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CAUCHY PROBLEMS RELATED TO DIFFERENTIAL
OPERATORS WITH COEFFICIENTS OF GENERALIZED
HERMITE OPERATORS

By

Xiaowei XU

1. Introduction
As an example, let us consider the Schroédinger equation:
{D, + D2 + V(x)}u(t,x) = 0,

where D, = (1/i)(0/dt), Dy = (1/i)(d/0x). In the harmonic oscillator case, where
the potential energy function V(x) is equal to x2, X. Feng ([1]) considered it as
follows.

As is well known, the Hermite function

AN
Dy(x) = (012%) 7V (=1)*n /4 /2 (&) e

is an eigenfunction of the Hermite operator H = D? + x?

eigenvalue 2« + 1, that is,

, corresponding to an

H,(x) = (204 1)Dy(x)

for any ael, = {0,1,...}. Moreover, {®,|ael,} is a complete orthonormal
system of L%(R), and ®,(x) belongs to S(R), where S(R) is the L. Schwartz
space of rapidly decreasing functions in R ([2]).

Suppose u(t,x) € S’(Ry) for fixed 7, where S’'(R) is the conjugate space of
S(R), and set

uy (1) = {u(t, x), @y(x)).
Then the Cauchy problem

(D;+ Hu(t,x) =0 (0<t<T, xeR),
( ){u(O,x)zé(x) (xeR)
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is reduced to the Cauchy problems of ordinary differential equations
(@) {D/+ Q2o+ N}u(t)=0 0<t<T),
*| ug(0) = @,(0).

Therefore, the solution u(¢, x) of the problem (A4) can be formally represented by
making use of solutions {u,(f)} of the problems (a),. More precisely,

u(t, ) = Y ta()®e(x) = Y By(0)e VD, (x).

ael, aely

X. Feng proved that u(t,x) € S'(R,), owing to the Hermite expression theory in
S’(R) (B. Simon [3]).

How about anharmonic oscillator cases? Suppose that {¢,(x)} is a complete
orthonormal system in L2(R), where ¢,(x) is an eigenfunction of the generalized
Hermite operator L = D2 + x%+ x* + 1, corresponding to an eigenvalue 4,. Then
the solution of the Cauchy problem of the Schrédinger equation

(D,+ Lyu(t,x)=0 (0<t<T, xeR),
{ u(0,x) = d(x) (xeR)

can be given by

u(t,x) = Y $,(0)e M, ().

ael,
Qur aim in this paper is to prove u(t,x) € S'(Ry). In the following, this problem
will be considered in a more general situation.
2. Preparations
Let us define a generalized Hermite operator L by
L= (L,...,Ly),
Li=D+V(x) (j=12,...,n),

where Vj(s) is a C*(R)-function satisfying the following conditions: there exist
0; >0, cg>0, and Cr >0 (kel,) such that

{ Vi) = al+I)®  (VseR),
IDEV(s)] < Gl +[s)® (Vs R).

LeMMA 1. There exist {$u(s)}ic;, satisfying the following conditions, where
$i(s) is an eigenfuction of L;, corresponding to an eigenvalue Aj.
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DO0<Ao<ii < - <A < ---, and there exists py, > 0 such that
0
ZA];"" < 400.
k=0

2) @y (s) is real valued, and {$;(s)}cy, is a complete orthonomal system of
L?(R).
3) ¢u(s) € S(R), and there exist C(I) > 0 and p(I) > 0 for any [ € I, such that

Igll; = > sup s” D ¢;c(s) < e (vkel)
a+f<l

holds.

Lemma 1 is proved in [4] under assumptions slightly different to ours, but it
is proved similarly.
Now, for any a« = (a1,...,%), B=(By,...,B,) €], we put

o (x) ZH;I:1¢j,aj(xf)’ Ay = (/11,0117"")'",%%

L=l f=m, i

759

and denote
A={i|ael}
= {(410, 420, - - -, An0), (411, 420, - - -, An0), (A10, A215 - -5 o), - -}
Using Lemma 1, it is easy to prove
LEMMA 2. ¢,(x) is an eigenfunction of L? corresponding to an eigenvalue /lf ,

and they satisfy
1) there exists py > 0 such that

D 1l ™ < 400,

n
aell

2) {#y(x)}ye 1n i a complete orthonomal system of L?*(R"),
3) ¢,(x) € S(R"), and there exist C{l) >0 and p(l) >0 for any l €I, such
that

I4all; < CD)|2"" (Yo e 17).

Here we call {4,(x)},¢;» a family of generalized Hermite functions.



772 Xiaowei XU

Let s be a space, whose element

a= () yesr = (ao,..0,a1,0,.0,00,1,0,..0,---) (as€C)

y Ly Usee

satisfies

lal, == sup |ay| |2a]"* < 40 (VheL,).

n
ael}

s is a Fréchet space with a countable set of seminorms {|a|,},.,, . Let 5" be the
conjugate space of s. Namely, s’ is a set of all linear continuous mappings from s
to C. More precisely, let be s/, that is, b:s3a — (b,a) € C. Then there exist
h >0 and C > 0 such that it holds

I<b,ad| < Cla|, (Vaes).
LemMma 3. 1) Let f(x) e S(R") and set

a(f) = {a&(f)}ocelj_‘? a“(f) =<f, ¢a>'

Then
S(R") > f(x) —a(f)es

is linear continuous. More precisely, there exists Cy, >0 for any h such that

la(Ny < Call fllans @1y (‘5 = max 51‘)-
2) Conversely, let aes and set
f(x) =" audy(x).
Then
ss3a— feS(R")
is linear and continuous. More precisely, there exists C; > 0 for any | such that
1£1l; < Cilalypy+2p,-

Moreover, a(f) = a holds.

Proor. 1) For any hel,, it holds
[a(/)lay = sup laz(f)]1Aa)"

< Cpsup(Af 4+ + A 3 VS, )

n
aell
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and

l}jajl<fu ¢oc>| = l<fa Ljh¢a>l = |<Ljhfa¢a>| < ”Ljh.f”L2

Hence
la(f)lan < Ch D ILIS N2
J=1

On the other hand, since

D% V(x| < Ce(1+ ;)™

we have
h
”L,hf = H(Di, + V() iz < G Z ||xerfjf 12 < Gl fllansagsyn
r<20h
B<2h

Therefore, we have
la(f)on < Cull fllans24 18-

2) Conversely, let a = {a,},. > then we have from 1) and 3) of Lemma 2,

> laxdlly = D laal gl

n n
aell ael]

< D lal C()]A "

n
aell

< C(1)sup lag| 4]0 S 1247

ael]
= C/(I)|a|2p(1)+2p0

for any /. Therefore, >, » a.4,(x) is a convegent sequence in S(R). Hence, set

)= aupy(x).

ael?
;

Then it holds that

”f“l < Cl(1)|a|2p(1)+2p07
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and

ap(f) =<frdp> =D 0l bp> = 5.

n
ael

Thus a(f) = a holds. O

LemMa 4. 1) Let T e S'(R"), and put
b= {bd}aelfy boc = <T7 ¢a¢>'

Then

i) there exists h > 0 such that |\b|_, := sup|by| |);D¢|_h/2

< 00,
il) b:s3Va— > auby € C belongs to s,
iii) for any f € S(R"), it holds

(T[> =) butalf), ax(f) =S80
2) Conversely, let bes'. Then T : S(R") > f — <b,a(f)) belongs to S'(R").

Proor. 1) i) Since T :S(R")2¢ — (T,¢) e C is continuous, there exist
C >0 and /> 0 such that

|b2] = [T, $u>| < Cligyll; < CCU) AP,

using 3) of Lemma 2. Hence we have [b|_,,;) < +oo0.
il) Let 4 be the number in i). Then we have

|bal [Aa] " < C (Yo I).

Therefore, we have
D laal lbal < €Y lal| 242
o o

< CY |27 sup |ay] [ A7

= C,|a|h+2p07
for any a = {a.},c;p €5, where we used 1) of Lemma 2. Hence

bissa—<bay=) ab,eC

is a linear continuous mapping, that is, b belong to s'.
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iii) Let f(x) € S(R"). Then we have

fx) =" ax(f)da(x) in S(R"),

where a,(f) = {f,4,> (a €I}) from 2) of Lemma 3. Hence we have

(T, f>= <T,Zaa<f)¢a> =" au(fXT,¢,> = as(f)ba
2) Conversely, for any f(x) € S(R"), we have a(f) = {a,(f)} €, and there
exists C, > 0 for any h eI, such that
la()n < Call fllans @10
from 1) of Lemma 3. Let b es’. Then there exist C >0 and 4 > 0 such that
Kb, a(f)] < Cla(f)ly:
Therefore, we have
[<b,a(/)| < Cll fllns 1)
Hence
T:S(R") s f—<ba(f)>eC
is a linear continuous mapping, namely T e S’'(R"). O
We say that u(z,x) € B*([0, T],S'(R")), iff
u:[0,T)at— u(t,x) e S'"(R")
is continuously differentiable up to order 4 in the sense of simple topology of
S’(RM).
LemMA 5. 1) Suppose u(t,x) € B*([0,T],S'(R")), and sét
uz(2) = <u(t, x), §o(x))-

Then there exist C >0 and p > 0 such that
|Dluy(2)] < ClAu)P (eI, 0<j<h).
2) Conversely, suppose

|Dlua(1)] < Claf?  (xe1], 0<j <h),
+
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and set
u(tv x) = Zud(t)¢a(x)7
that is,

u: S(Rn) 3 f - <u(t7 x)’f> = zua(t)<¢a(x)af(x)> = Zua(t)aot(f) eC
for te[0,T). ‘Then u(t,x) € B([0, T}, S'(RD)).

Proor. 1) Suppose u(t,x) € B*([0, T], S’(R")), then H = {u(t,x)|t€[0,T]}
is a bounded set in S’'(R") in the sense of simple topology. By using the
fundamental lemma of Fréchet space ([5]), there exist C >0 and /y > 0 such
that

IKu(t, x),6(x)>| < Cligll, (V2e€[0,T], V¢ e S(R")).
Therefore, it holds
lua(1)] = [<u(t, %), $(X))] < Cligall), (2 €1]).
Besides, since
Ially, < CClo) 2"
from 3) of Lemma 2, we have
lua(1)] < CClo) 2.
In the same way, we have
|Dlug(1)] < ClAo)P (2l j=0,1,2,...,h).
2) Conversely, suppose
|DJuy(t)| < Clag|P. (xelIl, j=0,1,2,...,h),
and set

u:S(R") 3 f — ul, x),f(x)) = Z uy(t)a.(f) € C, ay(f) =S é-

n
aell

Then u(t,x) belongs to S'(R"), from 2) of Lemma 4. Since
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Z D{ud(t)aﬂ(f) (] = 0> 17 e 7h)

aell
are uniformly convergent sequences in [0, 7],

DI<u(t, x), f(x)> = DIy uz(t)au(f)
= ZD{ua(t)aa(f)'

Therefore, we have

IDI<u(t,x), ()] < 3 laal£)| Dlua()]

< Y la( Nl

By using 1) of Lemma 2, we have

> lax(l1aal” = sup lax(/) 12l S [dul 7"

n
ael}

< ‘a(f)‘2p+2p0 Z |4l P

ael!

= Cla(f)|2p+2p0‘

On the other hand, by using 1) of Lemma 3, we have

la()2ps2p = CUS Nans2651)(pto) -

Hence
|D{<u(t» x)vf(x)>| < C”f||2n+2(6+1)(p+po) <+ (t € [Ov T]? j=0,1,... 7h)’
that is, u(t,x) € B*([0, T], S'(R™)). O

3. Cauchy problems

Let us consider Cauchy problems related to differential operators with
coefficients of generalized Hermite operators
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P(D,, L)y = P,(L)D]" +--- +_P0(L),

PL)y= Y auplf= > ap. gLt L,

Bl <m; Byt tB,<m

where a;, are constants and m; are non-negatve integers. P(D,, L) is called an
evolution differential operator with coefficients of generalized Hermite operators,
iff
(I) there exist C; >0 and p; > 0 such that
|Pu(A)] = CIIA™" (VAeA),
(IT) there exists k > 0 such that
Liti(A) = —k. (VAieA, 1<j<m),

where

P(r,4) = Pu(A) (= 71 (4)) -+ (z — Tm(4))-

THEOREM 1. Suppose P(D, L) is an evolution differential operator with
coefficients of generalized Hermite operators. Let

f(t,x) e B'(0,T],S'"(R})), ¢(x)eS'(RY) (0<j<m—1).

Then there exists unique solution u(t,x), belonging to B"*™([0,T],S'(R")), of the
Cauchy problem:

] PP Lult,x) = f(6,x) (0<t1<T,xeR"),
( ){D{u(t,x)l,=o=gj(X) (xeR"0<j<m—1).

PrOOF. Let
uu(t) = <M(I,X), ¢a(x)>’
£:(8) = {f(4,%),8,(x)D,  gj.a = <gj(x), B (X))

Then the problem (A) is reduced to the Cauchy problems of ordinary differential
equations:

{Pm(Aa)D]" + - - + Po(Aa) }us(t) = fo(t) (0<t<T),
( )G{D{ua(t)lt:():gj,a (j:O,l,Z,...,m—l).
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The solutions of (@), can be represented as

o

m . t
u(t) = 3 by DT W (8, ) + iP(2)” J LWt — s, 1) ds,
J=1 0

where

Pm().a) ez
w o) = )
(£, 4) 2mi £ P(z, la)dz
) "
boa = go,a,  bju = gja — bi1,aDTW(0,4,) (1<j<m— 1),
i=1

and y is a closed curve inside of which all zeros of P(z,4,) with respect to z are
containd. By evaluating the above representation, there exist C >0 and p > 0
such that

m—1 max(k—m,0) )
|D¥u,(1)] < cw{z 9l + D sup IDifu(s)I}
=0 =0 0<s<t

0<t<T,0<k<m+h).
Since g;(x) € S'(R") (0 < j <m—1), there exists g; > 0 such that
Sup |g;,a] |44 ™? < +o0
aell
from 1) of Lemma 4, and since f(t,x) € B"([0, T],S'(R")), there exists g» > 0
such that

sup sup [D]£,(0)] 27" < +oo,

ael? 0<i<T
from 1) of Lemma 5. Therefore, we have
IDfus(£)] < C'||"H (1€[0,T)), ael”, 0 <k <m+h),
where ¢ = max(q;,q>). Finally, set

u(t,x) = Z Uy (1), ().

Then u(t, x) belongs to B*+™ ([0, T], S'(R")), from 2) of Lemma 5, and becomes a
solution of the problem (A). The uniqueness of the problem (A) follows from the
uniqueness of the problems (a),.
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ReMARK 1. Let

P(D,L)=D,— Y apL?.
BI<N

Then P is an evolution operator, iff there exists k£ > 0 such that

I Y apill = —k (Vi€ A).
|Bl<N

REMARK 2. Let

P(D,,L)=D}- Y ol
IBI<N

Then P is an evolution operator, iff there exists k > 0 such that
S Reaphl, > Lnagil | e (Ve A),
IBl<N IBl<N
where
Q={(X,Y)| Y2 <kX or X*>+Y? <k}.
For example,
D? — {L}+---+ LI +i(L — Ly)},
D} —{L} +-+ Ly +i(L - L)},
D} —{L{L3 +i(L — L2)}

are evolution operators.
The paper has finished under the kind guidance of Prof. Reiko Sakamoto and
Prof. Sadao Miyatake. I am deeply greateful to them.
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