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REAL HYPERSURFACES IN A COMPLEX

HYPERBOLIC SPACE WITH THREE CONSTANT

PRINCIPAL CURVATURES

By

Jun-ichi Saito

1. Introduction

Let Hn{C) be a complex hyperbolic space of complex dimension n (>2)

with the metric of constant holomorphic sectional curvature ―4 and M be a real

hypersurface in Hn{C) with the induced metric. We denote by / the natural

complex structure of Hn(C).

S. Montiel 141 gave the following classificationtheorem.

Theorem. If M is a connected real hypersurface of Hn{C) (n > 3) with two

distinctconstant principal curvatures, then M is holomorphic congruent to an open

part of one of the following real hyper surfaces of Hn(C): a geodesic hypersphere in

Hn{C); a tube around Hn^＼(C) in Hn{C); a tube of radius ln{2 + ＼/3)around

Hn(R) in Hn(C); a horosphere in Hn(C).

Moreover, J. Berndt [1] classified ail real hypersurfaces with constant

principal curvatures in Hn(C) under the assumption:

(C) The structure vector fieldis principal.

In thispaper we prove that Berndt's theorem holds without the condition (C)

for the case where the number of constant principal curvature is three and n > 3.

More oreciselv.

Main Theorem. Let M is a connected real hyper surface in Hn(C) (n > 3)

with three distinctconstant principal curvatures. Then M is holomorphic congruent

to an open part of one of the following hyper surfaces:

(a) a tube of radius r e R+ around Hk(C) for a k e {1,... ,n ―2},

(b) a tube of radius r e R+＼{ln(2 + v^)} around Hn(R).
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I would like to express my gratitudeto ProfessorR. Takagi for his useful

advice.

2. Preliminaries

Let n > 3 and Hn[C) be a complex hyperbolic space with the metric of

constant holomorphic sectional curvature Ac (c < 0) and M be a real hyper-

surface in Hn{C) with the induced metric. Choose a local field{ei,...,^2≪} of

orthonormal frame in such a way that, restrictedto M, the vectors e＼,...,^-1

are tangent to M. Hereafter let the indices /,j,k,I run through from 1 to 2n ―1

unless otherwise stated. We denote by #/,% and Qy the canonical 1-forms, the

connection forms and curvature form of M respectively. Then they satisfy

(2.1)

(2.2)

j

dOy /
^

Oik A @kj + Rij

k

Let / be the natural complex structure of Hn(C) and (///,/t) be the almost

contact structure of M, i.e.,/(<?,)=Yl,iJjiej + fie2n- Then (Jij,fk) satisfies

(2.3) J2J*Jv = ftfj-dv> £-M' = °
k

/? = 1

j

Jij + Jji = 0

The vector field Ylifiei *s called the structure vector field of M.

Let (j>tbe 1-forms of M such that Y^i^fit *s the second fundamental form of

M for ein- Then the parallelism of / implies

(2.4)

(2.5)

dJa Y^(J*0V-JJk0H)-fi*j + fjti

k

k

The equation of Gauss is given by

(2.6) Rij = </>tA </>j+ C6i A0J + C
Y^{JikJjl + JijJkl)Rk

A O[

k.l

The equation of Codazzi is given by

(2.7)

J j,k



3. Formulas
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In this section we assume that all principal curvatures x＼,...,X2n-i (not

necessarily distinct)of M for ein are constant. We may set </f{= XjOj.Then by

(2.1) and (2.7) we can write the connection forms #,-,･in the form

(3.1)
{xt - Xj)Oij= c^2{Aijk + ftjjk+ fjJik)dk

k

where Aijk= Ajik = Aikj (cf.[5]).In particular, we have

(3.2)

(3.3)

Aijk = -ffy ~ fjJik if Xi = Xj

fiJjk = 0 if xt = Xj = xk.

We quote an important formula

(3.4) 2c2
xy (M + Mj + fiJkj)2

V Xk~Xi

^(Ajk+fkJji+fjJki)2

k Xk - Xj

- 6c(xi - xi)Jl + 3c(Xjff - Xjfi) - {xt - xMc + xtXj) = 0

(cf.[5]).

For an index /, we denote by [/] the set of indices j with x;-= xj. Then it is

obvious that the vector Ft = Y2je[i＼fjej*s independent of the choice of ortho-

normal frame {e/||ye [/]}for the eigenspace belonging to Xj. Therefore for any

index / we can indicate a specialindex i' so that the vector F, linearly depends on

e,v.In other words, we can choose an orthonormal frame for the eigenspace

belonging to x( so that fj = 0 for j e[i]＼{i'}.In the same way, for J^ (j is any

index and fixed and k is the index that Xk ＼"xt>),we can indicate a special index

k' and choose an orthonormal frame for the eigenspace belonging Xk> so that

Jji = 0 for le[k]＼{k'}.

Hereafter we assume that dim M > 5 and that M has three distinctconstant

principal curvatures x, y, and z. Let m(x),m(y) and m{z) be the multiplicitiesof

x, y and z respectively. We shall make use of the following convention on the

range of indices:

1 < a,b,c < m(x), m{x) + 1 < r,s,t < m(x) + m(y)

m{x) + m(y) + 1 < u, v,w < In ― 1.

Now. we auote a Lemma.



0

(4.6)

(z - x)(z2 -yz + 2c){fu5vw - fv3uw) = 0,
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Lemma 3.1([5]). If fJrfu±0 then

faT.frJ* ~ft JZfrJra = 0, /flV/tt4 - fb T fjua = 0,

(3.5) fr^ZfaJas
a

fuYjfJao - fvJZfaJau = 0, /8^ - f^fJru = 0

4. Proof of Main Theorem

It is sufficient to prove that two of fa,fr and fu are 0. For this, first,suppose

that fafrfu ^ 0. Then, from (3.3), Jab = Jrs = Juv = 0- We quote equations which

are obtained by taking the exterior derivative of Jab = 0, /, = 0 and Juv = 0.

r u u

~ fs Z-^ fa Jar = 0, fr ^ fuJus ~ fs /_^ fu^ur

a u u

~ f" Z-^ fa^au = 0, fu 2__j fr^rv ~ fv /_^ frJrt

a r r

(4.2)

(4.1) 2c{y - z) Y^ifaJbu - fbJauVuc

u

_ (z _ X)(X2 _ yx + 2c){fa3bc - fbdac) = 0

My - z) J2(faJbr - fbJar)Jrc

r

- (x - y)(y2 -zy + 2c){fr5st- fsdrt)

2c(z - X) ^2{frJSU ~fsJru)Jut

u

= 0

(4.3)

(4.4)

(4.5)

- (x - y){x2 -zx + 2c)(fa8bc - fb3ac) = 0,

2c(z ~ X) / ＼JrJsa~Js^raJ^at

a

= 0

- (y - z)(y2 -xy + 2c)(frdst- fs5rt)= 0

2C{X - y) ^2(fuJvr - fJurVrw

r

-{y- z)(z2-xz + 2c)(fuSvw- fv3uw)

2c(x - y) ^2(fuJva ~fvJua)Jaw
a



(4.7) 2c(y-z)

(4.8) 2c(y-z)

(4.9) 2c(z - x)

(4.10) 2c(z-x)

Real hypersurfacesin a complex

£/?->>JL
a.u

)

- (z - x){x2 - yx + 2c)(m(x) - 1) = 0,

(£/≪
- £･#) ~(x- y^*2 - + 2c)(m(x) - 1) = 0,

( E/≪
- E4 J - (x-y)(y2-zy + 2c)(m(y) - 1) = 0,

＼ a r,u I

(4.11) 2c(x - y) V£f2a - Y^JrA
~{y- z)(z2 -xz

+ 2c)(m(z) - 1) = 0,

＼ a r,u )

(4.12) 2c(x-y)

(cf. [5]).

fe/?
a,u /

(z-x)(z2-yz + 2c)(m(z)-l) 0
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Lemma 4.1. If fafrfu # 0 then m(x), m(y), m(z) > 2.

Proof. At first,we assume mix) = 1. Then from (4.7) and (4.8) we have

(4.13)

which imply

/ jJ r Z-j au> /
^J
u ~ / ^ari

r u u r

m(y) = £･£+£･£+£/?
r

= £

u

r, u
r

J u ' /_^ Jru ' /_, Jau
r.u

= m(z).

Hence m(y) = m(z) > 2 since dim M > 5. Then from (4.9) and (4.12) we have

y2 ―zy + 2c = 0 and z2 ― yz + 2c ―0, and so

(4.14) z = -y, y2 = -c.

On the other hand, from (4.3), we have {frJsa - fsJra)Jat= 0. Multiply the
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equation by Jtu and sum over t. Then, since Ylt JatJtu ― fafu ^ 0> we have

(4.15) frJSa-fsJra=0.

Similarly from (4.6), we have

(4.16) fuJva-fvJua=O.

Here we indicate a special index r' (resp. u') and choose an orthonormal frame

{er} (resp. {eu}) for the eigenspace belonging y (resp. z) so that fs = 0 if s # r'

(resp. /, = 0 if u # u'). Then /r,/M, #= 0. Put r = r', s # r' in (4.15) and u = ≪',

y # u' in (4.16) to get

(4.17)
"SCI ― "va = 0 s^r'v^u

From (2.3)and (4.17) we have

hence

(4.18)

Similarly,we have

(4.19)

" ― Ja^sa ― Ju'^su'i

Jsu' = 0 s ^ r

Jr'v = 0 V # U'.

From (2.3)and (4.17),we have

(4.20)

u u

/
j

Jsu^ur ― JsJr Rsr ― vsr

u

if s ^ r'. We shall take the exterior derivative of Jsa = 0 (s =£r'). From (4.17)

(4.18),(4.19) and (4.20), we have

(4.21) Jar'Qr's+ /_^ ^su^ua ~ Jau'^u's + yfa^s = 0

u

We shall take the exterior derivative of fs = 0 (s # r').From (4.17),(4.18), (4.19)

and (4.20), we have

(4.22) faOas + fr'Or's+ Zulu's ~J^ J^

u

u=0
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Canceling Qr,sfrom (4.21) and (4.22), we get

Jar'1 ~T-Ja Y^A + faJsu)Ou

^ j u

+
c

fu>

Hence

c

2c2

r ＼u I

Jarl
0

" ^u'a^ar' ― / J u'k^kr

k

J ft

･

)

}

r

= f ,f

u

0'

}

= °

1, we have
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Q.E.D

z -

I

y

z ― x

c /

I Jau1Aasuiua A
y

^JuiJauiJvsuz y ＼
v

Taking account of the coefficients of 0a, we have

Here we assert fu,Jar, - fr,Jau, ^ o. If not so, multiplying {fu,Jar, - fr,Jau,) = 0 by

/,/, we have

0 = flJar' ~ frJu'Jau' = (fl + fl)Jar>.

But (2.3) implies that

which contradicts fr,fu,# 0. Hence Aasu, = 0. Putting i = s (*r') and j = u' in

(3.4), we get

z-y

by (3.2) and (4.18). From this equation, (4.14) and TJUJ?:S =

^2(/M2'-i) = o.

Hence f＼,= 1, which contradicts(2.3) and fr,^ 0.

We can prove similarlyin the case where m(y) ―1 or m(z) = 1
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Now multiply (4.1) (resp. (4.2)) by Jcr (resp. Jcu) and sum over c. Then by

Lemma 3.1 we have

(4.23) (x2 - yx + 2c){faJbr - fbJar) = 0.

Similarly from (4.3), we have

(4.24) (z2 - xz + 2c)(fuJm - fvJua) = 0.

Since x2 ―yx + 2c # 0 or x2 ―zx + 2c =£0, we may assume x2 ―yx + 2c =£0.

Then (4.2) and (4.23) imply x2 - zx + 2c = 0. Hence z2 - xz + 2c # 0. In fact,if

z2-xz + 2c = 0, then x = -z and it follows from (4.10) and (4.11) that y2-

xy + 2c = 0. Hence y2 + zy + 2c = 0. From (4.8),(4.9) and x2 - xz + 2c = 0 we

have y2 ―zy + 2c = 0. Then we have yz = 0, which contradicts c # 0. Hence

(4.6) and (4.24) imply z2-jz + 2c = 0. Then (4.7) and (4.12) imply x2 -

yx + 2c = 0. From x2 ―xz + 2c = 0 we have x = 0, which contradicts c # 0. We

can prove similarly if x2 ―zx + 2c # 0.

Owing to the above result,we may set fa = 0.

Next, we prove frfu = 0. For this,we suppose that frfu # 0.

We need to consider three cases.

Case 1: m(y),m(z) > 2. Then Jrs = Juv = 0. Here we indicate a specialindex

r' (resp. u') and choose an orthonormal frame {er} (resp. {eu}) so that fs ― 0 if

5 # r' (resp. /, = 0 if v # ≪').Then, from (2.3), we have

Q = Y,fiJir=fu>Ju>r

i

Hence

(4.25) /,, = 0.

Similarly

(4.26) Jr,u= 0.

If m(x) > 2, then we choose an orthonormal frame {ea} so that J＼r>̂ 0,

Jar'= 0 if a # 1. Then, from (2.3),we have

0

i

Hence J＼a= 0 for any a. Similarly we get



(4.27)

(4.28)
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J＼s = J＼v = 0 if s -£r＼ v # u',

Jau'=0 if a ^ 1,
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from (2.3). Taking the exterior derivative of Jr'u= 0 and fs = 0 {s # r'),we have

/r'l^lu-
Y] JuaOar'

~
V JuS0sr>

~
fr4u + fu<$>r>= 0,

a

r'Vr's + Ju'Vu's

b

Canceling 6r>sfrom these equations, we get

fr<Jr'＼̂2,{A＼uk + fuJ＼k)Ok

k

c

V

fr>^2 Jua ^2(Aar'k + fr'Jak)Ok

a k

X

c

z

+

x-y

+ T~zfu'
Yl JusJ2(Asu>k + f^u'k + fu'Jsk)Ok

y s k

b,s

JbsJus<l>b+
^2JvsJus(/>v

- fr4u + futr' = °-

S.V

Taking account of the coefficientof 0t (t # /) and using (2.3), (4.26), (4.25),

(4.27) and (4.28), we have

Jr'lMtu = 0.

Hence

(4.29) Alsu = R ls±r').

Similarly, from dJrui = 0 and dfv = 0 (v # u'), we have

(4.30) ^in, = 0 (v^u1).

Now put / = 1, j = s {s＼=r') in (3.4). Then, using (3.2), (4.27), (4.28) and

(4.29), we have

-{x-y)(c + xy) = 0.

Hence

(4.31) c + xy = 0.

Moreover put /= 1, j = v (v # u') in (3.4). Then, using (3.2),(4.27), (4.28) and



0

■j)
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(4

(4

30), we get

32)
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c + xz = 0

Canceling c from (4.31) and (4.32), we get x ― 0, which contradicts c # 0.

If m{x) ― 1, then we can get same equations (4.27),(4.29), (4.30),(4.31) and

(4.32) and prove similarly.

Case 2: m(y) = l,m(z) > 2. So we can indicate a special index u' and

choose an orthonormal frame {eu} so that fv ―0 if v ^ m'. Moreover from (2.3)

we have

(4.33) Jru = 0.

Then ^aJauJav = ^w - /u/y- This implies that there are m(z) linearlyindependent

m(x)-dimensional vectors. Hence, m{x) > m{z) > 2.

Let us take the exterior derivative of fa = 0. Then, using (2.3), (2.4), (3.1)

and (3.2), we have

(4.34)

(4.35)

(4.36)

(

x l u ＼x y x z

c

Jr-^aru ―

/ +

0

(

c-fl+^
J v

X Z '
J^m'

v

get

jJar

I au

3c(x - y) v^ 2K
x_z
JJ2fi-yx~zx+2yz+c

u

a

4 1 f21 ~ J r f2,
J u'

f2
J r yx + zx ―2yz ― c ―

3c(x

x-y

Canceling Aaru from (4.34) and (4.35), we

frJar

l 3c(x ―z)

sincef? + Zuf2u =

by (2.3) we have

x-y r

1. We assert Jar ^ 0. In fact, we suppose that Jar = 0. Then

which contradicts frfu ^ 0. Hence it follows from (4.36) and the relation

fi + yMf≪ = l that

3c(y-z){2x- y-z)
(x- y)(x-z)



Real hypersurfaces in a complex 363

If 2x ― y - z # 0, then f2 is constant. Taking account of the coefficient of 6a in

dfr = 0, we have

(4.37) (x - y)(x -z) + x(x - y)+x(x-z) - c = 0.

This equation holds if 2x ― y ―z = 0. From (4.37) and (4.36), we get

(4.38) c(x - zff) + c(x - y)2f2uf + (x - y)2(x - z)2 = 0.

Now we choose an orthonormal frame {ea} so that J＼u>=£0, Jau> = 0 if a ^ 1

and then, for a special index v' e [u]＼ur,J2v< ＼"0, Jav> =0 if a # 1,2. Then, from

C2.3V we have

(4.39)
J＼a = Jla = J＼v' = 0

Jar = 0 if a^ 1.

Put a = 1 and u = v' in (4.35) to get

(4.40) AXn, = 0.

Then putting /= 1, j = v' in (3.4), from (4.39) and (4

-(x - z)(c + xz) = 0

Hence

(4.41) c + xz
0

40), we have

Taking account of the coefficientof 6U in dJuv = 0, we have z2 ―xz + 2c = 0.

From this and (4.41), we get z2 = ―3c, 3x2 = ―c, z = 3x. Then, from (4.37), We

have v = 0. On the other hand, puting a = 2, u ― v' in (4.35), we have

(4.42)

Put i = 2, j

cfrA2rv'= -2cfl,J2v

= v' in (3.4).Then, from z = 3.x,3x2 £ y = 0 and (2.3), we have

―, {-3(-2fl + fr)2 + 6frfl + (-2/J, - fjf - 6/r2}= 0

Hence

-(2/r2- I)2 = 0.

Then f] = /＼,= 1/2, which contradicts(4.38).

We can prove similarlyfor the case m(y) >2, m(z) = 1
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Case 3: m(y) = m(z) = 1. Then m(x) > 3. Moreover Jm = 0. Hence Ja＼,# 0

since rank J = 2n ―2. Let us take the exterior derivative of fa = 0, then, using

(2.3),(2.4), (3.1) and (3.2), we have

(4.43)

(4.44)

(4.45)

(4.46)

c-fr+^
x-y

c

x ―z
Ju^-aru ―

Jr^aru
x- y

(4.47)

Jau

Hence, from (4.44), we get

(4.48)

(4.49)

(4.50)

Canceling /

2c2

x-y

2c2

J＼,

(

Aam

x ― z

3c

f2
J u ― x

0

J r ^ZT^ZJu z jJau-

t2 _ rl

a#l.

) and /

= 0

(

X -y

c

x-y

It follows from (4.43)and the relationfj+fl = l that f] is constant.Taking

account of the coefficientof Ba in dfr= 0, from (4.44) and (4.45) we have

(x - y)(x - z) + x(x - y) + x(x - z) - c = 0

Now we choose an orthonormal frame {ea} so that J＼r# 0, Jar ―0 if a ^ 1

Then, from (2.3), we have

f2J ui

0, J＼a = 0 if a # 1

= 0 if

We put i = 2, j = r in (3.4).Then, from (4.47) and (4.48),we have

f? + 3cxf?-(x-y)(c + xy) = 0

Similarly, putting i = 2, j ― u in (3.4), we get

f2u+2cxf2u~(x-z)(c + xz)

3x ― y ― z = 0

X ― 2

I from (4.49), (4.50) and (4.43), we have

(x - y)(x ―z)(y + z - 3x) = 0

by using (4.46).Hence we get

(4.51)
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And from (4.51),(4.46),(4.43) and f^+ft = 1, we get

(4.52) c(y-z)f2r={x-y)＼ c{z- y)f2u= (x - z)3

On the other hand, from (4.44) and (4.49),we have

(4.53)
c 1
― fuMm = --{3cx/r2 - xy{x - y)}Jlr
x ― z

Similarly, from (4.45) and (4.50), we have

(4.54)
x-y

l
-{3cxf2u Xz(x-z)}Jiu

Then, from these equations,(4.46) and (4.51),we have

c c

x ― z x ― y
JrJuA＼ru

-{3cx - xy{x - y) - xz(x - z)}frJXr

-xfJlr

365

Here, we may

(x-z)/(y-z)

(4.55)

set JXr= fu by (4.47).Then Jlu = -fr, and cAXm = x(x - y)

Moreover we obtain

Mm
(x-z)f2r+{x-y)f2u

y-z

since x(x - y)(x - z) = c(x - z)f2r + c(x - y)f＼ by (4.43).

Let fl/1. We take the exterior derivative of Jar = 0. Then, using (2.3),(2.4),

(4.47) and (4.48), we have

(4.56)

Similarly, from dJau

(4.57)

fuR＼a =

0, we have

―ffi＼a

From above two equations and /

(4.58) 6＼a

2

(―

+fl

z

-)
ffia

-x)fu0a

1 we get

(x-y)(x-z)
frfuOa

Let us take the exterior derivative of (4.58).First,using (2.1) and (4.58), we have
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dOia
c{y - z)

(x-y)(x-z)

c{y-z)

(x- y){x-z)

frfu

f f

J rJu

Jun-ichi Saito

2_^ 6ab A 6b + Rar A 6r + Oau A 6U

h

x
{ Y]6ab^6b+ c ,y2frJabobAer + ―^-

I v ix-y)b (x ~z)

because of (4.47) and (4.48). Next, using (2.6), we obtain

dO＼a = ― 2__j 6＼bA &ba + 0＼rA 6ar + 0＼uA 9au + %＼a

b

(x

c{y - z)
frfu Y＼ Qab A 0b

b I

b I

y){x-z)JrJ≫*-b

3c2

(x-y)2
f,+

c2

(x-z)2
{Airu-fl)+C

r1 V2
-^-IM.,≪+/r2)--^-I
(x - y) (x- z)

+ (C + X2)01AOa

because of (4.47), (4.48) and (4.58). Hence

(4.59)

b 1

}

b >

}

fl - c＼

c{3x-y-2z) 2 c+(x-z)(y~z)

(x-y)2(x-z)Jr (x-z)(y-z)

b I

c(3x ― 2y ― z)

(x-y)(x-z)2

-(c + JC2)0iA0fl 0

/ +

fuJab^b A $r

frJab^b A @u

fjabRb A

c- {x- y)(y-z)

(x-y){y~z)

Or

Taking account of the coefficientof 6＼a 6a in (4.59), we have

(4.60) c + x2 = 0.

We can get the same equation if J＼r

get (y＼z2) = (-c,-4c), (-4c, -c).

(4.46) and (4.51).

}

fJab^b A 9U

= -/,. From the (4.60), (4.46) and (4.51), we

Hence x = ―y or x = ―z, which contradicts

Owing to the above result,we get fr or fu = 0. Hence the proof of Main

Theorem is complete.
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