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DIRICHLET-NEUMANN PROBLEM IN A DOMAIN WITH

PIECEWISE-SMOOTH BOUNDARY

By

Reiko Sakamoto

Introduction

The Dirichlet boundary value problem has been considered for various types

of partial di¤erential operators in a domain W with various types of non-smooth

boundaries ([1], [2], etc.).

In this paper, we assume that W is a smooth r-manifold in Rn, defined in § 1,

whose boundary is divided into a finite number of smooth surfaces:

qW ¼ 6
h

i¼1

Gi ¼ 6
i AD

Gi

 !
U 6

i AN

Gi

 !
ðDVN ¼ fÞ:

In § 2, we consider an elliptic partial di¤erential equation of 2-nd order in W with

Dirichlet boundary conditions on Gi ði A DÞ and Neumann boundary conditions

on Gi ði A NÞ:

ðPÞ
Au ¼ f in W;

u ¼ gðiÞ on Gi ði A DÞ;
Biu ¼ hðiÞ on Gi ði A NÞ;

8<
:

where fBig are di¤erential operators of 1-st order. We consider weak solutions,

i.e. H-weak solutions in the sense of [3]. Existence of H-weak solutions depends

on weak energy estimates for adjoint problems. Therefore our aim in this paper is

to obtain weak energy estimates for adjoint problems. Weak energy estimates for

(P) means

kukL2ðWÞ eC kAukL2ðWÞ þ
X
i AD

kukH s�1ðGiÞ þ
X
i AN

kBiukH s�2ðGiÞ

( )
ðEu A H sðWÞÞ

for some large integer s.

In § 3, we consider a hyperbolic partial di¤erential equation of 2-nd order in

ð0;TÞ �W with Dirichlet boundary conditions on ð0;TÞ � Gi ði A DÞ, Neumann

boundary conditions on ð0;TÞ � Gi ði A NÞ and initial conditions on ft ¼ 0g �W.
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§ 1. r-Manifolds

Let W be a smooth manifold of dimension m in Rn. We say that x A qW is

a boundary point of degree p ð1e pe rÞ, if there exist a neighborhood U of x

in Rn and a neighborhood V of 0 in Rm such that

F : Sp VV ! WVU

is a smooth bijection, where

Sp ¼ fy A Rm j y1 > 0; y2 > 0; . . . ; yp > 0g:

Let qpW denote the set of boundary points of W of degree p. We say that W is a

r-manifold ð1e remÞ if

qW ¼ 6
r

p¼1

qpW:

Suppose that W is a r-manifold of dimension m. Let x A qpW, then there

exists its neighbourhood U ¼ UðxÞ such that

q1WVU ¼ Fðfy j y1 ¼ 0; y2 > 0; . . . ; yp > 0gVVÞ

UFðfy j y1 > 0; y2 ¼ 0; y3 > 0; . . . ; yp > 0gVVÞ

U � � � UFðfy j y1 > 0; y2 > 0; . . . ; yp�1 > 0; yp ¼ 0gVVÞ;

q2WVU ¼ Fðfy j y1 ¼ y2 ¼ 0; y3 > 0; . . . ; yp > 0gVVÞ

UFðfy j y1 ¼ 0; y2 > 0; y3 ¼ 0; y4 > 0; . . . ; yp > 0gVVÞ

U � � � UFðfy j y1 > 0; y2 > 0; . . . ; yp�2 > 0; yp�1 ¼ yp ¼ 0gVVÞ;

� � �

qpWVU ¼ Fðfy j y1 ¼ y2 ¼ � � � ¼ yp ¼ 0gVVÞ:

Suppose that W is a bounded r-manifold of dimension m, then qW is covered by

a finite number of subsets of fUðxÞ j x A qWg with above properties, therefore,

q1W is a union of a finite number of smooth manifolds of dimension m� 1:

q1W ¼ 6
i A I

Gi; I ¼ f1; 2; . . . ; hg:

Moreover, we have the following two lemmas.
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Lemma 1.1. Let W be a bounded r-manifold of dimension m in Rn, then it

holds

qpW ¼ 6
n ASpðIÞ

Gn;

SpðIÞ ¼ fn ¼ ðn1; n2; . . . ; npÞ A I p j ni 0 nj if i0 jg;

where Gn1���np is a ðr� pÞ-manifold of dimension m� p such that

Gn1���np ¼ Gn1���np�1
VGnp :

Lemma 1.2. Let W be a bounded r-manifold of dimension m in Rn with

q1W ¼ 6
i A I

Gi, where fGi ði A IÞg are ðr� 1Þ-manifolds of dimension m� 1. Let

DH I , and suppose that fgi A Hsþr�1ðGiÞ ði A DÞg ðsf 0Þ satisfy

ð]Þ gi ¼ gj on Gi VGj ði; j A DÞ:

Set

gn ¼ gn1
jGn ðn A SðDÞÞ;

then fgn ðn A SðDÞÞg satisfy

ð]]Þ
ðiÞ gn1���np ¼ gm1���mp if fn1; . . . ; npg ¼ fm1; . . . ; mpg;

ðiiÞ gn1���np jGn1 ���np VGj
¼

gn1���np if j A fn1; . . . ; npg;
gn1���np j if j B fn1; . . . ; npg;

�
8><
>:

and

X
n ASpðDÞ

kgnkHsþr�pðGnÞ eCs

X
i AD

kgikHsþr�1ðGiÞ;

where

SpðDÞ ¼ fn ¼ ðn1; n2; . . . ; npÞ A SpðIÞ j bk s:t: nk A Dg; SðDÞ ¼ 6
p

SpðDÞ:

First in Lemma 1.3, we consider extensions of functions in a fundamental

domain

W ¼ fx A Rm j x1 > 0; . . . ; xr > 0g;
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then

G1 ¼ fx A Rm j x1 ¼ 0; x2 > 0; . . . ; xr > 0g;

� � �

Gr ¼ fx A Rm j x1 > 0; x2 > 0; . . . ; xr�1 > 0; xr ¼ 0g;

and moreover

Gn ¼ fx A Rm j xn1
¼ xn2

¼ � � � ¼ xnp ¼ 0; xj > 0 ð1e je r; j0 nkÞg ðn A SpðIÞÞ:

Let gn be a function defined on Gn ðn A SðIÞÞ, then

gn ¼ gnðxnpþ1
; . . . ; xnmÞ

can be regarded as a function, defined in W, which is independent of variables

ðxn1
; . . . ; xnpÞ.

Lemma 1.3. Let

W ¼ fx A Rm j x1 > 0; . . . ; xr > 0g;

and assume that fgn A HsðGnÞ; n A SðIÞg ðI ¼ f1; 2; . . . ; hgÞ satisfy (]]). Set

E½fgng� ¼
X

1eier

gi �
X

1ei< jer

gij þ
X

1ei< j<ker

gijk � � � � þ ð�1Þr�1
g1���r;

then g ¼ E½fgng� satisfies

gjGi ¼ gi ði A IÞ;

and

kbgkHsðWÞ eCsb

X
n ASðIÞ

kgnkHsðGnÞ;

where b A DðRmÞ.

Proof. From (]]), we haveX
1eier

gijG1
¼ g1 þ

X
2eier

g1i;

X
1ei< jer

gijjG1
¼

X
2e jer

g1j þ
X

2ei< jer

g1ij ; . . . ;

therefore we have
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gð0; x2; . . . ; xmÞ

¼ g1 þ
X

2eier

g1i

( )
�

X
2e jer

g1j þ
X

2ei< jer

g1ij

( )

þ
X

2e j<ker

g1jk þ
X

2ei< j<ker

g1ijk

( )
� � � � þ ð�1Þr�1

g1���r

¼ g1:

In the same way, we have

gjGi ¼ gi ði A IÞ: r

Next in general, we have

Lemma 1.4. Let W be a bounded r-manifold of dimension m in Rn with

qpW ¼ 6
n ASpðIÞ

Gn ð1e pe r; I ¼ f1; . . . ; hgÞ;

where Gn ðn A SpðIÞÞ are ðr� pÞ-manifolds of dimension m� p. Let fgn A HsðGnÞ;
n A SðIÞg be given functions satisfying (]]). Then there exists a function g defined

in W such that

g ¼ gn on Gn ðn A SðIÞÞ
and X

i A I

X
jajes

kqa
xgkL2ðGiÞ þ kgkHsðWÞ

eCs

X
n ASðIÞ

kgnkHsðGnÞ:

Proof. Since W is a bounded r-manifold of dimension m in Rn, there exist

open sets fU1; . . . ;UJg in Rn such that

qWH 6
J

j¼1

Uj; FjðSpj VVÞ ¼ WVUj:

Depending on open sets fU1; . . . ;UJg, there exist smooth functions fb1; . . . ; bJg
such that

supp½b jðxÞ�HUj ;
XJ
j¼1

b jðxÞ
2 ¼ 1 near qW:
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For fixed j, set

~ggð jÞn ¼ b jgn on Gn; hð jÞn ¼ ~ggð jÞn �Fj

for n A SðIÞ. Since (]]) is satisfied by fhð jÞn ; n A SðIÞg, there exists

hj ¼ E½fhð jÞn g�

from Lemma 1.3. Then

gðxÞ ¼
XJ
j¼1

b jðxÞðhj �F�1
j ÞðxÞ

satisfies the required properties. r

Proposition 1.1. Let W be a bounded r-manifold of dimension m in Rn, with

q1W ¼ 6
i A I

Gi;

where fGi ði A IÞg are ðr� 1Þ-manifolds of dimension m� 1. Suppose that

fgðiÞ A Hsþr�1ðGiÞ ði A DÞg satisfy

ð]Þ gðiÞ ¼ gð jÞ on Gi VGj ði; j A DÞ:

Then there exists a function g defined in W such that

g ¼ gðiÞ on Gi ði A DÞ

and X
i A I

X
jajes

kqa
xgkL2ðGiÞ þ kgkHsðWÞ

eCs

X
i AD

kgðiÞkHsþr�1ðGiÞ:

Proof. Set

gn ¼ gn1
jGn ðn A SpðDÞÞ;

and apply Lemma 1.2 to fgn; n A SðDÞg, then we haveX
n ASpðDÞ

kgnkHsþr�pðGnÞ eCsK ;

where

K ¼
X
i AD

kgikHsþr�1ðGiÞ:
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Hence we have X
n ASðDÞ

kgnkHsðGnÞ eCsK :

In case when SðDÞ0SðIÞ, set S 0
p ¼ SpðIÞ � SpðDÞ. Define

gn ¼ 0 for n A S 0
r ðif S 0

r 0 fÞ:

Then we can define fgm ðm A S 0
r�1Þg satisfying

kgmkHsðGmÞ eCs

X
n ASrðDÞ

kgnkHsðGnÞ eCsK ðm A S 0
r�1Þ

by Lemma 1.4, because Gm ðm A S 0
r�1Þ is 1-manifold of dimension m� rþ 1.

Next, we consider Gm ðm A S 0
r�2Þ, which is 2-manifold of dimension m� rþ 2 and

q1Gm ¼ 6
n AAm

Gn ðAm HSr�1ðIÞÞ:

Since fgn ðn A AmÞg satisfy (]), we can define gm on Gm by Lemma 1.2 and Lemma

1.4, satisfying

gmjGn ¼ gn ðn A AmÞ;

kgmkHsðGmÞ eCs

X
n ASrðIÞUSr�1ðIÞ

kgnkHsðGnÞ

eC 0
s

X
n ASrðDÞUSr�1ðDÞ

kgnkHsðGnÞ ðm A S 0
r�2Þ:

Repeating these constructions, we can define a function g with required prop-

erties. r

Proposition 1.2. Let W be a bounded connected r-manifold of dimension n in

Rn, with

q1W ¼ 6
i A I

Gi;

where fGi ði A IÞg are ðr� 1Þ-manifolds of dimension n� 1 and

I ¼ DUN; DVN ¼ f; D0 f:

Then it holds thatX
i AN

kuk2
L2ðGiÞ þ kuk2

L2ðWÞ

eC
X
i AD

kuk2
L2ðGiÞ þ kqxukL2ðWÞkukL2ðWÞ

( )
ðEu A H 1ðWÞÞ;
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where

kqxuk2 ¼
Xn
j¼1

kqjuk2; qj ¼ qxj:

Proof. Let a A Ga ða A D0 fÞ be fixed.

1) Let b A Gb. Draw a smooth line L in W such that

L : xðtÞ ð0e te 1Þ; xð0Þ ¼ a; xð1Þ ¼ b;

where x 0ð0Þ is not tangent to Ga and x 0ð1Þ is not tangent to Gb, then we have

uðbÞ2 ¼ uðaÞ2 þ
ð1

0

Xn
j¼1

qjfuðxðtÞÞ2gx 0
j ðtÞ dt:

Moreover, we have continuous deformations of L:

Ly : xðt; yÞ ¼ xðt; y1; . . . ; yn�1Þ ð0e te 1Þ; xð0; yÞ A Ga; xð1; yÞ A Gb

for y A V , where L0 ¼ L and V is a neighborhood of 0 in Rn�1. Then we have

ð
V

uðxð1; yÞÞ2
dy�

ð
V

uðxð0; yÞÞ2
dy

¼
ð
V

dy

ð1

0

X
2qjuðxðt; yÞÞuðxðt; yÞÞðqtxjÞðt; yÞ dt;

therefore we have

ð
V

uðxð1; yÞÞ2
dy

e

ð
V

uðxð0; yÞÞ2
dyþ C

ð
V

dy

ð1

0

jqxuðxðt; yÞÞj juðxðt; yÞÞj dt:

In the same way, we have

ð
V

uðxðs; yÞÞ2
dy

e

ð
V

uðxð0; yÞÞ2
dyþ C

ð
V

dy

ð s
0

jqxuðxðt; yÞÞj juðxðt; yÞÞj dt ð0 < s < 1Þ:
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Integrating the both sides with respect to s, we haveð1

0

dt

ð
V

uðxðt; yÞÞ2
dy

e

ð
V

uðxð0; yÞÞ2
dyþ C

ð1

0

dt

ð
V

jqxuðxðt; yÞÞj juðxðt; yÞÞj dy:

2) Let b A qpGb, then there exists a family of lines fLy j y A V VSpg such that

Ly : xðt; yÞ ¼ xðt; y1; . . . ; yn�1Þ A W ð0 < t < 1Þ;

xð0; yÞ A Ga; xð1; yÞ A Gb;

where V is a neighborhood of 0 in Rn�1 and

Sp ¼ fy A Rn�1 j y1 > 0; . . . ; yp > 0g:

Then we have, in the same way as in 1),ð
VVSp

uðxð1; yÞÞ2
dy

e

ð
VVSp

uðxð0; yÞÞ2
dyþ C

ð
VVSp

dy

ð1

0

jqxuðxðt; yÞÞj juðxðt; yÞÞj dt:

and ð1

0

dt

ð
VVSp

uðxðt; yÞÞ2
dy

e

ð
VVSp

uðxð0; yÞÞ2
dyþ C

ð1

0

dt

ð
VVSp

jqxuðxðt; yÞÞj juðxðt; yÞÞj dy:

By finite sums of inequalities in 1) and 2), we obtain the required inequal-

ities. r

§ 2. Elliptic Dirichlet-Neumann Problem

We assume, hereafter, W is a bounded connected r-manifold of dimension n

in Rn, with boundary

qW ¼ 6
i A I

Gi ¼ 6
i AD

Gi

 !
U 6

i AN

Gi

 !
;

where fGig are ðr� 1Þ-manifolds of dimension n� 1, I ¼ DUN, DVN ¼ f and

D0 f.
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Let A;Bi be defined as follows:

A ¼
Xn
p;q¼1

qpapqðxÞqq þ
Xn
q¼1

bqðxÞqq þ cðxÞ

and

Bi ¼ ðd=dnðiÞA Þ þ sðiÞðxÞ; ðd=dnðiÞA Þ ¼
Xn
p;q¼1

nðiÞp apqðxÞqq ði A IÞ;

where nðiÞ is the unit outer normal to Gi and apqðxÞ, bqðxÞ, cðxÞ, sðiÞðxÞ are

smooth real valued functions. Here we assume

Xn
p;q¼1

apqðxÞxpxq f djxj2 ðEx A W; Ex A RnÞ

where aqpðxÞ ¼ apqðxÞ, d > 0.

Let u A H 2þrðWÞ be a real valued function satisfying

ðPÞ
Au ¼ f in W;

u ¼ gðiÞ on Gi ði A DÞ;
Biu ¼ hðiÞ on Gi ði A NÞ;

8<
:

then our aim is to obtain energy estimates for (P) in § 2. Moreover, we use the

following notations through in § 2:

k � ks ¼ k � kHsðWÞ; k � k ¼ k � k0; ð� ; �Þ ¼ ð� ; �ÞL2ðWÞ;

h � iðiÞ; s ¼ k � kHsðGiÞ; h � iðiÞ ¼ h � iðiÞ;0; h� ; �i ¼ h� ; �iL2ðGiÞ:

Lemma 2.1. Let u A H 2þrðWÞ satisfy (P). Then there exists a function g such

that

g ¼ gðiÞ on Gi ði A DÞ
and

Xr
i¼1

Xs
j¼0

hðd=dnðiÞÞ jgiðiÞ; s�j þ kgks eCs

X
i AD

hgðiÞiðiÞ; sþðr�1Þ ðs ¼ 1; 2Þ:

Set v ¼ u� g, then v satisfies

ðP0Þ
Av ¼ ~ff in W;

v ¼ 0 on Gi ði A DÞ;
Biv ¼ ~hhðiÞ on Gi ði A NÞ;

8><
>:
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where ~ff ¼ f � Ag, ~hhðiÞ ¼ hðiÞ � BigjGi
satisfy

k ~ff keC k f k þ
X
i AD

hgðiÞiðiÞ;2þðr�1Þ

( )
;

and

h~hhðiÞiðiÞ eC hhðiÞiðiÞ þ
X
i AD

hgðiÞiðiÞ;1þðr�1Þ

( )
:

Proof. Since u AH 2þrðWÞ satisfy (P), fgðiÞ on Gi ði ADÞg satisfy (]). There-

fore, there exists g satisfying above conditions, from Proposition 1.1. r

Remark. Energy inequalities for (P) follows from energy inequalities for

(P0).

Using the integration by parts, we have

Lemma 2.2 (Green’s formula (I)). It holds

ðAu; uÞ ¼
Xh
i¼1

hðd=dnðiÞA Þu; uiðiÞ �
Xn
p;q¼1

ðapqqqu; qpuÞ

þ 1

2

Xh
i¼1

hbðiÞu; uiðiÞ �
1

2
ðbu; uÞ þ ðcu; uÞ;

for any real u A H 2ðWÞ, where

b ¼
Xn
q¼1

qqðbqÞ; bðiÞ ¼
Xn
q¼1

nðiÞq bqjGi
:

From Green’s formula (I), we have

ðAv; vÞ ¼
X
i AN

hBiv; viðiÞ �
X
i AN

�
sðiÞ � bðiÞ

2

� �
v; v

�
ðiÞ

�
Xn
p;q¼1

ðapqqqv; qpvÞ þ c� b

2

� �
u; u

� �
:

Assume that sðiÞ � bðiÞ

2
f 0 ði A NÞ and c� b

2
e 0, then we have
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dkqxvk2
e k ~ff k kvk þ

X
i AN

h~hhðiÞiðiÞhviðiÞ:

From Proposition 1.2, we haveX
i AN

hvi2
ðiÞ þ kvk2

eCkqxvk2;

therefore

X
i AN

hvi2
ðiÞ þ kvk2

1 eC k ~ff k2 þ
X
i AN

h~hhðiÞi2
ðiÞ

( )
:

Hence we have

Proposition 2.1. Assume that sðiÞ � bðiÞ

2
f 0 ði A NÞ and c� b

2
e 0. Then it

holds that

hui2 þ kuk2
1 eC k f k2 þ

X
i AD

hgðiÞi2
ðiÞ;1þr þ

X
i AN

hhðiÞi2
ðiÞ

( )

for any u A H 2þrðWÞ satisfying (P), where

hui2 ¼
X

i ADUN

hui2
ðiÞ:

By the integration by parts, we have

Lemma 2.3 (Green’ formula (II)). It holds

ðAu; vÞ � ðu;A�vÞ

¼
X

i ADUN

fhðd=dnðiÞA Þu; viðiÞ � hu; ðd=dnðiÞA ÞviðiÞ þ hbðiÞu; viðiÞg

for any u; v A H 2þrðWÞ, where

A� ¼
Xn
p;q¼1

qpapqqq �
Xn
q¼1

qqbq þ c ¼
Xn
p;q¼1

qpapqqq �
Xn
q¼1

bqqq þ ðc� bÞ:

From Green’s formula (II), setting

B 0
i ¼ ðd=dnðiÞA Þ þ sðiÞ � bðiÞ ði A DUNÞ;

we have
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ðAu; vÞ � ðu;A�vÞ ¼
X

i ADUN

fhBi; u; viðiÞ � hu;B 0
i viðiÞg:

Hence we have an adjoint problem for (P):

ðP 0Þ
A�v ¼ f in W;

v ¼ gðiÞ on Gi ði A DÞ;
B 0
i v ¼ hðiÞ on Gi ði A NÞ:

8<
:

Since the type of (P 0) is the same as that of (P), we have from Proposition 2.1

Proposition 2.2. Assume that sðiÞ � bðiÞ

2
f 0 ði A NÞ and c� b

2
e 0. Then it

holds

hvi2 þ kvk2
1 eC k f k2 þ

X
i AD

hgðiÞi2
ðiÞ;1þr þ

X
i AN

hhðiÞi2
ðiÞ

( )

for any v A H 2þrðWÞ satisfying (P 0).

According to Theorem I in [3], we have from Proposition 2.2

Theorem 1. Assume that sðiÞ � bðiÞ

2
f 0 ði A NÞ and c� b

2
e 0. Let f A

L2ðWÞ, then there exists a H-weak solution u A L2ðWÞ for

ðPÞ
Au ¼ f in W;

u ¼ 0 on Gi ði A DÞ;
Biu ¼ 0 on Gi ði A NÞ;

8<
:

where H-weak solution is defined as follows.

H is a Hilbert space defined by the completion of H 2þrðWÞ by the norm:

kuk2
H ¼ kA�uk2 þ

X
i AD

hui2
ðiÞ;1þr þ

X
i AN

hB 0
i ui

2
ðiÞ:

We say that u A L2ðWÞ is H-weak solution of the problem (P), if there exists

w A H such that u ¼ A�w and

½w; v�H ¼ ð f ; vÞL2ðWÞ ðv A HÞ;

where ½w; v�H is the inner product of H, which is derived from the norm k � kH.
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§ 3. Dirichlet-Neumann Problems for q2
t � A

We consider the following initial boundary value problem in § 3:

ðPÞ

ðq2
t � AÞu ¼ f in ð0;TÞ �W;

u ¼ gðiÞ on ð0;TÞ � Gi ði A DÞ;
Biu ¼ hðiÞ on ð0;TÞ � Gi ði A NÞ;
u ¼ u0; qtu ¼ u1 on ft ¼ 0g �W;

8>>><
>>>:

where W, A, Bi are the same ones as in § 2. Since W is a r-manifold of dimension

n in Rn, ð0;TÞ �W is a ðrþ 1Þ-manifold of dimension nþ 1 in Rnþ1. Following

notations of norms and inner products are used in § 3:

k � ks ¼ k � kHsðð0;TÞ�WÞ;

k � k ¼ k � k0; ð� ; �Þ ¼ ð� ; �ÞL2ðð0;TÞ�WÞ;

h � iðiÞ; s ¼ k � kHsðð0;TÞ�GiÞ;

h � iðiÞ ¼ h � iðiÞ;0; h� ; �iðiÞ ¼ ð� ; �ÞL2ðð0;TÞ�GiÞ;

½��ðtÞ; s ¼ k � kHsðft¼tg�WÞ;

½��ðtÞ ¼ ½��ðtÞ;0; ½� ; ��ðtÞ ¼ ð� ; �ÞL2ðft¼tg�WÞ;

d � eði; tÞ; s ¼ k � kHsðft¼tg�GiÞ;

d � eði; tÞ ¼ d � eði; tÞ;0; d� ; �eði; tÞ ¼ ð� ; �ÞL2ðft¼tg�GiÞ;

Lemma 3.1. Let u A H 3þrðWÞ satisfy (P). Then there exists a function g such

that

g ¼ gðiÞ on ð0;TÞ � Gi ði A DÞ

and

Xs
j¼0

½q j
t g�ð0Þ;s�j þ

Xr
i¼1

Xs
j¼0

hðd=dnðiÞÞ jgiðiÞ; s�j þ kgks eCs

X
i AD

hgiiðiÞ; sþr ðs ¼ 1; 2Þ:

Set v ¼ u� g, then v satisfies

ðP0Þ

ðq2
t � AÞv ¼ ~ff in ð0;TÞ �W;

v ¼ 0 on ð0;TÞ � Gi ði A DÞ;
Biv ¼ ~hhðiÞ on ð0;TÞ � Gi ði A NÞ;
v ¼ ~uu0; qtv ¼ ~uu1 on ft ¼ 0g �W;

8>>><
>>>:
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where

~ff ¼ f � ðq2
t � AÞg; ~hhðiÞ ¼ hðiÞ � Big; ~uu0 ¼ u0 � gjt¼0; ~uu1 ¼ u1 � qtgjt¼0;

which satisfy

k ~ff keC k f k þ
X
i AD

hgðiÞiðiÞ;2þr

( )
;

h~hhðiÞiðiÞ;1 eC hhðiÞiðiÞ;1 þ
X
i AD

hgðiÞiðiÞ;2þr

( )
;

½~uu0�ð0Þ;1 eC ½u0�ð0Þ;1 þ
X
i AD

hgðiÞiðiÞ;1þr

( )
;

½~uu1�ð0Þ eC ½u1�ð0Þ þ
X
i AD

hgðiÞiðiÞ;1þr

( )
:

Proof. Since u A H 3þrðð0;TÞ �WÞ satisfies (P), fgðiÞ on ð0;TÞ � Gi ði A DÞg
satisfy ð]Þ. Therefore, from Proposition 1.1, there exists a function g satisfying

above properties. r

Setting

V ¼ e�gtv; F ¼ e�gt ~ff ; HðiÞ ¼ e�gt~hhðiÞ; U0 ¼ ~uu0; U1 ¼ ~uu1 ðg > 0Þ;

(P0) is transformed to

ðP0Þg

ððqt þ gÞ2 � AÞV ¼ F in ð0;TÞ �W;

V ¼ 0 on ð0;TÞ � Gi ði A DÞ;
BiV ¼ HðiÞ on ð0;TÞ � Gi ði A NÞ;
V ¼ U0; ðqt þ gÞV ¼ U1 on ft ¼ 0g �W:

8>>><
>>>:

Therefore energy estimates for (P) follow from those for (P0)g.

Now we try to get energy estimates for (P0)g. By the integration by parts, we

have

Lemma 3.2 (Green’s formula (III)). It holds

ðððqt þ gÞ2 � AÞV ; ðqt þ gÞVÞ

¼ ð1=2Þ ½ðqt þ gÞV �2ðTÞ þ
X
p;q

½apqqqV ; qpV �ðTÞ

( )
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� ð1=2Þ ½ðqt þ gÞV �2ð0Þ þ
X
p;q

½apqqqV ; qpV �ð0Þ

( )

þ g kðqt þ gÞVk2 þ
X
p;q

ðapqqqV ; qpVÞ
( )

�
X

i ADUN

hðd=dnðiÞA ÞV ; ðqt þ gÞViðiÞ

�
X
q

bqqqV ; ðqt þ gÞV
 !

� ðcV ; ðqt þ gÞVÞ

for any real V A H 2ðð0;TÞ �WÞ.

Applying Green’s formula (III) for V satisfying ðP0Þg, we have

kFk kðqt þ gÞVk

f ð1=2Þf½ðqt þ gÞV �2ðTÞ þ d½qxV �2ðTÞg

� ð1=2Þf½U1�2ð0Þ þ C½qxU0�2ð0Þg þ gfkðqt þ gÞVk2 þ dkqxVk2g

�
X
i AN

jhHðiÞ; ðqt þ gÞViðiÞj �
X
i AN

jhsðiÞV ; ðqt þ gÞViðiÞj

� CðkqxVk þ kVkÞkðqt þ gÞVk:

Now we consider

Ii ¼ hHðiÞ; ðqt þ gÞViðiÞ and Ji ¼ hsðiÞV ; ðqt þ gÞViðiÞ:

Since

Ii ¼ hð�qt þ gÞHðiÞ;ViðiÞ þ dHðiÞ;Veði;TÞ � dHðiÞ;Veði;0Þ;

we have

jIije fhð�qt þ gÞHðiÞiðiÞ þ dHðiÞeði;TÞ þ dHðiÞeði;0Þg

� fhViðiÞ þ dVeði;TÞ þ dVeði;0Þg:

Since

Ji ¼ ghsðiÞV ;ViðiÞ � ð1=2ÞhðqtsðiÞÞV ;ViðiÞ

þ ð1=2ÞdsðiÞV ;Veði;TÞ � ð1=2ÞdsðiÞV ;Veði;0Þ;
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we have

jJijeCfghVi2
ðiÞ þ dVe2

ði;TÞ þ dVe2
ði;0Þg ðgf 1Þ:

From Proposition 1.2, we have

dVe2
ði; tÞ eC½qxV �ðtÞ½V �ðtÞ eCg�1=2f½qxV �2ðtÞ þ g½V �2ðtÞg:

Integrating both sides with respect to t, we have

hVi2
ðiÞ eCg�1=2fkqxVk2 þ gkVk2g:

Hence we have

jIij þ jJij

e hð�qt þ gÞHðiÞi2
ðiÞ þ dHðiÞe2

ði;TÞ þ dHðiÞe2
ði;0Þ

þ Cg�1=2fgðkqxVk2 þ gkVk2Þ

þ ð½qxV �2ðTÞ þ g½V �2ðTÞÞ þ ð½qxV �2ð0Þ þ g½V �2ð0Þg ðgf 1Þ:

By the way,

Lemma 3.3. It holds

f½qtV �2ðTÞ þ g2½V �2ðTÞg þ gfkqtVk2 þ g2kVk2g

e 3f½ðqt þ gÞV �2ðTÞ þ gkðqt þ gÞVk2 þ g2½V �2ð0Þg

for any V A H 2ðð0;TÞ �WÞ.

Proof. Since

½ðqt þ gÞV �2ðTÞ f ð1=3Þ½qtV �2ðTÞ � ð1=2Þg2½V �2ðTÞ

and

gkðqt þ gÞVk2 ¼ gfkqtVk2 þ g2kVk2g þ g2fðqtV ;VÞ þ ðV ; qtVÞg

¼ gfkqtVk2 þ g2kVk2g þ g2f½V �2ðTÞ � ½V �2ð0Þg;

we have

½ðqt þ gÞV �2ðTÞ þ gkðqt þ gÞVk2

f gfkqtVk2 þ g2kVk2g þ ð1=3Þ½qtV �2ðTÞ þ ð1=2Þg2½V �2ðTÞ � g2½V �2ð0Þ: r
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Owing to Lemma 3.3, we have

gfkqtVk2 þ kqxVk2 þ g2kVk2g þ f½qtV �2ðTÞ þ ½qxV �2ðTÞ þ g2½V �2ðTÞg

eC

�
g�1kFk2 þ

X
i AN

hqtH
ðiÞi2

ðiÞ þ
X
i AN

g2hHðiÞi2
ðiÞ

þ ½U1�2ð0Þ þ ½qxU0�2ð0Þ þ g2½U0�2ð0Þ
�

ðgf g0Þ:

Hence we have

fkqtvk2 þ kqxvk2 þ kvk2g þ f½qtv�2ðTÞ þ ½qxv�2ðTÞ þ ½v�2ðTÞg

eC k ~ff k2 þ
X
i AN

hqt~hh
ðiÞi2

ðiÞ þ
X
i AN

h~hhðiÞi2
ðiÞ þ ½~uu1�2ð0Þ þ ½qx~uu0�2ð0Þ þ ½~uuð0Þ�2ð0Þ

( )
;

that is,

kvk2
1 þ f½qtv�2ðTÞ þ ½v�2ðTÞ;1g

eC k ~ff k2 þ
X
i AN

h~hhðiÞi2
ðiÞ;1 þ ½~uu1�2ð0Þ þ ½~uu0�2ð0Þ;1

( )

eC 0 k f k2 þ
X
i AN

hhðiÞi2
ðiÞ;1 þ ½u1�2ð0Þ þ ½u0�2ð0Þ;1 þ

X
i AD

hgðiÞiðiÞ;2þr

( )
:

Here we have

Proposition 3.1. It holds that

kuk2
1 þ f½qtu�2ðTÞ þ ½u�2ðTÞ;1g

eC k f k2 þ
X
i AD

hgðiÞiðiÞ;2þr þ
X
i AN

hhðiÞi2
ðiÞ;1 þ ½u1�2ð0Þ þ ½u0�2ð0Þ;1

( )

for any u A H 3þrðð0;TÞ �WÞ satisfying (P).

By the integration by parts, we have
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Lemma 3.4 (Green’s formula (IV)). It holds that

ððq2
t � AÞu; vÞ � ðu; ðq2

t � A�ÞvÞ

¼ f½qtu; v�ðTÞ � ½u; qtv�ðTÞg � f½qtu; v�ð0Þ � ½u; qtv�ð0Þg

�
X

i ADUN

fhðd=dnðiÞA Þu; viðiÞ � hu; ððd=dnðiÞA Þ � bðiÞÞviðiÞg

for any u; v A H 2ðð0;TÞ �WÞ.

Set

B 0
i ¼ ðd=dnðiÞA Þ þ sðiÞ � bðiÞ;

then we have from Green’s formula (IV)

ððq2
t � AÞu; vÞ � ðu; ðq2

t � A�ÞvÞ

¼ f½qtu; v�ðTÞ � ½u; qtv�ðTÞg � f½qtu; v�ð0Þ � ½u; qtv�ð0Þg

�
X

i ADUN

fhBiu; viðiÞ � hu;B 0
i viðiÞg:

Hence we have an adjoint problem for (P):

ðP 0Þ

ðq2
t � A�Þv ¼ f in ð0;TÞ �W;

v ¼ gðiÞ on ð0;TÞ � Gi ði A DÞ;
B 0
i v ¼ hðiÞ on ð0;TÞ � Gi ði A NÞ;

v ¼ u0; qtv ¼ u1 on ft ¼ Tg �W:

8>>><
>>>:

By the variable transformation: t ¼ T � t 0, (P 0) becomes the same type

problem as (P). Therefore we have from Proposition 3.1

Proposition 3.2. It holds that

kvk2
1 þ f½qtv�2ð0Þ þ ½v�2ð0Þ;1g

eC k f k2 þ
X
i AD

hgðiÞiðiÞ;2þr þ
X
i AN

hhðiÞi2
ðiÞ;1 þ ½u1�2ðTÞ þ ½u0�2ðTÞ;1

( )

for any v A H 3þrðð0;TÞ �WÞ satisfying (P 0).

According to Theorem I in [3], we have from Proposition 3.2
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Theorem 2. Let f A L2ðð0;TÞ �WÞ, then there exists a H-weak solution u A

L2ðð0;TÞ �WÞ of

ðPÞ

ðq2
t � AÞu ¼ f in ð0;TÞ �W;

u ¼ 0 on ð0;TÞ � Gi ði A DÞ;
Biu ¼ 0 on ð0;TÞ � Gi ði A NÞ;
u ¼ qtu ¼ 0 on ft ¼ 0g �W;

8>>><
>>>:

where H-weak solution is defined as follows.

H is a Hilbert space defined by the completion of H 3þrðð0;TÞ �WÞ by the

norm:

kuk2
H ¼ kðq2

t � A�Þuk2 þ
X
i AD

hui2
ðiÞ;2þr þ

X
i AN

hB 0
i ui

2
ðiÞ;1 þ ½qtu�2ðTÞ þ ½u�2ðTÞ;1:

We say that u A L2ðð0;TÞ �WÞ is H-weak solution of the problem (P), if there

exists w A H such that u ¼ A�w and

½w; v�H ¼ ð f ; vÞL2ðð0;TÞ�WÞ ðEv A HÞ;

where ½w; v�H is the inner product of H, which is derived from the norm k � kH.
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