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ON STRONGLY ALMOST HEREDITARY RINGS

By

Yoshitomo Baba and Hiroyuki Miki

M. Harada defined an almost projective module in [8] and showed that

semisimple rings, serial rings, QF-rings and H-rings are well-characterized by the

property of an almost projective module in [8], [9]. Using an almost projective

module he further considered the following generalized condition of a hereditary

ring in [7]:

ð�Þr Every submodule of a finitely generated projective right R-module is

almost projective.

In this paper we call an artinian ring R a right strongly almost hereditary ring

(abbreviated right SAH ring) if R satisfies ð�Þr. On the other hand, an artinian

hereditary ring is characterized by the following equivalent conditions:

(a) Every submodule of a projective right R-module is also projective;

(b) every submodule of a projective left R-module is also projective;

(c) every factor module of an injective right R-module is also injective;

(d) every factor module of an injective left R-module is also injective.

In section 2 we consider the following generalized condition of (c):

ð�]Þr Every factor module of an injective right R-module is a direct sum of

an injective module and finitely generated almost injective modules.

Similarly we define ð�]Þl for left R-modules. The first aim of this paper is to show

that an artinian ring R is right SAH if and only if R satisfies ð�]Þl . But we see

that the equivalence between a right SAH ring and an artinian ring which satisfies

ð�]Þr does not hold in general.

In [7] M. Harada further considered the following two stronger conditions

than ð�Þr:
ð��Þr The Jacobson radical of M is almost projective for any finitely

generated almost projective right R-module M;

ð���Þr every submodule of a finitely generated almost projective right R-

module is also almost projective.

And he showed that an artinian ring R satisfies ð��Þr i¤ it satisfies ð���Þr. In

section 3 we consider the following generalized conditions of (c):
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ð��]Þr M=SocleðMÞ is a direct sum of an injective module and finitely

generated almost injective modules for any injective or finitely gen-

erated almost injective right R-module M;

ð���]Þr every factor module of an injective or finitely generated almost

injective right R-module is a direct sum of an injective module and

finitely generated almost injective modules.

We also consider ð��]Þl and ð���]Þl for left R-modules. The second aim of this

paper is to show that an artinian ring R satisfies ð��Þr if and only if R satisfies

ð��]Þl if and only if R satisfies ð���]Þl . But we see that the equivalence between

the two conditions ð��Þr and ð��]Þr does not hold in general.

1. Preliminaries

In this paper, we always assume that every ring is a basic artinian ring with

identity and every module is unitary. Let R be a ring and let PðRÞ ¼ feign
i¼1 be a

complete set of pairwise orthogonal primitive idempotents in R. We denote the

Jacobson radical, an injective hull and the composition length of a module M by

JðMÞ, EðMÞ and jMj, respectively. Especially, we put J :¼ JðRRÞ. For a module

M we denote the socle of M by SðMÞ and the k-th socle of M by SkðMÞ
(i.e., SkðMÞ is a submodule of M defined by SkðMÞ=Sk�1ðMÞ ¼ SðM=Sk�1ðMÞÞ
inductively).

Let M and N be modules. M is called N-projective (resp. N-injective) if for any

homomorphism f : M ! L (resp. f 0 : L ! M) and any epimorphism p : N ! L

(resp. monomorphism i : L ! N) there exists a homomorphism ~ff : M ! N (resp.
~ff 0 : N ! M) such that f ¼ p ~ff (resp. f 0 ¼ ~ff 0i). And M is called almost N-

projective (resp. almost N-injective) if for any homomorphism f : M ! L (resp.

f 0 : L ! M) and any epimorphism p : N ! L (resp. monomorphism i : L ! N)

either there exists a homomorphism ~ff : M ! N (resp. ~ff 0 : N ! M) such that

f ¼ p ~ff (resp. f 0 ¼ ~ff 0i) or there exist a nonzero direct summand N 0 of N and

a homomorphism y : N 0 ! M (resp. y 0 : M ! N 0) such that fy ¼ pi (resp.

y 0f 0 ¼ pi), where i is an inclusion of N 0 in N (resp. p is a projection on N 0 of N ).

Further M is called almost projective (resp. almost injective) if M is always almost

N-projective (resp. almost N-injective) for any finitely generated R-module N.

We call an artinian ring R a right almost hereditary ring if J is almost

projective as a right R-module. By [8, Theorem 1] this definition is equivalent to

the condition: JðPÞ is almost projective for any finitely generated projective right

R-module P.

A module is called uniserial if its lattice of submodules is a finite chain, i.e.,
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any two submodules are comparable. An artinian ring R is called a right serial

ring if every indecomposable projective right R-module is uniserial. And we call

a ring R a serial ring if R is a right and left serial ring. Let f1; f2; . . . ; fn be

primitive idempotents in a serial ring R. Then a sequence f f1R; f2R; . . . ; fnRg
(resp. fRf1;Rf2; . . . ;Rfng) of indecomposable projective right (resp. left) R-

modules is called a Kupisch series if fjJ=fjJ
2 G fjþ1R=fjþ1J (resp. Jfj=J

2fj G
Rfjþ1=Jfjþ1) holds for any j ¼ 1; . . . ; n� 1. Further f f1R; f2R; . . . ; fnRg (resp.

fRf1;Rf2; . . . ;Rfng) is called a cyclic Kupisch series if it is a Kupisch series

with fnJ=fnJ
2 G f1R=f1J (resp. Jfn=J

2fn GRf1=Jf1) holds. Let R be a serial ring

with a Kupisch series f f1R; f2R; . . . ; fnRg. If fnJ ¼ 0 and PðRÞ ¼ f f1; . . . ; fng,

then R is called a serial ring in the first category. And if f f1R; f2R; . . . ; fnRg
is a cyclic Kupisch series and PðRÞ ¼ f f1; . . . ; fng, then R is called a serial

ring in the second category. Moreover a serial ring is called a strongly serial

ring if it is a direct sum of indecomposable serial rings R with a Kupisch

series f f1;1R; f1;2R; . . . ; f1;b1
R; f2;1R; . . . ; fm;bmRg such that j fi;biRj ¼ 2 for any

i ¼ 1; . . . ;m� 1 and j fm;bmRj ¼ 1 or 2, where PðRÞ ¼ f fi; jgm bi
i¼1; j¼1 and fi; jR is

injective i¤ j ¼ 1. Then, if j fm;bmRj ¼ 1 (resp. ¼ 2), then R is a serial ring in the

first (resp. second) category. Further we can easily check the following charac-

terization of a strongly serial ring.

Lemma 1. Let R be an indecomposable strongly serial ring with a Kupisch

series f f1;1R; f1;2R; . . . ; f1;b1
R; f2;1R; . . . ; fm;bmRg, where PðRÞ ¼ f fi; jgm bi

i¼1; j¼1 and

fi; jR is injective i¤ j ¼ 1. Then the following hold:

(1) Sð fi; jRÞG fiþ1;1R=fiþ1;1J for any i ¼ 1; . . . ;m� 1 and j ¼ 1; . . . ; bi and

Sð fm;kRÞG fm;bmR=fm;bmJ (resp. G f1;1R=f1;1J) for any k ¼ 1; . . . ; bm if

j fm;bmRj ¼ 1 (resp. ¼ 2);

(2) f f1;1R=f1;1J jgb1þ1
i¼1 U f fi;1R=fi;1J jgm�1 biþ1

i¼2; j¼2 U f fm;1R=fm;1J
jgbm

j¼2 (resp.

f fi;1R=fi;1J jgm biþ1
i¼1; j¼2) is a basic set of indecomposable injective right R-

modules if j fm;bmRj ¼ 1 (resp. ¼ 2);

(3) fRfm;bm ;Rfm;bm�1; . . . ;Rfm;1;Rfm�1;bm�1
; . . . ;Rf1;1g is a Kupisch series

(resp. a cyclic Kupisch series) of left R-modules with jRfi;2j ¼ 2 for any

i ¼ 1; . . . ;m and jRf1;1j ¼ 1 (resp. ¼ bm þ 1) if j fm;bmRj ¼ 1 (resp. ¼ 2);

(4) SðRf1;1ÞGRf1;1=Jf1;1 (resp. GRfm;1=Jfm;1) if j fm;bmRj ¼ 1 (resp. ¼ 2),

SðRfi;1ÞGRfi�1;1=Jfi�1;1 for any i ¼ 2; . . . ;m, and SðRfk; jÞGRfk;1=Jfk;1

for any k ¼ 1; . . . ;m and j ¼ 2; . . . ; bk;

(5) fRfi;1=J
jfi;1gm bi�1þ1

i¼2; j¼2 U fRfm;bm=J
jfm;bmg

bm
j¼1 (resp. fRf1;1=J

jf1;1gbmþ1
j¼2 U

fRfi;1=J
jfi;1gm bi�1þ1

i¼2; j¼2 ) is a basic set of indecomposable injective left R-

modules if j fm;bmRj ¼ 1 (resp. ¼ 2).
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For a set S of R-modules, a subset S 0 of S is called a basic set of S if

(a) for any M;M 0 A S 0, MAM 0 as R-modules i¤ M ¼ M 0 and

(b) for any N A S, there exists M A S 0 such that MAN as R-modules.

2. Strongly almost Hereditary Rings

The following is a structure theorem of a right SAH ring given by M.

Harada.

Theorem A ([7, Theorem 3]). A ring is right SAH if and only if it is a direct

sum of the following rings:

(i) Hereditary rings;

(ii) strongly serial rings;

(iii) rings R with PðRÞ ¼ fh1; . . . ; hm; f
ð1Þ

1 ; f
ð1Þ

2 ; . . . ; f
ð1Þ
n1 ; f

ð2Þ
1 ; . . . ; f

ð2Þ
n2 ;

f
ð3Þ

1 ; . . . ; f
ðkÞ
nk g such that, for each l ¼ 1; . . . ; k we put Sl :¼

Pnl
j¼1 f

ðlÞ
j and

H :¼
Pm

s¼1 hs þ
Pk

l¼1 f
ðlÞ

1 , the following three conditions hold for any

l ¼ 1; . . . ; k:

(x) SlRSl is a strongly serial ring in the first category with a Kupisch

series f f ðlÞ1 RSl ; f
ðlÞ

2 RSl ; . . . ; f
ðlÞ
nl RSlg of right SlRSl-modules,

(y) SlRð1 � SlÞ ¼ 0, ðh1 þ � � � þ hmÞRf
ðlÞ

1 0 0 and ðh1 þ � � � þ hmÞ �
Rð f ðlÞ2 þ � � � þ f

ðlÞ
nl Þ ¼ 0, and

(z) HRH is a hereditary ring.

We note that by [4, Lemma 3.1] a ring in Theorem A (iii) coincides with a

ring in [4, Theorem B (iii)] if it satisfies that al ¼ 1 and SlRSl is a strongly serial

ring for any l ¼ 1; . . . ; k, where al and Sl are as in it.

Moreover, the condition (ii) in the above Theorem is not the same as [7,

Theorem 3], i.e., when R is a serial ring in the second category, he wrote that ‘‘R

is a serial ring in the second category with J 2 ¼ 0’’. But this original condition is

not suitable. We give an example. Let R be a serial ring in the second category

with PðRÞ ¼ f f1; f2; f3; f4g such that f f1R; f2R; f3R; f4Rg is a Kupisch series and

j f1Rj ¼ 4, j f2Rj ¼ 3, j f3Rj ¼ 2, j f4Rj ¼ 2. Then R is a strongly serial ring. So it

is right SAH by the following proof. But J 2 0 0. In an unpublished lecture note

written by M. Harada the condition is already corrected. Now we give a proof

with respect to this part for reader’s convenience.

Proof. Assume that R is an indecomposable right SAH serial ring in

the second category. And we show that R is a strongly serial ring. Let
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f f1R; f2R; . . . ; fnRg be a Kupisch series with PðRÞ ¼ f fign
i¼1. We may assume

that f1R is injective and j f1Rjb j fiRj for any i ¼ 1; . . . ; n.

First suppose that f1Jf1 0 0. Then we claim that f1Jf1 is simple as a right

f1Rf1-module. Since f1Jf1 0 0, f1J
n=f1J

nþ1 G f1R=f1J. Then a right R-module

f1J
n is almost projective (but not projective) because R is right SAH. So

f1R=Sið f1RÞ is injective for any i ¼ 0; . . . ; n� 1 by [8, Theorem 1] since the

kernel of the projective cover: f1R ! f1J
n is Snð f1RÞ. Hence

ðyÞ f f1R=Sið f1RÞgn�1
i¼0 is a basic set of indecomposable injective right R-

modules.

Assume that f1J
2f2 0 0. Then f1J

nþ1=f1J
nþ2 G f2R=f2J. On the other hand,

f1J
nþ1 is almost projective (but not projective) because R is right SAH. Therefore

f2R must be injective by [8, Theorem 1]. This contradicts with ðyÞ. So f1J
2f2 ¼ 0.

Hence f1Jf1 is simple as a right f1Rf1-module. Therefore Sð fiRÞG f1R=f1J for

any i ¼ 1; . . . ; n and j fnRj ¼ 2 since fjR is not injective for any j ¼ 2; . . . ; n by

ðyÞ. In consequence, R is a strongly serial ring.

Next suppose that f1Jf1 ¼ 0. Then we note that fiJfi ¼ 0 for any i ¼ 1; . . . ; n

since j f1Rjb j fiRj. Let k be an integer with Sð f1RÞG fkR=fkJ. Then we claim

that Sð fjRÞG fkR=fkJ for any j ¼ 1; . . . ; k � 1 and j fk�1Rj ¼ 2. Assume that

Sð fk�1RÞG= fkR=fkJ. Then there exists an integer tb 2 with fk�1JG fkR=fkJ
t

since fk�1J=fk�1J
2 G fkR=fkJ. On the other hand, Sð f1RÞ ðG fkR=fkJÞ is almost

projective because R is right SAH. But it is not projective since R is a serial

ring in the second category. So fkR=fkJ
i is injective for any i ¼ 2; . . . ; j fkRj by [8,

Theorem 1]. Therefore fk�1J ðG fkR=fkJ
tÞ is injective since tb 2. This con-

tradicts with fk�1JH fk�1R. So Sð fk�1RÞG fkR=fkJ. Hence Sð fjRÞG fkR=fkJ for

any j ¼ 1; . . . ; k � 1 and j fk�1Rj ¼ 2 hold since Sð f1RÞG fkR=fkJ and f1Jf1 ¼ 0.

Moreover, let Sð fkRÞG flR=flJ for some l. Then we obtain that Sð fjRÞG flR=flJ

for any j ¼ k; . . . ; l � 1 and j fl�1Rj ¼ 2 by the same argument as f1R. Continue

this argument, we see that R is a strongly serial ring.

Conversely, assume that R is a strongly serial ring in the second category. We

can show that R is right SAH by the same way as the case that R is a strongly

serial ring in the first category (see the proof of [7, Theorem 3]).

The purpose of this section is to show the following theorem.

Theorem 2. A ring R is right SAH if and only if R satisfies ð�]Þl .

To complete the proof, we give a lemma.

Lemma 3. Let R be a ring in [4, Theorem B (iii)] and we use the same
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notations as in it. Put Es :¼ EðRhs=JhsÞ and E
ðlÞ
j :¼ EðRf

ðlÞ
j =Jf

ðlÞ
j Þ for any s ¼

1; . . . ;m, l ¼ 1; . . . ; k and j ¼ 1; . . . ; nl . Then the following hold for each s, l

and j.

(1) HRhs ¼ Rhs, HRf
ðlÞ
i ¼ Rf

ðlÞ
i , HEs ¼ Es and EðHRHRhs=JhsÞ ¼ Es for any

i ¼ 1; . . . ; al .

(2) E
ðlÞ
j GRf

ðlÞ
j 0 =J uf

ðlÞ
j 0 for some positive integers j 0 ðb al þ 1Þ and u and they

are uniserial left R-modules.

(3) SlE
ðlÞ
j ¼ E

ðlÞ
j and EðSlRSl

SlRf
ðlÞ
j =SlJf

ðlÞ
j Þ ¼ E

ðlÞ
j .

(4) If E
ðlÞ
j =N is an almost injective left R-module for some submodule N of

E
ðlÞ
j , then it is almost injective also as a left SlRSl-module.

(5) If R satisfies ð�]Þl , then so does SlRSl .

Proof. (1). HRhs ¼ Rhs, HRf
ðlÞ
i ¼ Rf

ðlÞ
i and HEs ¼ Es by [4, Theorem 3.3

(a 0), (b 0)]. So Es is considered as a left HRH-module. And further we can easily

see that Es is injective also as a left HRH-module by [4, Lemma 3.1 and Theorem

3.3 (a 0), (b 0)] using Baer’s criterion and Azumaya’s theorem (see, for instance,

[1, 16.13. Proposition (2)]), i.e., EðHRHRhs=JhsÞ ¼ Es.

(2). By (��) in the proof for ‘‘if ’’ part of [4, Theorem 4.1].

(3). SlE
ðlÞ
j ¼ E

ðlÞ
j by (2) and [4, Lemma 3.1 and Theorem B (iii)(b)]. So E

ðlÞ
j

is considered as a left SlRSl-module. And further we can easily see that E
ðlÞ
j is

SlRf
ðlÞ
i -injective for any i ¼ 1; . . . ; nl by [4, Theorem 3.3 (a 0), (b 0)]. Therefore E

ðlÞ
j

is injective as a left SlRSl-module using Baer’s criterion and Azumaya’s theorem

(see, for instance, [1, 16.13. Proposition (2)]), i.e., EðSlRSl
SlRf

ðlÞ
j =SlJf

ðlÞ
j Þ ¼ E

ðlÞ
j .

(4). If E
ðlÞ
j =N is injective as a left R-module, it is also injective as a left

SlRSl-module by (3). Assume that a (uniserial) left R-module E
ðlÞ
j =N is

almost injective but not injective. Then there is a positive integer p such that

J pEðEðlÞ
j =NÞ ¼ E

ðlÞ
j =N and J iEðEðlÞ

j =NÞ is projective for any i ¼ 0; . . . ; p� 1 by

[8, Theorem 1]]. Let j 00 be an integer with J p�1EðEðlÞ
j =NÞGRf

ðlÞ
j 00 . We note that

fRf
ðlÞ
nl ;Rf

ðlÞ
nl�1; . . . ;Rf

ðlÞ
1 g is a Kupisch series of left R-modules by [4, Lemma 3.4

(1)]. So J iEðEðlÞ
j =NÞGRf

ðlÞ
j 00þp�1�i for any i ¼ 0; . . . ; p� 1. Further j 00 b al þ 1

from (2) since Jf
ðlÞ
j 00 ¼ J pEðEðlÞ

j =NÞ ¼ E
ðlÞ
j =N. Therefore J iEðEðlÞ

j =NÞ is projec-

tive also as a left SlRSl-module for any i ¼ 0; . . . ; p� 1 by [4, Lemma 3.1 and

Theorem B (iii)(b)] since j 00 þ p� 1 � ib j 00 b al þ 1. Hence E
ðlÞ
j =N is almost

injective also as a left SlRSl-module by (3) and [8, Theorem 1]].

(5). By (3) and (4).

Proof of Theorem 2. ()). We may assume that R is an indecomposable

ring in (i), (ii) or (iii) of Theorem A.
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Suppose that R is a hereditary ring, then it is well known that ð�]Þl holds

(see, for instance, [4, §1 Preliminaries]).

Suppose that R is a strongly serial ring with a Kupisch series

f f1;1R; f1;2R; . . . ; f1;b1
R; f2;1R; . . . ; fm;bmRg, where PðRÞ ¼ f fi; jgm bi

i¼1; j¼1 and fi; jR

is injective i¤ j ¼ 1. Let E be an injective left R-module and let N be a

proper submodule of E. First we consider that E is indecomposable. Then

E=NGRfm;bm=J
vfm;bm or GRfu;1=J

vfu;1 by Lemma 1 (5), where u and v are

positive integers. If vb 2 or E=NGRfm;bm=Jfm;bm , then E=N is injective again by

Lemma 1 (5). Assume that E=NGRfu;1=Jfu;1 for some u A f1; . . . ;m� 1g. Then

E=NGSðRfuþ1;1Þ by Lemma 1 (4). And EðE=NÞGRfuþ1;1 with J buEðE=NÞ ¼
E=N and J jEðE=NÞGRfu;bu�jþ1, i.e., it is projective, for any j ¼ 1; . . . ; bu � 1 by

Lemma 1 (3), (4), (5). Therefore E=N is almost injective by [8, Theorem 1]]. If

E=NGRfm;1=Jfm;1 and j fm;bmRj ¼ 1 (resp. ¼ 2), then E=NGSðRfm;bmÞ (resp.

GSðRf1;1Þ). And we can see that E=N is almost injective by the same way as the

case that E=NGRfu;1=Jfu;1 for some u A f1; . . . ;m� 1g. In consequence, E=N is

(injective or) almost injective, if E is indecomposable. Next we consider that E

is not indecomposable. Since R is a serial ring, we can represent N ¼ 0
i A I Ni,

where Ni is a nonzero uniserial submodule of N for any i A I . There is a

direct summand E 0 of E with E ¼ E 0 l ð0
i A I EðNiÞÞ. Then E=NGE 0 l

ð0
i A I EðNiÞ=NiÞ. Therefore E=N is a direct sum of an injective module and

finitely generated almost injective modules because a uniserial module EðNiÞ=Ni

is (injective or) almost injective for any i A I by the case that E is inde-

composable.

Suppose that R is a ring in Theorem A (iii). Let E be an injective left

R-module and let N be a submodule of E. We may assume that E ¼
ð0m

s¼1
EðRhs=JhsÞusÞl ð0k nl

l¼1; j¼1
EðRf

ðlÞ
j =Jf

ðlÞ
j Þv

l
j Þ, where us and vlj are non-

negative integers. Put E1 :¼ 0m

s¼1
EðRhs=JhsÞus and E2 :¼ 0k nl

l¼1; j¼1
E

ðRf
ðlÞ
j =Jf

ðlÞ
j Þv

l
j . For each i ¼ 1; 2, let pi : E ! Ei be the projection with respect to

E ¼ E1 lE2 and put N i :¼ piðNÞ and Ni :¼ N VEi. Then there is an isomor-

phism h : N 1=N1 ! N 2=N2 with N ¼ fxþ yx j x A N 1; yx A N 2 with yx þN2 ¼
hðxþN1Þg þN1 þN2 (see, for instance, [6, p449] or [3, p54]). And we claim

that there exists a homomorphism h 0 : N 1=N1 ! N 2 such that n2h
0 ¼ h, where

n2 : N 2 ! N 2=N2 is the natural epimorphism. Let H and Sl as in Theorem A (iii).

By Lemmas 3 (1), (3) HN 1 ¼ N 1 and ð
Pk

l¼1 SlÞN 2 ¼ N 2. So we can repre-

sent N 1=N1 G
h
N 2=N2 G0k

l¼1
ðRf

ðlÞ
1 =Jf

ðlÞ
1 Þwl by the definitions of H and Sl ,

where w1; . . . ;wk are non-negative integers. On the other hand, ð
Pk

l¼1 f
ðlÞ

1 ÞN 2 J
ð
Pk

l¼1 f
ðlÞ

1 ÞE2 JSðE2Þ by [4, Theorem 3.3 (a 0)] since ð
Pk

l¼1 SlÞE2 ¼ E2 from

Lemma 3 (3). Hence there exists a homomorphism h 0 : N 1=N1 ! N 2 such
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that n2h
0 ¼ h. Then we note that N ¼ fxþ yx j x A N 1; yx A N 2 with yx þN2 ¼

hðxþN1Þg þN1 þN2 ¼ fxþ h 0ðxþN1Þ j x A N 1g þN2. Let n1 : N 1 ! N 1=N1 be

the natural epimorphism and put c :¼ h 0n1. Then we obtain a homomorphism
~cc : E1 ! E2 with ~ccjN 1 ¼ c. Put E1ð ~ccÞ :¼ fxþ ~ccðxÞ j x A E1g and N 1ð ~ccÞ :¼
fxþ ~ccðxÞ j x A N 1g. Then E ¼ E1ð ~ccÞlE2 and N ¼ N 1ð ~ccÞlN2 hold because

N ¼ fxþ h 0ðxþN1Þ j x A N 1g þN2 ¼ fxþ ~ccðxÞ j x A N 1g þN2. Therefore E=NG
ðE1ð ~ccÞ=N 1ð ~ccÞÞlE2=N2 GE1=N

1 lE2=N2 since the restrictions of p1 induce

isomorphisms E1ð ~ccÞGE1 and N 1ð ~ccÞGN 1. Now E1=N
1 is injective by Lemma

3 (1) and Theorem A (iii)(z). And E2=N2 is a direct sum of (uniserial) almost

injective modules by Lemma 3 (3), Theorem A (iii)(x) and the case that R is a

strongly serial ring. In consequence, E=N is a direct sum of an injective module

and finitely generated almost injective modules.

ð(Þ. We may assume that R is an indecomposable ring satisfying ð�]Þl . And

we show that R is a ring in either (i), (ii) or (iii) of Theorem A.

R satisfies the condition ð]Þl . So we may assume that R is a ring in either

(i), (ii) or (iii) of [4, Theorem B] by [4, Theorem 4.1].

Suppose that R is a serial ring in the first category. Let PðRÞ ¼ fgi; jgm; gi
i¼1; j¼1

such that fRg1;1;Rg1;2; . . . ;Rg1; g1
;Rg2;1; . . . ;Rgm; gmg is a Kupisch series and

Rgi; j is injective i¤ j ¼ 1. If m ¼ 1, then clearly R is a strongly serial ring.

Assume that mb 2. For each i ¼ 2; . . . ;m, Rgi;1=Jgi;1 is almost injective by

ð�]Þl . But it is not injective since there is a monomorphism: Rgi;1=Jgi;1 !
Rgi�1; gi�1

=J 2gi�1; gi�1
. Put p :¼ jEðRgi;1=Jgi;1Þj. Then J p�1EðRgi;1=Jgi;1Þ ¼

Rgi;1=Jgi;1 and J jEðRgi;1=Jgi;1Þ is projective for any j ¼ 0; . . . ; p� 2 by [8,

Theorem 1]]. So, in particular, jJ p�2EðRgi;1=Jgi;1Þj ¼ 2 and J p�2EðRgi;1=Jgi;1ÞG
Rgi�1; gi�1

because Jgi�1; gi�1
=J 2gi�1; gi�1

GRgi;1=Jgi;1. Therefore jRgi�1; gi�1
j ¼ 2.

Further jRgm; gm j ¼ 1 since R is a serial ring in the first category. Hence R is a

strongly serial ring.

Next suppose that R is a serial ring in the second category. By the same

argument as the case that R is a serial ring in the first category with mb 2, we

see that R is a strongly serial ring.

Last suppose that R is a ring in [4, Theorem B (iii)] and we use the same

notations as in it. By Theorem A and [4, Lemma 3.1] we only show that SlRSl is

a strongly serial ring and al ¼ 1 for any l ¼ 1; . . . ; k. A serial ring SlRSl satisfies

ð�]Þl by Lemma 3 (5). So SlRSl is a strongly serial ring by the above case. Next

we show that al ¼ 1. Rf
ðlÞ
al has a simple subfactor which is isomorphic to Rhs=Jhs

for some s A f1; . . . ;mg by the definition of al . Therefore there exist a submodule

N of Rf
ðlÞ
al and a nonzero homomorphism f : N ! Rhs=Jhs. Put Es :¼ EðRhs=JhsÞ

and let ~ff : Rf
ðlÞ
al ! Es be an extension homomorphism of f. Then we claim
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that ~ffð f ðlÞal Þ A Es � JðEsÞ. Let 0p

i¼1
Rei be the projective cover of Es, where

fe1; . . . ; epgJPðRÞ. Then hsRei 0 0 for any i ¼ 1; . . . ; p. So ei B f f ðlÞalþ1; . . . ; f
ðlÞ
nl g

because hsRð f ðlÞalþ1 þ � � � þ f
ðlÞ
nl Þ ¼ 0 by the definition of al . On the other hand, if

g A PðRÞ with f
ðlÞ
al Jg0 0, then g A f f ðlÞalþ1; . . . ; f

ðlÞ
nl g by [4, Theorem 3.3 (a 0)]. Hence

f
ðlÞ
al Jei ¼ 0 for any i ¼ 1; . . . ; p, i.e., f

ðlÞ
al JðEsÞ ¼ 0. Therefore ~ffð f ðlÞal Þ A Es � JðEsÞ.

So we have a submodule X of Es with Es=X GRf
ðlÞ
al =Jf

ðlÞ
al . Therefore Rf

ðlÞ
al =Jf

ðlÞ
al

is almost injective by ð�]Þl . But Rf
ðlÞ
al =Jf

ðlÞ
al is not injective by Lemma 3 (2).

Hence, put E
ðlÞ
al :¼ EðRf

ðlÞ
al =Jf

ðlÞ
al Þ and q :¼ jEðlÞ

al j, then J q�1E
ðlÞ
al GRf

ðlÞ
al =Jf

ðlÞ
al and

J iE
ðlÞ
al is projective for any i ¼ 0; . . . ; q� 2 by [8, Theorem 1]]. So, in particular,

SðRf
ðlÞ
alþ1ÞGRf

ðlÞ
al =Jf

ðlÞ
al since fRf

ðlÞ
nl ;Rf

ðlÞ
nl�1; . . . ;Rf

ðlÞ
1 g is a Kupisch series of left

R-modules by [4, Lemma 3.4 (1)]. But SðRf
ðlÞ
alþ1ÞGRf

ðlÞ
1 =Jf

ðlÞ
1 by [4, Lemma 3.4

(2)]. Hence al ¼ 1.

A right SAH ring does not always satisfy ð�]Þr and a ring satisfying ð�]Þr is

not always a right SAH ring. Now we give an example.

Example 4. Consider a factor ring

R :¼

2
666666664

D D 0 D �00 �00

0 D 0 D �00 �00

0 0 D D �00 �00

0 0 0 D D �00

0 0 0 0 D D

0 0 0 0 0 D

3
777777775
;

where D is a division ring. And we consider that R is a ring by the ordinary

addition and the multiplication of matrices. Put H :¼ e1 þ e2 þ e3 þ e4 and S1 :¼
e4 þ e5 þ e6, where ei is the ði; iÞ-matrix unit for any i.

Then HRH is a hereditary ring and S1RS1 is a strongly serial ring in the first

category. And R is a ring in Theorem A(iii), i.e., R is a right SAH ring.

But we claim that R does not satisfies ð�]Þr. e4R is an injective right R-

module with e4R=Sðe4RÞG e4R=e4J. And e4R=Sðe4RÞ is not injective. Further

e4R=Sðe4RÞ is not almost injective by [8, Corollary 1]] since e1Rl e3R is a

projective cover of Eðe4R=e4JÞ.
By Theorem 2 R satisfies ð�]Þl but is not a left SAH ring.

3. Stronger Conditions than that of a SAH Ring

The following is a structure theorem of an artinian ring which satisfies ð��Þr
and ð���Þr which are stronger conditions than that of a right SAH ring:
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Theorem B ([7, Theorem 4]). For a ring the following are equivalent:

(a) It satisfies ð��Þr;
(b) it satisfies ð���Þr;
(c) it is a direct sum of the following rings:

(i) Hereditary rings which are not serial;

(ii) serial rings with the radical square zero;

(iii) rings R in Theorem A (iii) such that HRH is not a serial ring and

JðSlRSlÞ2 ¼ 0 for any l ¼ 1; . . . ; k, where H and Sl are as in Theorem

A (iii).

The purpose of this section is to show the following theorem.

Theorem 5. For a ring R the following are equivalent:

(a) R satisfies ð��Þr ð,ð���ÞrÞ;
(b) R satisfies ð��]Þl ;
(c) R satisfies ð���]Þl .

To complete the proof, we give a lemma.

Lemma 6. Let R be a ring in [4, Theorem B (iii)] and we use the same

notations as in it.

(1) Suppose that al ¼ 1. And let M be an indecomposable left R-module with

HM ¼ M. Then the following hold.

(i) Rf
ðlÞ

1 =Jf
ðlÞ

1 is injective as a left HRH-module but not injective as a

left R-module for any l.

(ii) If M is injective or finitely generated almost injective as a left R-

module, then M is injective or finitely generated almost injective also

as a left HRH-module.

(iii) If M is finitely generated almost injective but not injective as a left

HRH-module, then M is finitely generated almost injective but not

injective also as a left R-module.

(2) Suppose that al ¼ 1. If R satisfies ð��]Þl , then HRH also satisfies ð��]Þl .
(3) Let M be an indecomposable left R-module with SlM ¼ M for some

l. Then M is almost injective but not injective as a left R-module if

and only if M is almost injective but not injective as a left SlRSl-

module.

(4) If R satisfies ð��]Þl , then SlRSl also satisfies ð��]Þl for any l ¼ 1; . . . ; k.
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Proof. Put Es :¼ EðRhs=JhsÞ and E
ðlÞ
j :¼ EðRf

ðlÞ
j =Jf

ðlÞ
j Þ for any s ¼ 1; . . . ;m,

l ¼ 1; . . . ; k and j ¼ 1; . . . ; nl .

(1)(i). Since al ¼ 1, H ¼
Pm

s¼1 hs þ
Pk

l¼1 f
ðlÞ

1 . So we can easily see that

Rf
ðlÞ

1 =Jf
ðlÞ

1 is injective as a left HRH-module by [4, Lemma 2.3 and Theorem 3.3

ða 0Þ, ðb 0Þ] using Baer’s criterion. And Rf
ðlÞ

1 =Jf
ðlÞ

1 is not injective as a left R-

module by Lemma 3 (2).

(ii). First assume that M is injective as a left R-module. Then MGEs for

some s by (i) since HM ¼ M. Therefore M is injective also as a left HRH-

module by Lemma 3 (1).

Next assume that M is finitely generated almost injective but not injective

as a left R-module. Then SðRMÞ is simple by [8, Theorem 1]]. And SðRMÞG
Rf

ðlÞ
1 =Jf

ðlÞ
1 for some l or GRhs=Jhs for some s since HM ¼ M. If SðRMÞG

Rf
ðlÞ

1 =Jf
ðlÞ

1 for some l, then M is simple, i.e., MGRf
ðlÞ

1 =Jf
ðlÞ

1 , by [4, Theorem 3.3

ða 0Þ, ðb 0Þ] since al ¼ 1. Therefore M is injective as a left HRH-module by (i). So

we consider that SðRMÞGRhs=Jhs for some s. Then there exists a positive integer

p such that MG J pEs and J iEs is projective as a left R-module for any

i ¼ 0; . . . ; p� 1 by [8, Theorem 1]]. And J jEs ¼ JðHRHÞ jEs for any j ¼ 0; . . . ; p

and J iEs is projective also as a left HRH-module for any i ¼ 0; . . . ; p� 1 by

Lemma 3 (1). So M is almost injective but not injective as a left HRH-module

by [8, Theorem 1]].

(iii). SðHRHMÞ is simple by [8, Theorem 1]]. But SðHRHMÞG= HRf
ðlÞ

1 =HJf
ðlÞ

1

ð¼ Rf
ðlÞ

1 =Jf
ðlÞ

1 Þ for any l by (i) because M is not injective as a left HRH-module.

So SðHRHMÞGHRhs=HJhs for some s since HM ¼ M. Then there is a positive

integer p such that MG JðHRHÞpEs and JðHRHÞ iEs is projective as a left

HRH-module for any i ¼ 0; . . . ; p� 1 by [8, Theorem 1]] and Lemma 3 (1). And

JðHRHÞ jEs ¼ J jEs for any j ¼ 0; . . . ; p and JðHRHÞ iEs is projective also as a

left R-module for any i ¼ 0; . . . ; p� 1 by Lemma 3 (1). So M is almost injective

but not injective as a left R-module by [8, Theorem 1]].

(2). Let M be an injective or finitely generated almost injective left HRH-

module. We may assume that M is indecomposable and not simple.

Assume that M is injective as a left HRH-module. Then MGEs for some s

by [4, Theorem 3.3 (a 0), (b 0)] and Lemma 3 (1) since al ¼ 1 and M is not simple.

Therefore M is injective also as a left R-module. So M=SðMÞ is a direct sum of

an injective left R-module and finitely generated almost injective left R-modules

by ð��]Þl . Hence M=SðMÞ is a direct sum of an injective left HRH-module and

finitely generated almost injective left HRH-modules by (1)(ii).

Next assume that M is finitely generated almost injective but not injective as

a left HRH-module. Then M is almost injective as a left R-module by (1)(iii). So
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M=SðMÞ is a direct sum of an injective left R-module and finitely generated

almost injective left R-modules by ð��]Þl . Hence M=SðMÞ is a direct sum of an

injective left HRH-module and finitely generated almost injective left HRH-

modules by (1)(ii).

(3). First we note that M is a uniserial left R- and SlRSl-module since

SlM ¼ M, M is indecomposable and a ring SlRSl is serial.

Assume that M is almost injective but not injective as a left R-module. Then

SðMÞ is simple by [8, Theorem 1]]. So EðMÞGE
ðlÞ
j for some j since SlM ¼ M.

And there exists a positive integer p such that MG J pE
ðlÞ
j and J iE

ðlÞ
j is projective

as a left R-module for any i ¼ 0; . . . ; p� 1 by [8, Theorem 1]]. Now SlE
ðlÞ
j ¼ E

ðlÞ
j

by Lemma 3 (3). And Sl � SðRf
ðlÞ
t Þ0SðRf

ðlÞ
t Þ for any t A f1; . . . ; alg by [4,

Lemma 3.1 and Lemma 3.4 (1)]. So there is ji A fal þ 1; . . . ; nlg with J iE
ðlÞ
j G

Rf
ðlÞ
ji

for any i ¼ 0; . . . ; p� 1. Therefore J iE
ðlÞ
j GSlRf

ðlÞ
ji

, i.e., J iE
ðlÞ
j is projective

also as a left SlRSl-module, by [4, Theorem B (iii)(b) and Lemma 3.1] since

ji b al þ 1. Hence M is almost injective but not injective as a left SlRSl-module

by [8, Theorem 1]] and Lemma 3 (3).

We can show the converse by the same way.

(4). By the same way as the proof of (2) we can show using (3) and Lemma

3 (3).

Proof of Theorem 5. We may assume that R is an indecomposable ring.

(a) ) (c). We may assume that R is a ring in either (i), (ii) or (iii) in

Theorem B (c).

Suppose that R is a hereditary ring which are not serial. Then Rg is not

injective for any g A PðRÞ by [7, Corollary 3]. Therefore every finitely generated

almost injective left R-module is injective by [8, Theorem 1]]. So ð���]Þl holds

since R is a hereditary ring.

Suppose that R is a serial ring with J 2 ¼ 0. Let fRf1;Rf2; . . . ;Rfng be a

Kupisch series with f f1; f2; . . . ; fng ¼ PðRÞ. If R is a serial ring in the first

(resp. second) category, then fRfj;Rf1=Jf1gn�1
j¼1 (resp. fRfjgn

j¼1) is a basic set

of indecomposable injective left R-modules. So fRfj;Rfn;Rfj=Jfjgn�1
j¼1 (resp.

fRfj ;Rfj=Jfjgn
j¼1) is a basic set of finitely generated almost injective left R-

modules by [8, Theorem 1]]. Therefore because R is a serial ring with J 2 ¼ 0,

every factor module of a finitely generated almost injective module is represented

as 0n�1

j¼1
ððRfjÞuj l ðRfnÞun l ðRfj=JfjÞvj Þ (resp. 0n

j¼1
ððRfjÞuj l ðRfj=JfjÞvj Þ),

where uj; un; vj are non-negative integers. Hence ð���]Þl holds.

Last suppose that R is a ring in Theorem B (c)(iii). We use the same notations

as in Theorem A (iii). It is obvious that SlRSl is a serial ring in the first category
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with a Kupisch series fSlRf
ðlÞ
nl ;SlRf

ðlÞ
nl�1; . . . ;SlRf

ðlÞ
1 g of left SlRSl-modules from

Theorem A (iii)(x). So SlRf
ðlÞ
j is injective as a left SlRSl-module for any l and

j ¼ 2; . . . ; nl since JðSlRSlÞ2 ¼ 0. Therefore Rf
ðlÞ
j is an injective left R-module

with jRf
ðlÞ
j j ¼ 2 for any l and j ¼ 2; . . . ; nl by Lemma 3 (3). On the other hand,

we claim that Rhs and Rf
ðlÞ

1 are not injective for any s and l. Assume that Rhs

(resp. Rf
ðlÞ

1 ) is injective for some s (resp. l ). Then Rhs (resp. Rf
ðlÞ

1 )GEs 0 for

some s 0 by Lemma 3 (1) and Theorem A (iii)(y). Therefore Rhs (resp. Rf
ðlÞ

1 ) is

injective also as a left HRH-module by Lemma 3 (1), i.e., there exists an injective

projective left HRH-module. So HRH is a serial ring by [7, Corollary 3] and

Theorem A (iii)(z). But HRH is not serial by assumption, a contradiction. In

consequence, we obtain that fRf
ðlÞ
j gk nl

l¼1; j¼2 is a basic set of indecomposable

injective projective left R-modules. Therefore fRf
ðlÞ
j ; Jf

ðlÞ
j ðGRf

ðlÞ
j�1=Jf

ðlÞ
j�1Þg

k nl
l¼1; j¼2

is a basic set of finitely generated indecomposable almost injective modules by

[8, Theorem 1]]. So ð���]Þl holds by the same reason as the case that R is a serial

ring with J 2 ¼ 0.

(c) ) (b). Clear.

(b) ) (a). Since R satisfies ð��]Þl , it satisfies ð]Þl , i.e., R is a right almost

hereditary ring by [4, Theorem 4.1]. So we may assume that R is a ring in either

(i), (ii) or (iii) of [4, Theorem B]. And we show that it is a ring in either (i), (ii)

or (iii) of Theorem B (c).

Suppose that R is a hereditary ring. Assume that Rg is not injective for

any g A PðRÞ, then R is not serial, i.e., R is a ring in Theorem B (c)(i). Assume

that there is f A PðRÞ with Rf injective, then R is a serial ring by [7, Corollary

3].

Suppose that R is a serial ring. Assume that there exists f A PðRÞ with

jRf jb 3. Then further we may assume that Rf is injective. Jf is almost injective

by [8, Theorem 1]]. And Jf =SðRf Þ is also almost injective by ð��]Þl . But Jf =SðRf Þ
is not injective since there is an inclusion map: Jf =SðRf Þ ! Rf =SðRf Þ. Therefore

there exist e A PðRÞ and a positive integer p such that ReGEðJf =SðRf ÞÞ,
J peG Jf =SðRf Þ and J ie is projective for any i ¼ 0; . . . ; p� 1 by [8, Theorem 1]].

So, in particular, J p�1e is projective. But J p�1eGRf =SðRf Þ, a contradiction.

Suppose that R is a ring in [4, Theorem B (iii)]. And let H and Sl as in

it. Then SlRSl satisfies ð��]Þl for any l ¼ 1; . . . ; k by Lemma 6 (4). Therefore

JðSlRSlÞ2 ¼ 0 from the previous case that R is a serial ring. So al ¼ 1 since

EðRf
ðlÞ

1 =Jf
ðlÞ

1 ÞGRf
ðlÞ
j =J uf

ðlÞ
j for some j ðbal þ 1Þ and u by Lemma 3 (2).

Therefore HRH also satisfies ð��]Þl by Lemma 6 (2). Hence HRH is not serial

or serial with JðHRHÞ2 ¼ 0 by the previous two cases. In consequence, R is a

ring in Theorem B (c)(ii) or (iii).
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