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Introduction

Klein's surface of genus three is the closed Riemann surface R defined by the

equation

y1 =x{x- I)2.

This surface is famous because the conformal automorphism group Aut(R) has

order 168 = 84(3 ―1), the maximum possible.

In 1970, Rauch and Lewittes wrote the beautiful paper [4] in which they

found the period matrix of Klein's surface.It is difficultto determine the period

matrix of a non-hyperelliptic Riemann surface of genus g > 3 explicitly.

Klein originally obtained his surface R in the form of the upper half-plane

identified under the principal congruence subgroup of level seven, T(7), of the

modular group I＼ Rauch and Lewittes represented the surface as the unit circle

uniformization of R. They found a canonical homology basis expertly and they

had the matrix representations of the generators of the automorphism group

Aut(R). In order to find the period matrix with respect to this canonical

homology basis they used these matrix representations.

The aim of our articleis to decide the proportionalities of associated theta

constants of Klein's surface.

In our article we represent R as a covering surface over P1. Let T be a

conformal automorphim of order 7 and let <T> be the cyclic group generated

by T and R/(T} the surface obtained by identifying the equivalent points on R

under <T>. Then i?/<T> becomes P] conformally and so R is considered as a

7-sheet covering surface of R/(T} = P1.

In the firstsection we calculate the period matrix of R by the different

method from that of Rauch and Lewittes. First we choose a basis of the space
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Hl(R) of abelian differentialsand we construct a canonical basis of the first

homology group Hi (R) = H＼(R, Z) concretely. Second we consider the action of

T on Hi(R) and we obtain the representation of T on Hi(R). This representation

becomes a symplex modular matrix. Using these results,we compute the period

matrix of R. Our matrix is differentfrom that which was found by Rauch and

Lewittes.

In the second section we start a brief review of the theta function and give

some important lemmas. Particularly the transformation formula of the theta

functions plays important role in the third section.Next we derive some identities

which are necessary to determine the proportions between theta constants.

In the third section we decide the proportionalities of the theta constants.

First we show that 36 theta constants are classifiedin 6 orbits by the action of

the representation of T in the second section. Next using the theta identities,

we determine the proportionalities of the theta constants. Lastly we have to

determine the roots of unity in the proportionalities.This can only be decided by

reference to the Fourier expansions of theta constants and we use numerical

computations.

The proportionalities that we obtain means the homogeneous coordinate

of the projective image of the Jacobian variety associated to Klein's surface by

means of theta constants. This example will be important to study moduli

problem.

1. Period Matrix

We consider Klein'ssurface R of genus three defined by the equation

y1 =x(x-l)2

This surface has an automorphism T e Aut(R) of order 7 defined by

(1) T:{x,y)^(x,py)

where p ― exp(2ni/7).

Then R/(T} is conformal equivalent to Pl and R is considered as a 7-sheets

covering surface of R/(T} ^ Pl with three branch points over 0,l,oo.

Since we can easily examine the divisors of differentials,we obtain a basis of

the vector space of holomorphic differentialsgiven by

(2)

y3
cor =
(x-l)dx
~~J5

(x- ＼)dx

ft)3= 7y6



Then we define

so we have

(3)

Klein's surface of genus three

Figure 1

x-shere

T{ojj) =a>joT ＼

T(a>i)=p3cou T(co2) = p5co2, r(co3) =/?6co3.
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Here we construct a canonical homology basis on R. We consider the following

three closed curve a,/?,y and three broken segments on .x-sphere as illustrated in

Fig. 1. Klein's surface R is a seven sheet covering of the x-shere. Its layers join

along the twenty-one segments each of which lies over one of three broken

segments.

The function y has seven branches _yb yj = pJ~lyx (j = 2,..., 7). Let a,-be

the lifting of a which is a path from ^-branch to yj+l-branch (j = 1,..., 6) and

a-/the lifting of a from _y7-branch to yx -branch. Let fljbe the lifting of/? which is

a path from ^-branch to _yy+2-branch {j = 1,..., 5) and fik the lifting of /? from

_>>£-branch to _y/t_5-branch [k ― 6,7). Let yj be the lifting of y which is a path

from jy-branch to _y7-+4-branch (y = 1,2,3) and yk the lifting of y from ^-branch

to _y/t_3-branch (/: = 4,5,6,7).

Then we get the following relations.

(4) <

a1+a2 + a3 + a4 + a5+a6 + a7 ~ 0, pl+p3+j35+P1+P2+p4+P6 ~ °

7l+75+72 + 76+73 + 77 + 74 ~ 0,

ai+^2 + 74 ~ 0, a2+A + 75 ~ 0, 013+P4 + Y6 ~ 0

a4+^5+y7 - 0, cts+Pe+yi ~ 0, ≪6+^7+72 ~ 0

ay+A+73 ~0.
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where a + /? denotes the composition of a and /? by joining the finalpoint of a

and the initialpoint of /?, and ~ means homotopic equivalence.

Moreover, we have

T(aj)= a,, T{fij)= fa, Tiyj)=yk{k = j+ ＼{mod 7)).

Then from (4) we have a canonicalhomology basis representedas follows:

(5)

{
A＼=ai+<*2-P＼, M = -ai + yx + y5, A3 = a3 - fi2- fi7- y3

B＼ = -B2 + a3 + 04, 52 = -a5 + y5 - y2, R3 = -7i -y^-Jk-h

These basis are obtained by drawing closed curves on 7 sheets carefully.See

Appendix.

Now we consider the action of T on H＼(R) = H＼(R,Z), the (first)homology

group (with integral coefficients).

In general, let {A＼,A2,A3,Bi,B2,Bi} be a canonocal homology basis of

R, then {T(Ai),T(A2),T(A3),T(Bi)1T(B2),T(B3)} become again a canonocal

homology basis of R. We immediately see that there existsa 6 x 6 matrix M with

integer entries whose inverse is also an integer matrix (thus det M =1). We now

write M = [ 1 in 3x3 blocks, then we have

(6)

/

V

T(Afi

T(A2)

T(A3)

T{B{)

T{B2)

T(B3)

A2

B2

'AD - 'CB = h

'AC= 'CA

'BD = 'DB

thatis, M e 5/?(3,Z), the homogeneous symplecticmodular group.

In our case,we take {A＼,A2,A3,Bi,B2,Bi} in (5) as a canonicalhomology

basis.Then, using (4),we get

(7) <

T(Ai) kAi+A3 + Bi-B2 T(A2) ≪ -Al-A2-A3-Bl+B2 + 53,

T(A3) ≪ - A3 + B2, T(B}) ≪ -^i - ^2 - ^3 + 53,

r(fi2) ≪ -^2 - A3 + 53, r(fi3) ≪ -Ax -A2-A3+ B2,

where ≪ means homological equivalence. That is,



(8)

Klein's surface of genus three
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We show the first equation in (7) as follows;

A＼ + A?, + B＼ - B2 ≪ ai + a2 - fa + a3 - B2 - fa - y?,+ 0C3+ oc4- fi3 + a5-

y2 - y5 ≪ a, + a2 + 2a3 + a4 + a5 - y2 - y3 - y5 - fa - J32 - fi3 - ^ ≪

a3 - (a6 +^7 + y2) - (a7 + ^ + y3) - (A + y5) - ^2 ≪ a2 + a3 - ^2 ≪ J^).

Similarly we can show other equations.

To compute the period matrix of Klein's surface, we will represent A2,Ai

BUB2,B3 by Ax and TJ{AX) (y= 1,...,6).

(9)

Considering the relation

{T{AX),...,T＼AX)} form a

We put

(10)

We note

A＼+ T(A＼)-＼ h^i^O, we know that

basisof the firsthomology group.

.1 A:

T(coi) =p3cou

T2(coi) = p6coi

T3(coi) =/>2ft>]

T4(coi) =p5coi

T5(coi) =pcoi,

T6(a>l)=pAa>l

atj

Jbj

T(a>2) = p5co,

T2(co2)=p3co,

T＼a>2) =PCO2,

T4(co2)=p6co2,

(co2) = p*ca2,

u

T(a>3) = p6co3,

T2{co3) = p5co3

T＼co3) =p4co3,

T4(co3) = p3co3

T＼a>3) =p2co3,

T6(co2)=p2a)2, T＼co,)=pm.

Using (9) and (10), we carry out integrationsand we obtain the following

ennations
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(11)

≪13

≪22

≪23

≪32 =

≪33

bu

bn

bii

hi

b22

^23

hi

b,2

^33

L

JAi

L

JAi

L

JAt,

JB＼

JB2

JB3

JB,

COi

001

ft)?

0J2

tt)3

COi

(O＼

Qi＼
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= <o＼+ coi= (p + p6)an,

JT2(Ax) JTS{A＼)

= - co＼+ coi + coi = (-1 +/?3 +P4)au

iAx JT{AX) iTb(Ax)

(r
C02+ C02 = (/>3 +/>4)≪21,

(f e
C02+1 oj2+＼ oj2 = (-1 +P2+P5)a2＼

Ax JT(A{) Jr6(^i)

= C03+ 0)3 = (p2 +p5)a3＼,

JT2(Ax) JTHAi)

(f f
a>3+ ≪3+ o>3 = (-1 +P + P6)asi,

Ax JT(Ax) JT6(Ax)

= &>i =pan,

JT2(Ax)

(r

t≫i+ coi = (/> + /?3)an,

co＼= - co＼-
＼
co＼=

JAi JT4{Ai)

C02 =
＼
&>2= pAa2＼,

JTHAi)

-(l+p2)an,

eo2= ＼ co2+＼ co2 = {p4 + p5)a2＼

B2 JT2(A{) JT6(Ai)

JBi

JB2

JB3

co3

ft>3

co3

JT2(Ai)

C03 = p
2≪31,

-(l+p)a2i

(I*
co3+＼ a>3 = {p2 +P6)a3l

T*(Ai) JT6(AX)

0)3 - co3 = -(1 +/?4)a3i.

^1 JTMAx)



Here we put

Then, from (11)

(12) (ay btj) =

Klein's surface of genus three

an a, a2＼ = b, a%＼

, we have

(i (p+pe)a

(P3+P4)b

(P5+p2)c

(-l+p3+p4)a

(-l+p2+p5)b

(-l+p+p6)c p2c

c

{p+p3)a

(P4+p5)b

(P2+p6)c

-(1+P2)a

-{＼+p)b

-{l+pA)c
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)

Moreover we normalize this period matrix by multiplying (ay) l on the left side

of (ay by), that is

(aijy＼aij by) = (I2 t)

..Jg

Here, p3

by

(13)

6(p3+p5+p6)

2(P3+P5+P6)

2(p3+p5+P6)

+2

+1

+3

3(P3+P5+P6)

5(p3+p5+p6)

(p3+p5+p6)

+ p5 + p6 = (―1 + y/li)/2, so we have finally

-1

+3

+2

-2(p3+p5+p6)

-{P3+p5+p6)

-3(pi+p5+p6)

)

Theorem A. The normalized period matrix (Ij,t) of klein'ssurface is given

/

T =

＼

3>/7i

+
l2
+
3y/7i

14

+＼
+

+＼+

1

+
2
+

3 Vii

14

Syfii

14

Vii

14

2. Theta Functions and Theta Identities

A ^-characteristicis a
2

[

xg

1

*'

matrix

[
£l

*{

£2

4

+
l2
+

+

1

2

+

y/ii

14

3>/7*"

14

We shallgive a briefaccount of the theta function together with an ex-

planation of notations.

of integers, written

is even or odd according as Yljejej=R or ^{modl). A reduced

tic is a ^-characteristiceach of whose entries is zero or one.
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There are 22g reduced characteristic:2s"1(2g + 1) are even; 29"1(2^ - 1) are
r £i

Given a a-characteristic . , the g-theta function with characteristicis
L≪J

odd. Given a ^-characteristic

defined by

£＼ ( E

)+2'K)N)}

where z e C9 and z e Hg the space of g x g symmetric matrices with positive

definiteimaginary part,e,e',z and n are treatedas column vectorsin matrix

calculations.

The followinglemma is an obvious consequence of definitions.

Lemma 1. If s = s + 2v and e'= e'+ 2v', where v and v' are integral

q-vectors, then

flN(z,T) = (-l)^[ ;,W)

This formula will be called, the reduction formula.

We see that the theta constants with odd characteristicvanish identically so

that "theta constants" henceforce means "with even characteristic". Then we

have following lemma.

Lemma 2

(i) e

X

[;w[;i<o
･ ((e-d)/2)+P

e'-S'

(ii) e2
[

.']

T

1

E

PetZ/2Z)g

(0,2t)

0
≪£

e'+S' (0'2T)

(o,t)= E (-if-pye＼E
p](o,2r)e＼

Pe{Z/2Z)B L U J L

Proof. See [3 pp. 63].

Moreover, we have followingimportant lemma.

Lemma 3. Let x e Hg and M =
(D c

＼B A

o

](O,2t)

I e Sp(g,Z). Then

det＼Cz + D＼ ^0



and we have

and then

Define, further,

with

where dv(N)

where

is

≪[;]

</>
(m

Klein's surface of genus three

x = Mo t = (At + B)(Ct + D)~l

XEHg.

;]―[;]

s = De~Ce' + dv(C'D)

e' = -Be + Ae' + dv(A'B)

the vector consisting of diagonal elements of N,

(0, f) = k(M) exp nid)

')

(

Then

M^^detlCr + DlO^j (0,r)

= ^{-tetDBe+2tettCBe-tenCAef+2t(De-Ce')dv(AtB)}

and k(M) is an eighth root of unity.

Proof. See [3 pp. 86-105].

Remark. The really difficult part of this lemma

k{M). It is extremely important to observe that lemma
r £i

has the same character, i.e., is even or odd, as , .

Lemma 4. If M＼,M2e $n(q,Z), then

M2M＼ o A = M2o M＼o ＼
Le J L

e

is the determination

3 implies that Mo

(mod 2)

391

of

:

Now we derive theta identitiesamong theta constants which are necessary in

§3. First, we use the formula (I) of lemma 2 to obtain
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(14)

(15)

(16)

(17)

0

0

0

0
e
o

0

0

0

1

o"

0

92

[!

+ e2

o2

o"

1
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'0

(O,t)0

][

0

0

o"

0

0

0

0"
o M

(0,2t) + 6≫2

0

1

"o

1

0

0

(Q,2t) + #2

"o

(O,T)0

][

'0

1

0

0

o"

0

1

o"

!

(°'T)

O,2t)-02

Jo

e2

■ i

0

0

1

0

0"

o
J(O 2t)

0 1 1

(0,2t)
10 0

i] Jo

0

(°'2t) + ^
!

ooo] To o o
0 (O,t)0 (0,t)

Jo

1

+%

0 Ol /

o
0(0i2t)-^.

0

1

0 ll ,

o oj(°'2l)^

0 0 Ol 0 0 0e (o,t)0 (o,t)
[o o ij [i o lj

1

0

1

0

o"

o(°
2t)

1 1

(0,2t)
0 OJ

o"
o(O

2r)

0
1 1
(0,2t)

1 0 oj

Jo o ol Jo i o

= 02 (O,2t) + 6>2 (0
1 0 0 '

;
1 0 0

V

02

fl 0

0

ll Jo

2t)

l JH



(18)

(19)

(20)

(21)

0e
o

0

9

0

0

0

0

0

9

0

1

0

Klein's surface of genus three

ol To l o
(O,t)0 (O,t)oj [i o oj

To ool [oi
)＼

＼(O,2z)0

10 0 10

0 0 Ol [0 1
= 26 (O,2t)0
|_1 0 Oj [l 0

"0 0 ll [0 1

+ 26 (O,2t)0[l 0 Oj [l 0

10]
[0 1 0"

(O,t)0 (0,t)
0 1J [1 0 1J

0

0

0

1

0
29
1

0 0]
[0

(O,2t)00 OJ [l

0 0

29
1 0

l]
[0

(O,2t)0
Oj [l

ll To

0
26

1

0
+ 29
1

1

0

0

0

;]

(o,x)

0 0
(O,2t)0

0 0

1

0

'0

1

ol

(O,2r)0

ll To

01

0 0

= 26
1 0

"0

-26
1

0

0

0"

o(o
2t)

j]

(0,2r)

o"
of

2t)

i r

(0,2t)
0 oj

I](o 2t)

0 1 1
(0,2t)

1 0 0

0

1

;]
(≪,,)

ol To

(O,2t)0
oj [1

1

0

o"

0

(0,2z)d

0

0 o

]

(°

"0 1 f

1 0 0

2t)

(0,2t)
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(22)

(23)

0 1
e

o o
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o
(0'T)^

0

2(9
1

0

+ 26
[I

0

0

1

0

"0

1

0

0

1

0

j]

(O,r)

fo
(O,2t)0

Ol [0
(O,2t)6>
oj 1

1 1

0 0

Oil] [Oil
6 (O,t)0 (0,t)
0 1 lj [l 1 lj

From (14) x (17)

Id

"o

1

0

0

0 1

-20
1 0

(15) x (16) =

0 0 0

(J-l) 0

0 0 0

(O,t)0

0 0 0

= 0

0 1 0

X0

"o

1

ol To

(O,2t)0
0 1

(0 2t)

0 f

o o (0'2r)

(18)

1 1

0 0

0

0

(0

ol To o i
(O, 2t)0
0 10 0

x (19), we obtain

(O,t)0

ol To o

(O,t)0
OJ [0 0

'0

1

0 0

1 0
(0,t)

0 0 Ol [0 0 0

(O,t)0
0 1 1JV [1 1 1

0

+ 0

x6

1 0

0 0

"0 1

0 0

(O,t)0

o"

1

From (14) x (16)-(15) x (17
)

0 1 0'

1 0 0

(0,*)

(0,T)

2t)

(0,2t)

Ol 0 0 0
(O,t)0
lj [l 0 1

"0 1 0"

(O,t)0
i o j

(0,r)

= (20) x (21), we obtain

(0,T)
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(0,t)
Ol 0 0 0
(O,t)0
0 110

"0 0

0 1

(0,T)

(O,t)0

0 0'

0 0

"o

(O,T)0

1

0 0 0

[0 0 0

0 0 Ol [0 0 0
= 0 (O,t)0
0 0 1 10 1

(0,t)

"0 0 0

1 1 1

(O,t)0

0 0 0

X0

0 1 1

%,r)0

0

ll
[0

(P,t)O°j L1

0

0

0

+ 0

0

(0,T)

"0 0 f

1 1 0

(O,t)0

f

0

0

1

0

x6
0

x (23), we obtain(22)6) x (17)(1From (14) x (15)

(0,t)
oo] To o o] o o o

(O,t)0 (O,t)00 Oj Oil 111

0 0 0

[o o o

r)0 0 (0
1 OJ

"o

1
(O,t)0

"0 0 0

= 0
[o i o

(0,T)
0 0 Ol [0 0 0

xO (O,t)0
0 0 lj L1 ° l

1H
(0,T)

obtainto

f

1

2

1

0

1

1

ll To

"o

1

(O,t)0

f

1

1

0

1

1

0

+ 9
[o

"o

0

X0

Second, we use the formula (II) of lemma

2t)

0 0

(0
0 0

(0,2t) + 6>2

0

0

o
(0'2t)

0

0

"o

0

(0,2t) + 6>2

o'

0

Jo o

[o o

Jo o o

(24)
e2
[o o o
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(25) e2

°

(26) e2
°q

0

0

0

1

0"

0
(0,r)

o"

o
{0'x)
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+ e2

+ 92

o

f

0

+ e2

o2

+ e2

≪2

[°

0

d2

-e2

1

0

0

0

0

0

0

1

0

1

0

0

0

1

0 0

1 1

0 0

0 1

0 0

0

0

0

0

1

0

(Q,2r) + 02

*

(O,2r) + 02

*

(0

o"

0

o"

0

1"

0

o"

0

(0

)"

)

)"

)

0 1 0

0 0 0

1 1 0

0 0 0

,011
e2
ooo

Jo o ol Jo o

(27) 62 (O,t)= 02v ; [o o lj [o o

+ e2

-o

f

0

+ d2

0 0

(0

o oj

'0 1 0"

0 0 0

"1 1 0"

0 0 0

1

0

1

0

(Q,2t)-6>2

(0,2r)-(?2

(0,2t) + 6>2

(0,2t) + 6≫2

2i)+
4i

(0,2t)-<92

"l

0

0

(0,2r)-#2

(0,2t) + 6>2

(0,2t)-6>2

(0,2r)-tf2

0

0

0

0

1

0

0

0

0

1

0

1

0

0

0

0

0

1

0

0

0

0

0

1

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

0

0

j]
(0,2r)

;]

(o,2t)

(0,2t)

;]

(o,2r)
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From (36)2 + (37)2 + (38)2 + (39)2 = (24)2 + (25)2 + (27)2 + (29)2 - (26)2 - (28)2-
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From (36) x (38) + (37) x (39) = (24) x (27) + (25) x (29) - (26) x (30) - (28) x

(31), we obtain

(Jf-9)
Jo i o
e2
ooo

(O,t)02

+ 62

"0 1

1 0

'0

0

0"

o(

1 0"

0 1

O,r)02

(0,T)

0 1

1 0

0

1

(0,t)

Jo o o] Jo o o

=
02 (0,r)62 (0,t)
0 0 oj [0 0 lj

+ e2

-e2

-e2

0 0 0"

1 0 0

0

0

0

1

0 0"

1 0

0 0

1 0

We use these 9 theta identities

(O,t)02

(O,t)02

(O,t)02

u

0 0 0"

1 0 1

0

0

0

1

0 0

1 1

(0,t)

(0,t)

0 0"

1 1

l),...,0/-9) in

(0,T)

§3



)

)

404 Katsuaki Yoshida

3. The Proportionalitiesof Theta Constants.

We will decide the proportionalities of theta

Sp(3,Z) in §2, that is M=
(D C

), and
V B A I

/O 0

A= I 0 0

＼0 1

c =

V o

― 1

'

'

)

■

0/

+1

+1

+1

0 /

B

D =

Then we find

and

constants. We take our M e

3

:i

)

f = M o t = (Ax + B)(Ct + D)"1 = t

<ferCt + D＼= 1

We now applylemma 3 and

thetaconstants.We find

and thus that

'■

(

(

dv(C'D)

1 0 1

-1 -1 -1

0 0-1

M7 = h.

lemma 4 to 36 = 2≫"1(2≫+ 1) = 22(23 + 1) 3-

=(!i) dv(A'B) =

G
＼ o

ei + £3 - e[ + &'2 + 1

―£1 ― £2 ― £3 + s[ ― £2 ― £3 ― 1

-£3 - £3

z' ―

■

(

( -1 -1 -

0 -1 -

1 1

1

1

-1

)

(ii)

+1 +1 U + -i

+ 1 0 / ＼e'/ ＼ 0

)(:)+(:::)(;:)+G:)

+£l + E2+S3 + 8f3 - I

+62 + £3 + £3 - 1

+£l + £2 + £3 + £7 - 1



We

Am

also find that

:)

n

Klein's surface of genus three

(ei£2£3)

- VM)

- Me&)

(:

＼o

＼ o

0

+1

0

( +1 -1

-1 +1

0 +1

0

+1

+1 +1/ W

:)6M
0

+1

0

+ 2(e[s's')

(£l£2£3)

))(:!)}

(i

V o

-1

-1

-1

0 0

-1 -

1

)

= - {+£? ~
4~ 2fi2£3

- £3 - 2(e＼s[+ 82S'2+ S2S'3+ S3s'2+ £363)

e'22-s'32+ 2(+e2 + £3+s'2+s'3)}.

Thus, applying lemma 3

the reduced characteristic

equations.

First, we have

,,[0 0 1
Mo
lo o o

and lemma 1 implies

Thus

(40)

il

e＼°
°

10 0

-P- o

</>
(m

-2

0

-1

0

1

1

405

)0

) and its transforms while always using
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Consequently we have
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k(M) = exp(-^j.

Tel
Second, applying lemma 3 in succession to 0＼ , (0, t) in the same way, we
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Substituting above representatives in theta identities(</-l),...,(J-9) in §2 and

considering that no representative is zero, we obtain,
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of 5/7(3,Z) generated by M, 36 tfaeta
0 11

o ol (0,7c)is M-invariant and other 5

orbits consist of 7 theta constants. Here we remark that no theta constant is zero.

We can confirm this fact by numerical computations at the last part of this

article.
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0 0 0'

0 0 0

X

(0,T)

(0,T)

(0,T)

= u

0

e

0 0 0

0 0 1

0

0

0

0

|

_0

~1)

e

o

0

0

0

0

0

0

1

0

(o,t), e

"0 0 0"

0 0 1

"o

(o,t), e
Q

(0,T)

(0,t)

0 0"

0 0

0

0

0

(0,t)

;]

(0,r)

0 0 0

1 0 1

0

0

0

0

0

0

y/2



X2ZU,
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(73)

(74)

(75)

(76)

(77)

(78)

(79)

From (79), we obtain

and since X ^ 0, we have

(82)

From (72) and (82)

or

(83)

Katsuaki Yoshida

1 + /

XZ-XU+ YZU = 0

Y2

1 ― i

7T

iX2

X4 = l

X2ZU +

zu =
1-/

1 -i

2x/2'

V2

V2 + iX2 Y2 = +2iY2 + iX2Z2 + X2 U2

VA = -3 F4 - Z4 + U4

X2V2 + iY2 = 2X2 - Y2Z2 + iY2U2

- Y4 + iZ2U2 = 2X2 + Y2Z2 - iY2U2

l+X4 + 2Y4 = 0

(Y2 + iX2){iZ2 - U2)=0.

Y2 + iX2 = 0 or iZ2 - U2 = 0

But if iZ2 - U2 = 0, then we have contradiction. In fact,if [/=((!+ i)/y/2)Z,

then from (73) we have YZU = 0 which contradicts because no representative is

zero, if U = ―((1 + i)/＼/2)Z, then from (72) we have V = 0 which contradicts,

too. Therefore, we have

(80)

and

(81)

From (71) and (80),we have

-iX2 =

V2 = +iZ2 + ^2(1+ i)ZU + U2

V2 = 1 + iZ2 + U2



Thus

or

(84)

Klein's surface of genus three

(V2 - I)2 = (+/Z2 + U2)2

VA -2V2+l=^-ZA+UA.

From (75) and (80),we have

(85) V4 = 3 - Z4 + U4.

Thus from (84) and (85),we obtain

(86) V2 =

(87)

From (74), (80) and (81)

(88)

7

4

+iZ2 + U2
3

4

V2 + l = X2{2 + iZ2+U2)

From (86),(87) and (88),we obtain

(89)

and from (80)

(90)

Summing up these,we have

X2 = l

Y2 /

411

Proposition. Klein's surface has the following proportionalities of theta

rnnxtnrttM

X1 = 1. Y2

zu =
1 -i

I

1 + /

V2

"-

z+u = V

To decide the values of X,..., V, there remains only the problem of

determining which roots of unity or signs to take. This can only be decided by

reference to the Fourier expansions of the theta constants, and we use numerical

computations. For example, we will compute the value of X. We have
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and

0 0 0

e

0 0 0

0 0 0

9

1 0 0

Katsuaki Yoshida

(≪1,≪2,≪3)

expnil + nin2+-{n2 +n3)2

fl'

+ ―― {6n＼ + 5nj + 3nj + 6nin2 + 4/ii≪3+ 2≪2≪3)

exp7Ti< + ≪i+nin2 + -(n2 + ≪3)2

}

＼fl'
]

+ -r-^(6nJ + 5≪2+ 3≪3+ 6≪i≪2+ 4≪i≪3+ 2≪2≪3)>

where the explicit period r is computed in §1.

Experience has shown (see Rauch and Lebowits, chapter IV; pp. 269-270)

that very good accuracy in computing 1-theta constants is achieved by using only

the terms at the "origin" and in the "firstlayer" i.e.,altogether the terms for

which ―1 < n < 1 where.n is the single summention index. The analogue for the

tripleseries of the 3-theta constants is the "origin and the firstlayer" i.e.,the

twenty seven terms for which ―1 <n＼,ti2,ti3< 1. Using the values

n = 3.14159, v/7 = 2.64575

we find

0 0 0

[0 0 0

hence we find

In the

0
e
o

0

e

1

X

same

(0,t) = 1.0565+ 0.4405/ o＼°
° °]

(0,t) = 1.0589 + 0.4389

≫:

･:

way,

0 0"

0 1

0 0"

1 0

0 01

0 OJ

0 01

0 OJ

(0,t)

(0,t)

1.0589 + 0.4389/ .

1.0565 + 0.4405/

(0,t) = 1.0572 -0.4406/ 9

(0,t) = 0.8112-0.0028/ 0

"0

1

"o

0

= 1.1443-0.0070/

0 0"

0 1

0

0

(0,t) =0.8112-0.0277/

1

(0, t) = 1.3906 + 0.5760/
oj



Hence we find

Y

z

u

V

･:

･:

･:

>l

･:

･:

0

0

"0

-

1

.
0

Klein's surface of genus three

0 01

0 lj

(°'T)
1.0572-0.4406/

0 01

0 OJ

0 0

0 1

0 0

0 0

(0,t)

o

1.0565 + 0.4405/
= 0.8056 - 0.8057/

^

=
0.8!12-0.0277,-=

0 01

1 Oj

0 01

0 OJ

0

0

1

0

0 01

o oj

(0,t)

(0,T)

(0,T)

(0,T)

(0,t)

1.0565 + 0.4405/

0.8112-0.0028/

1.0565 + 0.4405/
= 0.8558 - 0.3603/

1.3906 + 0.5760/ .

= 1.5051 -0.0036/
1.0565 + 0.4405/

413

We return to Proposition.From the numerical computations, we may conclude

X = 1

We collect these results.

Y

u

1 -

7f

i

4

z =

/

l + v/7+ (l-v/7)/

V

Ay/2

2

Theorem B. Klein's surface has the following proportionalities of theta

constants;

≫:
0 01

o ol

≫:
0 01

0 OJ

(0,r)

(0,t)

X = 1

≫:

≫:

0 0

0 1

0 0

0 0

1,0

(0,

r)

*)

Y

i

1 ―

71
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ro o o

II 0 1

0 0 0
1o

o o

and other

|
(0,t)

(0,T)

z =

KatsuakI Yoshida

l + Vl + {l-V7)i

Ax/2

lo o o
0 0 0

0 0 0

(0,T)

(0,T)

'[*
ro o o

lo o o

is decided by the relations (40),..., (70).

Remark 1. We see that

t
'K>

<:
°1

(0,T)

Remark 2. Moreover we see that

Thus

X2 = ＼ Y2 = -L Z2 =
VI-

8

4;>

'C
0 0

0 0

≫:
0 0

1 0

ro o o

[0 0 0

V =

(0,t)

2

efifv^Ai).

3i

(0,T)

u2

(0,r)

(0,r)

3-Vli
8

eQ(y/l,i)

u

"-

Vi-i

4



Appendix
0

(a)

Klein's surface of genus three

1

(fi)

00

(y)

415

y＼-sheet

j2-sheet

73 -sheet

V4 -sheet

75 -sheet

V6 -sheet

yi -sheet
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