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ON SHIMURA LIFTING OF MODULAR FORMS

By

Shigeaki TSUYUMINE

0. Let kK, N e N, 4|N. Let M;_,,5(N,x,) denote the space of modular forms
for T'o(N) of weight k + 1/2 with a character y, (mod N). Lifting maps of cusp
forms in Mj.1/,(N, x,) to modular forms of integral weight was first studied by
Shimura [7] and later by Niwa [4]. The domain of the map is extended to
My172(N, xo) by van Asch [1] in case that y, is real and N = 4p for p prime, and
by Pei [5] in case that y, is real and N /4 is square-free. In the present paper we
consider the lifting map without any condition on N and y,, and extend the
domain of the map to My, (N, x) for k > 2.

To show the assertion, we take some specific modular forms in M, (N, xo)
which together with cusp forms, span M. /,(N, y,). Further we construct their
liftings explicitly. It proves our main result. It may be expected to have further
application to study of special values of L-series of Hecke eigen cusp forms, as in
Zagier [9], Kohnen-Zagier [3] where the lifting of some particular modular forms
plays an important role.

1. We denote by N, Z, C, the set of natural numbers, the ring of integers and
the complex number field respectively. For a prime p € N, v, denotes the p-adic
valuation. For N € N, (Z/N)" denotes the group of Dirichlet characters (mod N).
When N =1, the group is consisting of a constant 1. The identity element of
(Z/N)* is denoted by ly. A group consisting of invertible elements in Z/N
is denoted by (Z/N)*. If y e (Z/N)* and ee N, the y© denotes a character
(mod eN) obtained by x)(d) = y(d) ((d,e)=1), 0 ((d,e) # 1). In case that all
prime factors of e appear as factors of N, then x{¢ is equal to y. For a € Z and
for an odd be N, (a/b) denotes the Jacobi-Legendre symbol where it is 0 if
(a,b) #1. If D is a discriminant of a quadratic field, then y, denote the
Kronecker-Jacobi-Legendre symbol. We put yp, =1 for D =1.

Let $ denote the upper-half plane {z € C|Imz > 0}. The group SLy(Z) acts
on $ by the usual modular transformation sending ze€ $ to Mz = (az +b)/
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(cz+d), M = (CCI 3) For N e N which is not necessarily divisible by 4, let

To(N) = {(‘C’ Z) eSLz(Z)|CEO(m0dN)}, TV(N) = {(j Z) € SLy(Z)|

a=d=1,c=0(modN)}. Let k e N and y, € (Z/N)". A holomorphic function f
on § is called a modular form for T'(N) of weight k (resp. a modular form for
[o(N) of weight k with character y,) if it satisfies that (i) (f],/)(z) = f(z) for
M eT(N) (resp. (fla,,)(2) = f(z) for M eTy(N)), and that (i) f is holo-

morphic also at cusps, where (f],,)(z) = (cz+d)7kf(Mz) (resp. (flur,,)(2) =

20(d) ez +d) ™ f(Mz)) for M = (i Z
M (N, x,)), the space of such modular forms, and by Si(I'1(N)) (resp. Sk(N, xp)),
the space of such cusp forms. The orthogonal complement of S(I'((N)) (resp.
Sk(N, %0)) in My(T1(N)) (resp. My (N, yx,)) with respect to the Petersson product,
is called a space of Eisenstein series, and it is denoted by Ei(I'1(N)) (resp.
Er(N, ). We have

). We denote by M (I'j(N)) (resp.

M(Ti(N)) = @ M(N,20),  Ex(T1(N)) = D Ex(N, xo)

Xo Xo
where y, runs over (Z/N)".

The number vo(N) (resp. vi(N)) of inequivalent cusps of T'o(N) (resp. ['1(N))
is equal to "y v,—y @((N1,N2)) (resp. 2 (N =2), 3 (N =4), 1/23 y v,y ¢(N1)-
@(Ny) (N = 3, #4)) where ¢ denotes the Euler function and N;’s are positive
divisors of N. A complete system of representatives of inequivalent cusps of I'o(N)
is given by {i/N,|0 < Ny, Na|N, i’s being representatives of (Z/(Ny,N))"}. That
of T'|(N) is given as follows. Let i€ (Z/Ny)",je (Z/Ny)*. Then for suitable
a,be Z, a fraction (i +aN,)/((j+ bN1)N2) ((j+ bNy1,N2) =1) is reduced, one
of which we denote by [i,j,N2; N]. Then a complete system is {[i, j, N2; N]|
NiNy = N,(i,j) € (Z/Ny)" x (Z/Ny)*/{+1}}. By abuse of language, the ra-
tional numbers sometimes mean cusps on the corresponding modular curve.

LemMa 1. (1) Via the canonical map of the modular curve of T'\(N) onto that
of To(N), a cusp [i, j, Na; N] is mapped to a cusp ij~' /N, where =V is denoting an
inverse of j (mod Np).

(2) Let N = N\N, and let N2|M,M|N. If p denotes the natural surjective
map of the modular curve of T1(N) onto that of T\(M), then p~'(li, j, N2; M) =
{[i',j',eN2; N1 | e|(N/M),v,((e, N1)) =0 for any p with v,(N2) < v,(M),i" =i
(mod eN,), j' = j(mod Ny /e)}.



On Shimura lifting of modular forms 467

(3) Let e|N,N»|(N/e). Let p, be the surjective map of the modular curve
of T'1(N) onto that of T1(N/e) associated with z — ez. Then p;'([i, j, N2;N/e]) =
{li',j',¢'N2; N]| €'le,(e/e',N2) = 1,i'e = i(mod e'N;), j' = j(mod N/e'N,)}.

The lemma is easy to show, and so we skip the proof.

Now we consider Eisenstein series for I'j(N). The result is an imitation of
Hecke [2], Sect. 1 and 2. So we omit the detail. Let ke N. Let N = NN,
(N1,N, e N), and ay,a, € Z. Then we put

! — —s
Ei(z,a1,a2/ N2, Ny) == > (m1z + ma) Mz + ma| |,
m; =a; (mod Ny)
my=a,/N, (mod 1)

where the summation is over the pairs of numbers (my,m,) such that m; runs
through all the integers satisfying the congruence and m; runs through all the
rational numbers such that m, — a;/N, € Z, and where the notation 3’ indicates
as usual, that (m;,my) = (0,0) is to be omitted. This is an element of E(I";(N))
if k # 2. The space Ex(I'|(N)) is zero if k is odd and N = 1,2. We exclude these
cases from out argument. We have a Fourier expansion

! —5
E(z,a,a/Ny, Ni) = N* N7 m ™ m| ™| (a1 e N, Z)
m=a; (mod N)
2\/ In ki

n=1 n/m=a; (mod Ny)
meZ

sgn(m)e(aym/Ny)m*e(nz),

where there is an additional term —v—lzn S sgn(m)|m|™"|_, (resp.
m=a; (mod N)

n/(NiIm(z))) if k=1 (resp. k =2) and where the first term appears if the
condition a; € N1 Z is satisfied. When k = 2, the differences of Eisenstein series
are contained in E>(I'1(N)). If e is a common divisor of a;,N;, then
Ei(z,a1,a:/ N2, N1) = Eg(ez,ay/e,a/Ny,Ni/e).

Suppose that (a;, N;) = (a2, N2) = 1. Put

Ef(zan,aof/No, M) o= 3 (mztm) iz 4m| 7
my =a; (mod Ny)
mr=ds /N> (mod 1)
(ml,Ngmz)=1

It is easily shown to be a modular form of weight k for I'}(N) if k # 2. If k = 2,
then it satisfies the same transformation law as a modular form of weight 2, but
it is not holomorphic. When & > 2, it vanishes at all the cusps of I'{(#N) but
(a2, a1, No; N). In particular {E}(z,a1,a2/N>, N1)[N1N2 = N, (a;,Ny) = (a3, Ny) =
1} spans Ei(I')(N)) for k > 3. The Eisenstein series Ex(z,a;,a2/Na, Ny) (resp.
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El(z,a1,a2/N2,Ny)) is written as a linear combination of E}(z, ta,ta,/N>, Ny)
(resp. Ei(z,tay,ta/N>,N1)) with 1€ (Z/N)*. Let us denote by Xi v, n,, the set
{Ek(z,al,az/Nz,N1)|(a1,a2) € (Z/]Vl)>< X (Z/NQ)X/{il}}, and by Xk,N: the
union ) Xew, m-
NiN,=N

ProPOSITION 1. Let N,keN. (1) Let k>2. Then Eisenstein series in
Xy Ni,N, separate the cusps [ay, a1, Na; N, (a1,a2) € (Z/N\)" x (Z/Ny)* [{£1}
and vanish at all other cusps. Eisenstein series in Xy n separate all the cusps of
I'y(N).

(2) Let k = 3. The space Ex(I'1(N)) is spanned by Xy n. The dimension is
equal to 0 if k is odd and N = 1,2 and to vi(N) if otherwise.

(3) Let k =2. Then linear combinations of elements in X, y which is hol-
omorphic, span E(I'|(N)) whose dimension is vi(N) — 1.

(4) Let k=1 and N = 3. Then X, x spans E.(T'1(N)) whose dimension is
V](N)/Z

2. We introduce Eisenstein series which are suitable for study of Shimura
lifting in our method. Let N = NN, as above. For aj,a;, € Z, let

Gi(z,a1,a2, N1, NV2)

20k — 1! / - s
- A e(aymy)(myz +my) " |myz +my| 7|
(2V=17)"N2 = e Tmod M)
sz(l/Nz)Z

2(k — 1)! (aa2>
= e\ —= | Ex(z,—a1,a/N», Ny)
2vV-1n)*N, ZZ/:N N, S

= > sen(m)m*' 7L, (a1 € N1Z and 2 fk)

m=a, (mod N>)

+ 3 Ly (e MiZ and 2[k)
m=a, (mod N;)
I
27N,y
+ Z (sgnm)im| |, (k=1 and N, =1)

m=a; (mod Ny)

o
+2 Z sgn(m)mkile(nz),
n=1 m=a,(mod N;)
n/m=a, (mod N)
meZ

+

(k=2 and N, =1)
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where the first and forth terms should be understood to be special values of
partial zeta functions at non-positive integers. Obviously Gi(z,a;,a2,N;, N;) =
Gi(z,ay,a}, N\, Ny) for a = aj (mod Ny),a; = @) (mod N;), and Gi(z, —a;, —az,
b
d
Gi(z,a1,a2, N1, Na)|, = Gi(z,aa),day, Ni, N>). If e is a common divisor of a;, Ny
(resp. az, N»), then Gy(z,ay,az, N1, Na) is equal to Gi(ez,a;/e,az, N\/e, N3) (resp.
e*1Gy(ez,ay,ay/e, Ny, N> /e)).

Let x' € (Z/Ny)",y e (Z/N,)*. We define an arithmetic function a,fjl by
setting

Ni,Ny) = (-l)ka(z,al,az,Nl,Nz). For M= (‘CZ ) e 'o(N), there holds

of ,(n) = O% 1 (n/d)x(d)d*, neN.

Further we define a,’f:x(n) to be 0if n¢ NU{0}. If Ny =1 (resp. N, =1), then

’

we denote it by oy , (resp. of ). Now assume that yy’ has the same parity as k,
namely yy'(—1) = (=1)*. Then we put

/ 1
Gf ,(2) =5 > A(@)x(@)Gi(z,a1,a2, Ny, Ny)
a:{ZIN)
a:(Z/N>)
1 !
=Ll —k,x)(N; =1) +47rN1y S ta) (k=2and N,=1)

ai:(Z/Ni)

oG
+(V=1n)"'L(1,¥") (k=1 and N, =1) + 22“1)5_1,;((”)9(”2)-

n=1
For k= I,Gﬁlx(z):fo’x,(z). If Ny =1 (resp. N»=1), then we denote the
Eisenstein series by Gy ,(z) (resp. G,’f](z)). If Ny = N; =1, then it is denoted by
Gy (z). We define ‘7/)5/—1,1(0) to be the half of the constant term of the Fourier
expansion of G,f:x(z) at the cusp vV —1oo. Hence it is 0 if Ny > 0 and k£ > 1. Let
us set

Yen,n, = {GE (e2) | elNo, 7' € (Z/N1)",x € (Z/(Nafe))", xx'(=1) = (—1)*}.

The Eisenstein series G}f"l(ez) in Y n, n, is holomorphic if and only if kK # 2 or

it is not in the form G{(sz) with x/ = ly,.

LeMMA 2. Let k = 2. Let N = NiN,. Then the C-span of Yi n, n, is equal to
the C-span of Xi v, am,’S, Mz|Ns.
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ProoF. By definition, the former is obviously contained in the latter. We
must show the converse. Let a; € (Z/N;),ae Z. Then

Gk(zvalva7N1>N2)
= (a7N2)k_le((aa NZ)Z,alaa/(a? NZ)aNlaNZ/(avNZ))
= 2(a, N2)* ' p(N1) " p(N2) ™!

x> Aa)xa/(a, M) GE (@, Na)2).
x'e(Z/N)
1&€(Z/(N2/(a,N2))
Hence the C-span of Yj n, n, contains Gi(z,a;,a,Ni,Nz),a) € (Z,N,),ae Z. For
a, € Z we have
(2v=1n)* aa,

Ek(za_al’aZ/NZ;Nl):i Z e(__>Gk(Zva]7a7N];N2)'
211,22 U

This shows our assertion. g.e.d.

COROLLARY. Let k>2. Let N = N|N,.

(1) An Eisenstein series in Yy n, n, vanishes at cusps [x,*, Ny; N| for Nj with
N} ¥ N,.

(2) The elements of Yy n, n, Separate cusps [a1,ar, No; N| (a1 € (Z/Ny),ax €
(Z/N2)™) of T1(N).

Proor. Let M, be a divisor of N,. An Eisenstein series in Xj w, », vanishes
at [x,*, Ny; N1 M>| with Nj ¥ M, by Proposition 1 (2). Hence by Lemma 1 (2), it
does at [x,*,NJ;N| with Nj t N,. This shows the first assertion. The second
assertion follows from Proposition 1 (1). g.e.d.

Lemma 3. Let G,’f”x(ez) € Yk n,.n,. Suppose that y is not a primitive character
(mod N,/e). Then one of the following holds;

(1) G,f:l(ez) vanishes at cusps [,%, Ny; N, or
(2) there is G{ ,(ee'z) € Yi n, N, with €' > 1, we (Z/(Ny/ee'))" whose con-

stant multiple takes the same value as G,f‘y(ez) at each cusp |*,*, Ny; N|.
ProoF. Let M, be a conductor of y, which is a proper divisor of N,/e, and

let w be the primitive character (mod M) associated with y. There are two cases

that (i) v,(M>) > 0 for any prime factor p of N»/e, and that (ii) there is a prime
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factor p of Ny/e with v,(M;) = 0. Let us consider the case (i). Then G‘ Llez) =
G}f:w(ez), and it is in Yi w, em,, OF in the linear span of Xy n, o, Then by
Proposition 1 (1), it vanishes at cusps [*, *, N;; N] with N; ¥ eM,, in particular at
[¥,%,N2; N]. Now we consider the case (ii). Let {p,,...,p,} be all the prime
factors of Nj/e relatively prime to M,. Then we have equalities

of ,(n) = of ,(n +Zp ¥ o(n/p;)

w(p; - 'Px)“f,w(”/ﬂl o py)

for ne N and

Gy (ez) = Gf w(ez Z P fo olpiez)
+ Y (pip) (i) GL o (pipjez)
I<i,j<s

= (=) py - p) oy - p) G (py - pee2).

Except for the last one, Eisenstein series of the right hand side vanish at cusps
[*, %, Na; N] since they are in Yy y,, Ny with proper divisors N5 of N,. If the last
one vanishes, the GX Llez) does also The last one does not vanish only when

=p, - peM. Slnce GX lez) is equal to Gf w(pl -psez) € Yy, v up to a
constant multiple, our assemon is proved. q.ed.

Let us set
Zinon, = {Gf (e2) [e|N2,y € (Z/Nh)",

primitive  y € (Z/(N2/e))", (' x)(~1) = (=1)*}.

The set Zj n, v, is a subset of Yj v, n,. However as Lemma 3 shows, the
separations of cusps [+,*, N2; N] by elements in Zi w, n,, and by elements in
Yi n,n,, are the same.

Here we note that if v(Ny/e) =1, then no characters in (Z/(N,/e))* are
primitive.
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PROPOSITION 2. Let k > 2 and let ko > 1. Let S be a set of some divisors of
N. Let f, 5, (Ny€S,e|N2) be modular forms for T1(N) of wezght ko such that
fo.n, takes nonzero values at cusps [, * N). Then {f, n,(z )GX (ez)|N1 Ny =
Ny eSS, GX Lez) € Zx N, N,} Separates the cusps [%,%,N;N| (N2 €8). If S is the
set of all dzvzsors of N, then it separates all the cusps of T'(N).

PrROOF. Let r,s be two distinct cusps of ['j(N). At first suppose that they are
in the form r = [*,*, N2; N],s = [*,*, N3; N] with Ny # N;, N2, N; € S. Replacing
N, and Nj if necessary, we may assume that N; ¥ N;. Then Corollary to Lemma
2 shows that there is an element of Yy n, n, which vanishes at s and does not
vanish at r. By Lemma 3 such an element exists also in Zj w,n,. Then the
assertion immediately follows in this case. Now suppose that r,s are both in the
form [*,*, Na; N]. Let e be a maximal divisor of N; so that p.(r) # p,(s) (see
Lemma 1 (3)). By Proposition 1 (1), Ex(z,—a1,a2/(N2/e), N1), a1 € (Z/Ny),a
(Z / (N, /e)), separate p,(r) and p,(r). They are written as linear combinations of
Gfx( e"z),y € (Z/Nl)*,e"l(Nz/e),x € (Z/(Ny/ee"))". The maximality of e implies
that each G,f (¢"z) (e" > 1) takes the same value at p,(r) and at p,(s). By
Lemma 3 GX (2) with y € (Z/(N, /e))” not primitive, also takes the same value.
It follows that GX ,(2)’s, with primitive y € (Z/(N2 /e))”, separate these two cusps.
Hence Gf (eL) s, w1th ¥’ € (Z/N;)* and primitive y € (Z/(N/e))”, separate r
and s. Smce . n,(2) vanishes at neither r nor s, f, Nz(z)G,f‘IX(ez)’s separate r and s.
This shows our assertion. g.e.d.

Take characters y' € (Z/N;)" and ye(Z/(N:/e))". Let yo:=x'x be a
character (mod N). Then obviously G}f’lx(ez) satisfies

Gt X(ez)lM o= fol(eML) M e To(N),

namely it is in My(N,y,). As a corollary to the above proof, we obtain the
following;

COROLLARY 1. (1) Suppose that k # 2 or yo # 1y. Then {G,ffl(ez)lNlNz =N
e|N>,x' € (Z/Ny)", primitive x € (Z/(N2/e))", (') = xo} forms a basis of
Ex(N, xo)-

(2) Let k=2. Then {GX (ez)|N\N2 = N,e|Na,e # Nox' € (Z/Nv)", primi-
tive y e (Z/(N2fe))", (') = In} U{Ga(Naz) — (1/N),Ga(2) |N2IN} is a basis
of Ex(N,1y).
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Proor. In the proof of Lemma 2 we showed that Ey(z,—a;,a2/Nz, N) is

written as a linear combination of G,f/x(ez) in |J Yiw,n. In the proof of
N]Ng:N

Lemma 3, we actually showed that G} ,(ez) with y not primitive, is written as

a linear combinations of ones with primitive y. The argument is valid also for

k = 1. By Proposition 1, ) Zi n, n, spans Ex(I1(N)) for k # 2. For k =2,
NN7=N
linear combinations of elements in Z, n, y,s which are holomorphic, span

E»(I'1(N)). In the former case U Zi N, N, forms a basis since the number of
N\N,=N

elements equals the dimension, and in the latter, |) [Zon, N, — {GZIN’ (Nyz)} U
NiN=N

{G2(N2z) — (1/N2)Ga(z) | N2|N} forms a basis. The space Ex(N,y,) is the

invariant subspace of E(I'((N)) under the action of [ — f|,,, 7o M €To(N), and

there is the decomposition Ex(I'1(N)) = @ Ex(N, x). If k # 2, then each element

Xo
of |J Zw,n, belongs to some Ex(N,y,). This shows our assertion. The case
Ni\N>=N

k =2 is similar. g.e.d.

3. In what follows, we always assume that N is divisible by 4. Let

0(z) == Z e(n’z)
neZ
be a theta series, which is a modular form for I'y(4) of weight 1/2. We denote by
Jj(M,z) (M eTy(4)), the automorphy factor of the theta series. Its forth power

b
Jj(M,z)* is equal to (cz+d)*, M = (f d)' For k € N, My.1,(T'1(N)) denotes

the space of modular forms for [';(N) with an automorphy factor j(M,z)-
(cz+d)*, and Sy, ,2(C1(N)) denotes the subspace consisting of cusp forms. Let
Xo be a character (mod N). Then My ,»(N, ) (resp. Sii1/2(N, %)) denotes the
space of modular forms (resp. cusp forms) f such that (f1,,, )(z) = f(z) for
M eTo(N) where (fly ) =x0(d)" j(M,z) " (cz+d) ™ f(Mz). It should be
noted that our automorphy factor differs from Shimura’s in [7] by x_,(d)* where
x_4 is the Kronecker-Jacobi-Legendre symbol. Let ee N. Then 6(ez) is in

M, (46, (r)), indeed we have

()@ ) (¢ e

The group I'y(4) has three cusps 0,1/2,1/4, and 6(z) vanishes only at the
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cusp 1/2. Then 6(ez) vanishes only at the cusps i/2e, (i,2¢) = 1, of I'¢(4e), or
equivalently only at cusps [x,x,2e;4e] of I'i(4e).

Let v,(N)=2. Then cusps in the form [x,%, No;N] with v,(N;) =1 is
irregular for ['(N) and for an automorphy factor J(M,2)(ez+d)*, M=
b .
<a d) e I'1(N) (cf. Shimura [6]), and so any modular forms for I';(N) with the

¢
automorphy factor vanishes at those cusps. Then other cusps are all regular. If
v2(N) > 2, then all cusps are regular.

PROPOSITION 3. Ler 4|N. Let ¢, denote an arithmetic function defined by

4s(e) = e/A(n2e) > 2),e(0a(e) < 1) |

/ (1) Let k=2 If 0a(N) =2, then {0(¢s(e)z)G{ (ez)ININ2 = N,v2(N2) # 1,
G,il(ez) € Zi N, N, } Separates all the regular cusps of T'1(N). If v2(N) > 2, then
{0(¢4(e)z)G,f:X(ez)]N1N2 =N, G,f:x(ez) € Zk N, N, Separates all the cusps of
(V).

(2) Let k=2. If v;(N) =2, then {6(¢4(e)z)G} (ez)|N1N2 N,v3(N>) # 1,
G¥ (ez) € Zo,wy hyy e <Ny or )’ # 1N.}U{9(¢4(N2) )(G " (N2z) = G,™ (N2 /2)z)) |
NN, = N, 4N} U {H(sz)(zc M2 (2Nyz) — GZIN‘ (N22)) | N\N; = N,2 } Na}
separates the regular cusps of T1(N). If va(N)>2, then {H(¢4(e)z)G27:;(ez)|
NiN» =N, Gf (€z) € Zon,nye < Ny or 3 # Iy} U {(0 (¢4(N%)z)(2G21N‘ (Nyz) —
G, ((N2/2)z ))|N1N2 N,4|N>} U {6( sz)(zc; M2 (2Nyz) — G, (N22)) | NI N, =
N,v3(N;) < 1} separates all the cusps of T'1(N). All the elements in the sets are
holomorphic.

Proor. (1) If G,f:x(ez) € Zr Ny, N>, then vy(Nafe) #1. So theta series
0(44(e)z) does not vanish at cusps i/N, ((i,N2) =1). Then we can apply
Proposition 2 to our case. Then the assertion follows.

(2) Let va(N2) > 0. Let b be 1 or 2 according as N; is odd or even. Then
G21Nl (N>z) and 1/2{bG21Nl (Nyz) — GIZNl ((N2/2)z))} takes the same value at cusps
[*,%, Na; N| because Gzlwl ((N2/2)z)) vanishes there. The latter vanishes at cusps
[*,%,Ny; N| with N, ' N, as well as the former. This shows that we can replace
0(ps(N2)2)G," (N22) by O(y(N2)2)(6Gy" (N22) = G, ((N2/2)2)) in_ the ar-
gument (1). Let v3(N;) < 1. Then the values at cusps [*,*, No; N] of G,"' (N>z)
and of 2621“"'/ Y (2Nyz) — G21N' (N,z) are proportional to each other, indeed they are
modular forms for I'o(N) with trivial character and each of them is a non-zero
constant on those cusps (see Lemma 1 (1)). The modular form Gzlw” ?(2N,z) does
not vanish at cusps [x, *,2N»; N|. However a theta series §(V,z) vanishes at cusps
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[*,%,2N2; N] and so 9(N22)(2G21‘N"/2) (2Nyz) — GZIN1 (N,z)) vanishes at cusps
[*,*,N;; N] with Nj t N,. Since the values at cusps [*,%, No; N|, of B(N,z)-
G1 '(Nyz)) and of 0(N24)(2G1”V‘/2 (2Nyz) — N' (N»z)) are proportional, we can
replace the former by the latter in the argument (1). q.ed.

Let Gyi12(T1(N)) denote the subspace of Mj.i/2(I1(N)) generated by
modular forms in Proposition 3 (1) if k = 1 or k > 2, and by those in Proposition
3 (2) if k =2. Proposition 3 implies that

Mic12(T1{N)) = Gy12(T1(N)) @ Sicr1/2(T1(N))

for k=2 For k+#2, let Gi12(N,y,) denote the linear span of
{0(¢4(e)z)G,f:X(ez) |NINy = N,e|Na,x' € (Z/N,)", primitive ye (Z/(Ny/e))*,

Xo= <¢4( ¢ ) x'x on (Z/N)* } where the condition v,(N,) # 1 should be added

if v(N)=2. It is a subspace of M, (N, x,). Since the direct sum of
Grt12(Nyxo)’s with  yoe (Z/N)" is equal to Giiyp(Ti(N)), we have
Mi12(N,x0) = Grsr2(N, x0) @ Sk1/2(N, xo) for k > 2. By the s1m11ar way we
construct Gy, 12(N, ) also for k=2 by replacing 0(¢,(N2)z)G, i (N2z) by
0(64(N2)2){26," (Naz) = 6™ ((N2/2)2)} (12(V2) 2 2), and O(N:2)G,™ (Naz) by
O(N22){2G,"""" (2Nyz2) — G," (N22)} (v2(N;) < 1) as in the proof of Proposition
3. Then the above equality holds also for k = 2. We obtain;

COROLLARY. Let k > 2. Then we have
Mi12(N, x0) = Grr2(N, x0) @ Sicii2(N, x0)-

4. Let 4|N,x, € (Z/N)". Let p be prime. A Hecke operator T, (p) defines a
C-linear endomorphism on M (N,y,) such that for f(z) =37, c.e(nz),
(T (D)) = Tk olm +10(p) 0" L eppm)e(nz) where ¢,y =0 if p/n is mot in-
tegral. If p|N, then it is denoted also by U,. If v,(N)>2, then U,(f) is in
M (N/p, o). A Hecke operator T, (p*) on My, (N, Xo) is such that for f(z) =
Z,O,O:O cne(nz), (Txo(pz)f)(z) = Zn:O(cpzn +Xo(p)(n/p) Cn +X0(P ) % ‘e n/p? )
-e(nz) (Shimura [7, Prop. 1.7]). For p|N, the Hecke operator is denoted also by
U,.. For ee N, B, is defined to be an operator of the space of Fourier series
sending f(z) to f(ez). We have inclusions B.(My(N,y,)) ch(eN,)([(f)) and
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Bo(Myi12(N,x0)) © Myi1/2(eN, (/] - )xo) where 79 is as in the beginning of the
section one.

Let a be a squarefree natural number. Let a* denotes a or 4a according
as a =1 (mod4) or not. We note that ¢* is a discriminant of a real quadratic
field except for the case a = a* = 1. Let y,. be as in the beginning of the section
one. Let f(z) =Y .~ cne(nz) € Myy12(N,xp). Then we define a Shimura lifting
Sa,(f) of fto be

Far(N)@) = CH+ | Y 20 (@Do(d)d ™ conjar | e(n2),

n=1 \ 0<d|n

provided that there is a constant C so that %, , (f) is a modular form for some
congruence subgroup. The constant C is obviously unique if it exists. Shimura [7]
and Niwa [4] showed that %, , is a well-defined linear map of S;/2(N,x,) to
My (N/2,x3), and that %, (f) is a cusp form in Su(N/2,x%) for fe
Sk+1/2(N, x0) and for k > 2, in particular C = 0.

The lifting maps allow us to make formal computations for higher terms of
the Fourier expansions of modular forms. In principle, higher terms determine the
modular form, namely the constant term. In this sense the formal computation of
the lifting map is possible as well as the Hecke operators and the operator B,. By
simple computations, we obtain the following;

LemMmA 4. The Shimura lifting map &, ,, is Hecke equivariant map, namely
there holds

'-(//a.)(o © Tlo (p2) = T)(g (P) © "%,Xw

Saxe 0 Upp = Upo Sy, (pIN).

In particular if f € My, 12(N,xo) is a common eigen-function of T, (p?) for all p,
then %, 4, (f) € Ma(N/2,%3) is a common eigen-function of T, (p), provided that
Sazof) is well-defined.

There is an obvious inclusion My_,2(N,xg) © My12(eN, )((()e)). So element f
of Myi1/2(N, o) has another lifting 0 (f). The relation between 4, , and
1 X0

&  1s obtained by a formal computation as follows;
a1 y p

Lemma 5. Let py,...,p, be all the prime factors of e. Then we have
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s
_ k-
5’;,13’1 = {1 - ZXa‘(pi)XO(pi)pzk prl + Z Xa*(Pin)XO(Pin)(Pin) 1Bp,pj
i=1

I<ij<s

+o ot (=D % (P POxO(Py e P (P 'ps)k”]Bpl-«-p.s} © Sax00
provided that ¥, is well-defined.

LEMMA 6. Let 4|N,y, e (Z/N)*. Let ajec N where a is square-free. Let
aje = ap/el with ay square-free. Then

‘%v)((; o Be = Be0 o (e)

a0, Xy

with xo = xole/| - 1), provided that o 1S well-defined.
Ko

ProOF. Let f(z) =3, gcne(nz) € Myi1/2(N,xo). Then B.(f) is in
Mii12(eN, xp). We have

Fazy(B))2) = C+ Z Z)Cm (d)xo(d) (ﬁ) dk-lcaonz/egdz e(nz).

n=1 djn

Since N is divisible by 4 and y, is a character (mod N), y,(d) and xff")(d) vanish
for d even. It is easy to see that the equality y,.(d)x,(d)(e/|d]) = Xa (d)xée)(d)
holds for d odd. Then

Fagy (Bl NE) = C+ 3D e (@ ()" a2 eleonz)

n=1 dln

= Beﬂ(‘y;zo,sz’ (N(2). g.e.d.

CoROLLARY. Let {f;, (2)},cy(,,) be elements in My (N, yx,) for xoe
(Z/N)". Let M be the subspace of My ;,(I'\(N)) generated by Si.,>(N) and by
elements in the form f , (ez) € Myy1(D1(N)) with e[N,ieI(x,),x€(Z/N)".
Suppose that S,y (f; ,,) are well-defined for all square-free a and for all f; 20 X0 €
(Z/N)". Then all the lifting maps %, ,, are well-defined on M N My ,(N,x).

PrOOF. Since M is spanned by Sii1,(N) and by elements f;, (e2), it is
enough to show that B,(f;, ) € My.1/2(N,xo(e/|-|)) has liftings associated with
all square-free a. Combining Lemma 5 with Lemma 6, we see that they exist if
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Fazo (S 5,) exist for all @ and all y, € (Z/N)", which is our assumption. Then our
assertion follows. g.e.d.

5. In our previous paper [8, Prop. 4, Lemma 5, Cor. to Theorem 2], we have
shown the following;

THEOREM ([8]). Let ke N. Let N=N\N,eN,x' e (Z/N\)",xe(Z/N,)",
X0 :=xx' € (Z/N)* where N is not necessarily divisible by 4 and y is not necessary
primitive. Suppose that a character y,€ (Z/N)" has the same parity as k. Let
ae N be square-free. Put | =21l N))22}  Thep

’ ® , n 2 x . 2
Ba )2 =C+4Y N g o d)d ™"y af (”d)#) e(nz)

n=1 0<d|n meZ

with a suitable constant C, is a modular form in My (N /1, x3). If k > 1, then C =
L —k, ) L(1 —k,xx,.) (Ni=1) and C=0 (N; > 1).

To construct the modular form in the theorem, we have made use of Hilbert
Eisenstein series of real quadratic fields. We put Ay o+ ,(z) := 45, . A2 (N =1),

/15,;11*(:) = 1’2(,;0*,1(2) (N, =1).

Lemma 7. Let a,N,N\,Ny,x' € (Z/Ny\)*,x € (Z/Ny)",xo € (Z/N)™ be as in
the above theorem.

(1) Suppose that Gl)élx is holomorphic.

(i) Let a =1(mod4). Then

! ’

S 02 G (2) = V(3 . (2)),
Fura002)GL(42)) = Xy - (2,
w10 (0)GE(22) = 271 1(2)0 . (2) (02(W1) > 0),
Fun O GE(22) = 2 ()3 . (2) (02(N2) > 0),

which are modular forms in My (N, y2) where the first one is in My (N/2,z3) if
Uz(N) > 2.
(i) Let a# 1 (mod4). Then

Lo OGE (2) = My o (2),

Faro(02)GL (42)) = By(3 .
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where the former is in My (N/l,x2) and the latter in My (2N /1, x3) with 1=
2Hie(ND=2} - Sunnose that 2|Ny and 2 ¥ Na. Then

Fan(0(2)GE(22) = 2751 5(2) (3 o (2) = My e (2),

which is in My (2N /1, x3) with [ =1 (v2(Ny) < 1), 2 (otherwise).
(2) If b denotes 1 or 2 according as Ny is odd or even, then a function
bG’ix(Zz) —Gf’f)(z) is holomorphic even when k =2. Let N, be odd. Then

%310(0(2)(1702(:)((42) - G{ ;2) (22)) is equal to
b o (2) = 2571220255 (2) (a=1(moda)),
bBy(Hy oo (2)) — 2*k+1)((2)—1(/1§];gl,x(z) - ggéff)wm (z)) (a# 1(mod4)),

which is in My (2N,x3) (a= 1(mod4)), or in My (4N/b,x?) (a # 1 (mod4)).
Let 2|N. Then %,,,(0(z)(2G} ,(22) — G \V(2)) is equal to

252y 4o, (2) — Uzuzka L(2) (a=1(mod4)),
27 (B o @) = e 0(2)) = Hy e, (2) (@ # 1(mod4)),

which is in Mx(N,x3) (a=1(mod4)), or in My(2N/l,%2) (a # 1(mod4)) with
[ =1(v2(Ny) < 1), 2 (otherwise).

Proor. The first and second equalities in (i) of (1) are easily obtained. We
prove the third one. We have

n/d
S (0(2) GE C+Z > tuld)xo(d)d ]7< a(n/ )2 )e(nz).
n=10<d|n
Since a = 1 (mod4), (a(n/d)* — )/2 is even whenever it is integral. Then

ol 1’){((a(n/d)z ~m?)/2) = 2k-1 (2)0% la (n/d)* —m?)/4), and hence the
equality follows. The fourth one is proved similarly.

The first and second equations in (ii) of (1) is again immediate. We prove the
third one. Note that y, = x'y = x'¥'*). Then

g (D) =y a(2)

— 4 Y tuldn@d= Y of, (alnjd): — mPe(nz)

n=1 0<d|n meZ
2(aln/d)*~m?)
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The equalities in (2) follow from the computations in (1). g.e.d.

THEOREM 1. Let k> 1, 4|N,y, € (Z/N)*. Let a € N be square-free. Then the
Shimura lifting map ¥, ,, is a Hecke equivariant linear map of Gri12(N, x0) ©
Sk+1/2(N, x0) to Moy (N/2,%3)-

PROOF. Let k #2. By Lemma 7, 0(z)G[ (z) (N = NiNye|N, 4N, or
4(Nofe)x' € (Z/N)' 1 € (Z/(Nafe))") and  6()G] (42) (N = NiNa,4lelNs,
' €(Z/N1)",y € (Z/(N2/e))*) have liftings in My(N/2e, (xx)?) and in
My (N/e, (xx' )2) respectively for any square-free a. We can take Giyy/2(N, xp) @
Sk+1/2(N, x0), as M in Corollary to Lemma 6. Hence the lifting map is well-
defined on Gi.1/2(N,xo) ® Sks1/2(N, %p)- By Lemma 6, it is easy to see that the
image is in Mo (N/2,x2). This shows our assertion.

Let k=2. Then we must take into account modular forms 6(z) x
(bGY (42) — G, (22)), 0(2)(2G, " (22) — G, (2)) in Proposition 3 (2). To this
case we can apply Lemma 7 (2) and our assertion follows in the same manner as
in the case k # 2. g.e.d.

From Corollary to Proposition 3, we obtain the main theorem of the paper.

THEOREM 2. Let k> 2. Let a,y, be as in Theorem 1. Then the Shimura
lifting map %, is a Hecke equivariant linear map of M 17(N,x) to
Mo (N/2,%3)-

REMARK. Let k > 2. Let Ej;;,5(N, x,) denote the orthogonal complement of
Si+1/2(N, %o) in Myy12(N, Xo) with respect to the Petersson product. Then the
space Mj,1/2(N,x,) is decomposed into Ei.i/2(N, %) ® Sky1/2(N,xo) as Hecke
modules. An eigen-function of all Hecke operators in Ej.1/2(N,x,) is mapped to
an eigen-function in My (N,x?2). By the growth condition of Fourier coefficients,
it is shown that the eigen-function in My (N,y3) is in Ex(N, %5). Hence the
lifting map sends Eisenstein series of half-integral weight to Eisenstein series of
integral weight.

The case k = 1 of Theorem 2 will be investigated in our later paper.
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6. We give two applications of our theorem.
(1) Let S be a positive definite symmetric integral matrix of size 2k + 1. Let
N be a multiple of 4 such that 1/(4N)S~! is integral. Let

Os(z) := Z e(‘gSyz).
gezzk+l
Then 0g(z) € Myy1/2(To(N), x*4 - (det(S)/ )). Let ry(n),n € N, denote the number
of integral solutions of an equation ‘XSX = n where X is a variable vector with
2k + 1 elements. We have

Os(z) =1+ f: rs(n)e(nz).
n=1

By Theorem 2, the lifting of this modular form is in My (N/2,1y/,). We state
this as a proposition.

PROPOSITION 4. Let S, N be as above with k > 2. Let a be any square-free
natural number. Let aga? = (—4)*a - det(S) where ay is 1 or the discriminant of a
quadratic field. Then for a suitable constant C,

c+y ( 3 e (d)d“rs(a<n/d>2>) e(n2)

n=1 \ 0<d|n

is a modular form in My (N /2,1y ).

In case that S has an odd prime determinant, the result was first obtained by
van Asch [1, Theorem 2|, where the constant term C is written explicitly in terms
of S and a.

(2) We derive several relations among arithmetic functions or special values
of L-functions.

b
(i) Since j(M,z)* = y_4(d)(cz+d) for M = (‘: )ero(4), we have an

d
inclusion 0(z) M7/,(4,x_4) = M4(4). This shows in particular, that S7,,(4,x_4) =
{0} because S4(4) = {0}. Thus dimc M7/,(4,x_4) is at most 2, the number of
regular cusps. The modular forms 316(z)Gs, ,(z) — 160(z)G5*(z), 6(z)G5*(z)
spans My/(4,x_4). Hence My)5(4,x_4) = G7/2(4,x_4), and the space is of di-
mension two. It is easy to see only be applying U,, that they are common Hecke
eigen-functions. The eigenvalue of 6(z)G5 *(z) for Uy is 2°. Since Gg(z) — Go(22)
is the unique function in M>(2,1;), up to constant factor, such that
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UQ(G(,(Z) — G(,(2z)) = ZS(GG(Z) — G6(2Z)), we have
Sy J0(2)GLH(2) = Y 05 *(a—m”)(Ge(2) — Go(22))
meZ

by comparing the first Fourier coefficients. Then comparing higher terms, we
obtain

S bt a—mNag(n) — Y A(@d)d> ) o5 (n/d)’a—m?) =0
mekZ . 0<d|n meZ
d:odd
for any ne N, where y' =y_4, (a=1,2(mod4)), x_, (otherwise).
(ii) Let k >4. The Shimura lifting %, 1,(0(z)Gk(4z)) (a =1(mod4)) or
Laa1,(0(2)Gi(2)) (a=2,3(mod4)), namely, Ay -1 is in My(l). Let k=4.
Then Mg(1) is of dimension one, and hence

Jg.ae1(2) = C(=3)L(=3, x0) +4ZZxa d3Za;(n/d @ _m>e(nz)
n=1 0<d|n meZ

is equal to

Gy(z) =C(-T)+2 i o7(n)e(nz
n=1

up to a constant multiple. Then we have an identity

3 n/d)"a ?
L(_37Xa*)a7(n) - Z Xa d Z g3 <——‘_> =0

0<dln melZ

for any a e N, square-free. When a = 1, this gives the well-known formula

aq:(n) — 1202}1:(73(m)03(n —m) =
m=0
because L(—3,y,) = {(—3) = 1/120, o3(0) =1/2¢{(-3)=1/240 and 3 d*-
(n/d)2 . m2 n 0<_d|n

> o3 )= 3" 63(n)as(n —m) (for example, see (8], the section 3).

melZ m=0
(iii) Let us consider the case k =6 in (ii). Two modular forms

1 njd)a* —m
M2a1(2) = —252 =5, Xar +4z Z Ao () Z 05( /4) )e(nz),

n=1 0<d|n meZ

691
G]z( ) 32760+22011(n)e
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are in M(1). Let t denote the Ramanujan function, namely A(z) =
S t(n)e(nz),z(1) = 1, where A(z) denotes the cusp form in M,(1). Then
—1/252L(=5, 1,-)G1a(z) — 691/32760412 4+ (z) = —1/126{L(=5, y,-) +

691/65>" ., 0s5((a* —m?)/4)}A(z), and we have

a* —m?
65L(=5,%,:) +691 ) _ o5 (—4_> (n)

meZ
5 ”/d m?
= 65L(-5, x,. Jo11(n) + 691 ZXﬂ d)d Za —
0<d|n meZ
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