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PROPAGATION OF ANALYTICITY OF SOLUTIONS TO
THE CAUCHY PROBLEM FOR WEAKLY HYPERBOLIC
SEMI-LINEAR EQUATIONS

By

Yasuo Yuzawa

Abstract. We consider a weakly hyperbolic operator with constant
coefficients. We shall derive a priori estimates for it and by applying
the estimate we prove local existence of the solution of semi-linear
Cauchy problem and investigate the propagation of analyticity of the
solutions.

1. Introduction

We consider the linear partial differential operator of order m with constant
coefficients

P=P(D,D)=D"+ >  @.D/D}
Jt+el <m, j<m
in the n+1 variables (¢,x), where D, = —id/0t, Dy, = —i0/0x; and D, =
(Dy,s. .., Dy,). Let 7, ;(£) be the roots of the characteristic polynomial P(z,¢) =

m Y 1 P —
T+ Y a <m, jem @078 for j=1,...,m.

DeFINITION 1.1, Let s > 1. A differential operator P with a symbol P(t,&) is
said to be s-hyperbolic with respect to (1,0,0,...,0) if there exists a non-negative
constant C such that

Im 7,y ()| < CLKEY'* for all £ R,

where (&> =4/1 + |£|2. Especially, when s = oo, that is 1/s =0, P is said to be
hyperbolic with respect to t.
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E. Larsson introduced the s-hyperbolicity in [8] and solved the Cauchy
problem for s-hyperbolic operators in Gevrey classes by using Laplace trans-
formation. In this paper we shall obtain semi-group estimates of the solution to
the Cauchy problem for s-hyperbolic operators and moreover by applying this
estimates we can investigate propagation of analyticity of solutions to the Cauchy
problem.

We consider the following m + 1 polynomials H,_¢(t,&), k =0,...,m, which
result from m differentiation of P(r,&) with respect to .

k m—k
Hyos(0,8) = L pe ey = [~ i),

m! otk 7 -

~,

for k =0,...,m, where we number the roots 7, ;j({) to be continuous and let
each H,,_x be a pseudo-differential operator with a symbol H,,_x(7,&). Put Hu =
(Hou, Hu, . .., H,_u). We note that H,_x is s-hyperbolic if P is s-hyperbolic.
From each polynomial H, i(z,&) we now create m —k new polynomials

Pn{_k_l(t, &), j=1,...,m—k, of degree m — k — 1, by crossing out one factor at
a time.
m—k
P (1) = (T = tmk,1(£))
I=1,1#j

Hmfk(‘[?é):m > B8

for k=1,...,m.
We introduce some function spaces, called Gevrey classes, and their norms.
For p>0, s> 1, and me R, we define

H"(R") = {ue L}(R"); (&m0 (&) € LAR)),

where #(&) stands for a Fourier transform of u(x) and for p < 0 define H)",(R")
as the dual space of H_)' (R"). If p >0, H,(R") is a Hilbert space with a norm
¥ Vs /2 n : n
el g = (1KY PS> " a(E) |2 Put LI(R™) = (). H, (R").
For a topological space X we denote by C*([0,T];X) the set of functions

which are k times differentiable in X with respect to ¢ in [0, T

TaeoreM 1.1. Let 1 < s < sy < 00. Assume that P is so-hyperbolic of order
m. Then for arbitrary T > 0 there are py > 0, p; <0 and C > 0 such that to any
te(0,T) and 1 =0,
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m m—k

+1 . t
||Hu<,,.>“”pimgc{z |1P,z,ku(o,~>||%_y+J0||Pu<z',->||,,< dr’}

Py - o

for any u(t,x) e C™([0, T); LZ(R"™)), where p(t) = pyt + pq.

We remark that when P is co-hyperbolic, that is hyperbolic in the sense of
Gdrding, a priori estimate of P was derived by G. Peyser [10], [11]. Applying
Theorem 1.1, we can solve the Cauchy problem for semi-linear equations and
investigate the propagation of the analyticity of the solutions.

For s > 1 and open set B < R”, we denote by y,{,s}(B) the set of all functions
satisfying the following condition: there exists a constant C > 0 such that

|Du(x)] < Claftsp™

for any xe B and a e N". Put y*)(B) = U0 y$)(B) and y(H(B) = )0 W(B).

For Q, an open domain of C", we denote by ((Q) the set of all holomorphic
functions in Q.

For an open set B in R" and an open domain Q in C”, we denote by
yff)(B; 0(Q)) the set of all functions which are in Gevrey class with respect to
x-variables and uniformly holomorphic with respect to z-variables, in the fol-
lowing sense: for any K € Q there exists a constant Cg > 0 such that

IDXf(x,2)] < Crp~ Mo,

for all xe B and ze K.
We consider the following semi-linear Cauchy problem in (0,7) x R":

{ P(D)u(t,x) = F(t,x, Hu) (1.1)

D,ju(O,x) =u(x) j=0,....m—1,

where F(z,x,z) is complex-valued function. Set u®(z,x) = 37" ' (it)/u;(x) /1.
The function

F:[0,T|xR"xQ — C,

where Q is open in C™ and contains the origin, is assumed to satisfy the
following conditions:
(Al)s: F(t,x,z) is continuous in 7, belongs to Gevrey class yffl)(R”) with
respect to x and belongs to ((Q) with respect to z.
(A2),: There exists a constant g > 0 such that
F(t,-, Hi'9(t,.)) e H' (R").

g2,8
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Then we get the following local existence theorem and investigate the propagation
of analyticity of the solutions.

THEOREM 1.2. Let | < s < 59 and an integer | > 2n + 1. Assume that P be so-
hyperbolic and F(1,x,z) satisfying (Al); and (A2),. If u;i(x) belong to HUIM(R")
and Hu®) (t,x) runs in a compact set contained by Q, then there exist T, € (0,T)

such that there exists a solution of the Cauchy problem (1.1) with T = T».

THEOREM 1.3. Let | < s < 59 and | be suffciently large. Assume that P is so-
hyperbolic and F(t,x,z) satisfies (A1), and (A2);, and besides assume that there
exists u(t,x) € C"([0, T]; L2(R")) a solution of Cauchy problem (1.1) with initial
data u;(x) € L>(R"). Then if all initial values u;(x) are analytic, that is there exists
r>0 such that for j=0,1,....m—1,

Dy ()] < ! (1.2)
for all xe R" and o€ N", then there exists r' >0 such that

|D%u(t, x)| < r'~1™|q|! (1.3)
for any (¢,x)€[0,7] x R" and a e N".

Several resluts of the propagation of analyticity are known for non-linear
hyperbolic equations. S. Alinhac and G. Métivier [1] studied for strictly hyperbolic
case. S. Spagnolo [12] treated a second order degenerate hyperbolic equations and
M. Cicognani and L. Zanghirati treated a higher order hyperbolic equations with
constant multiplicity. P. D’Ancona and S. Spagnolo [3] investigated the prop-
agation of analyticity for non-uniformly symmetrizable systems and K. Kajitani
and K. Yamaguti [7] treated uniformly symmetrizable systems.

2. Preliminaries

In this section, we mention the fundamental properties for Gevrey classes.
Throughout the paper, we denote ||| = |- ||~ and -l =1l - llges that is
Sobolev’s norm. For v(x) = (v1(x), ..., vm(x)) we denote ||[v]| = [[v1]| 4+ -+ + [|vm]]-
We introduce the semi-norms for y};‘)(B) and y,(f)(B; 0(Q)) as follows: for
uey(B),

Du(x)|p?
ul,, 5= sup |2xeIPT

xeBaeN" Ial!s '

and for f e 5 (B, 0(Q)),
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D2 f (x,2)|p™
\flps,3x = sup *
P BK xeB,zeK,aeN" l“'ls

?

where K is a compact set of Q. Now, we state some well-known facts of their
classes.

Lemma 2.1. (i) Let a(x)ey,(f)(B). Then for any p'€(0,p) and aeN",
D%a(x) belongs to ;;)(f)(B) and there exists positive constants C and o = a(p,p’,s)
such that

lD)oc(alp’,s,B < C|a|p,s,B|a|!Sa-_|a(7

where C is independent of p,p’ and a.

(i) Let f(x,z) be in y5)(B;O(Q)), vj(x) in y5(B) for j=1,...,m. Set
v(x) = (01(x),...,0m(x)) and |v|,, ;g =" |vl,, ;5 Assume that v(x) runs in
K, a compact set of Q, for all xe B. Then, there exists a constant 63 =
03(a1,02, pg, 1, [V, s 5), Where py is the convergence radius of f(x,-), such that
F(x,0(x) € v (B) and satisfies

/G0y s 8 < ComlSflo s bk

where C, ,, depends only on the dimensions n and m.

For m € R we denote by S™ the usual symbol class of order m, and introduce
the semi-norms as follows: for ae S™

lal?) (x, )|

"
cEeR" uipl<t &Y

la|

where HEZ))()C, &) means D#0%a(x,&). Next we define the symbols of Gevrey class
in R". For s> 1 and A4 > 0, we denote by y{S™ the set {a € S™; satisfying that
for any /e N,

) Bl

) (x, &)|4

la|54m2',1 = su 9 m—|o| <
’ xzeR i<t <ETTH B

OO},

and let y'S” = ﬂA>0 yiS™. We note that y(/;)(R”) is contained in y]S™(R").
For p >0 we define e”®>"" by

ep(DO”’*u(x) — (2”)7'1] eixé+/)<f>l/sﬁ(é) df
Ry

m
for ue H,,.
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Let A(z, &) = p(1)<&YYS, where p(1) is a positive decreasing function on [0, T).
We denote by eAC*([0, T]; H') the set of functions satisfying e?)P>"y(z, x) e
C¥(lo, T} H').

Lemma 2.2. (1) Assume that | is large enough. Then there exisits a constant
C; such that

<
ol < Cillalg ol

or any u,ve H' , where C; is independent of u and v.
1/ P

(ii) e#®>" maps from H), , to le’—p,s continuously.

(iii) a pseudo-differential operator a(x,Dy) € y*S™ maps from Hp"s to le_;’"
continuously.

(iv) Let a,(x,Dy) = e P> a(x, D)erP>"  for aeys™. I |p| <
48n2/\7' 45 then a,(x, Dy) belongs to S™ and satisfies

p

N

™ < Cilal ),

where C; is independent of a.
v) If |p| < (48n%/5)  AY/s, then

lauly < Crlalg g

gy,

for any a(x) ey (R") and ue HP{S(R").
The proof of this lemma is given in Proposition 2.3 of [6].

3. A Priori Estimate

We shall derive a priori estimate in Gevrey class le’x(R”) for s-hyperbolic
equation. Since all H,,_; are s-hyperbolic with respect to (1,0,0,...,0), there is a

C > 0 such that
[tm 7,4 ;(&)] < CEYYS for all £eR” (3.1)
for j=1,....m—k, and k=0,...,m.
Put v(t,x) = e?OP> (1, x), where p(f) = p;t + p, and we define (z,&) by
the Fourier transform of u(t,x) with respect to x. Then we have
PO p(p D u(t, x) = P(Dy + ipy <Dy >Y*, Di)o(t, x).
So,



Propagation of analyticity of solutions 327

1 { (Hyu (D, + ipy (Y, £)6(t, ) H1(D, + ipy &P, €)5(1,€) }

[

m—k
[T+ i< - rm%xz))} 0(1,)
j=1
m—k
x(m-k)™ S
=1

H(Dt + ip1<5>1/s - Tm—k,j(é)):| o(t, f)}
Iy

2

_ 1 Z

1

[H (D, + ip (&Y — ka,j(é))] 0(t,¢)

J#!

m—

+(m—k)~! ((p CEVS —Im 1k ()

=1
2

TT(D: + i< =t (€ >>} i(1,9)| .

J#l

(3.2)

Since (3.1), for any C, > 0 there exists a negative constant p; such that to
any k=1,....mand j=1,... m—k,

prCEYE —Tm 1 g (E) < —CodEYMS, (3.3)
for all £ e R”. Put

Kn(t,E) = |[P(D, + ip {EYS, &)i(t, €))7,

m—k+1 2
Kni(,8) = (m—k+1)7" S| ](D+ipy <& - ka+1,j(f)] (1, ¢)
=1 | Lj#!
for k=1,...,m
We note that by virtue of Schwarz’ inequality,
Kk (6,8) 2 [Hp 1 (Di + ip <O, 08(1,8))F (0 <k <m). (3.4)

From (3.2) and (3.3), we have

N =

aﬁz té +mC()<é>l/JZKm k(t 5)
k=

< —Im{ (i (D + ipy <OV, b1, Hyoset (D1 + 101 <OV, 8)6(1,€) |

Multiplying <£>% and integrating with respect to & over R" both sides,
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—ﬁj <é>”21<m_k(r,f)dé+mcoj (EHED " K 1(1,€) dE
20 k=1 R" k=1
<- Imj (Y (s (t, ) Hm B0, B} dE
k=1

< | NS K xl1,6) d
R" k=1

—im | {2 P(D:+ ip (" £t Hya (Dt i1} de

Therefore, if Cp is sufficiently large,

10 n
S Ky i (1,8) déE
20 [ ; ,

< IKE'P(Dy + ip <M, &)(1, )| Ln Y Kni(1,8) dE.
k=1

By virtue of Gronwall’s inequality, we have Theorem 1.1.
We note that if u;(x) =0, then 377, 37, SR u(0, )| = 0.
A Lo s

CoOROLLARY 3.1. Consider the following Cauchy problem in [0,T] x R™

{ P(D)u(t,x) = f(t,x) (3.5)

Dlu(0,x) = u(x) j=0,...,m—1.

For any T >0 there exists A(t,&) = (pt+ po)EDYS such that there exists a
unique solution of this problem in e C"([0,T); H'(R")) for any f(t,x)e
eNC([0, T); H'(R™)) and uj(x) EHJO’S(R").

4, Local Existence Theorem

In this section, we shall prove Theorem 1.2 by using standard contraction
mapping method.
At first, we shall prove this theorem in the case all u;(x) = 0:

(D)u(t, x) = G(t,x, Hu)
{Dl 0,x)=0 j=0,...,m—1. (4.1)
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We define for 77 € (0,7] and M >0,

Xr,om= {u(t, x); Hu(t,x) € eAC([O, Tl];H](R”) and

1/s
||uHXT1 = l:{gf;ﬂ Hep(f)<DY> Hu(t, x)”(l) < M},
1]

where p(t) is given by Theorem 1.1, depending on T7.

LemMA 4.1. Let an integer | be large enough. Assume that G(t,x,z) satisfies
the following conditions:

(Bl),: there  exsists a  constant p; >0  such  that  G(t,x,z)€
C(Jo, Tl];yffl)(R”;G?(Q))), where Q is open neighborhood of the origin in C™.

(B2)s: there exists a constant p, > 0 such that G(t,x,0) e C([0, T1]; HLZ’X(R")).

Then there exist constants M > 0 and Ty > 0 such that G(t, x,w(t, x)) belongs
10 eAC([0, Th]; H'(R™)) for any w(t,x) in Xr, m, where A = (pit+ po) D> is
given in Theorem 1.1.

Proor. Let K be a compact neighborhood of the origin contained in Q.
Since G satisfies the conditions (B1);, there exisits a constant pg such that for any
|z| < px, G can expand into power series of z:

1
G(1,x,2) = G(1,x,0) + Z;(ﬁfG)(t, x,0)z%.
>0

By virtue of Sobolev’s lemma, we pick M >0 small enough, hence that
|Hw(t,x)| < px for any (t,x) € [0, T1] x R". Then,

AG(t, Hw(t, Dy < 1M Gt 0)lgy + 3 2 1€ EZ6) 1, .0) - (Hw(e, )

a>0 7"

(4.2)

From the assumption (B2); and Lemma 2.2, we pick py >0 and 77 > 0 small
enough, if necessary, hence that HeAG(t,-,O)H(,) is bounded and moreover,

le*(22G)(2,,0) - (Hw(t,)) Il gy < Cal(82G)(2, 05, 5 g7

M Hw(1, N

—|oe| Fo|x]—1
< CH\G(tv *s ')}az.s,R";Ka!pK‘ iC} |

~ Joc]
M
< Cn,l( /; ) cc!lG(l‘v'v')Iazy&,R":K.

K

M Hw(, I
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Therefore we pick M small enough again, if necessary, hence that the right hand
side of (4.2) converges. Thus the proof of Lemma 4.1 is finished. [ |

For we X7, 5 we denote an operator ® from Xz, 5 to e*C™([0, T1]; H'(R"))
by ®(w) = u which is a solution of the following Cauchy problem,

{P(D)u(t, x) = G(t,x, Hw) (4.3)

D/u(0,x)=0 j=0,....,m—1.

From Corollary 3.1 and Lemma 4.1, we have a unique solution in
eAC™([0, Th); H'(R™)). Moreover,

LemMA 4.2. There exist To € (0,T1] and M > 0 such that
(i) ® is a mapping from Xr, pm into itself.
(i)
!/ 1 /
10() — W), < 5llo =2l

Jor any v,v' € Xr, u.

Proor. Let v belong to Xr, p and u be ®(v). From Theorem 1.1 and
Lemma 4.1,

t
lle™ Hu(t, )|y < Ca Jo le*G(t', -, Ho)| ) dt’

t
< G jo{neAGa', SOVl + G Moy rrek}

for any te[0,71]. Therefore we pick 7>€e(0,7;] small enough, then
eNG(t, x, Hv)|l;) < M for all ve Xr, u, so that (i) is proved. Similarly,

lle™(@(v) — @)l

T,
S J
0

< CThllv - v’[|XT2,

1
et J V,G(t',x, Hv' + O(Hv — Hv")) d0 - (Hv — Hv")|| dt’
0

0

where C is independent of 7. Then choose small 7, again, if necessary,
CT, < 1/2. Thus the proof of (ii) is finished. |
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Hence, there exists a unique solution of Cauchy problem (4.1) in X7, s by
virtue of the fixed point theorem. In order to solve the general case, the Cauchy
problem (1.1), we change the unknown function w(t, x) = u(z,x) — u®(z,x). Then
we can reduce the problem (1.1) to (4.3) by the next Lemma. Thus the proof of
Theorem 1.2 is finished.

LEMMA 4.3. Assume that F(t,x,z) satisfies the conditions (Al); and (A2);.
Then there exsist constants T' >0 and M > 0 such that for any w(t,x) € X1/ u,
G(t,x,2) = F(t,x,z +w(t,x)) satisfies the conditions (Bl); and (B2); in Lemma
4.1.

In order to prove Lemma 4.3, we essentially use Lemma 2.1. We omit the
proof of this lemma.

5. Propagation of Analyticity

We introduce semi-norms in C([t, ;]; L2(R")). Let an integer N > 2 and a
real numbel r e (0,1]. We denote

1DLullyy P2

.0 p(t!).s

Wy = sup e
N e (o, 1), 2<|f|<N L(A])

for ue C([to, 11); L2(R")), where p() is a positive decreasing function, I3(k) =
Aoklk=2 for k> 1 and T3(0) = 49p. We can pick Ay such that

5o (2 )l + Ol = ) < Tl 4

o' <a

for any ke N and ae N". In brief we write |u|, y = |u°y' if there is no
confusion.

LemMA 5.1. Let v;e C([to,t1); LZ(R™)), i=1,...,n and we denote v =
vf‘ ufz---v,/f" for Be N". Then there is a constant Co >0 such that

(i) for 2 <|fl <N,

h<t'<n

1 1B1-1
o],y < G ( sup uvuc»nyz%A+ﬂh4hN) ol

and
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(ii) for || >N,

<j<SN \ n<t'<t

-1 1B~
of], v < €' sup ( sup ||v(z’,->1|f,p¢,,)x>

| —1
x$ Y sup o(¢', Mg +r2[o], vl »
2<fal<N \ st<h plrl)s

’ j
+ sup ( sup |jo(2', )| g ) }
2<j<N \ n<t'<y o)) s

where constant Cy depends only on the dimension n.
(iii) Let aey"}(R"), that is an entire function, and v e L:(R"), then for any
re(0,1] and N =2,

la(x)v(x)l, v < Calaly 1 go 0], s
where p' = max{5r,n(p(0)/24)°} and the constant C, depends only on the di-

mension n.

The proof of this lemma can be seen K. Kajitani and K. Yamaguti [7]. The
last term in the right hand side of (iii) of Lemma 5.1 is lacked in Lemma 3.1
in [7].

Now, we shall prove Theorem 1.3. From the assumption, for any ¢ > O there
is 7 > 0 such that

Jute, ) — ulhe, iy <

for tefkt,(k+ )7, k=0,1,...,[T/7] — 1 and t € [[T/7], T], where [x] stands for
the greatest integer not greater than x. From the assumption (1.2), there exist
constants C > 0 and r; > 0 such that

13 O ke, )y, < Cry Ma

plkTh s

Put v(t,x) = u(t, x) — u®(¢,x). Then

Pu(t,x) = F(t, x, Hu(t, x)) — Pul® (t,x) = F(t,x, Ho(t, x) + Hu'Y (¢, x)) — Pu'® (1, x).

We define G(t,x,z) = F(t,x,z + Hu"(t,x)) — Pu”(1,x), and by Lemma 4.3,
G(t,x,z) satisfies (B1); and (B2);. To differentiate both sides, then we have

PD*(t, x) = D*(F(t, x, Ho(t, x) + Hu"" (1, x))) — PDu'% (¢, x),
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and we denote G, by the right hand side. Now D/v(0,x)=0for j=0,1,...,m—1,
therefore from Theorem 1.1 we obtain

t
lle*HDo(t, )y < L le*Ga(t, ) ) dt’ (5.1)

for any ¢ € [0, 7], where A = p(1){D,>'/* is given by Theorem 1.1. For simplicity
we write [Ju ) = lleull,. By virtue of Lemma 5.1, for any 2 <a <N,

“D;F(tv '7HU(Z7 ) + Hu(O)(I’ ))H(p(!))

< “D?F(tv " HM<0)(t, ))H(p(r))

+ > BTHIDH@EF (1, HuO (1, ) (Ho(t, ) )] 0y

B>0

< rzﬂanr‘“'“{wu, HAO ()],
+Zﬁr‘|(a§F><z,~,Hu<°><t,->)<Hv<r,->>ﬂ|,,N}
£>0
< nuw'*‘“{wu, S HUO (1),
>0

£ 3 g atE -,Hu<°><t,->>svl,1.Rn|(Hv)ﬁ|,,N}

- rzuocn)r-'“f”{lF(r,-,Hu<°><z,~>>1,7N

0<|pl<2  2<|Bl<N  |B>N

+C{ Z Z + Z} BrYPF (e, HUO (1, )], .

: <Hv)/‘\,,N}

where v| > max{5r,n(p(0)/24)°}. From the assumption, for fixed ¢, there exists
a compact set K = Q such that {Hu”(¢,x);x € R"} < K. Then by Lemma 4.3,
there exists a constant v, > 0 such that

~| Bl
|65F(t7"Hu(O)(ta'))tvl,l,R" = Can(tv'v ')|v2,l,R";Kﬂ!V1 4

for any ffe N™. For sufficiently small ¢ we have
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HD:F(t7 '7Hv(ta ) + HM(O)(I’ ))“(p(t))

< r2<|a|)r"“+2{|F<z, SHAO (1))

+C Z+ Z +Z "1~w1F(1»'7')va,l,R”;K‘(HUW’»N
IB=1 2<|fl<N |fI>N

< Fz(loci)r‘|“'+2{|F(t, - HuO (2, Nhn + CalE(t, 5 )0 r7

- -1 -1
ol + S v A e+ 2 Ho, )P Hol,
2<|BI<N

|BI>N 2<y|<N

+ ¥ vllﬁ'cgﬂ'—laﬂl—z{ 3 (e+r2|Hv|r,N>“"|Hv|,,N+ez}}

< l"z(lal)r““'”{lF(n S HuO (1)), v+ GIF () 1k

N-1

X Z(a+ r?|Ho

Jj=0

) [H, }

Here we choose r = r(f) = roe”’, where 0 < rg < 1. Denote

yn(t) = sup r([’)‘HUIr(ﬂ),N’

o<’ <t

where

o= s {IDEly, r()PE(8) .

0<'<t,2<|Bpl<N
Then,
“D;F(t’ ',HU(Z, ) + Hu(O)(t1 '))“(p(z))

N-1
< 1"2(|0<|)V_|°‘H2{C1 (1 + ) (e+ )’N(f))’|Hv|r(t),N> }
=0

J
where Cy = |F(t,-, Hi(t,))|, y + CoIF(t,--)|,,.1, g7 k- Thus from (5.1),

N-1
(1 + Z(E +J’N(t/))j1HU|r(ﬂ),N> dr',
=0

t

|Hul,y v < C L
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then

‘ N-1
yn(t) < CJ (1) + > (e+yn () yn(t) | dr'.
0 =0

From this inequality, we have yy(¢) < ¢ for t€[0,7], if we choose ry > 0 small
enough. In fact, assume that there is #; € [0, 7] such that yy(#;) = ¢ and yy(f) <&
for 1€ (0,7). Since yn(0) =0, we have #; > 0. It follows from (5.1) that

‘1 / /
i<+ | o)) .

for te[0,¢;). We note that the constants C, ¢ and ry can be chosen independent
of N. Therefore we obtain yy(f) < Crgexp(Ct/(1 —2¢)) for te€0,1;). This
contradicts yy(f;) = ¢, if we choose ry > 0 small enough.

Thus we can get yy(f) <e for r€{0,7]. By induction, there is a constant
#' >0 such that |[D%(t,x)| < Cr'™|«|! for (1,x)€[0,T] x R" and consequently
Theorem 1.3 is proved.
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