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ON STRONGLY ALMOST HEREDITARY RINGS

By

Yoshitomo BaBa and Hiroyuki MIK1

M. Harada defined an almost projective module in [8] and showed that
semisimple rings, serial rings, QF-rings and H-rings are well-characterized by the
property of an almost projective module in [§], [9]. Using an almost projective
module he further considered the following generalized condition of a hereditary
ring in [7]:

(%), Every submodule of a finitely generated projective right R-module is

almost projective.
In this paper we call an artinian ring R a right strongly almost hereditary ring
(abbreviated right SAH ring) if R satisfies (x),. On the other hand, an artinian
hereditary ring is characterized by the following equivalent conditions:

(a) Every submodule of a projective right R-module is also projective;

(b) every submodule of a projective left R-module is also projective;

(c) every factor module of an injective right R-module is also injective;

(d) every factor module of an injective left R-module is also injective.

In section 2 we consider the following generalized condition of (c):
(+%), Bvery factor module of an injective right R-module is a direct sum of
an injective module and finitely generated almost injective modules.
Similarly we define (%), for left R-modules. The first aim of this paper is to show
that an artinian ring R is right SAH if and only if R satisfies (x*),. But we see
that the equivalence between a right SAH ring and an artinian ring which satisfies
(%*), does not hold in general.

In [7] M. Harada further considered the following two stronger conditions
than (x),:

(%), The Jacobson radical of M is almost projective for any finitely

generated almost projective right R-module M;
(##x), every submodule of a finitely generated almost projective right R-
module is also almost projective.
And he showed that an artinian ring R satisfies (xx), iff it satisfies (sx),. In
section 3 we consider the following generalized conditions of (c):
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(#+*), M /Socle(M) is a direct sum of an injective module and finitely
generated almost injective modules for any injective or finitely gen-
erated almost injective right R-module M,

(x#x*) every factor module of an injective or finitely generated almost
injective right R-module is a direct sum of an injective module and
finitely generated almost injective modules.

We also consider (x**), and (x#**), for left R-modules. The second aim of this
paper is to show that an artinian ring R satisfies (xx), if and only if R satisfies
(#%), if and only if R satisfies (+++%),. But we see that the equivalence between
the two conditions (*x), and (++*), does not hold in general.

1. Preliminaries

In this paper, we always assume that every ring is a basic artinian ring with
identity and every module is unitary. Let R be a ring and let P(R) = {e;}/_, be a
complete set of pairwise orthogonal primitive idempotents in R. We denote the
Jacobson radical, an injective hull and the composition length of a module M by
J(M), E(M) and |M]|, respectively. Especially, we put J := J(Rg). For a module
M we denote the socle of M by S(M) and the k-th socle of M by Sy(M)
(i.e., Sp(M) is a submodule of M defined by Sy(M)/Sk_1(M) = S(M/Sk—1(M))
inductively).

Let M and N be modules. M is called N-projective (resp. N-injective) if for any
homomorphism ¢: M — L (resp. ¢’ : L — M) and any epimorphism 7 : N — L
(resp. monomorphism 7 : L — N) there exists a homomorphism $:M—N (resp.
¢': N — M) such that ¢ =ng (resp. ¢' =¢'1). And M is called almost N-
projective (resp. almost N-injective) if for any homomorphism ¢ : M — L (resp.
¢': L — M) and any epimorphism 7 : N — L (resp. monomorphism 7: L — N)
either there exists a homomorphism ¢: M — N (resp. ¢ N — M) such that
¢ =g (resp. ¢’ = §'1) or there exist a nonzero direct summand N’ of N and
a homomorphism 0: N’ — M (resp. 0': M — N') such that ¢0 =ni (resp.
0'¢" = p1), where i is an inclusion of N’ in N (resp. p is a projection on N’ of N).
Further M is called almost projective (resp. almost injective) if M is always almost
N-projective (resp. almost N-injective) for any finitely generated R-module N.

We call an artinian ring R a right almost hereditary ring if J is almost
projective as a right R-module. By [8, Theorem 1] this definition is equivalent to
the condition: J(P) is almost projective for any finitely generated projective right
R-module P.

A module is called uniserial if its lattice of submodules is a finite chain, i.e.,
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any two submodules are comparable. An artinian ring R is called a right serial
ring if every indecomposable projective right R-module is uniserial. And we call
a ring R a serial ring if R is a right and left serial ring. Let fi, f5,...,f, be
primitive idempotents in a serial ring R. Then a sequence {fiR, /2R,..., f,R}
(resp. {Rfi,Rf2,...,Rfy}) of indecomposable projective right (resp. left) R-
modules is called a Kupisch series if fiJ/fiJ> = fix1R/fi1d (vesp. Jf;/Jf; =
Rfii1/Jfi+1) holds for any j=1,...,n—1. Further {fiR, /oR,..., f,R} (resp.
{Rf1,Rf>,...,Rfy}) is called a cyclic Kupisch series if it is a Kupisch series
with f,J/f,J? = fiR/fiJ (vesp. Jf,/J*f, = Rf1/Jf1) holds. Let R be a serial ring
with a Kupisch series {fiR, /AR, ..., f,R}. If f,J =0 and P(R) ={f1,...,fa},
then R is called a serial ring in the first category. And if {fiR, LR,..., LR}
is a cyclic Kupisch series and P(R) ={fi,...,fs}, then R is called a serial
ring in the second category. Moreover a serial ring is called a strongly serial
ring if it is a direct sum of indecomposable serial rings R with a Kupisch
series {f1,1R, fi2R,..., fip, R, f2,1R, ..., fmp, R} such that |fiz Rl =2 for any
i=1,....m—1 and |f, 5 R|=1 or 2, where P(R)= {f,-_,j}i’i{f"j:l and f; ;R is
injective iff j = 1. Then, if |f,, s R| =1 (resp. = 2), then R is a serial ring in the
first (resp. second) category. Further we can easily check the following charac-
terization of a strongly serial ring.

LEMMA 1. Let R be an indecomposable strongly serial ring with a Kupisch
series {fi1R, fi2R, ..., fip, R, f21R, ..., fmp, R}, where P(R) = {f,]}:ilﬂ/:l and
fi,jR is injective iff j = 1. Then the following hold:

(1) S(fijR) = fis1.1R/fix1J for any i=1,....m—1 and j=1,...,5; and
S(fnkR) = finp R/ fmp,J (resp. = fiiR/i1J) for any k=1,....p, if
| fmp, Rl =1 (resp. =2);

@) LRI UL RIS P U L o R o1 T} (resp.
{fi1R/fi1J/ }l";lﬂ ;;12) is a basic set of indecomposable injective right R-
modules if |fnp R =1 (resp. =2);

(3) {Rfmp,s Rfwmp, 15> Rfm1, Rfm—1,p, ,»---»Rfi,1} is a Kupisch series
(resp. a cyclic Kupisch series) of left R-modules with |Rf;»| =2 for any
i=1,...,m and |Rfi1| =1 (resp. =P, +1) if |fmp, Rl =1 (resp. =2);

(4) S(Rfl,l) ;Rfl,l/*]fl,l (resp. gRﬁn,l/‘]fm?l) if |fm./)’,,,R| =1 (resp. :2):
S(Rf,"’l) = Rf,"_lﬁl/.]f,‘_h] fOl’ any 1= 2, coe,m, and S(Rﬁ(’j) = Rf]},l/.]ﬁ(,]
for any k=1,....m and j=2,...,0;

() (RS [T f} 25 U AR g, /T f 321 (respe {Rfiaf T} U
{Rfi1 /Jffll},"izﬂ l’:;) is a basic set of indecomposable injective left R-
modules if |fm.p R| =1 (resp. =2).
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For a set S of R-modules, a subset S’ of S is called a basic set of S if
(a) for any M,M' e S', M ~ M’ as R-modules iff M = M’ and
(b) for any N € S, there exists M € S’ such that M ~ N as R-modules.

2. Strongly almost Hereditary Rings

The following is a structure theorem of a right SAH ring given by M.
Harada.

THEOREM A ([7, Theorem 3]). A ring is right SAH if and only if it is a direct
sum of the following rings:
(i) Hereditary rings;
(ii) strongly serial rings;
(ii) rings R with  P(R) = {hi,... o S A0 0 2D
f1(3), o ,f,',(,f()} such that, for each | =1,... k we put S;:= Z}ll ];(/) and
H:="h+>", fl(l), the following three conditions hold for any

S=

I=1,...k
(x) SiRS; is a strongly serial ring in the first category with a Kupisch
series {fl(l)RSl,f;])RS;,...,‘ ,f,l)RSl} of right S;RS;-modules,

() SRA=8)=0, (hi+--+h)R"#0 and (hi+---+hy) -
RO+ +1)) =0, and
(z) HRH is a hereditary ring.

We note that by [4, Lemma 3.1] a ring in Theorem A (iii) coincides with a
ring in [4, Theorem B (iii)] if it satisfies that o; = 1 and S;RS; is a strongly serial
ring for any /=1,...,k, where o; and S; are as in it.

Moreover, the condition (ii) in the above Theorem is not the same as [7,
Theorem 3], i.e., when R is a serial ring in the second category, he wrote that “R
is a serial ring in the second category with J> = 0”. But this original condition is
not suitable. We give an example. Let R be a serial ring in the second category
with P(R) = {f1, f2, /3, fa} such that {fiR, foR, f3R, faR} is a Kupisch series and
|fiR| =4, | 2R =3, |f3R| =2, |faR| = 2. Then R is a strongly serial ring. So it
is right SAH by the following proof. But J2 # 0. In an unpublished lecture note
written by M. Harada the condition is already corrected. Now we give a proof
with respect to this part for reader’s convenience.

PrOOF. Assume that R is an indecomposable right SAH serial ring in
the second category. And we show that R is a strongly serial ring. Let
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{fiR, /oR,..., R} be a Kupisch series with P(R) = {f;};.,. We may assume
that fiR is injective and |fiR| > |fiR| for any i=1,...,n.

First suppose that fiJfi # 0. Then we claim that f1Jf; is simple as a right
fiRfi-module. Since fiJfi #0, fiJ"//iJ"™' = fiR/fiJ. Then a right R-module
fiJ" is almost projective (but not projective) because R is right SAH. So
SfiR/Si(fiR) is injective for any i=0,...,n—1 by [8, Theorem 1] since the
kernel of the projective cover: fiR — fiJ" is S,(fiR). Hence

(1) {/iR/Si(fiR)}=,) is a basic set of indecomposable injective right R-

modules.
Assume that f1J?f, #0. Then fJ"™'/fiJ""? = frR/f>J. On the other hand,
f1J"+1 is almost projective (but not projective) because R is right SAH. Therefore
/>R must be injective by [8, Theorem 1]. This contradicts with (1). So f1Jf> = 0.
Hence fiJf; is simple as a right fjRf;-module. Therefore S(f;R) =~ fiR/fiJ for
any i=1,...,n and |f,R| =2 since fjR is not injective for any j=2,...,n by
(). In consequence, R is a strongly serial ring.

Next suppose that fiJf; = 0. Then we note that f;Jf; =0 foranyi=1,...,n
since |fiR| > |fiR|. Let k be an integer with S(fiR) = fiR/fiJ. Then we claim
that S(f;R) = fiR/fiJ for any j=1,...,k—1 and |fi_1R| =2. Assume that
S(fi—1R) £ fiR/fiJ. Then there exists an integer ¢ > 2 with fi_J = fyR/fi.J'
since fi_1J/fi_1J? = fiR/fiJ. On the other hand, S(fiR) (= fiR/fiJ) is almost
projective because R is right SAH. But it is not projective since R is a serial
ring in the second category. So fyR/fi.J' is injective for any i = 2,...,|fxR| by [8,
Theorem 1]. Therefore fi_1J (= fiR/fiJ") is injective since > 2. This con-
tradicts with fi_1J < fi_1R. So S(fi—1R) = fiR/fiJ. Hence S(fiR) = fiR/fiJ for
any j=1,...,k—1 and |fi—1R| = 2 hold since S(fiR) = fiR/fiJ and f1Jf; = 0.
Moreover, let S(fiR) = fiR/fiJ for some [. Then we obtain that S(f;R) = fiR/fiJ
for any j=k,...,/—1 and |f;_1R| = 2 by the same argument as f; R. Continue
this argument, we see that R is a strongly serial ring.

Conversely, assume that R is a strongly serial ring in the second category. We
can show that R is right SAH by the same way as the case that R is a strongly
serial ring in the first category (see the proof of [7, Theorem 3]).

The purpose of this section is to show the following theorem.
THEOREM 2. A ring R is right SAH if and only if R satisfies (*u),.
To complete the proof, we give a lemma.

LEmMMA 3. Let R be a ring in [4, Theorem B (iil)] and we use the same
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notations as in it. Put Es:= E(Rhs/Jhs) and Ej(l) = E(RJ’]-(I)/J};U)) for any s =
L,....m, I=1,...)k and j=1,...,n;. Then the following hold for each s, |
and j.
(1) HRhy = Rhs, HRf" = Rf", HE, = E, and E(,z Rhy/Jhs) = Ey for any
i = 1
(2) E D~ Rf /J”f for some positive integers j' (> a;+ 1) and u and they
are unlserlal left R-modules.
(3) SE“ E" and E(sps SRS /S0f") = E.
@ If E /N is an almost injective left R- module for some submodule N of
E/(l, then it is almost injective also as a left S;RS;-module.

(5) If R satisfies (x*),, then so does S|RS.

Proor. (1). HRhy = Rhy, HRf" = R\’ and HE, = E, by [4, Theorem 3.3
(a’), (b)]. So E; is considered as a left HRH-module. And further we can easily
see that E; is injective also as a left HRH-module by [4, Lemma 3.1 and Theorem
3.3 (a’), (b")] using Baer’s criterion and Azumaya’s theorem (see, for instance,
[1, 16.13. Proposition (2)]), i.e., E(ygyRhs/Jhs) = E.

(2). By (**) in the proof for “if” part of [4, Theorem 4.1].

(3). SE(I) EU) by (2) and [4, Lemma 3.1 and Theorem B (iii)(b)]. So E
is consrdered as a left S;RS;-module. And further we can easily see that E()
S/R f“ -injective for any i = 1,...,n; by [4, Theorem 3.3 (a’), (b)]. Therefore E; )
is injective as a left S;RS;- module using Baer’s criterion and Azumaya s theorem
(see, for instance [1, 16.13. Proposition (2)]), i.e., (S]RS]S;R]‘ /S Jf ) ]U).

@). If E /N is injective as a left R- module it is also injective as a left
S;RS;-module by (3). Assume that a (uniserial) left R-module E /N is
almost injective but not injective Then there is a positive integer p such that

JPE( /N) /N and J' E( /N) is projective for any 17 0,...,p—1 by
(8, Theorem 17, Let ]” be an 1nteger with J7~ lE(E(I /N) = Rf We note that
{Rf,,, , n([l) . Rf1 } is a Kupisch series of left R-modules by [4, Lemma 3.4

(1)]. So JE( /N) Rfj,,ﬂ,flf,. for any i=0,...,p— 1. Further j” > o + 1
from (2) since Jf\) = JPE(E"/N) = E'"/N. Therefore J'E(E"/N) is projec-
tive also as a left S;RS;-module for any i =0,...,p—1 by [4, Lemma 3.1 and
Theorem B (iii)(b)] since j”+p—1—i>j" > o+ 1. Hence E]@/N is almost
injective also as a left S;RS;-module by (3) and [8, Theorem 1f].

(5). By (3) and (4).

PrROOF OF THEOREM 2. (=). We may assume that R is an indecomposable
ring in (i), (ii) or (iii) of Theorem A.
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Suppose that R is a hereditary ring, then it is well known that (%), holds
(see, for instance, [4, §1 Preliminaries)).

Suppose that R is a strongly serial ring with a Kupisch series
{fi1R fi 2R, ... fip R 1R, ... fup R}, where P(R)={fi;}""{" | and f R
is injective iff j=1. Let £ be an injective left R-module and let N be a
proper submodule of E. First we consider that E is indecomposable. Then
E/N = Rfup, /I fmp, of = Rf,1/Jf,1 by Lemma 1 (5), where u and v are
positive integers. If v > 2 or E/N = Rfy, 3, /Jfm.p,. then E/N is injective again by
Lemma 1 (5). Assume that E/N = Rf, 1/Jf,1 for some ue {l,...,m— 1}. Then
E/N = S(Rf,;1.1) by Lemma 1 (4). And E(E/N) = Rf,1.1 with JAE(E/N) =
E/N and J'E(E/N) = Rfy 3,—j+1, i.e., it is projective, for any j=1,...,8, — 1 by
Lemma 1 (3), (4), (5). Therefore E/N is almost injective by [8, Theorem 1¢]. If
E/N = Rfy1/Jfm1 and |fy,p R| =1 (resp. =2), then E/N = S(Rf,p,) (resp.
=~ S(Rf1,1)). And we can see that E/N is almost injective by the same way as the
case that E/N =~ Rf, 1/Jf,1 for some ue{l,...,m—1}. In consequence, E/N is
(injective or) almost injective, if E is indecomposable. Next we consider that E
iel Ni’
where N; is a nonzero uniserial submodule of N for any ie[l. There is a
direct summand E’ of E with E=E' @ (@, ;E(N;)). Then E/NZE' @
(@B,; E(N;)/N;). Therefore E/N is a direct sum of an injective module and
finitely generated almost injective modules because a uniserial module E(N;)/N;

is not indecomposable. Since R is a serial ring, we can represent N = (—D

is (injective or) almost injective for any iel by the case that E is inde-
composable.

Suppose that R is a ring in Theorem A (iii). Let £ be an injective left
R-module and let N be a submodule of E. We may assume that F =
(D", E(Rhy/Jhy)™) @ ( ;(:ijzl E(R];-(I)/ij(l))”f,), where u, and v/ are non-
negative integers. Put Ej =P E(Rh/Jh,)" and E,:= @lk:'f’ i E
(Rfl-(l) /Jj_‘/(l))”f[. For each i = 1,2, let m; : E — E; be the projection with respect to
E=E ®E, and put N':=r;(N) and N; := NNE; Then there is an isomor-
phism #:N'/N; — N?/N, with N ={x+y,|xeN! y,e N> with y,+ N, =
n(x+ N1)} + N1+ N (see, for instance, [6, p449] or [3, p54]). And we claim
that there exists a homomorphism 7’ : N'/N; — N? such that v,n’ =7, where
v2 : N2 — N?/N, is the natural epimorphism. Let H and S; as in Theorem A (iii).
By Lemmas 3 (1), (3) HN'=N' and (35, S)N?= N2 So we can repre-
sent N'/N, = N2/N, ;(—szl(Rﬁ(”/Jﬁ(l))w’ by the definitions of H and S,
where wy,...,w; are non-negative integers. On the other hand, (3, fl(/))N 2c
(Z,k:lf]w)Ez < S(E,) by [4, Theorem 3.3 (a’)] since (Z,k:l SNE, = E; from
Lemma 3 (3). Hence there exists a homomorphism 7’: N!'/N; — N2 such
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that vyn’ =#. Then we note that N = {x+ y.|xe N!, y. e N> with y, + N, =
Nx+N)}+ N +Ny={x+n(x+N;)|xeN'}+ N, Let v; : N' — N!'/N; be
the natural epimorphism and put y :=#'v;. Then we obtain a homomorphism
Y Ey — Ey with Y|y =y. Put E;() = {x+¢(x)|xeE} and N'(§):=
{x+y(x)|xeN'}. Then E=E () ®E, and N =N'()) ® N, hold because
N={x+7n(x+N)|xeN'}+Ny={x+y(x)|xe N'} + N,. Therefore E/N =
(E\(y)/N'()) @ E2/N, =~ E|/N' @ E;/N, since the restrictions of 7 induce
isomorphisms E () =~ E; and N'(j) =~ N'. Now Ej/N' is injective by Lemma
3 (1) and Theorem A (iii)(z). And E>/N, is a direct sum of (uniserial) almost
injective modules by Lemma 3 (3), Theorem A (iii)(x) and the case that R is a
strongly serial ring. In consequence, E/N is a direct sum of an injective module
and finitely generated almost injective modules.

(«<). We may assume that R is an indecomposable ring satisfying (+*),. And
we show that R is a ring in either (i), (ii) or (iii) of Theorem A.

R satisfies the condition (#),. So we may assume that R is a ring in either
(i), (i) or (iii) of [4, Theorem B] by [4, Theorem 4.1].

Suppose that R is a serial ring in the first category. Let P(R) = {g; ;}

m, y;
i=1,j=1

such that {Rgi1,Rg12,...,Rg1,,Rg21,...,Rgm,, } is a Kupisch series and
Rg; ; is injective iff j=1. If m =1, then clearly R is a strongly serial ring.
Assume that m > 2. For each i=2,...,m, Rg;1/Jg;1 is almost injective by
(%*),. But it is not injective since there is a monomorphism: Rg;1/Jgi1 —
Rgi-1y,,/J*gi-1,5, - Put  p:=|E(Rg;1/Jgi1)|l. Then JP~'E(Rgi1/Jgi1)=
Rgi1/Jgi1 and J/E(Rg;1/Jgi1) is projective for any j=0,...,p—2 by [8,
Theorem 1%]. So, in particular, |J?2E(Rg;1/Jg:1)| = 2 and JP2E(Rg; 1/Jgi1) =
Rgi_1,, , because Jgi_i1, /J*gi-1,y, , = Rgi1/Jgi1. Therefore |Rgi_1, |=2.
Further |Rg,,, | =1 since R is a serial ring in the first category. Hence R is a
strongly serial ring.

Next suppose that R is a serial ring in the second category. By the same
argument as the case that R is a serial ring in the first category with m > 2, we
see that R is a strongly serial ring.

Last suppose that R is a ring in [4, Theorem B (iii)] and we use the same
notations as in it. By Theorem A and [4, Lemma 3.1] we only show that S;RS; is
a strongly serial ring and o; = 1 for any / = 1,...,k. A serial ring S;RS; satisfies
(x*), by Lemma 3 (5). So S;RS; is a strongly serial ring by the above case. Next
we show that oy = 1. Rf,fp has a simple subfactor which is isomorphic to Rh/Jh
for some s € {1,...,m} by the definition of o;. Therefore there exist a submodule
N of Rfysl) and a nonzero homomorphism ¢ : N — Rh,/Jh,. Put E; := E(Rh,/Jhy)
and let ¢5 : ngf,[) — E; be an extension homomorphism of ¢. Then we claim
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that ¢( ;,D) € E,— J(E,). Let (P” | Re; be the projective cover of E,, where
{e1,...,¢,} = P(R). Then hRe; #0 for any i=1,...,p. So ¢; ¢ {(ﬁx(]/}rl,...,f,,(,/)}
because A;R(f, P RPE fn(ll)) =0 by the definition of ¢;. On the other hand, if

oy+1

g € P(R) with fx(/)Jg #0, then g € {ﬁ«(,]il, e ,f,,(/)} by [4, Theorem 3.3 (a’)]. Hence
fygl)Je,- =0foranyi=1,...,p, ie., fa(,l)J(Ev) = 0. Therefore é(f;/)) e E, — J(Ej).
So we have a submodule X of E; with E;/X =~ Rfa(,” /in(,l). Therefore Rfa(,[) /nyf,l)
is almost injective by (x*),. But fo(,l) /Jfaf,” is not injective by Lemma 3 (2).
Hence, put EY := E(Rf\JJf) and ¢ == |EY|, then J9'E) =~ RAP /7f" and
J "Eg((? is projective for any i =0,...,¢q — 2 by [8, Theorem 1¢]. So, in particular,
S(Rf%(llil) ~ Rfo((,l)/Jfgf,l) since {Rf,f/),an(llll,...,RﬁU)} is a Kupisch series of left
R-modules by [4, Lemma 3.4 (1)]. But S(Rfa(,li]) ~ RflU)/Jf](l) by [4, Lemma 3.4
(2)]. Hence oy = 1.

A right SAH ring does not always satisfy (), and a ring satisfying (+*), is

not always a right SAH ring. Now we give an example.

ExampLE 4. Consider a factor ring

D

=

I
o oo o
c o ooy
o oo lygo o
cobbUo o

o U T oo ol

SO0 o oo ol

0

where D is a division ring. And we consider that R is a ring by the ordinary
addition and the multiplication of matrices. Put H :=¢; + e, + e3 + ¢4 and S} :=
es + es + es, where ¢; is the (i,i)-matrix unit for any i.

Then HRH is a hereditary ring and S} RS is a strongly serial ring in the first
category. And R is a ring in Theorem A(iii), i.e., R is a right SAH ring.

But we claim that R does not satisfies (x*).. esR is an injective right R-
module with esR/S(esR) = esR/esJ. And esR/S(esR) is not injective. Further
e4R/S(e4R) is not almost injective by [8, Corollary 1%] since e;R@ e3R is a
projective cover of E(esR/esJ]).

By Theorem 2 R satisfies (x*), but is not a left SAH ring.

3. Stronger Conditions than that of a SAH Ring

The following is a structure theorem of an artinian ring which satisfies (),
and (x*x), which are stronger conditions than that of a right SAH ring:
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THEOREM B ([7, Theorem 4]). For a ring the following are equivalent:
(a) It satisfies (xx),;
(b) it satisfies (xxx),;
(c) it is a direct sum of the following rings:
(i) Hereditary rings which are not serial,
(ii) serial rings with the radical square zero;
(iii) rings R in Theorem A (iii) such that HRH is not a serial ring and
J(S/RS/)2 =0 foranyl=1,... k, where H and S; are as in Theorem
A (iii).

The purpose of this section is to show the following theorem.

THEOREM 5. For a ring R the following are equivalent:
(a) R satisfies (xx), (< (x%x),);

(b) R satisfies (x+);

(c) R satisfies (xxx%),.

To complete the proof, we give a lemma.

LEmMMA 6. Let R be a ring in |4, Theorem B (iii)] and we use the same
notations as in it.
(1) Suppose that a; = 1. And let M be an indecomposable left R-module with

HM = M. Then the following hold.

(i) Rfl(l) /Jfl(l> is injective as a left HRH-module but not injective as a
left R-module for any .

(i) If M is injective or finitely generated almost injective as a left R-
module, then M is injective or finitely generated almost injective also
as a left HRH-module.

(iil) If M is finitely generated almost injective but not injective as a left
HRH-module, then M is finitely generated almost injective but not
injective also as a left R-module.

(2) Suppose that o; = 1. If R satisfies (xx*),, then HRH also satisfies (+**),.
(3) Let M be an indecomposable left R-module with SiM = M for some

I. Then M is almost injective but not injective as a left R-module if

and only if M is almost injective but not injective as a left S;RS-

module.
(4) If R satisfies (x+%),, then S|RS) also satisfies (x+%), for any 1 =1,... k.
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Proofr. Put E; := E(Rhy/Jhy) and Ej(l) = E(R];.(D/J_fj(l)) forany s=1,...,m,
I=1,....;k and j=1,... n.

(D)(@). Since oy =1, H=>"", hs+zlkzlfl(1). So we can easily see that
R f1<l) /Jfl([) is injective as a left FRH-module by [4, Lemma 2.3 and Theorem 3.3
(a’), (b")] using Baer’s criterion. And Rffl) /Jfl(l) is not injective as a left R-
module by Lemma 3 (2).

(ii). First assume that M is injective as a left R-module. Then M ~ E, for
some s by (i) since HM = M. Therefore M is injective also as a left HRH-
module by Lemma 3 (1).

Next assume that M is finitely generated almost injective but not injective
as a left R-module. Then S(xM) is simple by [8, Theorem 1¥]. And S(xM) =
Rfl(D/Jfl(l) for some / or ~Rh,/Jhs for some s since HM =M. If S(zM) =
Rfl(”/Jfl([) for some /, then M is simple, i.e., M = Rfl(l)/Jfl(l), by [4, Theorem 3.3
(a’), (b")] since oy = 1. Therefore M is injective as a left HRH-module by (i). So
we consider that S(xM) = Rh,/Jh, for some s. Then there exists a positive integer
p such that M >~ JPE, and J'E, is projective as a left R-module for any
i=0,...,p—1Dby[8, Theorem 1?]. And J/E, = J(HRH)’E, for any j =0,...,p
and J'E, is projective also as a left HRH-module for any i=0,...,p—1 by
Lemma 3 (1). So M is almost injective but not injective as a left HRH-module
by [8, Theorem 17].

(iii). S(ypyM) is simple by [8, Theorem 1¢]. But S(,yM) % HRf" /HIf"
(= Rfl(l) /Jf1<l>) for any / by (i) because M is not injective as a left HRH-module.
So S(yryM) = HRhy/HJhg for some s since HM = M. Then there is a positive
integer p such that M =~ J(HRH)'E, and J(HRH)'E, is projective as a left
HRH-module for any i =0,...,p —1 by [8, Theorem 1¢] and Lemma 3 (1). And
J(HRH)jEs = J/E; for any j=0,...,p and J(HRH)'ES is projective also as a
left R-module for any i =0,...,p— 1 by Lemma 3 (1). So M is almost injective
but not injective as a left R-module by [8, Theorem 1].

(2). Let M be an injective or finitely generated almost injective left HRH-
module. We may assume that A is indecomposable and not simple.

Assume that M is injective as a left HRH-module. Then M =~ E; for some s
by [4, Theorem 3.3 (a’), (b’)] and Lemma 3 (1) since oy = 1 and M is not simple.
Therefore M is injective also as a left R-module. So M /S(M) is a direct sum of
an injective left R-module and finitely generated almost injective left R-modules
by (+#%),. Hence M/S(M) is a direct sum of an injective left HRH-module and
finitely generated almost injective left HRH-modules by (1)(ii).

Next assume that M is finitely generated almost injective but not injective as
a left HRH-module. Then M is almost injective as a left R-module by (1)(iii). So
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M/S(M) is a direct sum of an injective left R-module and finitely generated
almost injective left R-modules by (*x*),. Hence M /S(M) is a direct sum of an
injective left HRH-module and finitely generated almost injective left HRH-
modules by (1)(ii).

(3). First we note that M is a uniserial left R- and S;RS;-module since
S;M = M, M is indecomposable and a ring S;RS; is serial.

Assume that M is almost injective but not injective as a left R-module. Then
S(M) is simple by [8, Theorem 1°]. So E(M) = E;l) for some j since S;M = M.
And there exists a positive integer p such that M =~ J PE]U) and J fE;” is projective
as a left R-module for any i =0,...,p — 1 by [8, Theorem 1*]. Now S/E_/(l) = E}l)
by Lemma 3 (3). And S;-S(RA") # S(Rf") for any re{l,...,0} by [4,
Lemma 3.1 and Lemma 3.4 (1)]. So there is jie{oy+1,...,n} with J"E}l) ~
R]j.’@ for any i =0,..., p — 1. Therefore J"ij ~ S;Rfj'-lm, ie., J"E](l> is projective
also as a left S;RS;-module, by [4, Theorem B (iii)(b) and Lemma 3.1] since
ji = o+ 1. Hence M is almost injective but not injective as a left S;RS;-module
by [8, Theorem 1¢] and Lemma 3 (3).

We can show the converse by the same way.

(4). By the same way as the proof of (2) we can show using (3) and Lemma
3 (3).

ProoF oF THEOREM 5. We may assume that R is an indecomposable ring.

(a) = (c). We may assume that R is a ring in either (i), (ii) or (iii) in
Theorem B (c).

Suppose that R is a hereditary ring which are not serial. Then Rg is not
injective for any g € P(R) by [7, Corollary 3]. Therefore every finitely generated
almost injective left R-module is injective by [8, Theorem 17]. So (xx**), holds
since R is a hereditary ring.

Suppose that R is a serial ring with J?> =0. Let {Rfi,Rfs,...,Rf,} be a
Kupisch series with {fi, f5,...,fu} = P(R). If R is a serial ring in the first
(resp. second) category, then {Rf;, Rfi /Jfl}j’-zll (resp. {Rfj};.;) is a basic set
of indecomposable injective left R-modules. So {Rfj, Rfu, Rfj/Jfi}}5, ! (resp.
{Rfj, Rfj/Jfi}iL1) is a basic set of finitely generated almost injective left R-
modules by [8, Theorem 1¢]. Therefore because R is a serial ring with J2 = 0,
every factor module of a finitely generated almost injective module is represented
as D5 (RA)Y ® (RE)" @ (RG/IY) (resp. @B, (R)" @ (RA/If))),
where u;,u,,v; are non-negative integers. Hence (x+x), holds.

Last suppose that R is a ring in Theorem B (c)(iii). We use the same notations
as in Theorem A (iii). It is obvious that S;RS; is a serial ring in the first category
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with a Kupisch series {S/an(,l),S/an(/ll, .. .,S,Rfl(l)} of left S;RS;-modules from
Theorem A (iii)(x). So S;Rf/(l) is injective as a left S;RS;-module for any / and
j=2,...,m since J (S,RS,)2 = 0. Therefore Rfj'-(l> is an injective left R-module
with |Rfj'.<1>| =2 for any / and j=2,...,m by Lemma 3 (3). On the other hand,
we claim that Rh; and Rfl(/> are not injective for any s and /. Assume that R/,
(resp. Rflw) is injective for some s (resp. /). Then Rh, (resp. Rflw) ~ E, for
some s’ by Lemma 3 (1) and Theorem A (iii)(y). Therefore RA, (resp. Rfl(l)) is
injective also as a left HRH-module by Lemma 3 (1), i.e., there exists an injective
projective left HRH-module. So HRH is a serial ring by [7, Corollary 3] and
Theorem A (iii)(z). But HRH is not serial by assumption, a contradiction. In
consequence, we obtain that {Rfj-<l)},k: }11{_,':2 is a basic set of indecomposable
injective projective left R-modules. Therefore {R];(”,J];(l) (;’Rfj'.@l/ij@l)}f:'ffj:z
is a basic set of finitely generated indecomposable almost injective modules by
[8, Theorem 1°]. So (xx**), holds by the same reason as the case that R is a serial
ring with J? = 0.

(c) = (b). Clear.

(b) = (a). Since R satisfies (xx*),, it satisfies (¥),, i.e., R is a right almost
hereditary ring by [4, Theorem 4.1]. So we may assume that R is a ring in either
(i), (i) or (iii) of [4, Theorem B]. And we show that it is a ring in either (i), (ii)
or (iii) of Theorem B (c).

Suppose that R is a hereditary ring. Assume that Rg is not injective for
any g € P(R), then R is not serial, i.e., R is a ring in Theorem B (c)(i). Assume
that there is f € P(R) with Rf injective, then R is a serial ring by [7, Corollary
3].

Suppose that R is a serial ring. Assume that there exists f € P(R) with
|Rf| = 3. Then further we may assume that Rf is injective. Jf is almost injective
by [8, Theorem 17]. And Jf/S(Rf) is also almost injective by (x*),. But Jf//S(Rf)
is not injective since there is an inclusion map: Jf'/S(Rf) — Rf/S(Rf). Therefore
there exist ee P(R) and a positive integer p such that Re = E(Jf/S(Rf)),
JPe = Jf/S(Rf) and J'e is projective for any i =0, ..., p — 1 by [8, Theorem 17].
So, in particular, J?~'e is projective. But J?~'e = Rf/S(Rf), a contradiction.

Suppose that R is a ring in [4, Theorem B (iii)]. And let A and S; as in
it. Then SRS satisfies (xx*), for any /=1,...,k by Lemma 6 (4). Therefore
J (S,RS/)2 =0 from the previous case that R is a serial ring. So a; =1 since
E(Rfl(l)/Jfl(l)) ;Rf/(l)/J“J_‘/U) for some j (=o;+1) and u by Lemma 3 (2).
Therefore HRH also satisfies (¥+*), by Lemma 6 (2). Hence HRH is not serial
or serial with J(HRH )2 =0 by the previous two cases. In consequence, R is a
ring in Theorem B (c)(ii) or (iii).
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