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WELL-POSEDNESS OF CAUCHY PROBLEMS FOR LINEAR

EVOLUTION OPERATORS WITH TIME DEPENDENT

COEFFICIENTS

Introduction

Let

By

Reiko Sakamoto

A{t,Dt,Dx)=D?+ai(t,Dx)D?-l+--- + am(t,Dx)

be a linear partial differential operator, where a.j(t,£)is a ^°°(0,r)-function of ?

with a parameter £(e /?") satisfying

sup0</<7.|D>7-(r,OI^G(l + |^|r(r) (r = 0,l,2,..., ^n

where Cr > 0 and /?(r) ^ 0, and consider the Cauchy problem (P):

{
A(t,Dt,Dx)u = f(t,x) in {0< t< T,xeR"}

gj(x)(y = O,l,...,m-l) on {t = 0,xeR"}

Under what conditionsis (P) well-posedin HCC(R")1 The answer must be

thought very easy, because the problem (P) can be reduced to the Cauchy

problem of ordinary differentialequations (PA):

{ A(t,Dt,Z)u*=f*(t,£) in {0<t<T}

D{u* =flf/(O (y = O,l,...,m-l) on {t = 0},

where fA is the Fourier transform of/with respect to x. But it is not so easy,

because we have not explicit solutions in general. Of course, if O/(J,£) is in-

dependent of t,it is well known that (P) is well-posed in HCO(R") iff there exists

C > 0 such that

ImT.-CO^-Cloglfl (|f|^2) (y=l,2,...,m)
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holds, where

A(T,Z) = {T-Zl{Z))~.(T-Tm{Z)).

On the other hand, if a/(V,c) depends on t,the structure of well-posedness is not

so clear, although we have many sufficientconditions for well-posedness, e.g.

parabolic, hyperbolic, Schrodinger, etc ...

Recently, Y. Shiozaki [11 considered the Cauchy problem:

{d* + tk＼Dx＼m+ ott'＼Dx＼n}u= 0 in {0 < t< T,xeRn}

dJtu= gj(x) (7 = 0,1) on {t = 0,xeRn},

where 2^m> n> 0, k^O, / ^ 0, a e C, and he obtained the followingresults.

I. In case when Ima^O, it is well-posedIff

(*)

and

(**)

(**)

n^m/2

(t + 2)/n^(k + 2)/m.

II. In case when Im a = 0 and a ^ 0, it is well-posed.

III. In case when Im a = 0 and a < 0, it is well-posed iff

(S + 2)/n^(k + 2)/m.

Similarly, S. Tarama [2] considered the Cauchy problem:

{8j - exp{-2rh)d2x - ionfexp(-rh)dx}u = f{t,x) in {0 < t < T, x e Rn}

d{u = gAx) (j = 0,1) on{r = 0,xe Rn},

where h > 0, / e R, a e C, and he obtained the following results.

I. In case when Im a ^ 0, it is well-posed iff

(■&■) t^-h-＼.

II. In case when Im a = 0 and a # 0, it is well-posed iff

Their interest is concentrated on weakly hyperbolic equations. But similar

situations are widely seen in the field of evolution equations. There are many

studies on Schrodinger equations with variable coefficients,which depend on x

(: space variable),but do not depend on t(: time variable) ([3],[4],..).This paper

is an attempt to study evolution equations with coefficientsdepending on t, by

generalizing Tarama-Shiozaki's method.



Well-posedness of Cauchy problems

§ 1. Assumptions and Results

Let us state assumptions on

A(t,z,£) = tm + a{{t^)rm'1 + ■■■+ am(t,£)
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in the followings. The interval (0, T) is split into a finite number of sub-intervals

/a = (7a_,(O,7a(O) for ＼£＼>K0 (h = 0,l,...,N,K0>0), where

o = r_i < r0(0 < ri(O < ･･･ < 7V-i(O <tn = t

such that yl(?,t,£) satisfies Condition^) in /o and v4(/,t,£) satisfies Condition(I?)

in If, (h― ＼,...,N). We say that A(t, t, ^) satisfies Condition^) in /o iffit holds

(A) t1＼aj(t,£)＼£C (y = l,...,m, (^je^),

where we use the notation

/~
■=
{(/, ^) | r e /, |^| > Ab}.

We say that A(t,T,£) satisfies Condition(B) in an interval /= (a(£),b(£)) iff it

holds that there exists a weight function (j>{t,£)(> c > 0) defined in /~ such that

(O)

and

A(t T,

P(t,z

0

a

j{t,Z)dtZlbloglZ

= (T-T1{t,Z))---(z-rm(t,£)),

Q(t,r,Q = qx(/,fr1"-1 + q2(t,£)rm-2 + ･･■+ qm(t, 0,

where P satisfies(B-l), (B-2), (B-3)^, (B-4)^, and Q satisfies(B-5)^ as follows.

(B-l) {y(t, ^) |j = 1,...,m} are distinct for (t,£,)e I~ and satisfy

|Ti(r,O|^|r2(r,OI^ ･･･ ^M/,01,

(B-2) ＼Ti(tta/＼xi(t,Z)-Tk(t,Z)＼£C (j<k, j,k=＼,...,m, (t,Z)er),

(B-3), lmrj(t,O^-C</>(t,Z) (j=l,...,m, (t,£)el~),

(B-4), |AT,-(r^)|/|T;(r,0I^C^,0 (y=l,...,m, (^)er),
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(B-5),
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＼qj{tA)＼̂ C^,O|ti(^)| |t2(^)I ■･･|tm(*,£)|

(y = 2,3,...,/w, (^)er),

Remark. <f>in (B-3)^, (B-4)^, (B-5)^ may be replaced by ^j,^2,^3 satisfying

(<D). In fact, if (B-3)^, (B-%, (B-5)^ are satisfied, then (B-3)^, (B-% (B-5)^

are satisfied, where

Theorem. For

A(t,T,Z)=Tm + al(t,£)Tm-l+---+am(t,Z),

the interval (0, T) is assumed to be split into a finite number of sub-intervals

Ih = (Th-i(£),Th{£)) (h = 0,1,...,N) for ＼£＼> Ko (Ko > 0), where

o = r_, < 7b(O < ri(O < ･･ ･ < tv_!(O < ^ = r,

^mc/? f/iaf y4(f,t,£) satisfies Condition(A) in Iq and A{t,x,Q satisfies Condition{B)

in If, (h=l,...,N). Then the Cauchy problem{P):

( A{t, Dt, Dx)u = f{t, x) in {0 < t < T, x e Rn}

(DJtu = gj(x) (y = 0,1,...,m-1) on {t = 0,xeRn}

is well-posed in if00. Namely, for any data

feH*((0,T)xRn), gjeH^iR") (7 = 0,1,...,m - 1),

there exists a unique solution

M6i/CO((0,r) xRn)

satisfying (P).

This theorem will be proved in §3―§6.

§2. Examples

Example 1. Let us consider Shiozaki's operator

A = z2 - tk＼£＼m- o.t(＼£＼n{m > n ^ 0,k ^ 0,/ ^ 0),

and see the relations between {(*),(**)} and (Condition(A), Condition(B)}
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Since

(A) tk+2＼＼mg C, t'+2＼£＼n^ C,

is equivalent to

(A) tK＼£＼gC, A- = min{(fc + 2)/m, (/ + 2)/n},

Condition(A) is satisfiedin (0, 7o(0) w^tn

r0(o=^r1/^,

where (5is any positive constant. Now, let us consider Condition(B) in (7o(£),T)

in the following cases I)―III).

I) (The case when Ima# 0.) Set

P = T2-tk＼£＼m, Q = -at'＼Z＼n.

P=(T-T,)(T-T2), TX=tkl2＼£＼ml＼ T2 = _^/2|^|-/2

we have

Tl^T2, |Ti|= |T2|, |Ty|/|T,-T2| = l/2, Im Ty = 0,

therefore, (B-l), (B-2), (B-3)o are satisfied.Moreover, since

|Ary|/|T;| = (£/2)r＼

(B-4)^ is satisfiedwith <f>{t)―r＼ where we remark

fr
rldt = log T - log<S + AT1 log |£.

J7b(0

On the other hand, (B-5)^ with <f>(t)= t~lis that

|fi|/|T7-|= |a|*'-*/2|frm/2 g cr1

holds for any r e (7o(^), T) = (<5|^r1/Ar,7), that is,

^-fc/2+lic≪-w/2 _ ^-A:/2+l+(w/2-≪)A:/?A'|s|N-(w/2-≪).^ ^,

holds for any t e (Tb(^), T) = (^l^p1'^, T). For this,it is neccesary and sufficient

that

m/2-n^0, U-k/2+l) + (m/2-n)K^0,
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that is,

(*) n ^ m/2,

(**) {f + 2)/n'Z{k + 2)/m.

II) (The case when Ima = 0, a > 0.) Set

P = A = r2 - tk＼Z＼m- at'＼6n = (r- n)(T - r2), Q = 0

(B-l), (B-2), (B-3)o are satisfied, because

ti#t2, |ti| = |t2|, |t/-|/|ti-t2| = 1/2, Imr7- = 0

for 0 < t < T. Moreover, (B-4)^ with <j>{i)= t~lis satisfied, because

＼DtZj＼/＼Tj＼Z((k+ S)/2)rl.

Ill) (The case when Ima = 0, a < 0.) Set P = A and Q = 0. Let us remark

that

holds iff

^'|^| > (2|a|)1/(w-"), r = (A:-0/(wi-≫)

holds. Therefore, set

n(O = (2|a|)1/(*-/)|(Tr1/j:'J

then we have

ti # t2, |ti| = |t2|, |t/|/|ti - t2| = 1/2, Imty = 0, IAt/I/It/I = 2kt'X

in (n(0,T), which means that (B-l), (B-2), (B-3)o, (B-4)^ with </>(t)= r1 are

satisfied in (T*(£),T). Set

that is, set

7b(o=^r1/Js: = (2|ai)i/(*-oi^rl/*,

then we have T*{£) g 7b(0, if

i^ = min((fc + 2)/m, (/ + 2)) ^ (k - £)l(m - n) = K＼

that is, if

(**) U + 2)/n^(k + 2)/m.
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Hence (B-l), (B-2), (B-3)o, (B-4)^ with <fi(t)= r1 are satisfiedin (T0(£),T), if

(**) holds.

Our Theorem maintains the followings.

I. In case when Im a # 0, it is well-posed if

(*) n ^ m/2

flnri

(**) (^ + 2)//i ^(k + 2)/m.

II. In case when Im a = 0 and a ^ 0, it is well-posed.

III. In case when Im a = 0 and a < 0, it is well-posed if

(**) U + 2)/n^(k + 2)/m.

Example 2. Let us consider a version of Tarama's operator

A = t2 - tkexp{-mrh)＼£＼m - atf exp(-nrh)＼£＼n [m > n > 0, h > 0, kj e R)

If m ―2, n = 1, k = 0, then A is nearly equal to Tarama's operator.

Remark that

(A) tk+2exp{-mrh)＼£＼m ^ C, t/+2exp{-nrh)＼£＼n^ C,

is equivalent to

(A) ^expC-r*)^^!"1, K = min((k+ 2)/m,U + 2)/n)

Since tK exp(―t h) is strictlyincresing in (0,7") (T: small), there exists unique

t = Tq(£) such that

satisfying

f*exp(-r*) =m~l

(l/2)log|f|g7b(0-*^21og|f|

for ＼£＼> Ko {Ko:large). Then, Condition^) is satisfiedin (0, To(£)).Now we

consider of Condition(5) in (To(£),T) in the following cases I)―III).

I) (The case when Ima ^ 0.) Set

p

then we have

= T2 tkexp(-mrh)＼Z＼m, Q=-at'exp(-nrh)＼Z＼"
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and

p

Tl

T2
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(t-ti)(t-t2),

-tk/2exp(-(m/2)rhmm/2,

ti#t2, |ti|= M, |t/|/|ti-t2| = 1/2, ImTy = 0,

therefore, (B-l), (B-2), (B-3)o are satisfied.Moreover, since

＼Dtrj＼/＼Tj＼= (k/2)rl + (m/2)hrh-＼

(B-4)^ is satisfiedwith <f>(t)= rh~l in (To(£),T), where we remark that $(t) =

t~h~xis a weight functin satisfying(<X>)throughout in (Tb(^), T), because

T

To(Z)

rh~ldt = h-l(T0(£)-h - T~h) S 2h~llog|^|

On the other hand, (B-5)^ with </>{t)= rh~x in (T0(£),T) is that

＼Q＼/＼rj＼= lal^-^CexpC-r*)!^)-^2^

= ＼0C＼tS-k/2+(m/2-n)K{tKexp(_rh)^y(m/2-n)

< crh-1

holds for any te{T0( ),T). Therefore, (B-5)^ with <f>{t)

satisfiedif

= t
h-＼
in {T0{£),T) ^

m/2-n^0, (S-k/2 + h + l) + {m/2-n)K^0,

that is, if

(*) n S m/2,

(**)' {(Y + 2)/n -(k + 2)/m} + 2h/m ^ 0.

II) (The case when Ima = 0, a > 0.) Set

p = A = t2 - tk Qxp(-mrh)＼ ＼m- ar/exp(-≪r/!)|^r, Q = 0

then Condition(B) is satisfiedwith <f>{t)= t~h~xin (7b(O. T).

III) (The case when Ima = 05 a < 0.) Set

F = tkQTLv{-mrh)＼£,＼m, G = a^exp(-≪rA)|aw,



Well-posedness of Cauchy problems 261

then ＼G＼<F holds iff

tK' exp(-r*)|£| > ＼<x＼ll{m~n＼K' = {k- S)/(m - n)

holds, that is, iff T＼(£)< t < T, where t = T＼(£)is defined by

tK'Qxp(-rh)＼£＼= ＼oi＼1/{m-n).

In the same way, 2＼G＼< F holds iff T2(£)<t<T, where t = T2(£)is defined by

^lexp(-r*)|^| = (2|a|)1/(w-'l).

Moreover, from the definition of {7}(^)}-=0
l 2,
we have

r,(0 < r2(0, (1/2) log |^| ^ 7}(0~* ^ 2log |^| (|^|:large).

Ill-a) When T2(0 <t<T, set

i> = t2 - F - G, Q = 0,

then we have

P = (t - ti)(t - t2), t, = (F + G)1/2, t2 = -(F + G)]/2.

Since F > 2|G|, (B-l), (B-2), (B-3)o are satisfied.Moreover, (B-4)^ is satisfied

with (f>(t)= t~h~l,because

＼DtTj/Tj＼= ＼Dt(F+ G)l/2/(F+G)l/2＼ = (l/2)|A(F+(?)/(F + G)|

^ lACF+GJI/F^Cr*"1.

Here we remark that K ^ K' holds iff

(**) (/ + 2)/≪^ (k + 2)/m

holds. Therefore, if (**) is satisfied,set

^=(2|a|)1/(M-w)'

then we have

72(O^7b(O (!^|:large).

Hence, Condition(B) is satisfiedin (Tq(^), T), if (**) is satisfied.If (**) is not

valid, that is, if K < K', then we have

7b(0<7'1(0<72(0 (|^|:large),

whose case is considerd in the following Ill-b) and III-c).
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Ill-b)When Tx{£)< t < T2{£),set

P = t2-F, Q=-G

then we have

P=(t-ti)(t-t2), tx=FxI＼ T2 = -F1/2,

therefore we have (B-l), (B-2), (B-3)o, (B-4)^ with 0 = r*"1. On the other hand,

since

(B-5U is satisfiedwith

F]/2dt

<A

＼Q/tj＼= ＼G＼F-1/2^F1?2

F1/2. Since

= f V/2exp(-(m/2)rVf|ff/2

£Cmax;=1,2{lf 2+*+1exp(-(m/2)^)}|^r/2

^C'max;=1,2{^/2+/l+1-^m/2}

xj/= F1/2 satisfies( >)if

-(k/2 + h+l-K'm/2)/h£ 1,

that is, if

(**) {U + 2)ln -(k + 2)/ml + 4h(l/n - l/m) > 0

III-c) When 7b(0 < t < 7U0, set

then we have

therefore

p r2-G

P=(t-ti)(t-t2)

Ti ^ T2 N

= T2 + ＼G＼

r,MG|"2

Q = -F

r2 = -i＼G＼1'2

= |T2|, |T/|/|ti-T2| =

and (B-l), (B-2) are satisfied.Moreover, since

＼DtZj/tj

1/2

＼Dt＼G＼ll2/＼G＼ll2＼= (＼/2)＼DtG/G＼ S Crh~l
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(B-4)^ is saisfiedwith <j>= t~h~l.On the other hand, since

|ImT,-|= |G|1/2,

＼Q/rj＼=F/＼G＼S＼G＼l/2,

(B-3U, (B-5U are satisfiedwith ＼j/= ＼G＼l/2.Since

f 1＼G＼1/2dt= fl
t'/2exp(-(n/2)rh)dt＼Z＼n/2

JT0 JTr,

g CmaxHil{7;//2+A+1 exp(-(n/2)T7h)}＼Z＼≪/2

< CmsLx{T^2+h+l~Kn/2 7//2+/!+1-^V2|

^ C"(log＼£＼y{//2+h+1-K'nW/h
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if/= ＼G＼1/2satisfies(<D) if

-(//2 + h+l -K'n/2)/hS 1,

that is, if

K' ^(//2 + 2/z+l)/(≪/2),

that is, if

(**)" {(/ + 2)In -{k + 2)/w} + 4h(l/n - ＼/m) ^ 0.

From Ill-a),III-b) and III-c), Condition(B) is satisfiedin (T0(£),T) if (**)''

holds.

Our Theorem maintains the followings.

I. In case when Ima^O, it is well-posed if

(*) n ^ m/2

and

(**)' {(S + 2)/n-{k + 2)/m} + 2h/m^0.

II. In case when Im a = 0 and a ^ 0, it is well-posed.

III.In case when Im a = 0 and a < 0, it is well-posed if

(**)" {(/ + 2)/n -{k + 2)/m} + 4h{l/n - l/m) ^ 0.

Remark. Let m = 2, n=＼, k = 0 in Example 2, then (*) is trivial,(**)'

becomes C^r) and (**)" becomes (izft).
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§3. Standard Systems of Equations

Let us consider a system of equations (S):

(A - tj(t,£))uj + T.izkgmPik(t, £W = // U = 1,2, ･ ･･ ,m)

Let us say that (S) is (A)-standard in To iff it holds that

hnTj(t,Z)^-Crl (j=l,...,m, (/,£)e/0~),

|/yr,£)l ^Crl (./,*= 1,...,in, (t,£)elo~).

Let us say that (S) is (B)-standard in / = (a(£),/>(£))iffit holds that

TmTj{t,Z)^-C*{ttZ) (j=l,...,m, (^)er),

＼Pjk{t^)＼^C(f>{t^) (y,/c=l,...,m, (t^)er),

where ^ is a weight function satisfying( >).

Lemma 3.1. Assume that {uj} satisfya {A)-standard system of equations

(A - Tj(t,£))uJ+ I.lzkzmPjk{t, )uk = fj U = 1,2,... ,m)

in /0~,then there exists c > 0 such that

Zi^^m＼uj{t2)＼2stdt^Zi^j^iujit^i2 +1

Proof. Since

s-cZigj*m＼fj(s)＼2ds
＼

(fi,£),(r2,£)e/0~(0< h <t2)

fjUj - Ujfj = {(A - Tj)UjUj~Uj{Dt - Xj)Uj]+ {ZkPJkUkUj - Uj?:k(]jkUk}

= -i{dt＼uj＼2+ 2lmzj＼uj＼2}+ Y<k{fijkukUj-PJkUjUk},

and since

Imt)-(f,f) ^-Cr1 (y = l,...,m)



we have

that is

where

Hence we have

that is
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dtZj＼uj＼2 ^ c{r%＼uj＼2 + Zj＼fj＼2

dtES CirxE + F,

£ = S>;|2, F = 2,-|//

dt{rcE}^rcF (c = Ci)

E(t2) S tc2
j?rc£(?i)

+
j'VcF(^j
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□

Lemma 3.2. Assume that {uj} satisfy a (B)-standard system of equations

(A - Tj(t,£))uj+ XizkzmPjk(t,£)uk = fj {j = 1,2,... ,m)

in I = (a(£),b(£)),then there exists c > 0 such that

Zl*jZm＼Uj{t2)＼2£＼Z＼C

Proof. Since

U
l&Zm＼Uj(tl)＼2+

^
2izjzm＼fj(s)＼2ds＼

f),(f2,£)e/~(0<f, <f2)

fjUj - ujfj = {{Dt - Tj)ujUj- uj{Dt - Tj)uj}+ {Zkj3jkukUj- UjLkpjkuk}

= -i{dt＼uj＼2+ 2lmxj＼uj＼2}+ Xk{PjkukUj - pjkUjUk},

and since

we have

ImTy(f,fU-CW,£) (y=l,...,m)

＼fiik(t,Z)＼£Ct(t,Z)(y,£=l,...,m)

3,I>;-|2gC,^I>/+Z;|//
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that is,

where

Set

then we have

therefore

Since
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8tES Ci<f>E+ F,

£ = Z>;|2, F = Ey|/..|2

o(*,o =

r

Jfl(0

d,{exp(-C,O(f, <*))£}

£(f2)gexp(Ci<D(f2,f))

from ( >),we have

t(s, £) ds,

^exp(-CMt^))F

iE(h)
+
^
Qxp(-C^(s^))F(S)ds＼

lgexp(CiR(/,O)^l^r, c=QKi

E(h) s iac
J£(fl)
+
J%(*)<fc}

§4. Energy Inequalitiesin (0, To(£))

Set

A(t,Dh£) = D?+aQX(t,£,)D -x + ■■■+ aOm(t^)

then we have

OQk = Rk

DJtA(t,Dt, 0 = DT+j + an (t,QD?+j~l + aj2(t,QDT+j~2 + ■■･+≪;
M+;(r,
0

＼ajk(t^)＼^Cj(l + ＼Z＼)pU){k=l,2,...,m + j, y = 0,l,2,...),

where

□
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an{t,£)

Cln{tA)

= aj-＼ 1(',£)>

= (Afl;-i i)(r,O+ay-_i 2(*,0

= (Afl/-l 2)(', £)+*/-1 3(^,0

aj m+j_i(t,^) = (Dtaj-i m+j-2)(t, )+aj-i m+J-i(t, ),

aj m+J{t, ) = (Dtaj-i m+y_i)(?,£).

Let us define

gm+j = (D//)(Q) - {0,1(0,£)gm+j-＼ + 0/2(0,£)gm+j-2 + ---+aj m+j(0,£)g0}

(7 = 0,1,2,...),

then the solution u of the Cauchy problem(PA):

{
A{t,Dh£)u(t)=f(t)

DJtu(O)= 9j

(0 < r < 7b(O),

(y = 0,l,...,m-l)

satisfies

D?+Ju(O)=gm+j (7 = 0,1,2,...).

The following lemma is clear by the definition of {gj}j>m-

Lemma 4.1. It holds

^j^m+M＼gj＼ S CM(＼ + ＼Z＼)q{M){Zo^jt,M＼DJtf(O)＼+2ogyg≫,-i|flfy|}

(AT = 0,1,2,..., ZeR"),

where q(M) = p(0) + p( 1) H Vp(M).

Using Lemma 4.1, we have

Lf.mma 4.2. Set

then it holds

Uo(t) = I,O£j^m-i+M{gj/ j＼)tJ.

Mt)=f{t)-A(t,Dt,£)uo(t)

W/i)(o) = 0 (7 = 0,1,...,M-1)

267
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ZoZjZMWfM^ZJZMlDifW

+ CM(1 + ＼Z＼)q{M){^j^M-l＼DJtf(O)＼+ 2^ jZm-M}

Corollary 4.1

rM＼Mt)＼ z cM{＼ + ＼^＼r{M){i:0^jSMsup0<s<t＼Dif(s)＼ + i:0^J^1＼gj＼}

Proof. Since

fl(t)= {(M-l)＼}-l＼tsM-＼d
Jo

?fx){t-s)ds

we have

|/1(OI^(M!)-1^suPo<5</|(af/1)W|.

Now change the unknown u into u＼by

ul(t)= u(t)-u0(t),

then the Cauchy problem (PA) is reduced to the problem (PA)M

i A(t,Dt,Qul(t)=fl{t)

/>/m(O) = o

where (D//1)(0)=0

(0<f<7b(O),

(y = O,l,...,m-l+M)

(y = 0,l,...,M-l).

□

Lemma 4.3. Assume that Condition (A) is satisfied in Iq = (0, 7o(£)), and that

u＼ satisfies

A{t,Dt,£)ul(t)=fl(t) ink.

Then

Vj = (tDt)jux (7 = 0,l,...,m-l)

satisfy

<

D,Vq = t lV＼

D,v＼ = t~lv2

Dtvm.x= r'i-bUt, Qv^ bm(t,Z)vo}+ r-tfyit,Q



where
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＼bj(t,Z)＼£C in /0~.

Namely, {v,} satisfy a (K)-standard system of equations

Proof. Let us denote

tmA(t,Dt^) =

then we have

tmD" + tax(t,£)(tm-lD -1) + ■■■+ tmam(t, ^

= (tDt)m+bl{t,£){tDt)m-l+--- + bm(t,£)

＼bj{t,£)＼^C in/0~

from Condition (A). Set

Vi = {tDt)Jui (j

then we have

from Aui = fx

<

Proposition

then there exists

D,v0 = t lv＼

Dtv＼ = rlv2

DtVm-1

= 0.1....

= t
x(-b＼vm-i

m-l)

bmvo) + tm~lfl

269

□

4.1. Assume that Condition(A) is satisfied in Iq = (0, lo(£)),

c > 0 a≪J C > 0 j-wcA r/za?

£o<y<w-i|I^i(0|2 ^ C'tc-2m+1
(s-^-^f^fds

((U)eV)
Jo

holds for u＼ satisfying(PA)M with M > c/2 ― m

Proof. From Lemma 3.1 and Lemma 4.3, we have

^Ctrclc^j^m.l＼(tDt)Jui(t)＼2

^C'|T-%^^w_1|(Ti)T)^1(T)|2 +
|^-C+2^-1)|/1(5)|2^|
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(0 < t < t). Since

we have
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^O^j^m-＼＼(iDx)JU＼{T)＼ = O(zm+M)

t-Zo^^KtDOWt)!2 = 0(t-c+2(w+m)) -> 0 (t - 0),

if M > c/2 ―m. Hence we have

rc+2(w-1)Eo<y<m_i|D/Mi(0|2^C'ff^+2^-1)|/1(^)|2^ (M>c/2-m). C
Jo

Now we come back to the problem(i)A), then we have

rM＼Mt)＼ ^ cM(i + |^|)^M){So^-^supo<^|i)//(.)| +So^-^-il^l}

from Corollary 4.1. Therefore, we have from Proposition 4.1.

Proposition 4.2. Assume that Condition{A) is satisfiedin Iq = (0, 7o(£)):

then there exist C > 0 and M > 0 such that it holds

^O^j^m-＼SUpIo＼DJtu(t)

^ C(l + |£|)?(m){Io^msuPJI)//(0| + I*zjzm-i＼gj＼}, (t,£)elo~

where u satisfies(PA) in 70~.

§5. Condition(B)

At first,we consider conditions (B-l), (B-2), (B-3)^, (B-4)^ about

P(t,T,0 = Xm +Pl(t,£)Tm-1 + ■■■+ pm(t,£)

= (T-Ti(f,O) ･･･(*-*≫≫(',0)-

Lemma 5.1. Assume that P(t,r,£) satisfies(B-l) in I~, then

Pj(t,T,Z)=nk*j{T-Tk(t,£)) (y=l,2,...,m)

are linear independent polynomials in t, and satisfy (B-5)i in 7~.
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Proof. Set

P,<t,TiZ)=nkfti(T-Tk(t,Z))

then we have

m―＼
S^yTitT1"-2 + Y.k<JlXh^XkXhTm-3 -■■■+ (-＼)m-XHk^Tk

T +D2t -^ ＼-bm,

Ifcl^cinl,

|*3|^C|Ti||T2

K＼ ^ C|ti||t2|---|tw_1|

from (B-l).

Lemma 5.2. Assume that P satisfies(B-l), (B-4)^ in I~, then

satisfies(B-5)^ in I~.

Proof. Set

P}(t,T,Z) = dtnk*jiT-Tk(t,Z))

= i^j(-Tf,(t,t))n^jA?-n(t,Z))

El -1＼(-.m―2 v -^_w―3 i v
^-~-W―4

then we have

+ (-ir-'iwr*}

+ {-i)m-＼nk^Tk]

= W-^){^2TW~2 + bnzm-3 + ･･･ + b,m},

IM^c|t,|,

|^3|^C|t,||t2|

＼bem＼̂ C|ti||t2|---|tw_i|
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from (B-l). Since
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VtfrA ^ ^

from (B-4)^, Pj satisifies(B-5)^.

Next, we consider(B-5)^ about

Q{t,T,£)=qi(t,Z)Tm-l+---+qm{t,Z)

= ^J^mfii(t^)PJ{t1r^).

□

Lemma 5.3. Assume that P satisfies(B-l), (B-2) in 7~, then Q satisfies

(B-5), /≪7~ #

|ft.(r,0I^C^,0 (y=l,...,m, (^)6r).

Proof. Since sufficiencyis easy from Lemma 5.1, we concider necessity.

Since (i)-}are distinct,we can descrive a closed curve Tj, on the complex plane,

enclosing only t = t,, and we have

fij(t,Z)= {2mrl
f
Q(t,T,Z)/P{t,T,Z)dT
frj

= (2ni)-x
＼
Q(t,T^)/{Ux<k<m{T-Tk)}dT
Jr.-

= Q(t, Tj,0/{ni Zk£m,k *j(V ~ ?k)}

Therefore we have

|ft-(r,oi = ie(^^OI/n*^|T,--rfc|

^ {＼q＼＼Hm~x + ■■■+ ＼<in,＼}/nk*j＼Tj - n＼

^ Ct{＼rj＼m-1 + |ti| ＼Tj＼m-2+ ■■･ + |t,| ･ ･ ■|Tm_i|}

/{nk>j＼Tj - Tk＼nk<J＼Tj - zk＼} (･.･(B-5)^)

S c't{＼Tj＼m-1 + ＼n＼＼tj＼m~2+ ■■■+ ＼n＼■■■|Tm-i|}

/{|T,-r-y"|Ti|"-|t>--i|} (V(B-2))

= C'<I>{Rj + R!j),

where



Rx

*j

Well-posedness of Cauchy problems

= 1

= Ny~7N ･ ･ ･ |T/_l I + |T/K~2/N ･■■＼Tj-l! + ･･･ + ＼Tj＼/＼Tj-i| + 1

(j = 2,...,m),

R;=l + ＼y+i＼/＼?j＼+ |t,-+i||t,-+2|/|t/ + ･ ･ ■+ |ry+1| ■･･ It^I/It,-!"1"'"-1

(y = l,...,m-2),

K
i-i
= 1, ^ = 0.

Hence we have

＼fij(t,Z)＼£mC't (V(B-l)).

Lemma 5.4. Assume that P satisfies (B-l), (B-2) in I~, then

7ij(t,T,£) =rl(t^)T2{t^)---rm.j{t^)rj-1 {j = l,...,m- 1),

_ _w―1
7TW = T

are linearly independent polynomials in x in I~. Set

1Cj(t,T, Q = S, zkznfijkit, QPk(t, T, 0,

?/?e≪ iY /26>/<i?that

|a;*(f,f)|gC, |^,0l ^C.

Proof. Since 7tj(t,z,£) satisfies (B-5)i, we have

nj(t,r,Z)='Llzkzmfijk{t,Z)Pk(t,T,£), ＼Pjk(t,£)＼g C

from Lemma 5.3. On the other hand, since

Pj(t, T, 0 = Tm~l+ bjX (t, QX^2 + ■■■+ bJm(t, 0,

|^(r,0l^c|T,(r,0IM/,0l-"M^0l,

we have

Pj(t, t, 0 = S, ^kf,mOLjk(t, Z)nk(t, r, ^), |a*(r, Q| g C.
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§6. Energy Inequalities in (Th-i(£),Th{ ))

Assume that

satisfiesCondition(B) in / = (7/,_i(£),7),(£)),where

Set

Pj(t,T,Z)=nk*j(T-Tk(t,Z)),

then we have

Set

A(t,Dt,0

= (A Tj(t,£))Pj(t,Dt^) + i(dtPj)(t,DhZ)

(A - Tj{t,£))Pj{t,DttZ)+ {i{dtPj)(t,Dt,Q + Q{t,Du£)}

= (A - Tj{t,Z))Pj{t,Dt,Z) + Qi(t,Dt,£),

then Qj satisfies (B-5)^, from Lemma 4.2, therefore

Q,(t,T,£)=I,lzkzmPjk(t,Z)Pk(t,T,Z),

where

|/^(/,0l^^(/,0 (y=l,...,hi, (^)er),

from Lemma 5.3.

Lemma 6.1. Assume that Condition(B) in I ― (7/,_i(^), !),(£)) arad w satisfies

A(t,D,,£)u = f, tel.

Set

Uj.= Pj(t,Dt,£)u,

then {uj} satisfy

(A - Tj(t,Z))uJ+ I.1zkzmPjk{t,£)uk =f (j = 1,2,... ,m)

where

Imrj(t^)^-C^t^) (j=＼,...,m),

＼Pjk(t:0＼SC<l>{t^) (y,A:=l,...,m)

in /~, that is, {≪,-}satisfya (B)-standard system of equations in I.
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From Lemma 3.2 and Lemma 6.1. we have

Proposition

(7*_,(O,7*(O),

Then it holds

275

6.1. Assume that A(t,T,£) satisfies Condition{B) in / =

and that u satisfies

A(LDt,£)u= f in r.

Zi*j*m＼Pj(t,DuZ)u(t)＼2

^lc{ ^i±j±m＼Pj{t,DhQu{Tk-X{Q)＼2+{ ＼f{s)2ds＼ in T

M-i(f) J

Lemma 6.2. Assume that A(t,z,£) satisfiesCondition(B) in /=(7/,_i(^)

Ti,(£)).then it holds

cx＼D?-lu

where c = mp(O).

Proof. Set

^^<i<m＼Pj(t,Dt,Qu＼^c2＼i＼ci:Q<i<m^＼Djtu＼

tfofn xxrp fiavf≫

in /~

l,...,m)

from Lemma 5.4, therefore

＼nj{t,Dt,£)u＼g CI,igkzm＼Pk(t,Du£)u＼.

Since nm(t,Dt,£) = D ~x , we have

dlD^ulZXizj^PjfaD^W

On the other hand, we have

Pj(t,T,Z)=I,1zkSm0ljk(t,{)nk(t,T, ), ＼*jk{t,)＼g C

from Lemma 5.4, therefore

＼Pj{t,Dt,£)u＼g. CL^k^m＼nk(t,Dh^u＼.

Remarking that



276

we have

therefore
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＼Tj＼SC＼^＼

＼nj(t,Dt^)u＼SC＼^m-j)p{0)＼DJt-lu＼

Zizi*m＼Pi(t,Dt,Z)u＼ S c2＼^o^j^m-i＼D{u □

Proposition 6.2. Assume that A(t,z,£) satisfies Condition(B) in 1 =

{Th-＼(Q, Th(£)), and that u satisfies

A(t,Dt,£)u = f in r.

Then it holds

ZoSjt,m-＼＼DJtu{t)＼2

s ciac
h
^j^m-i＼D]tu{Th.x^))＼2+

＼
＼f{s)＼2ds＼in T

I JTh-M) )

Proof. We have

＼D?-lu(t)＼2£C＼Z＼c
{la^j^m-i＼D{u{Th^))＼2

+
[
＼f(s)＼2ds＼in T

from Proposition 6.1 and Lemma 6.2.On the other hand, since

＼D{u(t)＼^＼D{u(Th^{Q)＼ +
ft
＼D{+lu{s)＼ds in I~

Jzwa

we have

lQZj<Zm-2＼D{u(t)＼2

S cU0^j^m.2＼D{u(Th.^))＼2 +
f

＼D?-lu(s)＼2ds＼ in I~. D

The theorem stated in §1 follows directly from

Proposition 6.3. For
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the interval (0,7") is assumed to split into sub-intervals If,= (7/,_i(£),7/,(£))for

＼£＼> Ko (h = O,l,...,N,Ko> 0), where

0 = T-x < 7b(O < Ti(O < ･ ･･ < 7V_,(O <TN = T,

and A(t,r,£) satisfies Condition(A) in 70 fl≪<iCondition(B) in If, (h = 1,...,A^).

L^? u be a solution of (PA), then for any pi (^. m ― I), there exist positive

constants Cfi, c(pi), M(/u) such that it holds

£0^7^^SUp/|i)/w(?)|2

gCAI(l + |^|)^){ZOg^^)Sup/|Z)//(O|2+Xog^≪-ito|2}

w (O,7)x{|cfl>^o}.

Proof. From Proposition 4.2 and Proposition 6.2, we have

2o^^w-isup/|i)/w(r)|2^C(l + |^|)c{2:o^^MSup/|l)//(?)|2+i:o^^w-i|^|2}.

Energy estimates for derivativesof higher order than m ―1 follow from the

equation A(t,Dt,£)u= f. □
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