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SOME CONDITIONS ON THE WEINGARTEN

ENDOMORPHISM OF REAL HYPEMSURFACES IN

QUATEMNIONIC SPACE FORMS

By

Miguel Ortega and Juan de Dios Perez

Abstract. We classify the real hypersurfaces in a non-flat quater-

nionic space form satisfying several conditions on their Weingarten

endomorphism. Firstly,we study on the maximal quaternionic dis-

tribution of the real hypersurface a relationship between a certain

metric tensor and the restrictionof the metric of the ambient mani-

fold. Secondly, we consider some formulae relating the Weingarten

endomorphism to the curvature operator.

Introduction

Let QMm(c), m > 2, c =£0, be a non-flat quaternionic space form endowed

with the metric g of constant quaternionic sectional curvature c ^ 0. For sake of

simplicity, we will use c ―±4. When c = 4, we will call it the quaternionic

projective space, QPm, and when c = ―4, the quaternionic hyperbolic space,

QHm. Let M be a connected real hypersurface in QMm(c) without boundary,

and we choose a locally defined unit normal vector fieldTV on M. We denote by

A and D the Weingarten endomorphism associated with N and the maximal

quaternionic distribution on M respectively.The restriction of the metric g to

TM will be also denoted by g.

A totallyumbilical real hypersurface should satisfy that there existsa smooth

function 2 on I such that g{AX, Y) = Xg(X, Y), for any X,Y e TM. But a

classicalresult of Tashiro and Tachibana (see [4]) states that there do not exist

totallyumbilical real hypersurfaces in not-flatquaternionic space forms. Thus, an

interesting problem is to classifythose real hypersurfaces in QMm(c) satisfyinga

weaker condition. We copy the above formula, but we do not choose all tangent
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vectors in the tangent bundle TM. Instead, we consider the quaternionic dis-

tribution D of M, which is also a vector bundle on M. We continue denoting by

g the restrictionof the metric to D. Besides, we define the symmetric tensor h on

the vector bundle D by h(X, Y) = g(AX, Y) for any X, Y e D. Then, we classify

in Theorem 1 those real hypersurfaces in QMm(c), m > 3, c ^ 0, satisfying that

there exists a smooth function X on M such that h = kg.

On the other hand, the Codazzi equation implies the non-existence of real

hypersurfaces in QMm{c) with parallel second fundamental form. It is therefore

natural to consider the action of the curvature operator R of M acting as a

derivation on A, that is to say R ･A ― 0, that is weaker than VA ― 0, where V is

the Levi-Civita connection of M. From this,we are interested in studying several

conditions that enable us to relate the Weingarten endomorphism to the curvature

operator. In this way, we have obtained several characterizations of some of the

examples of real hypersurfaces in QMm(c) known at present, making a clear

distinctionamong all real hypersurfaces in QMm{c). More precisely,we consider

the following two conditions

g(R(AX, Y)Z - AR(X, Y)Z, W) = 0, for any X, Y, Z, W e D (1)

g((R(X, Y)A)Z + (R(Z, X)A) Y + (R{ Y, Z)A)X, W) = 0, (2)

for any X, Y, Z, W e D

Obviously, the second one is weaker than R- A = 0. We classify the real hy-

persurfaces in QMm(c), m > 3, c ^ 0, satisfyingthese two conditions in Theorems

2 and 3 respectively. As a consequence, we can show that do not exist real

hypersurfaces in QMm(c), m > 3, c # 0, such that R ■A = 0.

Finally, the authors would like to thank the referee for some useful com-

ments.

1. Preliminaries

As QMm(c) is a quaternionic manifold, there is a three dimensional fiber

bundle V c EndTM, called the quaternionic structure,such that given {J＼,Ji,Ji)

a basis of "V defined on a suitable open subset of M, the following properties are

satisfied

Jj = J^ ― t/^= ―/a, J＼J2==―≪^2≪'l== "^3

gf(Az, r) + ^(jr,/jfcr)= o, A:= 1,2,3 (3)

VxJi = -qj(X)Jk + qk{X)Ju {dqt + q, a qk)(X, Y) = 4g(X, JtY)



Some Conditions on the Weingarten endomorphism 301

for any X, Y tangent to QMm(c), where V is the Levi-Civita connection of

QMm(c), (ij,k) is a cyclic permutation of (1,2,3) and q＼,q2,q-iare local 1-

forms. In [2],we see that another basis i//,^'^} °ftne fiberbundle "V, which is

denned on the same open subset, can be obtained by considering P e SO(3), and

then computing PJk = J'k,for k = 1,2,3.

Let M be a connected real hypersurface of QMm{c) without boundary. Let

X be a tangent vector field to M. We write JkX = <f>kX+ fk(X)N, k= 1,2,3,

where <$>kXis the tangential component of JkX and^(X) = g(X, Uk), k = 1,2,3.

Then we have

fix = -x +fk(x)uk, fk(jkx) =

for any X tangent to M, and

<t>tx

o, 4>kuk = 0

= tjfax -fk(x) Uj = -fafax +fj{X) uk,

MX) =fMkx) = -/MX)

k

/

1.2.3

1.2.3

(4)

(5)

for any X tangent to M, where (ij,k) is a cyclicpermutation of (1,2,3).It is also

easy to check

gtfiX, Y)+g(X,faY)=O,

= -tjUi=Uk

g(6iXJiY)=g(X,Y)-fi(X)fi(Y)

(6)

for any X, Y tangent to M, i= 1,2,3, (i,j,k) being a cyclic permutation of

(1,2,3). From the expression of the curvature tensor of QMm(c), [2],we have the

Codazzi equation

(VXA)Y-(WYA)X =
c

4 £{/*(*)& Y -M Y)faX - 2g(</>kX,Y) Uk} (7)

k=＼

for any X, Y tangent to M, where V is the Levi-Civita connection of M and A is

the Weingarten endomorphism. The eigenfunctions and eigenvectors of A are

called principal curvatures and principal vectors respectively.If p e M, we will

write W;Xp) = {X e TpM : ApX = X{p)X}, which is called the principal curvature

distributionassociated to the principal curvature X at p. In general, dim Wi is not

constant, although it is possible to find a dense open subset of M where dim Wx

is constant. We also define B e hom(D, D) by the following. Given a point p e M,
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and a vector X e Dp, defineBPX as the orthogonal projectionof APX on Dp.

Clearly,g(BX, Y) = g{X,BY) for any X, Y e D.

If i? denotes the curvature tensor of M, the Gauss equation takes the form

R(X,Y)Z = C-
L(

Y, Z)X - g(X, Z)Y + J>(4 F, Z)<f>kX- gfaX, Z)4 Y

- 2g(faX, Y)<f>kZ}|+ g(A F, Z)AX - g{AX, Z)A Y (8)

for any X, Y,Z tangent to M. If R denotes the curvature tensor of QMm(c),

M is called curvature-adaptedif its normal Jacobi operator K^ = R(―,N)N

commutes with the Weingarten endomorphism A of M. J. Berndt obtained the

following three theorems in [11.

Theorem A. Let M be a curvature-adapted real hyper surface in QPm, m > 2.

Then M is orientable and an open subset of a tube of radius 0 < r < n/2 over one

of the following:

1. a totallygeodesic QPk, k e {1,... ,m ―＼},

2. a totallygeodesic CPm.

Remark 1.1. The tube of radius 0 < r < n/2 over a totally geodesic QPm~l

is also a tube of radius n/2 ―r over a point. These model spaces are known as

geodesic hyperspheres.

Theorem B. Let M be a curvature-adapted real hypersurface in QHm, m > 2,

with constant principal curvatures. Then M is an open subset of one of the fol-

lowing:

1. a tube of radius r > 0 over a totallygeodesic QHk, k e {0,... ,m ―1},

2. a tube of radius r > 0 over a totallygeodesic CHm,

3. a horosphere.

Theorem C. Let M be a curvature adapted real hyper surface in QHm.

Suppose that M has non-constant principal curvatures. Then

1. AZ = 2Z for any Z e D±,

2. the constant 1 is a principal curvature,

3. if p is another principal curvature differentfrom 2 and 1, then ^^Wp a W＼

for k= 1,2,3.
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A real hypersurface is also curvature adapted if AD £ D or equivalently,

AD1- c=D1 (see [1]).Sometimes, it is useful to consider a pointwise version of this

definitionwhen we are making a proof. Indeed, given P any non-empty subset of

M, we will say M is curvature adapted on P if for each point p e P, ApDp £ Dp,

equivalently, APD^ £ D^. Clearly, we are considering P ― M if we simply say M

is curvature adapted.

We recall that a real hypersurface in QMm{c) is ruled if D is integrable. We

can callthe horosphere a real hypersurface of type Aq, the tubes over a point or

over a totally geodesic QMm~l(c), real hypersurfaces of type A＼, and the tubes

over a totally geodesic QMk(c), 1 < k < m ―2, real hypersurfaces of type Aj.

2. Main Results

The reader should refer to the introduction to recall the definition of g and h.

Theorem 1. Let M be a connected real hypersurface in QMm(c), m > 3,

c ^ 0, without boundary. Let us suppose there exists a smooth function X : M ―>R

such that h = Xg. Then the function X is constant, and M is one of the following:

1. ruled, X = 0,

2. in QPm, an open subset of a tube of radius r, 0 < r < n/2, over a totally

geodesic QPm~l, X = cot(r),

3. in QHm,

(a) an open subset of a tube of radius r > 0 over a totallygeodesic QHm~x,

0 < X = tanh(r) < 1,

(b) an open subset of a horosphere, X = 1,

(c) an open subset of a tube of radius r > 0 over a point, 1 < X = coth(r).

Proof. The hypothesis h = Xg is equivalent to

3
AX = AX + ^2fi{AX)Ui

/=i

for any X e D (9)

Let F be the set of points p e M such that M is not curvature-adapted at p and

k(p) ^ 0. Given a point p e T, let Q be a connected coordinate open neigh-

bourhood of p. We consider the vector bundle Hom(D±,D"L). We define A0 e

Hom(i)1, D"1) by the following. Given any qeQ. and any X e D^, AQX is the

normal projection of AqX on i>^. Clearly, g(A°X, Y) = g(X,A°Y) for any

I, 7g D1. By restrictingO if necessary, there existsan orthonormal basis of D^,
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{£/(,£/2',^3)5 defined on Q such that A°Uk=fikUk' for certain smooth functions

Hk, k = 1,2,3, defined on Q. As it is shown in [2],there exists P e 50(3) such

that PJk = J'k for any k = 1,2,3, maybe after reordering the indices k. It is easy

to check Uk = -JkN. Moreover, AUk = A°Uk + Ek, for certain tangent vector

fields{E＼,E2,Es} on Q. As Ek{q) # 0 for some k e {1,2,3}, we can restrictQ to

obtain that M is not curvature adapted on Q. Therefore, T is open, so we can

choose a connected open neighbourhood O included in T, and we retain the

notations to compute the vector fieldsEk, although for the sake of simplicity we

will denote by Uk the new orthonormal basis of D1 defined on Q. Also, for each

k,I e {1,2,3}, define the smooth function a^i = g(Ek,Ej) on Q. In the sequel, all

the computations will be made on Q unless otherwise stated. Let us define

V = Span{Ei,E2,Ei} and W the orthogonal complement of V in D. By (9),

AX = XX for any X e W (10)

Given X, Y e W and k e {1,2,3}, we develop g((VxA)Y - {YYA)X,Ek) bearing

in mind (7), (9) and (10),

3

0 = J2akig(YJ,X) (11)

1-1

for any X,Y in W,k = 1,2,3 ond. We can regard (11) as a homogeneous linear

system whose coefficientsare ay, so that we have to distinguish three cases. We

define the matrix G = (a/d)k 1=123-

Case 1. Define Hi = {q e Q : dim V{q) = 3} = {q e Q : det G(q) ^ 0}, which

is open. The matrix G has rank 3, so that the linear system (11) has the unique

solution 0 = g{Y, faX), for any /= 1,2,3 and any X,YeW. Therefore, faW^V,

so that 3 = dim V > dim W ― Am ―7, that is to say, Am < 10, which contradicts

m > 3. Therefore Q＼ is empty.

Case 2. Define Q,2= {q e Q : dim F(g) = 2}. We can suppose without los-

ing any generalityV = Spanjlsi,!^} on an open subset Q°°f̂ 2- We can omit

the thirdequation of (11) and rewrite the others as

ang(YJxX) + aug{Y,(l>2X)= -aug{YJ,X)

a21g(Y,faX) + a22g(YJ2X) = -a23g( Y, </>2X)

for any X, Y e W on Q?. There are two subcases.
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Case 2.a. There exist a point q e Q° and a unit vector Ze (WC＼^3W)(q).

By computing at q, we put X = Z, Y = (f>3Zin (12), obtaining 0 = an = ≪23-We

introduce thisinformation in (12), and we finish this case as in Case 1.

Case 2.b. W (1^3 W = {0} at some point ? g nj. As (^3 W 0 W)(^) c D(q)

= (V R W)(q), then 4m - 6 = dim fF = dim </>3W < dim V = 2, and therefore

m < 2. This is a contradiction. We conclude the set of interior points of Q2 is

empty.

Case 3. Define O3 = {q e Q : dim V(q) ― 1}. We can suppose without los-

ing any generality

ang{ Y, faX) + aug( Y, </>2X)+ aug( 7, fax) = 0

for any X,YeW on O3. Choose Are {1,2,3}. Let us define W=Wf)

{V c faV @ fov R fa V)1. As m > 3, dim W > 4 on Q3, so that we can choose

a nonzero vector X lying in W. Now, take F = (j)kXe W, in the above equation,

and we obtain 0 ―a＼kon O3, /:= 1,2,3, that is to say, M is curvature-adapted

on Q3 c= r. This is a contradiction, and therefore O3 is empty.

Summing up these three cases, O is an open subset, Q = O2, and O2 has no

interior points. Therefore, Q is empty, which yields that T is empty. Next, let us

define A = {p e M : X{p) # 0}, which is open. As T is empty, M is curvature

adapted on A. Therefore, A is a curvature adapted real hypersurface in QMm(c).

Moreover, equation (9) becomes AX = XX for any X e D tangent to A. If the

ambient manifold is QHm, let us suppose A has a non-constant principal curvature

p on an open subset G contained in A. By Theorem C, the constant 1 is a princi-

pal curvature on G, and W＼ a D. This contradicts AX = XX for any X e D.

Therefore, we can resort to Theorems A and B to classifythe real hypersurface A,

so that X is locally constant on A. Paper [1] contains a table with the principal

curvatures of each model space, so we only have to refer to this. As M is

connected, and / is a continous function, X must be constant on M and M is one

of the real hypersurfaces of Theorems A and B. This concludes the proof. □

Next, we turn our attentionto equation (1).

Theorem 2. Let M be a connected real hypersurfacein QMm(c), m > 3,

c^O, without boundary. Suppose that M satisfies(1). Then M is one of the

following:
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1. ruled,

2. an open subset of a real hypersurface of type Aq or A＼

Proof. By (8), (1) is equivalent to

0=(c/4){g(X,Z)g(AY,W)-
3

g(AX,Z)g{Y, W) + ^{^X,Z^(^.F, W)

+ g(4iY,Z)g({4iA-A4i)X, W) - g(</>iAX,Z)g(<l>lY,W)

- igfaAX, YMfaZ, W) + ig^X, Y)g(4iZ,AW)}}

+ g(AX, Z)g{A2 F, W) - g(A2X, Z)g(A Y, W)

(13)

for any X, Y,Z,We D. Let p be a point of M, and choose G a connected open

neighbourhood of p on which the basis {U＼, U2, Ut,} is globally defined. Define

{£"1,...,£"4^-4}an orthonormal basis of D on G. Fix ie {1,2,3}. Define the

smooth function a:G^R by a = 'Yj{l^g(AEk,Ek). In the sequel, all the

computations will be made on G unless otherwise stated. We introduce X = £7

and Z = faEi in (13), by (4), (5) and (6), and adding in /e {1,... ,4m - 4} we

obtain

0={4m- 7)g(A^ Y, W) + g{faAF, W) - agfa Y, W)

-g(AtkY,tjW)+g(AtjY,AtkW)

(14)

for any Y, W e D tangent to G, being (i,j,k)a cyclicpermutation of {1,2,3}

We exchange Y and W in (14), obtaining

0 = (4m - l)g{A^W, Y) + g(faAW, Y) - ag(4tW, Y)

- giA^WJjY) + g(A4:W,A4kY)

and adding thisequation to (14), we obtain 0 = (4m ― S)g(A</>iY,W) + (8 ―Am) ■

g{</>tAY,W). As m > 3, g(AfaY, W) = g(faAY, W). We introduce this infor-

mation in (14), and the resulting equation is 0 = {4m ―A)g{(f>iAY,W) ―

ag(</>jY,W), so that we obtain g(AY, W) = Xg(Y, W) for any 7, W e D tangent

to G, where A : G ―>R is a smooth function. Conversely, any real hypersurface

in QMm{c) that has a smooth function X such that g(AX, Y) = Xg(X, Y) for

any X,YeD satisfies(13). Finally, these real hypersurfaces are classifiedin

Theorem 1. n
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Theorem 3. Let M be a connected real hypersurfacein QMm(c), m > 3,

c^O, satisfying(2). Then, M is one of thefollowing,

1. ruled,

2. an open subset of a real hypersurfaceof type Aq or A＼.

Proof. By (8) and the firstBianchi equation, equation (2) is equivalent to

3
0 = ][>((M + A^X> Y)9(hZ, W) + g((faA + Afa) Y, Z)g(<f>kX, W)

k=＼

+ g({4kA+Atk)Z,X)g{tkY, W) - 2g(<f>kZ,X)g(<j>kAY, W) (15)

- 2g(</>kX,Y)g(</>kAZ, W) - 2g(tkY,Z)g(4kAX, W)}

for any X, Y,Z,W e D. Choose a point p e D, and an orthonormal basis

{E＼,...,E4m-4} of D defined on an open neighbourhood G of p. Given

i,k e {1,2,3}, we define the smooth function lik : G ―>R by ^ = (1/2)-

Ylt＼A9((Mk + faA)EiJiEi). We should point out Xik = -trace(^-(^4 + (f>kA)),

for any /,k e {1,2,3}, so that if /= k, An = trace(5) and if / # k, ktk = 0. Given

/e {1,2,3}, I e {1,... ,4m ―4}, we introduce Y ―Ei and Z = <f>tEiin (15), and

adding in / = 1,...,4m - 4 we obtain

0 = X>((M + Afa)X, frfaW) - g^AfaX, fa W) - g(fafaAX, <f>kW)

- 2g(<f>kA<f>i(f>kX,W) + 2g(^kX,A^kW)} + li^X, W)

- 2(4m - 4)g(^AX, W)

for any X,WeD tangent to G. By using (5), we develop the above equation, and

we get

0 = (7 - 4m)g{faAX, W) - g{AfaX, W) + Xag(hX, W)

-g(AtjXJkW) + g(AtkX,4jW)

for any X, W e D tangent to G, being (ij, k) a cyclic permutation of (1, 2, 3). This

equation is equal to (14), so we can repeat the proof of Theorem 2 to obtain that

G is either a ruled real hypersurface or an open subset of a real hypersurface of

type Ao or A＼. Usual connection reasonings show that M is either a ruled real

hypersurface or an open subset of a real hypersurface of type Ao or A＼.

Conversely, if M is either a ruled real hypersurface or a real hypersurface of type
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Aq or A＼, using Theorem 1, it is easy to see that M satisfiesequation (15). This

concludes the proof. □

Corollary 2.1. Let M be a connected real hypersurface in QMm(c), m > 3,

c =£0. The following statements are equivalent,

1. M satisfies(R(X, Y)A)Z = 0 for any X,Y,Ze D,

2. M satisfies (R(X, Y)A)Z + (R( Y, Z)A)X + (R(Z, X)A) Y = 0 for any

X:Y,ZeD,

3. M is an open subset of a real hypersurface of type Aq or A＼.

Proof. Clearly, statement 1) implies statement 2). Let M be a connected

real hypersurface in QMm(c), m > 3, c ＼=0, satisfyingstatement 2). By Theorem

3, M is either a ruled real hypersurface or an open subset of a real hypersurface

of type Ao or A＼.Let M be a ruled real hypersurface. We develop (R{X, Y)A)Z +

(R{ Y, Z)A)X + (R(Z, X)A) Y = 0, bearing in mind (8),the First Bianchi equation

and Theorem 1, obtaining

0 = £>(&Z, X)faA Y + g{faX, Y)<f>kAZ+ g(<f>kY, Z)<t>kAX)

k=＼

for any X, F, Z e D. Given {£1,..., E^m-^} a local basis of D, choose i e {1,2, 3}.

We substitute Y = E;, Z = ^-is) in the above equation, and adding in / = 1,...,

Am -4, we obtain 0 = faAX for any X e D. Thus, AX=fi{AX)Ui, for

any X e D and any i = 1,2, 3. This yields vlX = 0 for any X e D. Therefore,

given X, Y e D, as M is ruled, D is integrable, so (VXA)Y- (VYA)X = VXAY -

VyAX ― A[X, Y] = 0. Introducing this in the Codazzi equation (7), we have

0 = Yl=＼ g(<t>kxi Y) uk for any X, Y e D. If we introduce X eD unitary and

Y = (j)xX in this last equation a contradiction arises. Therefore, no ruled real

hypersurface satisfies statement 2). Finally, if M is a real hypersurface of type Aq or

A＼, there exists a real constant X such that AX ― XX for any X e D. Thus, given

X,Y,Ze D, by (8), (R(X, Y)A)Z = R{X, Y)AZ - AR{X, Y)Z = R{X, Y){XZ) -

XR{X, Y)Z = 0. This concludes the proof. □

Corollary 2.2. There do not exist real hypersurfaces in QMm(c), m > 3,

c^O, satisfying

(R(X, Y)A)Z + (R( Y, Z)A)X + (R(Z, X)A) Y = 0, for any X,Y,Ze TM.

(16)
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Proof. Suppose a real hypersurface M in QMm(c), m > 3, c ＼=0, satisfies

(16). We then resort to Corollary 2.1 to know that M is an open subset of a real

hypersurface of type Aq or A＼.In either case, there exist two real constants X, ju,

such that AX = XX + juJ2l=ifk(X)Uk for any XeTM. Introducing this in-

formation in (16), by the firstBianchi equation, we obtain 0 = Yll=i{fk(Z) ■

R{X, Y)Uk + fk(Y)R(Z,X)Uk + fk(X)R(Y,Z).Uk} for any X, Y,ZeTM. Now

we choose a unit vector Y e D, Z = <f>2Yand X ― U＼,and introduce them in the

above equation, by (8), obtaining 0 = R(Y,<f>2Y)U＼ = (c/2)Ut,. This is a con-

tradiction. □

Corollary 2.3. There do not exist real hypersurfaces in QMm(c), m > 3,

c ^ 0, satisfying R- A ― 0.
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