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DIRICHLET-NEUMANN PROBLEM IN A DOMAIN WITH
PIECEWISE-SMOOTH BOUNDARY

By

Reiko SakaMoTO

Introduction

The Dirichlet boundary value problem has been considered for various types
of partial differential operators in a domain Q with various types of non-smooth
boundaries ([1], [2], etc.).

In this paper, we assume that Q is a smooth p-manifold in R", defined in §1,
whose boundary is divided into a finite number of smooth surfaces:

00— )T - (U ﬁ) U <U r,) (DAN = §).
i=1 ieD ieN
In §2, we consider an elliptic partial differential equation of 2-nd order in Q with
Dirichlet boundary conditions on I; (i € D) and Neumann boundary conditions
on I (ieN):
Au=f inQ,
P) {u=g" onT; (ieD),
Bu=~h" onT; (ieN),

where {B;} are differential operators of 1-st order. We consider weak solutions,
i.e. #-weak solutions in the sense of [3]. Existence of #-weak solutions depends
on weak energy estimates for adjoint problems. Therefore our aim in this paper is
to obtain weak energy estimates for adjoint problems. Weak energy estimates for
(P) means

ull L20) = C{HA”HU(Q) + Z letll o1y + Z |Biu|H”2(E)} (Vue H°(Q))
ieD ieN
for some large integer o.
In §3, we consider a hyperbolic partial differential equation of 2-nd order in
(0, T) x Q with Dirichlet boundary conditions on (0,7) x I; (i € D), Neumann
boundary conditions on (0,7) x I'; (i € N) and initial conditions on {z =0} x Q.
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§1. p-Manifolds

Let Q be a smooth manifold of dimension m in R". We say that x € 0Q is
a boundary point of degree p (1 < p < p), if there exist a neighborhood U of x
in R" and a neighborhood V' of 0 in R™ such that

O : Ep nNVy—-Qnu
is a smooth bijection, where

X, ={yeR"|y1 >0,y >0,...,y, >0}

Let 07Q denote the set of boundary points of Q of degree p. We say that Q is a
p-manifold (1 < p <m) if
p
Q=) orQ.

p=1

Suppose that Q is a p-manifold of dimension m. Let x € 6°Q, then there
exists its neighbourhood U = U(x) such that

NONU=0{y|y1=0,92>0,...,9,>010VF)
UD({y|y1>0,»=0,y3>0,...,»,>0}N7)
U Ud{y|»1>0,32>0,...,9-1 >0,y,=0}NT),
PONU=0{y|y1=y2=0,3>0,...,y,>0}NVF)
UD({y]|y1=0,»2>0,3=0,14>0,...,5,>0}N7)

U U(D({y|yl >07y2>07"'7y]772>07ypf1:yPZO}ﬂV)v

PANU =0({y|y1=y2=--=y=0NV).

Suppose that Q is a bounded p-manifold of dimension m, then 0Q is covered by
a finite number of subsets of {U(x)|x e 0Q} with above properties, therefore,
0'Q is a union of a finite number of smooth manifolds of dimension m — 1:

o'Q=T, I={1,2,...,h}.

iel

Moreover, we have the following two lemmas.
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LemMMa 1.1. Let Q be a bounded p-manifold of dimension m in R", then it
holds

ra= () T,
veS,(I)

S,(I) ={v=(vi,v2,...,vp) €I?|v; #v; if i # j},

where T,..,, is a (p — p)-manifold of dimension m — p such that

L., =1
'p

vy (T,

Lemma 1.2. Let Q be a bounded p-manifold of dimension m in R" with

'Q =T, where {T; (iel)} are (p— 1)-manifolds of dimension m—1. Let
iel
D < I, and suppose that {g; € H**"~1(T;) (ie D)} (s = 0) satisfy

() gi=g; on L;NL; (i,jeD).

Set

Iv = 9nlr, (ve S(D)),

then {g, (ve S(D))} satisfy

1) Gy, = Gup, vk ={m, ot

(1) () gonl o= {g i je{vi,...,n}
VieVplL, L, NI Goiovy j lf j¢{vl,---,vp}7
and
Z ”gv”HH/JfP(I“,) é C\Z Hgi”[-]sfﬂfl(l“,-)v
veS,(D) ieD
where

Sy(D) = {v=(vi,v2,....v,) € S,(I) | 3k st. we D}, S(D)=JS,(D).

First in Lemma 1.3, we consider extensions of functions in a fundamental
domain

Q={xeR"|x;>0,...,x, >0},
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then

IN={xeR"|x1=0,x>0,...,x, >0},

I'y={xeR"|x1>0,x>0,...,x,-1 >0,x, =0},
and moreover
[={xeR"|x, =x,=--=x,=0,x5>0 (1=2j=Zp,j#w)} (eS,)).
Let g, be a function defined on T, (ve S(I)), then
gy = Gv(Xy,15 -5 %,)
can be regarded as a function, defined in Q, which is independent of variables
(Xyps ooy Xy,)
LemMma 1.3, Let
Q={xeR"|x;>0,...,x, >0},

and assume that {g, € H*(T,),ve S(I)} (I ={1,2,...,h}) satisfy (tf). Set

Effg}l= D> a— > g+ D gw—+ (D",

1<i<p 1Si<j<p 1<i<j<k<p
then g = E[{g,}] satisfies
g|n =g (iel),
and

”ﬂg”H‘*(Q) =Cy Z ||gVHH»“(R)a
veS(I)

where e 2(R™).

Proor. From (£f), we have

S gl =g+ > i

1<i=p 2<i=p
E diflr, = E g1 + E iy - -+
1<icj<p 2572 2<i<j<p

therefore we have
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25j=p 2<i<j<p

+{ Z Jijk + Z gly’k}_"'+(—1)p_lg]---p

2<j<k<p 22i<j<k<p
= g].
In the same way, we have
glr. =9 (iel). O

Next in general, we have

LemMma 1.4. Let Q be a bounded p-manifold of dimension m in R" with

Q= | I, (I1<p=spl=A{1,...,h}),
ve S (1)
where I, (ve S,(I)) are (p — p)-manifolds of dimension m — p. Let {g, € H*(I,),
ve SI)} be given functions satisfying (). Then there exists a function g defined
in Q such that
g=g» on T, (veS())

and
> D 1020l + 19l
iel ‘o(|§_y
=G Z HQVHHS(F‘,)-

veS(I)

Proor. Since Q is a bounded p-manifold of dimension m in R", there exist
open sets {Uj,...,Us} in R" such that

J
Qe U, E,nV)=anU,.
j=1

Depending on open sets {Uj,..., Us}, there exist smooth functions {f,,...,f,}
such that

J
supp[B;(x)] = Uj, Zﬁj(x)z =1 near 0Q.
=1
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For fixed j, set
g/ =gy on L, h) =g\ o

for ve S(I). Since (ff) is satisfied by {hij),veS(I)}, there exists

hy = E[{h}]
from Lemma 1.3. Then
J
g(x) =Y Bi(x)(hy 0 ;") (x)
=1
satisfies the required properties. O

PropoSITION 1.1.  Let Q be a bounded p-manifold of dimension m in R", with

io=r,

iel

where {I; (iel)} are (p— 1)-manifolds of dimension m— 1. Suppose that
{g") e H***~\(T3) (ie D)} satisfy

#) ¢"=4¢" on TiNT; (i,jeD).
Then there exists a function g defined in Q such that

g=¢" onT, (ieD)

and
Z Z 1039l 2y + 1191l s
iel |o|<s
= Csz ||g<i)||Hs+/)—l(r,)-
ieD
PrROOF. Set

gv = 9w, |E, (ve SP(D))7

and apply Lemma 1.2 to {g,,ve S(D)}, then we have
Z HQ\'”HH/FP(F‘,) = GK,
veS,(D)

where

K =2 lgillissr:

ieD
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Hence we have

Z Hgv”Hs(n) = GK.
veS(D)

In case when S(D) # S(I), set S, = S,(I) — S,(D). Define
gv=0 forvesS, (if S, #¢).
Then we can define {g, (©€S, )} satisfying

Iy £ G S Ngull) < GK (e s) )
veS,(D)

by Lemma 1.4, because I, (#€ S, ) is l-manifold of dimension m —p+ 1.
Next, we consider I}, (x€ S, ), which is 2-manifold of dimension m — p + 2 and

o'l = UL (du=S).
ved,
Since {g, (ve A,)} satisfy (f), we can define g, on I', by Lemma 1.2 and Lemma
1.4, satisfying
gﬂ|n, =g, (ve Aﬂ)?

||9u||Hs<1j,) =G Z ||gv|\Hs(11.)
veS,(I)US, 1 (I)

o Z ||gv||Hs(n,) (ne S,;—z)~
veS,(D)US,_1(D)

IA

Repeating these constructions, we can define a function g with required prop-
erties. O

PrOPOSITION 1.2.  Let Q be a bounded connected p-manifold of dimension n in
R", with
la=1,
iel

where {I; (iel)} are (p — 1)-manifolds of dimension n— 1 and

I=DUN, DNN=¢, D+#¢.
Then it holds that

2 2
Z lullZ2ry + el 22
ieN

= C{Z | oy + ||5xu||Lz<g)|u||Lz<g>} (Vue H'(Q)),

ieD
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where

owull> =" llol®, & = 0y
=1

Proor. Let ael'y, (xe D # ¢) be fixed.
1) Let beT'p. Draw a smooth line L in Q such that

L:x(t) (0=2t=1), x(0)=a, x(1)=0b,

where x’(0) is not tangent to I', and x’(1) is not tangent to I'p, then we have

u(b)* = u(a)? + Jl S oy {ux(0) 1) .
=1

Moreover, we have continuous deformations of L:
Ly:x(t,p) =x(t, 1, 1) (0=22=1), x(0,y) ey, x(1,y)ely

for y e V, where Ly = L and V is a neighborhood of 0 in R"~!. Then we have
| a0 @y = | utx(0,90) av

1
= || S22ttt (s ) @) 1)

therefore we have

jyu<x<17y>>2 dy

5 1
gj u(x(0, 7)) dy+cj dyj Bu(x(t, )| [u(x(z, )| d.
V 14 0

In the same way, we have
JV u(x(s, y))* dy

< [ w0y arec| dyjswxu(x(r,ym|u<x<r,y>>|dz (0<s<1)
|4 V 0
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Integrating the both sides with respect to s, we have

Jl dt JV u(x(t, y))* dy

0
1

< | wx0.)?ayec|

| Josutete ) (e )l .
2) Let b € 0T, then there exists a family of lines {L,|y e V' NZX,} such that
Ly:x(t,y)=x(t, y1,...,yn1)€Q (0< 1<),
x(0,y) ey, x(1,y) €Ty,
where ¥ is a neighborhood of 0 in R"~! and
Y, ={yeR" 'y >0,...,y, >0}

Then we have, in the same way as in 1),

J u(x(1, ) dy
s,

1
j u(x(0, )2 dy + cj dyj Bu(x(t, y))] [u(x(z, )] d.
YNz, VNs, 0

lIA

and

J(z a JVﬂZ/, u(X(Z’ y))2 dy

1

= IV(‘IEN M(X(O’ y))z dy * CJO

dzj 2u(x(t, )] [ux(t, )] d.
VNz,

By finite sums of inequalities in 1) and 2), we obtain the required inequal-
ities. O
§2. Elliptic Dirichlet-Neumann Problem

We assume, hereafter, Q is a bounded connected p-manifold of dimension n
in R" with boundary

Q=TL= (U ﬁ-)U(U T)

where {I;} are (p — 1)-manifolds of dimension n—1, I = DUN, DN N = ¢ and
D # ¢.
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Let A, B; be defined as follows:

A= iapam )0, +qu x)0, + ¢(x)

P:q=1
and

B; = (d/dn})) + oV (x), (d/dn}) =" nlay(x)d, (iel),
p.q=1
where n is the unit outer normal to I} and a,,(x), by(x), ¢(x), o (x) are
smooth real valued functions. Here we assume

n

D ap(x)E,E, Z0EP (VxeQ,VEeR")

p,q=1
where ag,(x) = ap,(x), 6 > 0.

Let u e H**?(Q) be a real valued function satisfying

Au=f 1nQ,
(P) u=g"  onT; (ieD),
Bu=~h" onT; (ieN),
then our aim is to obtain energy estimates for (P) in §2. Moreover, we use the
following notations through in §2:

[l =1 Mm@y M=o o) =012
COws = lmmy, <0 =< a0 <=, Dnm):
LemMmA 2.1, Let ue H**?(Q) satisfy (P). Then there exists a function g such
that

g=9¢% onT; (ieD)
and

AS]

S

D> (@d/dn) 9> s+ lglly < €Y <d D e pery (5= 1,2).

i=1 j=0 ieD
Set v=u—g, then v satisfies
Av = f in Q,
(Po) v=20 onT; (ie D),
Bw=h" onT; (ieN),
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where f = f — Ay, A = p) — Big|r, satisfy

|f||<C{||f||+Z<g .2+ (- 1)}

ieD

and

Dy < C{<h(i>>(i) + Z 90,141 }

ieD

PrOOF. Since ue H>™*(Q) satisfy (P), {g) on I} (ie D)} satisfy (f). There-
fore, there exists g satisfying above conditions, from Proposition 1.1. O

REMARK. Energy inequalities for (P) follows from energy inequalities for
(Po).

Using the integration by parts, we have

LemmA 2.2 (Green’s formula (I)). It holds

n

(Au,u) Z( d/dnA U, 1) Z (apgOqut, Opt)

=1 P,q=1

h
Z: Du, U ;(bu, u) + (cu,u),

NI*—‘

for any real ue H*(Q), where

b= iaq(b )
q=1

From Green’s formula (I), we have

(Av,v) Z<Bv U3 Z<< @ —b;)>v,v>()

ieN ieN
" b
— Z (Apq0qv, 0pv) + ((c — E) u, u)
Pq=1

N AU b
Assume that ¢/ > >0 (ieN) and c=3 <0, then we have
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dllooll> < I loll + Z <E(i)>(i)<v>(i)'
ieN

From Proposition 1.2, we have

2 ja) 2
D <ok +lIvll® = Cllow)?,

ieN

therefore

ieN ieN

S o524 ol < c{||f||2 oy </2“‘>>%,->}-
Hence we have

. (@) b
PROPOSITION 2.1.  Assume that o) — b? =0 (ieN)and ¢ — 3 < 0. Then it
holds that

wy? + |lull} < C{|f|2 +3 <" s, +Z<h“‘>><%->}
ieD ieN

for any ue H**(Q) satisfying (P), where

Wy = Y wfy.

ie DUN

By the integration by parts, we have

LemmA 2.3 (Green’ formula (II)). It holds

(Aua U) - (uvA*U)

= N {@d/dnyu vy — <u, (ddn)od g + <Du, vy}

ie DUN

for any u,ve H™"(Q), where
n n n n
A=Y 0papg0y = Y Ogby =Y ppg0y— Y bydy+ (¢ —b).
P.q=1 q=1 P.q=1 g=1
From Green’s formula (II), setting
B! = (d/dn) + ") —b®) (ie DUN),

we have
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(Au,v) — (u, A*v) = Z {<Bi,u, v ;) — <u, Bjvyy }-

ie DUN
Hence we have an adjoint problem for (P):
A'v=f inQ,

(P) {v=g" onI; (ieD),
Blv=h" onT; (ieN).

Since the type of (P’) is the same as that of (P), we have from Proposition 2.1

L pd
PROPOSITION 2.2.  Assume that ¢ — EX

=0 (ieN) and c—g <0. Then it
holds

Y+ |ollf < C{ 112+ a0 00, + > <h<f>>é>}

ieD ieN
for any ve H**(Q) satisfying (P).

According to Theorem I in [3], we have from Proposition 2.2

N AU b
TuroREM 1.  Assume that o 5 =20 (ieN) and ¢c—= £0. Let fe€
L*(Q), then there exists a # -weak solution ue L*(Q) for
Au=f inQ,

(P) u=0 onI; (ie D),
Bu=0 onT; (ieN),

where #-weak solution is defined as follows.

A is a Hilbert space defined by the completion of H***(Q) by the norm:

2 * 2
[l = 47Ul + > <wdf 1y, + > (Budh.

ieD ieN

We say that ue L*(Q) is #-weak solution of the problem (P), if there exists
weH such that u= A*w and

w, vl = (f, U)LZ(Q) (ve ),

where [w,v],, is the inner product of A, which is derived from the norm || -|| .
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§3. Dirichlet-Neumann Problems for 07 —
We consider the following initial boundary value problem in §3:

(0} —Au=f in(0,T)xQ,

u=g" on (0,7) x I; (ie D),
Bju = h" on (0,7) x I; (ieN),
u=uy,0uu=u on{t=0}xQ,

(P)

where Q, A, B; are the same ones as in §2. Since Q is a p-manifold of dimension
nin R", (0,T) x Q is a (p+ 1)-manifold of dimension n + 1 in R"*!. Following
notations of norms and inner products are used in §3:

-l =1 o, 7y <)

=1 Mo Coo) =G ). myxes

<t = 1 o, myxr
€ >(i) =< >(i),o» <, '>(f) = ( ) ')LZ((o, T)xI;)?
['](z),s =" ||H5({t:r}><Q)7

H(t) = H(t),Oa [ ’ ]([) = ( ’ ')LZ({z:t}xg)a
K- >>(i,t),s = H ’ ||H“({t:l}><l",-)’
<< . >>(i,t) = << : >>(i7t),07 << ) '>>(i,t) = ( ) ')LZ({z:z}xr})a
LemMaA 3.1, Let ue H3*(Q) satisfy (P). Then there exists a function g such
that

g=9¢% on (0,T)xT;, (ieD)

and

s P K

> 100gli0)sy + D> (d/dnDY g> i+ 9l S C D Kgidpsep (8= 1,2).
Jj=0 i=1 j=0 ieD

Set v=u—g, then v satisfies

(> —Aw=f in(0,T)xQ,

v=0 on (0,T)xTI; (ie D),
B =h" on (0,T)xT; (ieN),
v=1y, 0w =1 on {t=0}xQ,

(Po)
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where
j: = f - (atz - A)ga E(O = h(l) - Biga ilO =Uup — g|t:07 1’71 = Uy — atg|t:07

which satisfy

171 = {IIfI +> M}
ieD
<}~z(f)>(i),1 = C{<h )1 T Z g 2+p}
ieD
[ﬂo](o)‘l = C{ o1t Z <g(i)>(i),l+p}7
ieD

i) ) = { o+ > W}

ieD

PrOOF. Since u e H*7((0, T) x Q) satisfies (P), {¢”) on (0,T) x I (ie D)}
satisfy (f). Therefore, from Proposition 1.1, there exists a function ¢ satisfying
above properties. O

Setting
V=elv, F=ef, HD=e7"h" Uy=uy, U =um (y>0),
(Po) is transformed to

(0, +7)*—AV=F in(0,T)xQ,

V=0 on (0,7) x I'; (ieD),
BV = HU on (0,7) xT; (ieN),
V="U,(0,+y)V=U on{t=0}xQ.

(Po),

Therefore energy estimates for (P) follow from those for (Py),.
Now we try to get energy estimates for (Py),. By the integration by parts, we
have

Lemma 3.2 (Green’s formula (III)). It holds

(((0r + V)z —A)V,(0:+p)V)

:(1/2){[(@4-7/ +Zapq0qV6 V], }
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- (1/2){[(51 +7) V](zo) + Z [apq0q V', O V}(O)}

Pq

+ y{ 1@+ VP4 (apgdyV, 0y V)}

P9

= " @/, (6 + )V

ie DUN

_<Zpﬁﬂm&+MV>—uWA&+WW

q

for any real Ve H*((0,T) x Q).

Applying Green’s formula (III) for V' satisfying (Po),, we have

(| [1(2:+ ) V]|
> (1/2){1(0 + ) Vir) + 010V}
— (1/2){[U1] o, + CloxVol iy} + {110 + ) VII* + 610 V] *}

- Z [KCHD (8,4 9) V)| — Z KDV, (8, + )V )

ieN ieN
= C([oxV [ +[IVIDII(0: + ) V]I
Now we consider

Li=<HY (3, +9)V>y and J; =<V, (8, +7) V.

Since
L= (=0 + ) HO, Vi + KHD, V1) — KHD, Vi),
we have
] < (=00 + ) HD Yo+ KHD Yy + CHD Y .0}
X LV >0 Vi) + <V o}
Since

Ji =@V, Vi — (1/2)<K(0,6)V, V',

+(1/2)4 MV VY1) — (1/2)K6V, V1),
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we have
|Ji| < C{V<V>(2i) + <<V>>(2,;T) + <<V>>(2,',0)} (rz1).
From Proposition 1.2, we have
<<V>>(2,-,,) < CloV]plVly = CV_I/Z{[axV](Zz) + V[V](Zz)}-

Integrating both sides with respect to ¢, we have

I = S PV +9llV 1P}
Hence we have

|| + /i
< =0+ D HDG) + CHOY 1y + CHOYG
+Cy P oleV I+ V)
+ ([axV](zT) + V[V](zT)) + ([6XV}(20) + V[V](z())} (rz1).

By the way,

LemMma 3.3. It holds
{8V 1y + 7 Ve +r{llovIIP + 221V 1%}
< 3{[(B + ) Vi + 710+ VIR + 2 V15

for any Ve H*((0,T) x Q).

Proor. Since

[(0r +7) V](ZT) 2 (1/3)[61V](2T) - (1/2)V2[V](2T)

and
@ ANVIP =20V + 2V} + 9@V, V) + (V,0,V)}

= {1V + 2V IR} + 7 {0V )i — Vi b

we have
[@c+ )V er + 1@+ ) VI

2 {10V 12 + 71V} + (1/3)0V e + (1202 Vi = 7PV O
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Owing to Lemma 3.3, we have
P10V IZ+ 10V I+ 21V} + {0V e + [0V 1y + 71V ]En )

< c{ NENP+ D KoHDYE + Sy H

ieN ieN
LR, WW]+mw@}Wgw.

Hence we have

{ll0wl1® + 12well® + 1o} + ({20l + (0wl + o]}

ieN ieN

éC{WV+§:@%%@+2R%B@+M%+Wﬂﬁwﬂ%ﬁ*7
that is,

Io[17 + {[0e(ry + [0]r) 1}

=< {|f|| + Z<h 1t [“1}( 0 T [5‘0]50)‘1}

ieN

=C {|f|| +Z<h 1‘|‘ ”1} ”0(0 1+Z<g 2+p}

ieN ieD

Here we have

ProrosiTioN 3.1. It holds that

el + {[8eaelry + [y 1}

= C{”f” + Z<g i),24p T Z(h >(1 1T [“1]( 0t [“0](20),1}

ieD ieN

for any ue H**((0,T) x Q) satisfying (P).

By the integration by parts, we have
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LemmA 3.4 (Green’s formula (IV)). It holds that
(97 = A)u,v) = (u, (37 — A")v)
= {[0w, U](T) = [u, 5:”](T)} —{[0w, U](()) = [u, 5:”](0)}

— 37 {(d/dnyu, vy — <u, ((dfdn]) — BD)oyy )

ie DUN

for any u,ve H*((0,T) x Q).

Set
B} = (d/dn'})) + o — b1,
then we have from Green’s formula (IV)
(97 — Ayu,v) = (u, (37 — A")v)
= {[0wm, U](T) = [u, 510](T>} —{[0wm, U](()) = [u, alv](o)}

- Z {<{Biu, vy — <u, Bjvy )}

ie DUN

Hence we have an adjoint problem for (P):
(02— A= f in(0,T)xQ,
Py 0= g on (0,T)xI; (ieD),
Blv = h" on (0,7)xT; (ieN),
v=up,dv=u; on{t=T}xQ.

By the variable transformation: =7 — ¢, (P’) becomes the same type
problem as (P). Therefore we have from Proposition 3.1

ProPOSITION 3.2. It holds that

2 A 12 2
lolly + {[0:v]io) + [v]i0),1}

< C{ A2+ a0 00+ > <HDYE 1+ )iy + [0l }

ieD ieN

for any ve H>7((0,T) x Q) satisfying (P).

According to Theorem I in [3], we have from Proposition 3.2
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THEOREM 2. Let f € L*((0,T) x Q), then there exists a # -weak solution u €
L*((0,T) x Q) of

(>~ Au=f in(0,T)xQ,

(P) u=20 on (0,T)xTI; (ieD),
Bu=0 on (0,T)xTI; (ieN),
u=0u=0 on {t=0} xQ,

where H-weak solution is defined as follows.
A is a Hilbert space defined by the completion of H3*7((0,T) x Q) by the

norm:

el = 127 = A Yull® + > <udfy 2y, + D <BiudGyy + (il + [l 1
ieD ieN

We say that ue L*((0,T) x Q) is #-weak solution of the problem (P), if there
exists we A such that u= A*w and

w, 0]y = (f30) 120, 1yx) (Y0 E H),

where [w,v],, is the inner product of A, which is derived from the norm || -|| .
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