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Introduction
Let
A(t,Di,Dy) = D" + ay(t, D)D" ™" + - - + ay (1, Dy)
be a linear partial differential operator, where a;(1, &) is a 4% (0, T)-function of ¢
with a parameter {(e R") satisfying
supgr<r|Da;(1,E)| £ GL+[EN (r=0,1,2,..., EeR),
where C, >0 and p(r) 2 0, and consider the Cauchy problem (P):
A(t,Dy,Dy)u = f(t,x) in {0<t<T,xeR"},
{Dfu:gj(x) (j=0,1,....m—1) on {r=0,xe R"}.
Under what conditions is (P) well-posed in H*(R")? The answer must be

thought very easy, because the problem (P) can be reduced to the Cauchy
problem of ordinary differential equations (P"):

A(t, Dy, Eu™ = f(1,8) in {0<t< T},
Dlu* =g/ (&) (j=0,1,...,m—1) on {r=0},

where f” is the Fourier transform of f with respect to x. But it is not so easy,

because we have not explicit solutions in general. Of course, if a;(¢,&) is in-

dependent of ¢, it is well known that (P) is well-posed in H*(R") iff there exists
C > 0 such that

Imz;(¢) 2 —Clogl¢] (€122) (j=12,....m)
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holds, where
A1, &) = (r—n(&) - (t = ().

On the other hand, if a;(z,&) depends on 1, the structure of well-posedness is not
so clear, although we have many sufficient conditions for well-posedness, e.g.
parabolic, hyperbolic, Schrédinger, etc ...

Recently, Y. Shiozaki [1] considered the Cauchy problem:

{02 + t*|D,|" + at/|Dy|"}u=0 in {0 <t< T,xeR"},
ofu=g;(x) (j=0,1) on {t=0,xeR"},

where 2=2m>n>0, k=0, />0, ae C, and he obtained the following results.
I. In case when Ima # 0, it is well-posed iff

() n<m/2
and
(x%) (£+2)/n=(k+2)/m.

II. In case when Ima =0 and « =0, it is well-posed.
IIL. In case when Ima =0 and « <0, it is well-posed iff

(x%) (¢+2)/nzk+2)/m.
Similarly, S. Tarama [2] considered the Cauchy problem:
{82 — exp(—2t7)02 — iat’ exp(—t7")0,}u = f(t,x) in {0 <t<T,xeR"},
dlu=g;(x) (j=0,1) on {t=0,x€eR"},

where h >0, /e R, a € C, and he obtained the following results.
I. In case when Imo 5 0, it is well-posed iff

() {z—h-1
II. In case when Imoa =0 and o # 0, it is well-posed iff
(%) (= —2h—1.

Their interest is concentrated on weakly hyperbolic equations. But similar
situations are widely seen in the field of evolution equations. There are many
studies on Schrédinger equations with variable coefficients, which depend on x
(:space variable), but do not depend on 7 (:time variable) ([3], [4],..). This paper
is an attempt to study evolution equations with coefficients depending on ¢, by
generalizing Tarama-Shiozaki’s method.
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§1. Assumptions and Results
Let us state assumptions on
AL, E) ="+ a (6,8 + - a1, 8)

in the followings. The interval (0, 7)) is split into a finite number of sub-intervals
Ih = (Th~l(é)7 T}l(é)) for ]f' > KO (h = 07 17 ) Na KO > 0)7 where

0=T7T_< To(f) < Tl(f) < K TN_l(f) <ITn=T

such that A4(¢,7,¢) satisfies Condition(4) in Iy and A(t, 7, &) satisfies Condition(B)
inly (h=1,...,N). We say that A(z,7,&) satisfies Condition(4) in Iy iff it holds

(A) gt =C (G=1,...,m, (1,&)ely),
where we use the notation
I7 ={(1,¢)|tel,|E| > Ko}.
We say that A(z,7,&) satisfies Condition(B) in an interval I = (a(&),b(&)) iff it

holds that there exists a weight function ¢(z,&) (> ¢ > 0) defined in I~ such that

b(&)
(@) j 81,6 )t < Ky logle]
a(&)

and

A(t,7,8) = P(t,7,¢) + Q(t,7, ),

P(1,7,8) =" + py (1,97 4+ + p(1,6)

=@ —n(,8) (= m(1,8)),

0(,71,8) = i (6, O™ + q2(t, )" 4 - + (8,8,
where P satisfies (B-1), (B-2), (B-3),, (B-4);, and Q satisfies (B-5); as follows.
(B-1)  {g(t,&)|j=1,...,m} are distinct for (,¢) eI~ and satisfy

[t (L) 2 (8 2 - 2 w2, E)],
(B-2) 5@ O/Iy(,8) —utOI=C <k, jk=1,....m, (t,&)el™),
(B-3), Img(L,8) 2 ~CH1,E) (G=1,...,m, (1,&)el™),

(B-4)y D6, )/|14(1, ) = Co(1,8) (j=1,....m, (t,{)el™),
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(B'5)¢ |qj(ta é)| é C¢(ta 6)|T1 (t: é)l |T2(t, é)| o I‘[j—](t‘, é)'
(j=23,...,m, (1,{)el™),
|ql(t7§)| § C¢(taé)7 (’aé) el™.
REMARK. ¢ in (B-3)4, (B-4),, (B-5)4 may be replaced by ¢, ¢,, ¢; satisfying

(®). In fact, if (B-3)4, (B-4),,, (B-5)4, are satisfied, then (B-3)4, (B-4)4, (B-5),
are satisfied, where

¢ = max(é;, #,, ¢3)-

THEOREM. For

A(I,T,é) = Tm + al(t: C)Tm_l +---+ am(t:é)a

the interval (0,T) is assumed to be split into a finite number of sub-intervals
I, = (Th_l(f), Th(f)) (h =0,1,... ,N) fOV |f[ > Ky (K() > 0), where

0=T,1<To&)<Ti(&) < < Tna(&) <Ty=T,

such that A(t,,&) satisfies Condition(A) in Iy and A(t,7,¢) satisfies Condition(B)
inly (h=1,...,N). Then the Cauchy problem(P):

A(t,D;, Dy )u = f(1,x) in {0<tr<T,xeR"}
{D{u:gj(x) (j=0,1,....m—1) on {t=0,xe R"}
is well-posed in H*. Namely, for any data
feH (0,T)xR"), gieH*R") (j=0,1,...,m—1),
there exists a unique solution
ue H*((0,T) x R")

satisfying (P).
This theorem will be proved in §3-§6.
§2. Examples

ExamPLE 1. Let us consider Shiozaki’s operator
A=1>— 5" —atf|E]" m>nz=0,kz0,/20),

and see the relations between {(x),(*x)} and {Condition(A), Condition(B)}.
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Since
(A) FREM S PTG
is equivalent to
(A) Kl S €, K = min{(k+2)/m, (7 +2)/n},
Condition(A) is satisfied in (0, To(¢)) with
To(&) =al¢ ™%,

where J is any positive constant. Now, let us consider Condition(B) in (7p(&), T)
in the following cases I)-III).
I) (The case when Ima #0.) Set

P=2 g Q= —at’|E"
Since
P=(t—n)(t—1), w =" 1=
we have
1 #10, |ul=|nl, |yl/ln-1nl=1/2, Im7 =0,
therefore, (B-1), (B-2), (B-3)y are satisfied. Moreover, since
1Dl |5 = (k/2)e7,

(B-4)4 is satisfied with ¢(7) = ¢!, where we remark

T
J t'dt =log T —logd + K 'log|¢|.
To(&)

On the other hand, (B-5); with ¢(¢) = ¢! is that
101/15] = |t *21g)" "2 < ¢!
holds for any 7€ (Ty(¢), T) = (8|¢] V%, T), that is,
lf’fk/2+l]é|n7m/2 _ t/—k/2+1+(m/2—n)K(lK|£[)~(m/27n) <cC

holds for any ¢ € (To(¢), T) = (3|¢]"/%, T). For this, it is neccesary and sufficient
that

m/2—nz20, (/—k/2+1)+(m/2-n)K =0,
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that is,
(*) n<m/2,
(+5) (¢ +2)/n 2 (k+2)/m.

1) (The case when Ima =0, o> 0.) Set
P=A=7—rMg"—a’lt]" = (t-2)(t- ), Q=0
(B-1), (B-2), (B-3), are satisfied, because
u#1n, |lul=nl, lyl/|n-nl=1/2, Im7; =0
for 0 < t < T. Moreover, (B-4), with ¢(r) = t~! is satisfied, because
D/l < ((k+ /2.

III) (The case when Ima =0, a <0.) Set P=4 and Q = 0. Let us remark
that

2(Jofe]E]") < £4lE|™
holds iff
K1E) > @), K = (k= £)/(m - n)
holds. Therefore, set
T.(&) = 2laf) /&),
then we have
n#wn, |ul=lol, Iyl/la-nl=1/2, In;=0, |Dgl/lyl <2k

in (T.(¢),T), which means that (B-1), (B-2), (B-3), (B-4)s with ¢(z) = ¢~" are
satisfied in (7,(&), T). Set

5= (2fa) /40,
that is, set
To(&) = ol % = @) /17,
then we have T.,(&) < To(¢), if
K = min((k +2)/m, (¢ +2)) S (k= £)/(m —n) = K,
that is, if

(%) (¢+2)/nz (k+2)/m.



Well-posedness of Cauchy problems 259

Hence (B-1), (B-2), (B-3)o, (B-4)y with ¢(z) = 7! are satisfied in (To(¢), T), if
(#*) holds.

Our Theorem maintains the followings.

I. In case when Ima # 0, it is well-posed if

(%) n<m/2
and
(x%) (¢+2)/nz=(k+2)/m.

II. In case when Ima =0 and =0, it is well-posed.
III. In case when Ima =0 and o <0, it is well-posed if

(%%) (+2)/nz=(k+2)/m.

ExampLE 2. Let us consider a version of Tarama’s operator
A =1~ t"exp(—mt™M)|E|" — at’ exp(—nt™)|¢é]" (m>n>0,h>0 kleR).

Ifm=2 n=1, k=0, then 4 is nearly equal to Tarama’s operator.
Remark that

(A) 2 exp(—mi " < €, 1 exp(—ntME" < C,
is equivalent to
(A) Mexp(—") <6¢7', K =min((k +2)/m, (£ +2)/n).

Since K exp(—¢7") is strictly incresing in (0,T) (T:small), there exists unique
t = To(&) such that

X exp(—r") = dl¢| ™,
satisfying
(1/2)logl¢] = To(¢) ™" < 2log|¢|

for |£| > Ky (Ko:large). Then, Condition(4) is satisfied in (0, To(¢)). Now we
consider of Condition(B) in (To(¢),T) in the following cases 1)-III).
I) (The case when Ima # 0.) Set

P=1%—thexp(—mt ™|, Q= —at’ exp(—nt™)|¢|",

then we have
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P=(t—u)(t-mn),

n = M exp(~(m/2)rh)ie"”,

7 = " exp(=(m/2) (g,
and

1 #1n, |ul=lwl, |yl/lu-nl=1/2, Img=0,
therefore, (B-1), (B-2), (B-3)y are satisfied. Moreover, since
IDjl/15] = (k/2) + (m/2)he "7,

(B-4), is satisfied with ¢(z) = r"~! in (Ty(¢), T), where we remark that ¢(¢) =

=1 is a weight functin satisfying (®) throughout in (To(¢), T), because

T
J =N (To(@) ™"~ T = 207 logl¢).
To(¢)

On the other hand, (B-5); with ¢(f) ="~ in (Ty(¢),T) is that
101/t = lade "=/ (exp(—¢ )&y~
= |Oc|t/—k/2+(m/2-n)1((tK exp(_l—h)lé')—(m/z_,,)
<!

holds for any ¢ e (Ty(&), T). Therefore, (B-5); with ¢(t) =t~ in (Tp(¢), T) is
satisfied if

mf2—-n20, (/—k/2+h+1)+(m/2—-n)K =0,

that is, if
(*) n<mf2,
(%)’ {(¢+2)/n— (k+2)/m}+2h/m=0.

IT) (The case when Ima =0, o > 0.) Set
P=A=7 —r*exp(-mt ™" —at’ exp(—nr")[]", =0,

then Condition(B) is satisfied with ¢(¢) = "1 in (To(¢), T).
11) (The case when Ima =0, « <0.) Set

F = tFexp(—mt™")|¢|", G = at’ exp(—nr™)||",
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then |G| < F holds iff
X exp(—r )] > o/, KT = (k= )/ (m = n)
holds, that is, iff T7(¢) <t < T, where ¢ = T1(¢) is defined by
(K exp(~r)|e] = Jo V.
In the same way, 2|G| < F holds iff 75(¢) <t < T, where t = T»(¢) is defined by
K exp(—rM)|E] = (2]af) V.

Moreover, from the definition of {7}(¢)},_y;,, We have

Ti(Q) < T2(9), (1/2)loglé] < T;(&)™" < 2logl¢| (¢] : large).
l-a) When Ty(¢) <1< T, set
P=1"-F-G, 0=0,
then we have
P=(-u)(t—1), u=F+G6)" 1,=-(F+G)"

Since F > 2[G|, (B-1), (B-2), (B-3)y are satisfied. Moreover, (B-4); is satisfied
with ¢(f) = -1, because

IDe3j/5l = |DAF + G)'*/(F + G)'2| = (1/2)|Di(F + G)/(F + G),
< |D(F + G)|/F < Ct™" 1.
Here we remark that K > K’ holds iff
(*x) (+2)/nz(k+2)/m
holds. Therefore, if (xx) is satisfied, set
0= (2o /"
then we have

T1(¢) = To(¢) (I : large).

Hence, Condition(B) is satisfied in (Ty(&), T'), if () is satisfied. If () is not
valid, that is, if K < K’, then we have

To(&) < T (&) < TR(&)  (|¢] : large),

whose case is considerd in the following IIl-b) and Ill-c).
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III-b) When T3(¢) < t < T»(&), set
P=1*—F, Q=-G,
then we have
P=(-1)(t—1), 1= F2 1= —F1/2,

therefore we have (B-1), (B-2), (B-3)o, (B-4), with ¢ = r™"~!. On the other hand,
since

|0/t =|GIF 2 < F'72,

(B-5), is satisfied with = F'/2. Since

T, T
J F'd :J 72 exp(—(m/2)e™") dié|"™"?
Ty Ty

< Cmaxjo; o {T} " exp(—(m/2) T, ")} ¢

<c maszlyz{]}k/2+h+l—l(’m/2}

< C"(log ‘£|)—{k/2+h+1—K’m/2}/h’
Y = F'/2 satisfies (®) if

—(k/2+h+1-K'm/2)/h£1,
that i1s, if
(+%)" {(£+2)/n—(k+2)/m}+4h(1/n—1/m) 2 0.
III-c) When To(¢&) < t < T1(&), set

P=1>-G=1"+|G|, Q=-F,

then we have
P=(t—t)(t—1), u=iG"? wn=-iG"?
therefore
u#n, |[ul=lol, |yl/in-nl=1/2

and (B-1), (B-2) are satisfied. Moreover, since

|Dit;/7] = DG /1GI'?| = (1/2)|D,G/Gl £ G,
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B-4)4 is saisfied with ¢ = +~!. On the other hand, since
¢

Img| = |G|"/2,

0/51 = F/IG £16/'?,

(B-3)y, (B-5), are satisfied with ¥ = |G|"/?. Since

T T ;
J G2 dr = [ (12 exp(—(n/2)~") defé |
Ty JTo

< Cmaxjo, {777 exp(—(n/2) )} "2
§ C/maX{T[f)“/2+h+lfKn/2’ T]//2+h+l—1(’n/2}
< C//(loglél)—{Z/2+h+l—-]{’n/2}/h,

¥ = |G|"? satisfies (@) if

—(£/24+h+1-K'n/2)/h <1,

that i1s, if
K' < (¢/2+42h+1)/(n/2),
that is, if
(x%)" {(£+2)/n—(k+2)/m}+4h(1/n—1/m) 2 0.

From Ill-a), III-b) and Ill-c), Condition(B) is satisfied in (7y(&), T) if (+*)”
holds.

Our Theorem maintains the followings.

I. In case when Ima # 0, it is well-posed if

(%) n<mj2
and
(xx)’ {(¢+2)/n—(k+2)/m} +2h/m = 0.

II. In case when Ima =0 and « =0, it is well-posed.
HI. In case when Ima =0 and « < 0, it is well-posed if

(x%)" {(¢+2)/n—(k+2)/m}+4h(1/n—1/m) = 0.

REMARK. Let m=2, n=1, k=0 in Example 2, then (x) is trivial, (xx)’
becomes () and ()" becomes ().
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§3. Standard Systems of Equations
Let us consider a system of equations (S):
(D —7(t, E)wj + Ty shkzmP (0, e = f; (=12,...,m).
Let us say that (S) is (A)-standard in [ iff it holds that
Ime(2,&) 2 ~Ct™t (j=1,....m, (,&)ely),
BrtOl < Ct (Gik=1,...,m, (&) ely).
Let us say that (S) is (B)-standard in I = (a(&),b(&)) iff it holds that
Imz(s,&) = —Co(1,E) (j=1,...,m, (t,{)el™),
Bu(t, O < Ch(,8) (ok=1,....m, (1,{)el”),

where ¢ is a weight function satisfying (®).

Lemma 3.1. Assume that {u;} satisfy a (A)-standard system of equations
(D =16, ) + ZickzmP (6w = f; (j=1,2,...,m)

in I, then there exists ¢ >0 such that

t

2
Zi<jemly(t)]® £ té{tl_czlsjémiuj(tl)}z + J S Zijzmlf (9 dS},

]
(11,8),(12,8) e I (0 < 11 < 1y).
Proor. Since
it = wf; = {(D: = 1))usit; — w;(Di — 7))} + {Zafity — wZicBun}
= —i{ew? + 2Im vyl |*} + Zi{ Brerwnt; — Bt}
and since
Imz;(t,&) = -Ct™' (j=1,...,m),

Bu(, &) = Crt (jik=1,...,m),
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we have
0Ziluil® < i 'Sl + |11
that is,
GE < Cr'E+F,
where

E=%u’, F=3lf,
Hence we have
O{r‘E} St °F (c=(y),

that 1is,

I

E(p) £ tg{zIfE(zl) +J §F(s) ds}. O

Iy

LemMa 3.2, Assume that {u;} satisfy a (B)-standard system of equations
(D — (1,5 + Zi sk smPp (6 e = f; (G =1,2,...,m)

in I =1(a(&),b(&)), then there exists ¢ > 0 such that

5]
Zléjéml“j(fzﬂz = iilc{zlgjgmwj(h)]z +J Zlgjgm|f/-(5)|2ds},

(t1,E),(1,E) eI~ (0 <ty < 1p).
Proor. Since
[ = wif ;= {(Di = y)wiit; — wy(Dy — )y + { ity — wiZaPurcy
= —i{oiJul® + 2Im 1|7} + Ted Bty — Bttt}
and since
Imz;(2,¢) 2 —Co(1,.&) (j=1,...,m),
|ﬂjk(17§)|§c¢(té) (jvk:1a~"7m)a

we have

0Ziw* < gl + Zif, 1
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that is,
0,E < Ci¢E +F,
where
2 2
E=%ul", F=Zlf".
Set

t

®(1,8) = J 5D

then we have
0r{exp(—C1®(1,))E} < exp(—C1@(1,8))F,
therefore,

5]

E(t)) £ exp(Cl(D(zz,é)){E(tl) +J exp(—C D(s, &) F(s) ds}.

|
Since
1 Sexp(Ci1®(1,8)) £ €], ¢= CiK

from (®), we have
Ble) < 161 Bln) + |

§4. Energy Inequalities in (0, 7(&))

Set
A(t, D, &) = D" + aoi (t, )P + - + aom(t,€),  aok = ax,

then we have

DiA(t,D,&) = DI + ajy (1,E) DI 4 apn(6,E)D"™ 72 + - + @ g (1,€)

lan (1,6 < G+ |ENPY (k=1,2,...,m+j, j=0,1,2,...),

where
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an(4,¢) = a1 1(1,E),
ap(6,¢) = (Dwaj1 1)(1,€) + a1 2(t, &),
a;3(6,$) = (Deaj1 2)(1,€) + a1 3(8,E),
a4 myj-1(, &) = (Deaj-1 myj-2)(t,E) + i1 myj—1(2, &),

aj mj(1,E) = (Diaj—1 mej1)(t,€).
Let us define
gm+j = (Dljf)(o) - {ajl (Oa é)gm+j—l + aj2(07 é)gm+j—2 + -+ aj m+j(07 é)gO}
(j=0,1,2,...),

then the solution u of the Cauchy problem(P"):

A(t, Dy, Su(t) = f() (0 <1< To(E)),
Dt]u(o):gj (ij,l,...,m—l),

satisfies
Du0) = gmy; (j=0,1,2,...).

The following lemma is clear -by the definition of {g;};5 .
Lemma 4.1. It holds
Zosjzmenmlg)] £ Cur(1+1¢) " {Zo < m| D £(0)] + Zo< jem11g51}
(M=0,1,2,..., E€RY),

where q(M) = p(0) +p(1) +---+ p(M).
Using Lemma 4.1, we have

Lemma 4.2, Set
uo(t) = To< j<m11m(g;/J)V,
J1(2) = f(1) = A1, Dy, Qo (1),
then it holds
(DIf)0)=0 (j=0,1,...,M—1),
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and
Zo<j=m|DIf1(0)| £ To< j=m|DIf(1)]

+ Car(1+ 1) T M (2o < e 1|DIFO)] + S0 jem-1lg]}-

COROLLARY 4.1.

M) = Cur(1+ 18D ™™ {Zog <4 SUPgr| DI f ()] + Zoz jzm1lg1]}-
Proor. Since

710 = (=07 [ @M - sy,

0
we have
/10 = (MY M supg, |21 1) (5)]- O
Now change the unknown u into u; by
ur (1) = u(t) — up(2),
then the Cauchy problem (P”") is reduced to the problem (P"),,:

A(ta Dy, é)ul(t) :fl(t) (0 <ir< To(é))v

Dlu;(0) =0 (j=0,1,....m—1+ M),
where (D/f)(0)=0 (j=0,1,...,M —1).

LemMa 4.3.  Assume that Condition (A) is satisfied in Iy = (0, Ty()), and that

uy satisfies
Alt, Dy Q1) = £1(0) in L.
Then
v=(D)w (j=0,1,....m—1)
satisfy
Dy = t 1y,

D = t’lvz,

Dtvm—l - t_l{_bl (ta é)vmfl - bm(ta é)UO} + tm_lfl(la é)a
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where
(1, = C in Iy .

Namely, {v;} satisfy a (A)-standard system of equations.

Proor. Let us denote
"A(t, Dy, &) = t" D" + 1ay (1,E) (1" D) + -+ (1, E)
= (1D)" + by (,)(tD)™ " + - 4 bu(1,€),
then we have
bt £C i dy
from Condition(A). Set
vi= (D) (j=0,1,....m—1),

then we have

D,UO = tilvl’
Dtvl = t71027
Dyt =t (=biogey — -+ — Bmvo) + tm—[fl
from Au; = f. N

PROPOSITION 4.1.  Assume that Condition(A) is satisfied in Iy = (0, To(&)),
then there exists ¢ >0 and C' > 0 such that

. t
20§j§m71|Dljul (t)lz é CIIC—2IJ1+2J S—(‘+2m—2|fl(s)l2ds ((17 é) e ION)
0
holds for uy satisfying (P"),, with M > c/2 —m.

ProoF. From Lemma 3.1 and Lemma 4.3, we have
t—L‘+2(In—l)ZO§j§m_1|D_t/ul(t)'z

é Cl[iczogjém—l I(lDl)jul (t)|2 .

< C/{T"Zosjsfnll(TDz)jul @1 + Jz

T

S o s
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(0 <t <1). Since
Zo< jmo1|(tD:) ur (7)] = 0(z™HM),
we have
T Zog jem1|(TD) m (7)|F = 0z~ M) 0 (z - 0),

if M >c/2— m. Hence we have
. t
,—c+z<m—l>zogj§mﬁl1D:u1<t>|2éC’J s (9P ds (M > e/2—m). O
0

Now we come back to the problem(P”), then we have

MFL O] S Cu(1+ 1) ™M Zox j<ar WPy | DIS(5)] + Zo<j<m—1 1951}

from Corollary 4.1. Therefore, we have from Proposition 4.1.

PROPOSITION 4.2. Assume that Condition(A) is satisfied in Iy = (0, To(&)),
then there exist C >0 and M > 0 such that it holds

o< j<m-1 8UP,| DY u(0)|
< C(1+ €)™ (Zog jur supy, | DI F (O] + Zos jsmtlgil}, (16 eI
where u satisfies (P") in I;.
§5. Condition(B)
At first, we consider conditions (B-1), (B-2), (B-3)s, (B-4)y about
P(tv Ty f) =" +p1(ta é)rm_l T+t pm<t7 f)
=(t=1(t,9) - (r = (1, 9)).
LeMMA 5.1.  Assume that P(t,7,&) satisfies (B-1) in I™, then
Pj(l‘,‘l',i):Hk¢j(7—7k(t,f)) (]:172,,”’1)

are linear independent polynomials in 1, and satisfy (B-5) in I™.
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ProOOF. Set
Pi(1,7,8) = My wj(t — 14 (1,8))
m—1

-2 -3 m—1
=T = Dy Tt Dk kb TR THT T — e (1) Tyt

— ,L_mfl +b21’m_2 4. +bm>

then we have
b2] < Clzyl,

|b3| = Clri] |72,
lbm| < Clt1] || - - [Tm-1]

from (B-1). O

LEMMA 5.2. Assume that P satisfies (B-1), (B-4), in I~ then

Bl(t,7.8) = (0,P)(1,%,8)
satisfies (B-5)4 in I~.

PROOF.  Set
P;(t, 7,&) = 0Tkw;(7 — (2, €))
= Zr (=1 (1, ) i o (T — (1, €))
= Zr i (T = B et A Thchkhg AT —
+ (= 1) i, emi}
=Zpuj (=)t ) {0t = 1Ty Tt
+ (= 1)" 20 My ) o4}

=2 2i(=13 /1) {beat™  + bat™ 3 - by},

then we have
be2] < Clul,

1be3] < Clti| |72,

fb/’ml = CITI| |72| T ltmfll
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from (B-1). Since
|7p/1e] < C¢
from (B-4)4, P; satisfies (B-5),. O

Next, we consider (B-5)4 about

0(1,7,8) = ()T + - + gu(1,€)
=Xy <jzmBi(t,E)P(1, 7, €).
LEMMA 5.3. Assume that P satisfies (B-1), (B-2) in I~, then Q satisfies
(B-5)g in I~ iff
B(L,E) £ C(5,E) (j=1,...,m, (1,E)el™).
Proor. Since sufficiency is easy from Lemma 5.1, we concider necessity.

Since {7;} are distinct, we can descrive a closed curve I';, on the complex plane,
enclosing only v =1;, and we have

B(1,6) = (2mi)”! J 0(t,7.8)/P(t,7,€) dr

T

- (2m’)’1J 0(1,7,8) /{1 <k <m(t — 1) } d7

L
- Q(t’ T./'>£>/{H1§k§m,k ;ej(Tj - Tk)}

Therefore we have
18;(2, )] = 10(, 77, O /Thiejl7; — ]

< {qil 151" 4+ + gl /M7y —

< CH{l5|" "+ g™+l Tt}
[kt = ekl — wl} (07 (B-5))

< C{lg" " +lallgl" 4+l ol
Hlg™ Il lgal} - ((B-2))

= C'¢{R; + R}},

where
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Ri=1
Ri=1gl ™ lal - lgoil + lgl 2 lzal - il + -+ gl /g | + 1
(j=2,...,m),
Rl =1+ [tl/Ig] + [l [l g1 + -+ [zl - [t I
J=1,....m=2),
R, =1, R.=0.
Hence we have

B(1,O) smC'¢ (. (B-1)). O

LEMMA 5.4. Assume that P satisfies (B-1), (B-2) in I~, then

nj(’? T, é) = Tl(ta é)fz(lv é) T Tm—j(t, 5)71’71 (] = 17 RNy (e l)a
Ty = Tm—l

are linearly independent polynomials in v in I~. Set

(1,7,8) = Zikem B (8, E) Pi(t, 7, &),

Pi(1,7,8) = Tk mo (1, E)mic (2,7, &),
then it holds that

logie (1, )l = €, [Bp(1,8)] = €.
PrOOF. Since m;(t,7,¢) satisfies (B-5);, we have
7i(t,7,8) = ZiskzmBu (1, ) Pe(t,7,8),  Bu(t, ) = C
from Lemma 5.3. On the other hand, since
Pi(t,1,8) = 2" 4 b (1,67 4 b (1,6),

bie(2,E)| = Clmi (2, ) lfz(btv - (1, <)l

we have

Pi(t,7,8) = Ercksmot(t, O)me(t,7, ), (8,8 < C. O



274 Reiko SAKAMOTO

§6. Energy Inequalities in (T)_,(¢), Th(¢))
Assume that
A(t,7,8) = P(1,7,8) + O(1,7,¢)
satisfies Condition(B) in I = (Tj_1(£), Ta(¢)), where
P(1,7,8) = (t = 71(,E)) -+ (2 = (1, 8)).

Set
Pf(t7 Ty é) = Hk#j(r - Tk(t7 f))?

then we have
P(1,Dy, &) = (D¢ — 7(1, ) P(1, Dy, &) + i(0,P)) (1, Dy, ).
Set
A(1, Dy, &) = (Dy — 7j(1,£)) P;(t, D1, &) + {i(0,P) (¢, D1, &) + Q(1, Dy, &)}
= (D; = 7(1, ) P(1, D1, &) + Qi(1, D1, &),
then Q; satisfies (B-5)4, from Lemma 4.2, therefore

Qj(t, T, é) = zlékgmﬁjk(zy é)Pk(ta 7, 6)7
where

Bu(t, Ol = Co(1,8) (G=1,....,m, (1,&)el™),

from Lemma 5.3.

LemMa 6.1.  Assume that Condition(B) in I = (T, (&), Ty(&)) and u satisfies
At,D,E\u=f, tel.

Set
uj = P](t7 Dtv ﬁ)ua

then {u;} satisfy
(D = 5(, )t + ZigkgmPi (6, Qe = f (J=1,2,...,m),

where
Imz(t,8) 2 —C¢(1,¢) (j=1,...,m),

Bi(1,8) = CH(1,&)  (jik=1,....,m)

in I~, that is, {u;} satisfy a (B)-standard system of equations in I.
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From Lemma 3.2 and Lemma 6.1, we have

PROPOSITION  6.1.  Assume that A(t,t,&) satisfies Condition(B) in I =
(Tx-1(&), Tk (&), and that u satisfies

A(t,D,Eu=f inI™~.
Then it holds

Zl§]§mer(tv Dy, é)u(t)’z

!

élélf{zlg,-s,anja,Dné)u(Tk_1<é))|2+j |f(s)2ds} in I~

Te-1(¢)
LEMMA 6.2. Assume that A(t,7,&) satisfies Condition(B) in I = (Ty_i(&),
Tu(&)), then it holds
D] | STy <<l Pi(t, Dy, E)u| < 0| To< jem1|Diul, in I,

where ¢ = mp(0).

PrROOF. Set
mi(1,7,8) = 11, E)02(t,€) -+ 1wy (1, (=1,...,m),
then we have
7(t,7,8) = ZichksmBu(t, ) Pi(8,7,8),  Bu(t,E)| £ C
from Lemma 5.4, therefore
|7 (¢, Dy, E)ul < CZi < <m|Pi(t, Dy, Eul.
Since 7,(1, D, &) = D™ | we have
D" ul £ i< jeml Pi(t, Dy, EYull.
On the other hand, we have
Pi(t,7,8) = Zichsmotin (1, E) i (1,7, &), o (1,E)| £ C
from Lemma 5.4, therefore
|Pj(1, Dy, S)ul < CZy cpgmlmn(t, D, E)ul.

Remarking that
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5] < Clef?,
we have
I;(¢, Dy, )| < CJE|™ PO D] Ny,
therefore

Zl§j§m|Pj(ta Dt»é)u| é 02I6|C20§j§m—1|Dtjut~ D

PROPOSITION 6.2. Assume that A(t,1,&) satisfies Condition(B) in I =
(Th_1(&E), Tu(&)), and that u satisfies

A, D, u=f inI~.
Then it holds

Eogjgm—llD{l{(l)|2

t

< C|ét"{>30§,,§m_,|D-,’u(Th_1(§))|2 +J f(s)|2ds} in I~.

Th-1(£)
Proor. We have

t

|D:"~1u<z>|2gc!é\c{zog,gm-lthu<Th~1<f)>‘2+J 4 (S)'zds} "

Tyt (&)

from Proposition 6.1 and Lemma 6.2. On the other hand, since

. . , .
|Dlu(t)| < |D{u(Th-1())] +J |DIM u(s)|ds in I,
Tp-1(8)

we have

20§jgm—21Drj“(’)|2

t

< B epalDlu i@+ [ ppatf s} w1 O

Ty-1(&)

The theorem stated in §1 follows directly from

ProrosiTioN 6.3.  For

A(t’ T’ é) = Tm + al(tﬂ é)fm*l + e + am(tvé)7
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the interval (0,T) is assumed to split into sub-intervals I, = (T)_1(&), Tw(&)) for
|&] > Ky (h=0,1,...,N, Ko > 0), where

0=T7T_,< T()(f) < T](f) < --- K T]\p](f) <Ty=T,

and A(t,1,¢) satisfies Condition(A) in Iy and Condition(B) in I, (h=1,... N).
Let u be a solution of (P"), then for any u (Zm—1), there exist positive
constants Cu, c(u), M(u) such that it holds

o< j<usup; | Diu(n)|?

< Cul1+ 1) ““NZo< < g sup; DL F (O + o jmorlg;*}

in (0,T) x {|¢] > Ko}.

Proor. From Proposition 4.2 and Proposition 6.2, we have

Zo<jzmo1 sup; | D/u(D)|* < C(1 + &) (o< j<m sup; | DI f (1)) + Zo< jzm-1lgi*}-

Energy estimates for derivatives of higher order than m — 1 follow from the
equation A(t,D,,&u=f. O
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