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KLEIN’S SURFACE OF GENUS THREE AND
ASSOCIATED THETA CONSTANTS
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Introduction

Klein’s surface of genus three is the closed Riemann surface R defined by the
equation

! =x(x=1)>2%

This surface is famous because the conformal automorphism group Aut(R) has
order 168 = 84(3 — 1), the maximum possible.

In 1970, Rauch and Lewittes wrote the beautiful paper [4] in which they
found the period matrix of Klein’s surface. It is difficult to determine the period
matrix of a non-hyperelliptic Riemann surface of genus g > 3 explicitly.

Klein originally obtained his surface R in the form of the upper half-plane
identified under the principal congruence subgroup of level seven, I'(7), of the
modular group I'. Rauch and Lewittes represented the surface as the unit circle
uniformization of R. They found a canonical homology basis expertly and they
had the matrix representations of the generators of the automorphism group
Aut(R). In order to find the period matrix with respect to this canonical
homology basis they used these matrix representations.

The aim of our article is to decide the proportionalities of associated theta
constants of Klein’s surface.

In our article we represent R as a covering surface over P!. Let 7 be a
conformal automorphim of order 7 and let (7> be the cyclic group generated
by T and R/{T) the surface obtained by identifying the equivalent points on R
under (7). Then R/{T) becomes P! conformally and so R is considered as a
7-sheet covering surface of R/{(T) = P!

In the first section we calculate the period matrix of R by the different
method from that of Rauch and Lewittes. First we choose a basis of the space
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H'(R) of abelian differentials and we construct a canonical basis of the first
homology group H;(R) = H (R, Z) concretely. Second we consider the action of
T on H{(R) and we obtain the representation of T on H{(R). This representation
becomes a symplex modular matrix. Using these results, we compute the period
matrix of R. Our matrix is different from that which was found by Rauch and
Lewittes.

In the second section we start a brief review of the theta function and give
some important lemmas. Particularly the transformation formula of the theta
functions plays important role in the third section. Next we derive some identities
which are necessary to determine the proportions between theta constants.

In the third section we decide the proportionalities of the theta constants.
First we show that 36 theta constants are classified in 6 orbits by the action of
the representation of T in the second section. Next using the theta identities,
we determine the proportionalities of the theta constants. Lastly we have to
determine the roots of unity in the proportionalities. This can only be decided by
reference to the Fourier expansions of theta constants and we use numerical
computations,

The proportionalities that we obtain means the homogeneous coordinate
of the projective image of the Jacobian variety associated to Klein’s surface by
means of theta constants. This example will be important to study moduli
problem.

1. Period Matrix
We consider Klein’s surface R of genus three defined by the equation
¥ =x(x- 1)
This surface has an automorphism T € Aut(R) of order 7 defined by

(1) T:(x,y) = (x,py)

where p = exp(2ni/7).

Then R/{T) is conformal equivalent to P! and R is considered as a 7-sheets
covering surface of R/{T) =~ P' with three branch points over 0,1, co.

Since we can easily examine the divisors of differentials, we obtain a basis of
the vector space of holomorphic differentials given by

— - 1)d
2) W :§7 wz:&x__i)_‘_if, w3zg_6_)_)f_
Y Y
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X0

x-shere
Figure 1
Then we define
T(w;) = wjo T,
so we have
3) T(o1) = p’or, T(w) =p’wy, T(w3) = plws.

Here we construct a canonical homology basis on R. We consider the following
three closed curve «,f5,y and three broken segments on x-sphere as illustrated in
Fig. 1. Klein’s surface R is a seven sheet covering of the x-shere. Its layers join
along the twenty-one segments each of which lies over one of three broken
segments.

The function y has seven branches y, y; =p/ly, (j=2,...,7). Let o be
the lifting of « which is a path from y;-branch to y;.,-branch (j =1,...,6) and
a7 the lifting of « from y;-branch to y,-branch. Let §; be the lifting of g which is
a path from y;-branch to y; ,-branch (j=1,...,5) and f the lifting of g from
yi-branch to y,_s-branch (k =6,7). Let y; be the lifting of y which is a path
from y;-branch to y; 4-branch (j = 1,2,3) and y, the lifting of y from y,-branch
to y,_s-branch (k=4,5,6,7).

Then we get the following relations.

aitoptoaztoagtastastor ~ 0, Bi+B3+fs+Br++Ps+fs ~0
NFYs Ty sty Ty +rs ~ 0,

(4) : a+fy+ys ~ 0, cr+f3+ys ~ 0, az+Bi+ys ~0,

t+Ps+y; ~0, as+fg+y ~0, ag+fr+y, ~0,

a7 +p+y; ~ 0.
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where o + f denotes the composition of « and f by joining the final point of «
and the initial point of f, and ~ means homotopic equivalence.
Moreover, we have

T() =, TB)=Be T(r) = (k= j+1mod 7).
Then from (4) we have a canonical homology basis represented as follows:

) Al=u+w—p, A=-ou+y+ys, A3=0a3—F —F1—n
B =—-fi+m+ay, By=—os5+ys—yy Bys=—-y;—73— 7 — Ba

These basis are obtained by drawing closed curves on 7 sheets carefully. See
Appendix.

Now we consider the action of T on H,(R) = H|(R, Z), the (first) homology
group (with integral coefficients).

In general, let {4, A>,A43,B,B2, B3} be a canonocal homology basis of
R, then {T(4:),T(A4;),T(A43),T(B:), T(By),T(B3)} become again a canonocal
homology basis of R. We immediately see that there exists a 6 x 6 matrix M with
integer entries whose inverse is also an integer matrix (thus der M =1). We now

D .
write M = (B 4 in 3 x 3 blocks, then we have
T(Ay) A
T(4,) A 'AD — 'CB = I
T(A43) As
6 =M , 'AC="CA ,
(©) T(Bi) By
T(B,) B, 'BD = 'DB
T(B3) B

that is, M € Sp(3,Z), the homogeneous symplectic modular group.
In our case, we take {4, 4>, 43, By, By, B3} in (5) as a canonical homology
basis. Then, using (4), we get

T(Al)zA1+A3+BI — By, T(Az)z — Ay — Ay — A3 — By + By + Bs,
(7) { T(43)~ — A3+ By, T(B))~—41—A4y— A3+ Bs,

T(By) x —Ay — A3+ B3, T(B3)~ 41— Ay — A3+ B,

where &~ means homological equivalence. That is,
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0 0 1 -1 -1 -1
A:(O 0 1>, B:(O -1 —1),
010 -1 -1 -1
I -1 0 I 0 1
C:(—l 1 1), D:(—l -1 —1).
0 1 0 0 0 -1

We show the first equation in (7) as follows;

A1+ A3+ B — B, ~ oy to =By toz—fr—fr—ystoaz oy — i+ as—
NoysROF 02t a sy =y —ys— B —fr—fy—fr x
= (% +Br+72) = (o + B +1) = (Bs+75) =B v o+ a3 — By ~ T(4,).
Similarly we can show other equations.

To compute the period matrix of Klein’s surface, we will represent Ay, Az,
B],Bz,B3 by A1 and Tj(Ag) (]: 1,...,6).

We have

A THA) + T(41), Ay x—A + T(A4) + T5(4))
)
Bi x+T* (A1), By~ +T*A)+T%4)), By~ -4, — T4,

Considering the relation A+ T(4,)+---+T%4;)~0, we know that
{T(4)),...,T%4,)} form a basis of the first homology group.

We put
J w; = aj, I w; = b,j
4 JB;

We note

T(w)) = pon, T(w) = pw, T(w3) = pbews,

THw) = plwy,  T?*wn) = plo, T (ws3) = pws,

(10 T (wr) = pPor, Tw) =pwy, T (ws) = piaws,
10

T4 o) = por, THw) =plws,  THwy) = pon,

TS((Dl) - pwi, Ts(wz) = p4(1)2, TS((U3) = pzwg,

L Ts(a)l) = ptw, Té(a)z) = p’w,, Té(w3) = pws.

Using (9) and (10), we carry out integrations and we obtain the following
equations.
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ap=| o =J 601+J w1 = (p+ pai,
Az T2(A1) T5(41)

a3 = a)lz—J. 601+J CO1+J wlz(—1+p3+p4)a11,
JA3 A T(4y) T5(4)

ap=| m= J ) +J wr = (p* + pYaa,
JA; T2(41) T3(41)

axy = wzﬁ—J w2+j w2+J w22(71+P2+P5)a21,
J A A T(Ar) T4(41)

ap =1 w3= J w3 + j w3 = (p> + pd)aat,
JA4, T2(4,) T5(4)

azy = w3:—j 0)3+J w3+} a)3:(~1+p+p6)a31,
J A3 A T(4)) TS(4y)

bu=| w :J w1 = paiy,
J By Tz(Al)

(11) bp=1 w :j wH—} w1 = (p+ pPai,

JB, T2(A)) T6(4,)
Bg Al T4(Al)

by=| w= J w = ptay,
By T3(4,)

bp=| wr= j 07 +J wr = (p* + p)aa,
B, T?(Ay) T%(41)

by = wz:*[ wz—j wy = —(1 4+ plaai,

JB; JA T4(41)

by =| w= J w3 = pas,

By T(4))

byp=1 w3 = J w3 +J w3 = (p* + p¥asi,
B, T2(A4,) T4(A;)

b33 = w3=—[ ws—J w3y = (1 + p*)az.
B; J4, T4(A41)
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Here we put

ap=a, ay=>b, ay=c

Then, from (11), we have

a (p+p%a (=1+p*+p*)a pa  (p+p*)a
(12) (a5 by)=| b (PP+p")b (=1+p>+p%)b p*b (p*+p°)b
¢ (PHpP)e (“l+p+p®e pPe (p*+p%)c

389

—(1+p*)a
—(1+p)b
—(1+p%)e

Moreover we normalize this period matrix by multiplying (al_-,-)fl on the left side

of (a; by), that is

(ay)'(ay by) = (I 1)

-3 -6(p* +p° +p°)
+2-3(p° +p° +p°)
—1=2(p* +p° + p%)

+2-3(p° +p° +p°)
+1=5(p° +p° +p°)
+3—(pP+p° +p°)

Here, p* +p° + p® = (=1 +V/7i)/2, so we have finally

—1-2(p° +p° +p°)
+3-(p’+p° +0°%)
+2-3(p° +p° + %)

THEOREM A. The normalized period matrix (Is t) of klein’s surface is given

by
3\;71' +%+3\1/47,’ @
(13) = %g;{? % 51/4% +%+g
l/; +%+~1‘/Zf +%+3fi

2. Theta Functions and Theta Identities

We shall give a brief account of the theta function together with an ex-

planation of notations.
A g-characteristic is a 2 x g matrix of integers, written

[8] [81 g gg]
T / rL, e
€ g & &

el . .

,| 1s even or odd according
{.‘

as > ;g¢ =0 or 1(mod2). A reduced

characteristic is a g-characteristic each of whose entries is zero or one.
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There are 2% reduced characteristic: 2971(29 + 1) are even; 29-1(29 — 1) are

odd. Given a g-characteristic the g-theta function with characteristic is

defined by

0[;](2,1) = Z expni{’<n+§)r(n+§) +2’(n—|—§) (z+%l)}

neZ9

e’

where ze C? and 7€ H, the space of g x g symmetric matrices with positive
definite imaginary part. ¢,¢’,z and n are treated as column vectors in matrix
calculations.

The following lemma is an obvious consequence of definitions.

LemMa 1. If e=¢&+2v and & =& + 2V, where v and v' are integral
g-vectors, then

This formula will be called, the reduction formula.

We see that the theta constants with odd characteristic vanish identically so
that ““theta constants” henceforce means “with even characteristic”’. Then we
have following lemma.

LEMMA 2.

(1) 0[2}(0,7)0{;}(0,1): )

Pe(Z/22)¢
e—0)/2)+ P
xﬁ[(( 8,) 6)’

9[((8+5)/2) —-P

Rl (X%

J(O,2r)
(11) 02[:,](0,1): > (_1)<’=‘”)6’0[6;1(0,21)0{5}(o,zz)

ProOOF. See [3 pp. 63].
Moreover, we have following important lemma.

D C
LemMMA 3. Let te Hy and M = (B A) € Sp(g,2Z). Then

det|Ct+ D| # 0
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and we have

=Mot= (At + B)(Cr+ D)}

3>

and then

Define, further,

with
& = De— C¢' + dv(C'D)
& = —Be+ Ae' + dv(A'B)

where dv(N) is the vector consisting of diagonal elements of N. Then

0[5,}(0,f) = k(M) expni¢<M, [Z})ma[ﬂ(o,r)

where

¢(M, [;D :41{—’ 'DBe+2'¢" CBe — '&" CAe' +2'(De— Ct') du(A'B)}
and k(M) is an eighth root of unity.

Proor. See [3 pp. 86-105].

REMARK. The really difficult part of this lemma is the determination of

k(M). It is extremely important to observe that lemma 3 implies that M o

& ¢’

has the same character, i.e., is even or odd, as | ,|.
£

Lemma 4. If My, M, € Sp(g,Z), then
& E:
MM o [ ,J =MyoMo L/J (mod 2)
e

Now we derive theta identities among theta constants which are necessary in
§3. First, we use the formula (I) of lemma 2 to obtain



Katsuaki YoOSHIDA

392
14 ol % %lome|” " o
(14) 000(’T) 100(71)
o000 )
_ [100}(021)“9 }(0721)
+2001(021)+92 1(021)
100 ’
y 0()()0 0000
(15) 011(, 1 (09
_2000( )_02010(021)
1 00 1 00
[0 0 2
_ LO :‘(02‘[)—%—0[ ](021)
g 0000 0000
(16) [010(’ {1 0|®Y
—.2000 —2010
[100}(0’)0[ 00](0’21)
[0 01 /0 11
+ [100}( T)—gl 00](021)
- 00 0] 00 o]
() 0011|< 1 ()
et el o
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8 001009010'0

(18) OOO(J) 100_(,1)
—29000020-01002
= 100(,1)_100(,r)

200 102001102
+ : 0(,r)100(,r)
19 601000010'0
(19) 0 0 1197 o 1_(’1)
—900002901002
- 00(7T)100(7T)
900102901102
- o| @2 OB
2 0010 0010
(20) 000(, 100_(,1)
oo 02900102
= (0,21) | 00]( 7)
0
+ 26 }(0, r)Oll ](O,Zr)
. 0001090010
(21) OIO(J)l]O(J)

393



394

22 0011000

(22) 000(’1)[1
—00 0
|
+29{

23 00 1000

T

0
_20[
1

5) x

[0 0 0
(0,7)0

1.0 0

0 0 0]
010

From (14) x (17)—(1

000
0 00

1

x 0

(#-1) 9[

000
0,90/,

0
(0,7)0

+6

(0,7)0

(0,7)0

x 6
0

From (14) x (16)-(15) x

J (0,7)0

(17) = (20) x

Katsuaki YOSHIDA

1 1]

0 0 ©.7)

1 1

0,21)0
0 0

. :| (0,21)

002000102
0(’T) 100(’1)

(0,7)

11
0 0

. j| (0,21)

“No200® ° Moz
o|®20 4 o]|©%

(16) = (18) x

(19), we obtain

Joor

[0 0 0

0 0 1 1

0 0]

1 o_(O’T)

(0,7)

(0,7)

(0,7)

(21), we obtain

oo
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S L) PO Y PRSI () O L
(') 000(7‘[) 100("[) 010(7‘[) 110(7‘[)
o0 0], o0 0]
=%y 0 1|OY, 4 1 |©7)

o -
x 6 0,7)0 0,7
0 (0,7) L1 (0,7)

+6 0 (0,7)0 | (0,7)

[0 0 1 0 0 1
x 0 (0,7)0 0,7)
010 110

From (14) x (15)-(16) x (17) = (22) x (23), we obtain

s 90000000000000000000
(/3) 000(’1)100(’7)011(’7)111(’t)

o0 0], 00 0],
=00 1 o|®90, | (@D

[0 0 0 0 0 0
x 0 (0,7)0 0,7)

0 0 1] 1 0 1)

0
+6 0,7)0 0,7
0 0 0( ) 1 0 oJ( )

(0 1 1 0 1 1
x 0 (0,7)6 0,7)

01 1] 11 1)

Second, we use the formula (II) of lemma 2 to obtain
,10 0 0 ,10 0 0 |1 00
(24) 0 0,7)=6 (0,27) + 6 (0,27)
0 00 0 0 0 0 00

0 1
0 0

2 0 2 0
+6 (0,27) + 0
0 0

o2
0@
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1o 101
+0 (0,27) + 0 (0,217)

0 00 0 0 0

Jo 11 (111
+6 (0,27) + 6 (0,21)

0 0 0 00

(25) 92{? 0 0}(0,1):02[0 0 g}(o,zz)—ez[; g 2}(0,21)

0
(0,21) + 6° 0 (0,27)

.7
<
[ R
o O
<o
o

(0,27) — 6*

S =
o O
S
o O

[e—

ooo—t‘
p—
—
—
—
—

(26) 02[0 0 0}(0 c)—02[0 0 O}(ozz)w’-[l 0 0](0 27)
0 s ol 00 0f

O
o
<

(0,27)

p—
—
(=]
-

o o O O
p—

+6° 0 (0,27) — 62

020 -(02) 02—0 (0,27)
— ,2T) — , 2T
0 0 ]
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(28) & 000 0,7) = 62 000 (0,27) — 6? Loo (0,27)
110 000 00 0

,[0 1 0] ,[0 0 1]
-0 (0,27) + 6 (0,21)
000 0 0 0]

2 - 0 2 0 1]
+6 (0,27) — 6 0 (0,217)

2 0 2
AP (0,27) + 0 (0,27)

(29) ¢ 000 0,7) = 6 000 (0,27) — 6 Lo (0,27)
1 01 00 0 00 0

- - -

+6° (0,27) — 6? 00 (0,27)
0 0 0

-6 (0,27) + 6? 0 (0,27)
0 0 '

JJo 11 )
A PN (CELRY’ (0,27)

(30) 02[0 0 0](of)-92[0 0 0](ozz)+92[1 0 0}(021)
0 T o’ 00 0

[0 1 0 ,[0 0 1]
-0 0 0 0 (0,21) — 0 (0,217)

-0 0 (0,27) — 6? - (0,27)
O b )

+62 (0,27) + 6? (0,27)
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0
2
31) 6 [1

(32) 0* [

(33) 0? {0

Katsuaki YOsHIDA

00(0)’92000(021)_021
t 7 o 0 o] 0

0 0
-6 (0,27) — 0?
0 0
2 0 2
+0 0 (0,27) + 0

+ 6* (0,27) — 6*

0 0 1 0 00 0 0
(0,7) =20 (0,27)8
0 00 0 0 O 0 0

0
+20 (0,27)6
0
0 0 0
+ 20 (0,27)0
0 0

+26 (0,27)0

N P L) R
o 1 0|72y o o|©,

1 0
+260 (0,27)0

010 0
—20 (0,27)0
000 0

0
—26 0| 02000

0 0

0 O} (0,27)

(0,27)

(0,27)




(34) 6? l
(35) 6? {
(36) 6 [

0

1

Klein’s surface of genus three

Ho=20" " °{(0,2000]°
0|07 =20 0(7f)l0

20 0 (0,27)0

— y ‘L"
0..

+20| (0,27)0

— 20 (0,27)0

0 0

- 26 (0,27)8
0 0
0

—26 0 (0,27)0

+20 (0,27)8

MNon=2° % °0200°
0 0 ol @2 4 @29,

+20 (0,27)0
0 0
+26 (0,27)0
0 0] 0

0
+20| 0200

(0,27)

(0,21)

(0,27)

(0,21)

(0,27)

399
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37 620100—2900002901002
(37) 100(’1)_ 000(’1)000(’1)

0 | 0]
- 20 (0,27)0 0 (0,21)

[0 0 0 |
+20 (0,27)0 (0,21)
0 0 0

=20) oo [(0200 (0,27)

(38) 02[0 : 0}(0,1)—20[0 0 0}(0,2‘5)0|0 : O}(O,k)
00 1 000 000

1 0 1 160

+26 (0,27)8 (0,21)
0 00
0

— 26 0 (0,27)0 (0,217)

— 20 (0,27)0 (0,27)

JJo1 o 00 0 010
(o) o (0,7) =26 o |©200) - 10.20)

10
~20 0,27)0 0,27
0 (0,27) 0 0}( )

0 1 1
- 20 0,27)0 0,2
0 (0,21) 0 0 O}( T)

0 00 0

0" % Moelt 0,20
+ , 2t
! 0 0

From (32) x (33) + (34) x (35) = (24) x (26) + (25) x (28) — (27) x (30) — (29)x
(31), we obtain,
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I-4 2’ " Moo e
(#-4) 0 0 0olCP, | o@D

0 0 1} 2[0 0 1}
(0,7)8 0,7)

+6°

1 00 110

o 00 [0 0 0
=% 0 0@y o@D

,[0 00 ,[0 0 0]
A PN U (0,7)

L d L _

-0 0 (0,7)6? 0 (0,7)

-6 (0,7)0? 0 (0,7)
1o 1]’ 11 1|7

J L A

<
=]
sl
[
]

From (32)°+(33)%+(34)>+(35)%=(24)% + (25)%+(26)% + (28)% — (27)% — (29)*—
(30)2 — (31)%, we obtain,

00 1 00 1
(#-5) 04[0 0 0}(0,1)“94 - 0}(0@
00 1 1
+ “L . 0](,)+94 | OJ(O,)
000 00
= 4[0 0 Ol(o,m oy 0}(0,)
L]0 0 0] JJ0 00
+6 Lo o (0,7)+ 0 - 0,7)
A0 0 0] JJ0 00
~0 0,7)—0 (0,7)
00 1] 0 1
04000'0 04’000(0)
10 1_(’T) EURERY R

From (32) x (34) + (33) x (35) = (24) x (25) + (26) x (28) — (27) x (29) — (30)x
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(31), we obtain

e 2100 10000 0 e
(#-6) 0 0 0|91 ¢ o©@Y
2[00 Towel® 0 Ton
o1 0|97 o|OF

J[o 0o [0 00
=00 0 o|OP7 o o]@P
[0 0 0 0 0

+ 6? 0,7)6? 0,7
010() 110( )

S

2[00 2 '
-6 0 o (0,7)8 0 0,7)

,[0 00 ,[0 0 0]
-6 (0,7)8 (0,7)
011 11 1]

From (36) x (37) + (38) x (39) = (24) x (25) + (27) x (29) — (26) x (28) — (30)x
(31), we obtain

(#-7) 6* 010 (0,7)6* 00 (0,7)
00 0| 1 0 0]

0100920100
001(’7) 101(’1)
—020000920000

B 000(’T)100(’T)

[0 00 ,[0 0 0]
+0 0 (0,7)0 Lo 1 0,7)

+ 6?

e ° (0,7)6? 0-(0 )
- ’ » T
01 of " 0]

0 ]
— 6? 0,7)6? 0,7
0 (0,7) I _( )
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From (36)*+(37)*+(38)%+(39)2 = (24)?+(25) + (27) + (29)% - (26)? — (28)*—
(30)* — (31)%, we obtain

0

0 1 OJ 4[0 1 o}
0,7)+ 90 . 0,7)

(#-8) 04[0 0 (o,r)+94[(1) : g:|(0,r)

0 1

-9

_— O

—6*

I»—-O
o]

From (36) x (38) + (37) x (39) = (24) x (27) + (25) x (29) — (26) x (30) — (28)x
(31), we obtain

_ o1 0 JJo 10
(#-9) 0 0.90°| (0, 7)

0
1 00

0

1

2

K
0
)
111

We use these 9 theta identities (#£-1),...,(#-9) in §3.
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3. The Proportionalities of Theta Constants.

We will decide the proportionalities of theta constants. We take our M e

D C
Sp(3,Z) in §2, that is M = (B A)’ and

00 1 -1 -1 -1
:(0 0 1), B—(O -1 —1),
010 -1 -1 -1
+1 -1 0 1 0 1
C:(—l +1 +1), D:(—l -1 —1).

0 +1 0 0 0 -1

Then we find
t=Mot=(At+B)(Ct+ D) =
det|Ct+ D| =1
and
M =I.

We now apply lemma 3 and lemma 4 to 36 =297'(29 + 1) =222 + 1) 3-
theta constants. We find

+1 -1
do(C'D) = (-1), do(A'B) = (-1)
0 -1

and thus that

10 1\ /e +1 =1 0\ /¢ +1
=1 -1 -1 =1 ||lal=-|-1 +1 +1 || g |+]| -1
0 0 -1/ \g & 0

e +e—e+é&+1
= —81—32—834—81—82831)
—&3 — &)
-1 -1 -1 &1 0 0 1 & -1
F=—]0 -1 -1 ||lal+l0 o0 1]||leg]|+]|-1
-1 -1 -1/ \& 01 0/ \¢g -1

+e+ea+ea+e—1
= +£2+6‘3+£§—1
+er+et+ea+e—1
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We also find that

-1 0 0 &) -1 0 0 £
1
=3 —(e18283)] 0 +1 +1 e | +2g88) 0 -1 -1 &
0 +1 +1 &3 0 -1 -1 &3
0 0 0\ /e I -1 0
— (g8 0 +1 0 & | +2| (a1e2e3)| 0 —1 0
0 0 +1/\¢ 1 -1 -1
+1 -1 0 -1
—(eg1&85) | -1 +1 +1 -1
0 +1 0 -1
1
:Z{Jraf—eg—28283—8%—2(8161'+828§+826§+83s§+838§)

— e — e +2(+er e + &y +63)}.
Thus, applying lemma 3 to 9[ 8,} (0,7) and its transforms while always using
€
the reduced characteristic which occurs and lemma 1, we obtain following

equations.
First, we have

0 0 1 2 =2 -1 0 0 1
Mo{o 0 0]_[0 0 0 ] :{0 0 0} (mod 2),
and lemma 1 implies

Thus

(40) 0[3 ?) é](O,r):K(M)exp(+%i>0[O 0 1}(0,1).
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Consequently we have

k(M) = exp(— %)

Second, applying lemma 3 in succession to 6[;}(0,1) in the same way, we
obtain,

(41) 0“ 1 ?](Oﬁ)zexp(—%i)ﬁ{g g g](O,r)
42) e[g ? H(O,r)zexp(—ﬁ-%l)@[i i ﬂ(o,r)za[g g 8}(0,1)
1 1 0 i 0 0 1
(43) 9[0 . 1}(0,r)=exp(hz>9l0 ) 0](0,1)
oo [ 4 o
(44) e[g (1) ﬂ(o,z)_o[é (1) ﬂ(o,f)_exp<—%>a[g (0) 3](0,1)
(45) 9{8 (1) (I)J(O,r)—exp(+%i>9[g (1) ?}(O,r)-&[g ?) g](o,r)

0 1 1 i 0 I 1

(46) 9[1 . 1](0,1):exp<—z)9[0 0 jl(O,z')
i 0 0 O

=eXp<‘z>9[0 0 0](0’7)
(47) 0[(1) 0 1](0,0 0[8 8 (1)](0,1)
010 - 0 0

(48) [1 0 0}(0,1’) exp(+?)0{ 0 1 (0,7)

(49) e[g (1) gJ(o,f)za[(l) (1) 8}(O,r):exp<_—|_4£i)9{g g ?J(o,f)
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(55)

A\ 1 1 1 0 0 0
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(62) 0[: (1) i](O,t)zexp(—%i)H[? (1) (1)](0,1)—0[(1) g (1):1(0,‘[)
(63) 0[(1) (1) g}(o,r):exp<+%i>9{i (1) 1](0,)
:exp<+%i>l9ﬁ 8 (1)}(0 )
R e L
~es(-5))) 5 |
R () R (X
(66) 0[0 ?.?}(O,r):exp<—1§>0[i : (1) (0,7)
S L
(67) 0[: }(0 )_CXP(+§2E>B:1 1 (I)T(O,r)
enls5[0 oo
(68) H{g i 1](0 ):exp(—%l)H; g i:(O,r)
:exp(—%i)ﬂ:(l) 0 g:(o,f)
1
1

(69) 9{(1) (1) g](O,T):exp(-i—%i)G[g
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Y o 10 ~ mi\ [1 1 0]
(70) 10 1 (O’T)—eXp(+Z> 0 0 o|®?

= exp(+%i>0[(l) (1) g} (0,7).

By the action Mo of the cyclic subgroup of Sp(3,Z) generated by M, 36 theta
01

0 0 O
orbits consist of 7 theta constants. Here we remark that no theta constant is zero.

constants are classified in 6 orbits; 9[ ](0, n) is M-invariant and other 5

We can confirm this fact by numerical computations at the last part of this
article.
Now we take

Jo00] o] oo o]
0 0 ol 2L g 0@ Oy o |O@Y

o0 0 0], o0 0 0, A0 01
0 l (’T)? 1 1 0 (7T)7 0 (71)7

which are representatives of 6 orbits.

We put
9‘0 0 0-(0 ) 0’0 0 0'(0 ) ) 0 0 0.7)
1o ol 00 1| " 1o 1"
= = =X, = = =Y, =Z
0 0 0 00 0 0 0 0
0 (0,7) 0 (0,7) 0 (0,7)
0 0 0] 0 0 0] 0 0 0
0'0 0 0'(0 ) 9'0 0 1‘(0 )
’T b
110 00 of "
= = =U, = = =V
0 0 0 0 0 0
g (0,7) 0 (0,7)
0 0 0] 0 0 0]

Substituting above representatives in theta identities (#-1),...,(#-9) in §2 and
considering that no representative is zero, we obtain,

1—i 1+
71 Yi="—XZU +
7 V2 V2

1+i
72 —=Z+U-V=0
72 V2

Y?ZU
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(73) I\Eixz XU+ YZU =0

(74) V2 4iX2Y? = 42iY? +iX*Z2% + X*U?
(75) vi=_3vt—z 4+ U*

(76) X2V24iv? =2X2 - Y2 Z2 +iY*U?
(77) — Y44 iZPU? =2X + Y2 Z2 - iY?U?
(78) 1+X44+2Y*=0

(79) (Y2 +iX?)(iz* - U =0.

From (79), we obtain
Y2 +iX?=0 or iZ>-U?=0

But if iZ? — U? = 0, then we have contradiction. In fact, if U = ((1+1)/v2)Z,
then from (73) we have YZU = 0 which contradicts because no representative is
zero, if U = —((1 +1i)/v2)Z, then from (72) we have ¥ = 0 which contradicts,
too. Therefore, we have

(80) Y? = —ix?
and
(81) Xt=1

From (71) and (80), we have

L .
'x?zu+—x?zu,

—ix? =
=5 72

and since X # 0, we have

(82) ZU =

From (72) and (82),

V2= +iZ> + V2(1 +)ZU + U?
or

(83) Vi=14i22+U?
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Thus

(V2 —1)* = (+iz2? + U?)?
or
(84) V4—2V2+1:%—Z4+U4.

From (75) and (80), we have
(85) Vé=3-27*+ Ut

Thus from (84) and (85), we obtain

(86) V= %

(87) +iZ? + U? = %.
From (74), (80) and (81),

(88) Vi4l=X*2+iZ+ U?).
From (86), (87) and (88), we obtain

(89) X2=1

and from (80)

(90) Y? =i

Summing up these, we have

PROPOSITION.  Klein's surface has the following proportionalities of theta
constants.

7
X2=1, Y’ =i V?=-
b l? 4
1—i 14
ZU=——+, —Z+U=V.
V2 V2
To decide the values of X,...,V, there remains only the problem of

determining which roots of unity or signs to take. This can only be decided by
reference to the Fourier expansions of the theta constants, and we use numerical
computations. For example, we will compute the value of X. We have
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000 1
0[ 0 ](OT Z expnz{+n1n2+2(n2+n3)

(m1,m2,13)

\/_l (6 + 5;«12 + 3n3 + 6nyny + 4nyny + 2n2n3)}

and

0 0 ¢ 1
0[ 0 ](O,r)— Z expni{+n1+n1n2+§(n2+n3)2

(ny,n2,n3)

\/_l (6n1 + Sn2 + 3n3 + 6nyny + 4nynsy + 2n2n3)}

where the explicit period t is computed in §1.

Experience has shown (see Rauch and Lebowits, chapter 1V; pp. 269-270)
that very good accuracy in computing 1-theta constants is achieved by using only
the terms at the “origin” and in the “first layer” i.e., altogether the terms for
which —1 <n < | where » is the single summention index. The analogue for the
triple series of the 3-theta constants is the “origin and the first layer” i.e., the
twenty seven terms for which —1 < n),m,n; < 1. Using the values

n=3.14159, /7 =2.64575

we find
0 0 O 0 0 O
=1. . ] = 4
0[0 o O}(O,z) 1.0565 + 0.4405i 9[1 o 0]( 7) = 1.0589 + 0.4389
hence we find
0 0 0
9{ }(0,1) .
1 0 0O . 1.0589 +0.4389; . .
X_o 070 074 T)_1.0565+0.4405i_1'1443_0'00701
6 0 O ’

In the same way,

0 00 0 00
0 : (0,7) =1.0572 — 0.4406; 0 Lo 1 (0,7)=0.8112 — 0.0277i

0 00 0 0 1
0 (0,7)=0.8112 — 0.0028; 4@ (0,7) =1.3906 + 0.5760i
1 0 0 0O
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Hence we find

0 0 0
0 0,7) .
00 1 1.0572 — 0.4406i ,
Y= ,[0 0 0] 0.0 = 1.0565 7 0.4405; 8056 — 0.8057i
00 ol
0 0 0]
0 (0,7) .
10 1 0.8112—0.0277i .
Z_H'o 0 0'(0 T)_1.0565+0.4405i’0'7381_0'3378’
0 0 o]
0 0 0]
0 0,7) .
110 0.8112 — 0.0028; _ ,
U‘H'o 0 0] 0.9 = 10565 7 0.4405; 8398 —0.3603/
0o 0 o™
0 0 1]
0 (0,7) .
00 0 1.3906 + 0.5760i
= = = = :1 1— . ]
4 [0 00 0.7 10565 +04405 3051 —0.00361
0 0 o]

We return to Proposition. From the numerical computations, we may conclude

We collect these results.

THEOREM B. Klein's surface has the following proportionalities of theta
constants;

0 0,7
[0 0 0](’) 0[0 0 OJ(O,T) y
o[é § §](0,1):X:1’ 0[§ § ;’J(o,r):Y:lﬁ’
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0 00 0 00
0[1 0 1](0’1)_2«1+\/7+(1—\/7)i 0[1 1 0}(0’7)
0 060 T 42 ’ 0 0
0[0 0 0](0,1) 0{0 0 0](0,1’)
0 0
0{0 0 O](O’T)_V_\ﬁ
000 2
0[0 0 O:|(0,r)
and other
&€
0[8/](0’T)
0 06 0
0[0 0 O](O,r)
is decided by the relations (40),...,(70).
RemMARK 1. We see that
H[E,J(o,f)
° € Q(V2,V7,i).

ReEMARK 2. Moreover we see that

V7 - 3i pr 3= Vi

X2:1 2:_~ 22:
, Y i 7 g

Thus
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Appendix
0 1 @
A
1 i 2 1
A;
4
4 42 42

Az

B;
A3
B, A

B;
ﬁ A; 7

B, A2
B, 5 3
By
B
B,
6 B, 7 4
| T
A3
7 A3 4
B,
() B) ()
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y1-sheet

ya>-sheet

y3-sheet

y4-sheet

ys-sheet

ye-sheet

y7-sheet
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