ¼ aj sin kðx� jÞ þ bj cos kðx� jÞ; x A ð j; j þ 1Þ;

for some ðaj ; bjÞ A C 2. Then k2 A spðHyÞ ðk > 0Þ if and only if the following con-

dition holds.
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kck2
2 ¼

X
j AZ

ð1

0

jaj sin kxþ bj cos kxj2 dx < y:

kck2 is the L2ðRÞ-norm of c. It is easy to verify

ð1

0

jaj sin kxþ bj cos kxj2 dx ¼ t wj

1=2 � sin 2k=ð4kÞ ð1 � cos 2kÞ=ð4kÞ
ð1 � cos 2kÞ=ð4kÞ 1=2 þ sin 2k=ð4kÞ

� �
wj:

The least eigenvalue of the matrix in RHS is ð1 � k�1jsin kjÞ=2 which implies

ð1

0

jaj sin kxþ bj cos kxj2 dxb
1

2
1 � jsin kj

k

� �
ðjajj2 þ jbjj

2Þ:ð3:5Þ

Next, we consider the equation Hyc ¼ 0. By (2.1), the solution of this equation

is given by

cðxÞ ¼ aj þ bjðx� jÞ; x A ð j; j þ 1Þ:

By the same argument as above, we have

ð1

0

jaj þ bjxj
2
dxb

4 �
ffiffiffiffiffi
13

p

6
ðjajj2 þ jbjj

2Þ:ð3:6Þ

(3.5) and (3.6) imply that, if
P

j AZðjajj
2 þ jbjj

2Þ ¼ y, then k2 B spðHyÞ.
In what follows, we mimic the argument in [11]. Let

EðnÞ :¼ fy A R=Z jVyðm� qnÞ ¼ VyðmÞ ¼ Vyðmþ qnÞ; 1ama qng;

M :¼ fy A R=Z j spðHyÞ ¼ qg;

where qn is determined by (3.2). Suppose there exists an integer r such that

Vyð j � rÞ ¼ Vyð jÞ ¼ Vyð j þ rÞ;

for 1a ja r. Then we have

maxðjw�rj; jwrj; jw2rjÞb jw0j=2;ð3:7Þ

where j � j is the Euclidean norm in C 2 ([7], Lemma 1) and hence

lim sup
n!y

EðnÞHM:

On the other hand, by the same argument as in Kaminaga ([11], Section 2, 3), we

can show
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ðaÞ mðMÞ ¼ 0 or 1;

ðbÞ m lim sup
n!y

EðnÞ
� �

> 0;

if lim supn!y an b 4 or A ¼ Fð½1 � a; 1ÞÞ. m denotes the Lebesgue measure on

R=Z. Hence we have

mðMÞ ¼ 1;

under that condition which completes the proof. r

4. The Spectrum of Hy

From now on, we consider the case where A ¼ Fð½1 � a; 1ÞÞ and a A ð0; 1Þ
is irrational. We prove the following property which corresponds to Lemma 3

in [4].

Proposition 4.1. Let A ¼ Fð½1 � a; 1ÞÞ and a A ð0; 1Þ is irrational. Then the

set sðHyÞ is independent of y A R=Z.

Proof. Let tn be the n-shift operator on L2ðRÞ:

ðtn f ÞðxÞ :¼ f ðxþ nÞ; n A Z:

It is easy to see Hy1�FðnaÞ ¼ t�1
n Hy1

tn for any y1 A R=Z, n A Z, thereby unitarity

of tn gives

sðHy1�FðnaÞÞ ¼ sðHy1
Þ:ð4:1Þ

Since a is irrational, for any y2 A R=Z there exists a sequence of integers fnkgyk¼1

such that

0a y1 �FðnkaÞ � y2 ! 0; as k ! y:

In what follows, we prove Hy1�FðnkaÞ ! Hy2
as k ! y in the strong resolvent

sense. Then by Theorem VIII.24 in [19] and the fact that sðHy1�FðnkaÞÞ is inde-

pendent of k, we have

sðHy2
ÞH sðHy1�FðnkaÞÞ ¼ sðHy1

Þ;

from which the assertion follows.

Because Vyð jÞ is right continuous and piecewise constant with respect to y,

it follows that for each j A Z, there exists Kj such that
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Vy1�FðnkaÞð jÞ ¼ Vy2
ð jÞ;ð4:2Þ

if kbKj . The resolvent of Hy has the following representation ([1], Theorem

III.2.1.3)

ðHy � EÞ�1
cðxÞ ¼

ð
R

GEðx� yÞcðyÞ dyð4:3Þ

�
X
i; j AZ

ðT�1
E;yÞijGEðx� iÞ

ð
R

GEðy� jÞcðyÞ dy;

where c A L2ðRÞ, Im E0 0, and

GEðxÞ ¼
1

2
ffiffiffiffiffiffiffiffi
�E

p e�
ffiffiffiffiffi
�E

p
jxj;

is Green’s function of the free Laplacian. The branch of
ffiffiffiffiffiffiffiffi
�E

p
is chosen such that

Reð
ffiffiffiffiffiffiffiffi
�E

p
Þ > 0. TE;y is the bounded operator on l 2ðZÞ whose ði; jÞ-component is

ðTE;yÞij ¼
dij

Vyð jÞ
þ GEði � jÞ; i; j A Z:ð4:4Þ

dij is Kronecker’s delta. Since the operator B : L2ðRÞ ! l 2ðZÞ defined by

ðBcÞðnÞ :¼
ð
R

GEðx� nÞcðxÞ dx; n A Z;c A L2ðRÞ;

is bounded, it su‰ces to show TE;y1�FðnkaÞ ! TE;y2
in the strong resolvent sense.

By (4.4), we have

kðTE;y1�FðnkaÞ � TE;y2
Þuk2

l 2ðZÞ ¼
X
j AZ

1

Vy1�FðnkaÞð jÞ
� 1

Vy2
ð jÞ

� �
uð jÞ

����
����

2

;

for any u A l 2ðZÞ. k � kl 2ðZÞ is the l 2ðZÞ-norm. By (4.2), the last expression goes

to zero as k ! y. Since TE;y1�FðnkaÞ and TE;y2
are bounded and symmetric, and

since T�1
E;y is uniformly bounded with respect to y if jIm Ej is su‰ciently large,

it follows that TE;y1�FðnkaÞ ! TE;y2
in the strong resolvent sense. r

By Proposition 4.1, we have only to consider the case y ¼ 0. For the sake

of simplicity, we write H, hðlÞ, instead of H0, h0ðlÞ respectively. We introduce

the following function to state Theorem 4.1 which is the main result of this

paper.
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glðxÞ ¼
2 cos

ffiffiffi
x

p
þ l

sin
ffiffi
x

pffiffi
x

p ; ðif x > 0Þ;
2 þ l; ðif x ¼ 0Þ:

(

Theorem 4.1. Let A ¼ Fð½1 � a; 1ÞÞ and a A ð0; 1Þ is irrational. Then

sðHÞ ¼ fE A ½0;yÞ j gl2
ðEÞ A sðhðlÞÞ; l ¼ gl2

ðEÞ � gl1
ðEÞg:

The following corollary may be regarded as an analogue of the result of Kirsch-

Martinelli in (1.6).

Corollary 4.1.

ð1Þ fn2p2 j n ¼ 1; 2; . . . ; gH sðHÞ;

ð2Þ sðHÞHSðminfl1; l2gÞ; in particular; 0 B sðHÞ:

Lemma 4.1 (Kato [12], Theorem 4.10). Let H be a Hilbert space and BðHÞ
the set of all bounded operators on H. Let T be self-adjoint and K A BðHÞ sym-

metric. Then J ¼ T þ K is self-adjoint and distðsðJÞ; sðTÞÞa kKk, that is,

sup
t A sðJÞ

distðt; sðTÞÞa kKk; sup
t A sðTÞ

distðt; sðJÞÞa kKk:

Proof of Corollary 4.1.

(1) Using Theorem 4.1 and sðhð0ÞÞ ¼ ½�2; 2�, we have

gl2
ðn2p2Þ ¼ 2 � ð�1Þn A sðhð0ÞÞ ¼ sðhðgl2

ðn2p2Þ � gl1
ðn2p2ÞÞÞ:

Hence we obtain the inclusion in (1).

(2) At first, assume l1 > l2 > 0 and E0 0. It is easy to show Sðl1ÞHSðl2Þ.
Let

Uþ :¼ 6
y

n¼1

fE > 0 j ð2n� 1Þpa
ffiffiffiffi
E

p
a 2npg;

U� :¼ 6
y

n¼0

fE > 0 j 2np <
ffiffiffiffi
E

p
< ð2nþ 1Þpg:

Suppose E A sðHÞVUþ. By Theorem 4.1, gl2
ðEÞ A sðhðlÞÞ, where l ¼ gl2

ðEÞ �
gl1

ðEÞ ¼ ðl2 � l1Þ sin
ffiffiffiffi
E

p
=
ffiffiffiffi
E

p
b 0. Then by Lemma 4.1, sðhðlÞÞH ½�2; 2 þ l� ¼

½�2;�2 þ lÞU ð½�2; 2� þ lÞ (we define C þ l :¼ faþ l j a A Cg, for a set C ðHRÞ,
and l A R). It follows that gl2

ðEÞ A ½�2;�2 þ lÞU ð½�2; 2� þ lÞ and hence at least

one of the following two holds:
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ðaÞ gl1
ðEÞ < �2a gl2

ðEÞ; or ðbÞ gl1
ðEÞ A ½�2; 2�:

E A Uþ implies gl2
ðEÞa 2 and hence E A Sðl2Þ. sðHÞVU� HSðl2Þ follows sim-

ilarly. If 0 A sðHÞ, we would have

gl2
ð0Þ ¼ 2 þ l2 A sðhðl2 � l1ÞÞH ½�2 þ l2 � l1; 2�;

which is impossible since l2 > 0. Therefore we proved Corollary 4.1 (2) when

l1 > l2. The proof of the other case is similar. r

We recall some notations and definitions used in [4] to state a series of

lemmas, which are necessary to prove Theorem 4.1. Let Tðn; eÞ be the transfer

matrix associated to hðlÞ:

Tðn; eÞ :¼ e� lvðnÞ �1

1 0

� �
; n A Z; e A R:

Moreover, let

Mðn; eÞ :¼ Tðqn; eÞ � � �Tð2; eÞTð1; eÞ; nb 1;

Mð0; eÞ :¼ Tð0; eÞ ¼ e �1

1 0

� �
;

Mð�1; eÞ :¼ 1 �l

0 1

� �
;

xðn; eÞ :¼ tr Mðn; eÞ; nb�1:

We collect some properties of these defined above which we use later. These facts

are proved in [4]. When a ¼ ð
ffiffiffi
5

p
� 1Þ=2, they are proved in [23].

Lemma 4.2 ([4], Lemma 1, Proposition 1).

(1) vðnÞ ¼ ½ðnþ 1Þa� � ½na�, ½x� :¼ maxfn A Z j na xg.

(2) vðqn þ kÞ ¼ vðkÞ, 1a ka qnþ1 � 2, nb 1.

(3) vð�nÞ ¼ vðn� 1Þ, nb 2.

(4) (recursive equation)

Mðnþ 1; eÞ ¼ Mðn� 1; eÞMðn; eÞanþ1 ; nb 0:ð4:5Þ

We recall that an A N is defined in the fraction expansion of a (section 3).

(5) For each 2 � 2 matrix with det M ¼ 1, and a A N ,

Ma ¼ Sa�1ðxÞM � Sa�2ðxÞI ;ð4:6Þ
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where x :¼ tr M, I is the identity matrix, and SaðxÞ is the Chebyshev polynomial

generated by the following recursive equations.

S�1ðxÞ ¼ 0; S0ðxÞ ¼ 1; S1ðxÞ ¼ x;

SaðxÞ ¼ Sa�1ðxÞx� Sa�2ðxÞ:
ð4:7Þ

Theorem 4.2 ([4], Theorem).

sðhðlÞÞ ¼ By;

where By :¼ fe A R j the sequence fxðn; eÞgyn¼�1 is boundedg:

Remark 4.1. Bellissard et al. [4] also proved sðhðlÞÞ has zero Lebesgue

measure.

The following lemma is a detailed presentation of Proposition 2 in [4]. For

its proof, we need some notations. We recall that if jxj < 2,

SaðxÞ ¼
sinðaþ 1Þy

sin y
; ab 1;

where y ¼ arccosðx=2Þ A ð0; pÞ. If SaðxÞ ¼ sinðaþ 1Þy=sin y ¼ 0 for some jxj < 2,

then Saþ1ðxÞ ¼ ð�1Þn, where n is uniquely determined by ðaþ 1Þy ¼ np. In this

case, we write n ¼ f ðx; aÞ ¼ ððaþ 1Þ=pÞ arccosðx=2Þ A N .

Lemma 4.3. Let fMngyn¼�1 be a sequence of 2 � 2 matrices such that det

Mn ¼ 1 and satisfies the following recursive equation

Mnþ1 ¼ Mn�1M
anþ1
n ; nb 0:ð4:8Þ

Let xn :¼ tr Mn ðnb�1Þ. Then the sequence fxngyn¼�1 is uniquely determined if

we specify the initial values x�1, x0, x1, and trðM0M�1Þ, and does not depend on

any particular form of these matrices.

Remark 4.2. The same result also holds if fM 0
ng

y
n¼�1 satisfies the following

recursive equation instead of (4.8).

M 0
nþ1 ¼ M 0anþ1

n M 0
n�1:ð4:9Þ

For the sake of completeness, we give the proof of Lemma 4.3.
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Proof. Fix n ðnb 1Þ. We aim to represent xn in terms of xk for ka n� 1.

We consider two complementary cases:

case (1) there exists k ðk ¼ 1; . . . ; nÞ such that Sak�1ðxk�1Þ0 0,

case (2) Sak�1ðxk�1Þ ¼ 0, for all k ¼ 1; . . . ; n.

Case (1). We have the following equation whose proof is given below.

xnþ1 ¼ ð�1ÞT
n

l¼Knþ1gðlÞSanþ1�1ðxnÞbKn
� Sanþ1�2ðxnÞxn�1;ð4:10Þ

where

gðlÞ :¼ f ðxl�1; al � 1Þ A N ;

bk :¼
Sak ðxk�1Þ
Sak�1ðxk�1Þ

xk �
1

Sak�1ðxk�1Þ
xk�2; kb 1;

Kn :¼ maxfk A N j 1a ka n;Sak�1ðxk�1Þ0 0g:

When Kn ¼ n, we define
Pn

l¼Knþ1 gðlÞ :¼ 0.

Case (2). We have the following equation.

xnþ1 ¼ ð�1ÞT
n

l¼1gðlÞSanþ1�1ðxnÞ trðM0M�1Þ � Sanþ1�2ðxnÞxn�1:ð4:11Þ

The statement of Lemma 4.3 clearly follows from (4.10), (4.11).

Proof of (4.10). If Kn ¼ n, the derivation of (4.10) is given in [4]. If

Kn a n� 1, then Sak�1ðxk�1Þ ¼ 0, for k ¼ Kn þ 1, Kn þ 2; . . . ; n. For such k, by

(4.6), (4.7),

Mak
k�1 ¼ �Sak�2ðxk�1ÞI ¼ Sak ðxk�1ÞI ¼ ð�1Þ f ðxk�1;ak�1Þ

I :

Multiplying Mk�2 from the left and using (4.8), we have

Mk ¼ ð�1ÞgðkÞMk�2; k ¼ Kn þ 1;Kn þ 2; . . . ; n:ð4:12Þ

Case (1a). If n and Kn þ 1 have the same parity, then

Mn ¼ ð�1ÞT
ðn�ðKnþ1ÞÞ=2

l¼0
gðKnþ1þ2lÞ

MKn�1;

Mn�1 ¼ ð�1ÞT
ðn�1�ðKnþ2ÞÞ=2

l¼0
gðKnþ2þ2lÞ

MKn
:

ð4:13Þ

Case (1b). If n and Kn þ 1 have the opposite parity, then
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Mn ¼ ð�1ÞT
ðn�ðKnþ2ÞÞ=2

l¼0
gðKnþ2þ2lÞ

MKn
;

Mn�1 ¼ ð�1ÞT
ðn�1�ðKnþ1ÞÞ=2

l¼0
gðKnþ1þ2lÞ

MKn�1:

ð4:14Þ

In Case (1a), by using (4.8), (4.6), and (4.13), we have

Mnþ1 ¼ Mn�1M
anþ1
nð4:15Þ

¼ Sanþ1�1ðxnÞMn�1Mn � Sanþ1�2ðxnÞMn�1

¼ ð�1ÞT
n

l¼Knþ1gðlÞSanþ1�1ðxnÞMKn
MKn�1

� Sanþ1�2ðxnÞMn�1:

On the other hand,

MKn
¼ MKn�2M

aKn
Kn�1ð4:16Þ

¼ SaKn�1ðxKn�1ÞMKn�2MKn�1 � SaKn�2ðxKn�1ÞMKn�2;

MKn
MKn�1 ¼ MKn�2M

aKnþ1
Kn�1ð4:17Þ

¼ SaKn ðxKn�1ÞMKn�2MKn�1 � SaKn�1ðxKn�1ÞMKn�2:

Combining (4.16) with (4.17), we have

MKn
MKn�1 ¼ SaKn ðxKn�1Þ

MKn
þ SaKn�2ðxKn�1ÞMKn�2

SaKn�1ðxKn�1Þ

� �
ð4:18Þ

� SaKn�1ðxKn�1ÞMKn�2:

¼
SaKn ðxKn�1Þ
SaKn�1ðxKn�1Þ

MKn
� 1

SaKn�1ðxKn�1Þ
MKn�2:

We used SaKn�1ðxKn�1Þ0 0, and the fact that the quantity SaðxÞSa�2ðxÞ � S2
a�1ðxÞ is

constant independent of a: SaðxÞSa�2ðxÞ � S2
a�1ðxÞ ¼ �1, which follows from (4.7).

Combining (4.18) with (4.15), we have

Mnþ1 ¼ ð�1ÞT
n

l¼Knþ1gðlÞSanþ1�1ðxnÞ

�
SaKn ðxKn�1Þ
SaKn�1ðxKn�1Þ

MKn
� 1

SaKn�1ðxKn�1Þ
MKn�2

� �

� Sanþ1�2ðxnÞMn�1:
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By taking trace, we obtain (4.10). The proof of that in Case (1b) is similar, except

that we use the cyclicity of trace.

Proof of (4.11). (4.12) implies

Mn ¼ ð�1ÞT
ðnþ1Þ=2

l¼1
gð2l�1Þ

M�1; Mn�1 ¼ ð�1ÞT
ðn�1Þ=2

l¼1
gð2lÞ

M0;ð4:19Þ

if n is odd, and

Mn ¼ ð�1ÞT
n=2

l¼1
gð2lÞ

M0; Mn�1 ¼ ð�1ÞT
n=2

l¼1
gð2l�1Þ

M�1;ð4:20Þ

if n is even. We combine (4.19) or (4.20) with (4.15), depending on the parity of

n. Then

Mnþ1 ¼ ð�1ÞT
n

l¼1gðlÞSanþ1�1ðxnÞM0M�1 � Sanþ1�2ðxnÞMn�1;

if n is odd. If n is even, M0M�1 should be replaced by M�1M0. Taking trace, we

obtain (4.11). r

Lemma 4.4 ([4], Proposition 4). fxðn; eÞgyn¼�1 is unbounded if and only if

there exists N1 b 0 such that

jxðN1 � 1; eÞja 2; jxðN1; eÞj > 2; jxðN1 þ 1; eÞj > 2:

Moreover, N1 in uniquely determined, jxðnþ 2Þj > jxðnþ 1Þj jxðnÞj=2 for all

nbN1, and xðnÞ > 2Cqn , nbN1 for some C > 1.

We define the following sets to state the next lemma.

rn :¼ fe A R j jxðn; eÞj > 2g; nb�1:

Lemma 4.5

ð1Þ Bc
y ¼ 6

nbN

ðrn V rnþ1Þ; for any Nb 0;

ð2Þ rn V rnþ1 ¼ 7
kbn

rk; for any nb 0:

Proof. By Lemma 4.4,

Bc
y ¼ ðr0 V r1ÞU 6

y

n¼1

ðsn�1 V rn V rnþ1Þ
 !

;ð4:21Þ

where sn :¼ rc
n (complement is taken in R). Clearly, the equality
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rn V rnþ1 ¼ ðr0 V r1ÞU 6
n

k¼1

ðsk�1 V rk V rkþ1 � � � V rnþ1Þ
 !

ðdisjoint unionÞ

holds for any nb 0. By Lemma 4.4, jxðn; eÞj > 2 holds for all nbN1 which

implies

rn V rnþ1 ¼ ðr0 V r1ÞU 6
n

k¼1

ðsk�1 V rk V rkþ1Þ
 !

:

By this equality, rn V rnþ1 is monotonically increasing with respect to n:

rn V rnþ1 H rnþ1 V rnþ2 which gives the second statement of Lemma 4.5. More-

over, we have

6
nbN

ðrn V rnþ1Þ ¼ ðr0 V r1ÞU 6
y

n¼1

ðsn�1 V rn V rnþ1Þ
 !

;

for any Nb 0 which, combined with (4.21), gives the first statement. r

Remark 4.3. The proof of Lemma 4.5 requires the conclusion of Lemma

4.4 only. The proof of Lemma 4.4 requires jx�1ja 2, (4.8), (4.10) (in the case of

Kn ¼ n), and the fact that the following quantity is constant with respect to n:

In :¼ x2
nþ1 þ x2

n þ ½trðMnMnþ1Þ�2 � xnþ1xn trðMnMnþ1Þ;

which follows from (4.8). Therefore, the conclusion of Lemma 4.4 and 4.5 also

holds for any sequence fMngyn¼�1 of 2 � 2 matrices which satisfies det Mn ¼ 1,

jx�1ja 2, and (4.8) or (4.9).

We consider the Kronig-Penney analogue of these facts stated above. Let

Wðn;EÞ :¼ Rðqn;EÞ � � �Rð2;EÞRð1;EÞ; nb 1;

Wð0;EÞ :¼ Rð0;EÞ;

Wð�1;EÞ :¼ Rl1
ðEÞRl2

ðEÞ�1

¼

1
l1�l2ffiffiffi

E
p

0 1

 !
; ðif E > 0Þ;

1 0

l1 � l2 1

� �
; ðif E ¼ 0Þ;

8>>>>><
>>>>>:

rðn;EÞ :¼ tr Wðn;EÞ:
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Then Wðn;EÞ satisfies the same recursion equation as Mðn;EÞ:

Wðnþ 1;EÞ ¼ Wðn� 1;EÞWðn;EÞanþ1 ; nb 0:ð4:22Þ

We define the following sets.

~BBy :¼ fE A ½0;yÞ j frðn;EÞgyn¼�1 is boundedg;

~rrn :¼ fE A ½0;yÞ j jrðn;EÞj > 2g:

In the next lemma, we compare the initial values of the sequence fxðn; eÞgyn¼�1

with that of frðn;EÞgyn¼�1 by which we have the relationship between sðhðlÞÞ and

sðHÞ.

Lemma 4.6.

~BBy ¼ fE A ½0;yÞ j gl2
ðEÞ A sðhðlÞÞ; l ¼ gl2

ðEÞ � gl1
ðEÞg;

~BBc
y V ½0;yÞ ¼ 6

nbN

ð ~rrn V ~rrnþ1Þ; for any Nb 0;

and ~rrn V ~rrnþ1 ¼ 7
kbn

~rrk for any nb 0:

Proof. By (4.22), the sequence fWðn;EÞgyn¼�1 satisfies the assumption of

Lemma 4.3. Moreover, by Remark 4.3, the conclusion of Lemma 4.4, and 4.5 are

also valid for rðn;EÞ, ~BBy, and ~rrn instead of xðn; eÞ, By, and rn, respectively.

Therefore we have the second and the third equality. Lemma 4.3 implies that

the sequence frðn;EÞgyn¼�1 is determined by the following initial conditions.

rð�1;EÞ ¼ 2; rð0;EÞ ¼ gl2
ðEÞ;

rð1;EÞ ¼ Sa1�1ðgl2
ðEÞÞgl1

ðEÞ � 2Sa1�2ðgl2
ðEÞÞ;

trðWð0;EÞWð�1;EÞÞ ¼ gl1
ðEÞ:

The sequence fxðn; eÞgyn¼�1 is determined by

xð�1; eÞ ¼ 2; xð0; eÞ ¼ e;

xð1; eÞ ¼ Sa1�1ðeÞðe� lÞ � 2Sa1�2ðeÞ;

trðMð0; eÞMð�1; eÞÞ ¼ e� l:

Let E A X :¼ fE A ½0;yÞ j gl2
ðEÞ A sðhðlÞÞ; l ¼ gl2

ðEÞ � gl1
ðEÞg. Then e :¼
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gl2
ðEÞ A sðhðlÞÞ for l :¼ gl2

ðEÞ � gl1
ðEÞ and hence by Theorem 4.2, the sequence

fxðn; eÞgyn¼�1 is bounded. The initial condition of fxðn; eÞgyn¼�1 is

xð�1; eÞ ¼ 2; xð0; eÞ ¼ e ¼ gl2
ðEÞ;

xð1; eÞ ¼ Sa1�1ðeÞðe� lÞ � 2Sa1�2ðeÞ

¼ Sa1�1ðgl2
ðEÞÞgl1

ðEÞ � 2Sa1�2ðgl2
ðEÞÞ;

trðMð0; eÞMð�1; eÞÞ ¼ e� l ¼ gl1
ðEÞ:

Therefore by Lemma 4.3, rðn;EÞ ¼ xðn; eÞ and the sequence frðn;EÞgyn¼�1 is

bounded which gives E A ~BBy. The proof of converse is similar. r

Due to Lemma 4.6, it su‰ces to show sðHÞ ¼ ~BBy to prove Theorem 4.1.

In order to do that, we consider a periodic approximation of the operator H:

HðnÞ :¼ � d 2

dx2
þ
X
j AZ

V ðnÞð jÞdðx� jÞ;

where V ðnÞð jÞ is the periodic sequence given by

V ðnÞð jÞ :¼ l1wAn
ðFðan jÞÞ þ l2wAc

n
ðFðan jÞÞ; An :¼ ½1 � an; 1Þ;

and an :¼ pn=qn is the principal convergent of a given in (3.1), (3.2).

To discuss the spectrum of the periodic Kronig-Penney model in general

situation, let

Hper :¼ � d 2

dx2
þ
X
j AZ

f ð jÞdðx� jÞ;

where f f ð jÞgj AZ is a real-valued, positive, and periodic sequence with period

L A N . Let RLð j;EÞ be the transfer matrix of Hper : R
Lð j;EÞ :¼ Rf ð jÞðEÞ (i.e., V

in (2.2) is replaced by f ð jÞ) and define

MLðEÞ :¼ RLðL;EÞRLðL� 1;EÞ � � �RLð2;EÞRLð1;EÞ:

Lemma 4.7

sðHperÞ ¼ fE A R j jtr MLðEÞja 2g:

Proof. We consider the direct integral decomposition of Hper (e.g., [21])
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Hper ¼
ðl
½0;2pÞ

HperðyÞ
dy

2p
;

where

HperðyÞ :¼ � d 2

dx2
; on Dy;

Dy :¼ fg A H 1ð1=2;Lþ 1=2ÞVH 2ðð1=2;Lþ 1=2Þnf1; 2; . . . ;LgÞ j

gðLþ 1=2Þ ¼ eiygð1=2Þ; g 0ðLþ 1=2Þ ¼ eiyg 0ð1=2Þ;

g 0ð j þ 0Þ � g 0ð j � 0Þ ¼ f ð jÞgð jÞ; j ¼ 1; 2; . . . ;Lg:

HperðyÞ have purely discrete spectrum for each y A ½0; 2pÞ (e.g., [2]) and we have

sðHperÞ ¼ 6
y A ½0;2pÞ

sðHperðyÞÞ:ð4:23Þ

Let E A sðHperÞ. Then E A sðHperðyÞÞ for some y A ½0; 2pÞ. Let j A Dy satisfy

the equation HperðyÞj ¼ Ej. j has the form as given in (2.1) on ð j; j þ 1Þ
ð j ¼ 0; 1; . . . ;LÞ with wj :¼ ðaj ; bjÞ A C 2 which satisfies wL ¼ MLðEÞw0. Since

j A Dy, wL ¼ eiyw0. Therefore E A sðHperðyÞÞ if and only if the corresponding

matrix MLðEÞ has eigenvalue eiy. Since det MLðEÞ ¼ 1, eigenvalues of MLðEÞ are

equal to l; l�1 for some l A C , and hence l; l�1 ¼ eGiy. Therefore jtr MLðEÞj ¼
j2 cos yja 2. Since tr MLðEÞ A R, the converse is easy to prove. r

Lemma 4.8. (1) If n is even,

V ðnÞð jÞ ¼ Vð jÞ; for �qn � 1a ja qn:ð4:24Þ

(2) If n is odd,

V ðnÞð jÞ ¼ Vð jÞ; for �qn þ 1a ja qn � 2:ð4:25Þ

Proof. Since Vð jÞ ¼ ðl1 � l2Þvð jÞ þ l2, it su‰ces to show vð jÞ ¼ vðnÞð jÞ,
where vðnÞð jÞ :¼ ½ð j þ 1Þan� � ½ jan�. If n is even, an :¼ pn=qn < a ([16], p. 8). A

su‰cient condition to have ½ð j þ 1Þan� ¼ ½ð j þ 1Þa� is

ð j þ 1Þða� anÞ ¼
j þ 1

qn
ðqna� pnÞa kð j þ 1Þak:

Therefore by (3.4), the condition 1a ja qn � 1 is su‰cient to have vð jÞ ¼
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vðnÞð jÞ. By direct computation, we always have vðnÞð0Þ ¼ vð0Þ ¼ 0 and vðnÞð�1Þ ¼
vð�1Þ ¼ 1. When j ¼ qn,

vðqnÞ ¼ ½ðqn þ 1Þa� � ½qna�

¼ ½qna� pn þ a� � ½qna� pn�:

Because 0 < qna� pn ¼ kqnak and a A ð0; 1Þ, we have vðqnÞ ¼ 0. Direct compu-

tation gives vðnÞðqnÞ ¼ 0. Therefore by Lemma 4.2 (3), we obtain (4.24). The proof

of (4.25) is similar. r

In what follows, we let

rRðTÞ :¼ rðTÞVR;

rþðTÞ :¼ rðTÞV ½0;yÞ;

where rðTÞ is the resolvent set of an operator T.

Lemma 4.9. HðnÞ converges to H in the strong resolvent sense. Moreover,

rþðHðnÞÞ ¼ ~rrn.

Proof. The first statement follows easily by using Lemma 4.8 and the resol-

vent formula (4.3). Let RðnÞð j;EÞ :¼ RV ðnÞð jÞðEÞ be the transfer matrix of HðnÞ.

When n is even, by Lemma 4.7, 4.8, we have

~rrn ¼ fEb 0 j jtrðRðqn;EÞRðqn � 1;EÞ � � �Rð1;EÞÞj > 2g

¼ fEb 0 j jtrðRðnÞðqn;EÞRðnÞðqn � 1;EÞ � � �RðnÞð1;EÞÞj > 2g

¼ rþðHnÞ:

When n is odd, we use the following equality [23]

vð�qn�1 þ lÞ ¼ vðlÞ; 1a la qn;ð4:26Þ

which holds if n is su‰ciently large. To prove (4.26) for 1a la qn � 2, we

proceed similarly as in the proof of Lemma 4.8. For l ¼ qn � 1, qn, we compute

vð�qn�1 þ lÞ and vðlÞ explicitly, and see that they are equal. Then rþðHðnÞÞ ¼ ~rrn
follows from (4.26), the periodicity of vðnÞðlÞ, and the cyclicity of trace. r

Lemma 4.10 ([19], Theorem VIII.24). Let L, Lm be self-adjoint operators on

a Hilbert space, and assume that Lm converges to L in the strong resolvent sense.

Then
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Int 7
y

m¼1

rRðLmÞ
 !

H rRðLÞ;

where Int C is the interior of C in R.

Lemma 4.11 ([23], Lemma 1). Let B be a 2 � 2 matrix with det B ¼ 1. Then

maxfjtr Bj jBuj; jB2ujgb juj=2;

for any u A C 2.

Proof of Theorem 4.1. By Lemma 4.6, it is su‰cient to show sðHÞ ¼ ~BBy.

Assume E A ~BBynsðHÞ and let

f ðxÞ :¼ wð�1;0ÞðxÞ cos
ffiffiffiffi
E

p
x; ðif E > 0Þ;

wð�1;0ÞðxÞ; ðif E ¼ 0Þ:

(

By assumption, the equation ðH � EÞc ¼ f has an L2-solution. In particular,

ððH � EÞcÞðxÞ ¼ 0 holds for x B ð�1; 0Þ which implies

cðxÞ ¼ aj sin
ffiffiffiffi
E

p
ðx� jÞ þ bj cos

ffiffiffiffi
E

p
ðx� jÞ; ðif E > 0Þ;

aj þ bjðx� jÞ; ðif E ¼ 0Þ;

(

for x A ð j; j þ 1Þ ð j 0 �1Þ. Since E A ~BBy, there exists a constant C > 0 such that

jrðn;EÞjaC; for all nb�1:

By (2.3) and Lemma 4.2 (2), we have wqn ¼ Wðn;EÞw0, w2qn ¼ Wðn;EÞ2
w0 which,

combined with Lemma 4.11, imply

maxfCjwqn j; jw2qn jgb jw0j=2:ð4:27Þ

Let Lðn;EÞ :¼ ½Rð1;EÞRð2;EÞ � � �Rðqn;EÞ��1. By Lemma 4.2 (3),

Lðn;EÞ ¼ Rð�qn � 1;EÞ�1
Rð�qn;EÞ�1 � � �Rð�3;EÞ�1

Rð�2;EÞ�1;

so that we have w�qn�2 ¼ Lðn;EÞw�2, w�2qn�2 ¼ Lðn;EÞ2w�2. On the other hand,

tr Lðn;EÞ ¼ tr Kðn;EÞ, where Kðn;EÞ is given by

Kðn;EÞ :¼ Rð1;EÞRð2;EÞ � � �Rðqn;EÞ; nb 1;

Kð0;EÞ :¼ Rð0;EÞ;

Kð�1;EÞ :¼ R�1
l2
ðEÞRl1

ðEÞ:
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Then det Kðn;EÞ ¼ 1 and Kðn;EÞ satisfies the following recursive equation.

Kðnþ 1;EÞ ¼ Kðn;EÞanþ1Kðn� 1;EÞ; nb 0:ð4:28Þ

By Remark 4.2, and (4.28), we see that sðn;EÞ :¼ tr Kðn;EÞ satisfies the same

equations (4.10), (4.11), and initial conditions as rðn;EÞ. Therefore tr Lðn;EÞ ¼
sðn;EÞ ¼ rðn;EÞ so that jtr Lðn;EÞjaC. By using Lemma 4.11 again, we have

maxfCjw�qn�2j; jw�2qn�2jgb jw�2j=2:ð4:29Þ

Therefore since c A L2ðRÞ, (4.27) and (4.29) implies w0 ¼ w�2 ¼ 0 and thus

cðxÞ ¼ 0 for x B ð�1; 0Þ. Moreover, from the continuity of c, we have cð0Þ ¼
cð�1Þ ¼ 0 and c 0ð0Þ ¼ c 0ð�1Þ ¼ 0. Since cð jÞ ¼ 0, j A Z,

� d 2

dx2
c ¼ Ecþ f A L2ðRÞ;

where the derivative in LHS is taken in the sense of distribution. Therefore

c A H 2ðRÞ. If E > 0, by the definition of H,

k f k2
2 ¼ ððH � EÞc; f Þð4:30Þ

¼ �
ð 0

�1

c 00ðxÞ cos
ffiffiffiffi
E

p
x dx� E

ð0

�1

cðxÞ cos
ffiffiffiffi
E

p
x dx:

Take cnðxÞ A Cy
0 ðRÞ such that cn ! c as n ! y in H 2ðRÞ. Then

ð0

�1

c 00ðxÞ cos
ffiffiffiffi
E

p
x dx ¼ lim

n!y

ð0

�1

c 00
n ðxÞ cos

ffiffiffiffi
E

p
x dx:

By integration by parts,

ð0

�1

c 00
n ðxÞ cos

ffiffiffiffi
E

p
x dx

¼ ½c 0
nðxÞ cos

ffiffiffiffi
E

p
x�0�1 þ

ffiffiffiffi
E

p ð0

�1

c 0
nðxÞ sin

ffiffiffiffi
E

p
x dx

¼ ½c 0
nðxÞ cos

ffiffiffiffi
E

p
x�0�1 þ

ffiffiffiffi
E

p
½cnðxÞ sin

ffiffiffiffi
E

p
x�0�1 � E

ð0

�1

cnðxÞ cos
ffiffiffiffi
E

p
x dx:

By Sobolev’s embedding theorem (e.g., [20], Theorem IX.24), cðlÞ
n ð jÞ ! cðlÞð jÞ ¼ 0

as n ! y for l ¼ 0; 1, and j ¼ �1; 0. Thus
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ð0

�1

c 00ðxÞ cos
ffiffiffiffi
E

p
x dx ¼ �E

ð0

�1

cðxÞ cos
ffiffiffiffi
E

p
x dx;

which, together with (4.30), concludes f ¼ 0 and hence contradicts the assump-

tion. If E ¼ 0,

k f k2
2 ¼ ðHc; f Þ

¼ �
ð0

�1

c 00ðxÞ dx

¼ � lim
n!y

ð0

�1

c 00
n ðxÞ dx

¼ � lim
n!y

ðc 0
nð0Þ � c 0

nð�1ÞÞ

¼ 0:

Therefore we obtain ~BBy H sðHÞ. Conversely, take E A ~BBc
y, E > 0. Lemma 4.6

implies E A ~rrn V ~rrnþ1 for some nb 0 which can be taken su‰ciently large, and

then Lemma 4.9 implies E A rþðHðnÞÞV rþðHðnþ1ÞÞ. Since E0 0, we have E A

IntðrþðHðnÞÞV rþðHðnþ1ÞÞÞ. Therefore

E A Intð ~rrn V ~rrnþ1Þ

¼ Int 7
kbn

~rrk

 !

¼ Int 7
kbn

rþðHðkÞÞ
 !

H rRðHÞ;

where we used Lemma 4.6 and 4.10. If 0 A ~BBc
y, then 0 A ~rrn V ~rrnþ1 for some

nb 0, and ½0; dÞH rþðHðnÞÞV rþðHðnþ1ÞÞ ¼ 7
kbn

rþðHðkÞÞ for some d > 0. Since

ð�y; 0ÞH rRðHðkÞÞ for all kb 0, we have ð�d; dÞH7
kbn

rRðHðkÞÞ and conclude

0 A Int 7
kbn

rRðHðkÞÞH rRðHÞ:

Thus Theorem 4.1 is proved. r

Remark 4.4. The inequalities (4.27), (4.29), together with the argument in the

proof of Theorem 3.2 also show the absence of point spectrum of H.
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