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ON SHIMURA LIFTING OF MODULAR FORMS

By

Shigeaki Tsuyumine

0. Let k,NeN, 4＼N. Let M/c+＼/2{N,Xo) denote the space of modular forms

for Tq(N) of weight k+l/2 with a character xo (modJV). Lifting maps of cusp

forms in M^+i^iN^Xo) to modular forms of integral weight was firststudied by

Shimura [7] and later by Niwa [4]. The domain of the map is extended to

Mk+＼ii(N,Xo) by van Asch [1]in case that Xo is real and N = 4p for p prime, and

by Pei [5] in case that Xo is real and N/4 is square-free.In the present paper we

consider the liftingmap without any condition on N and /0, and extend the

domain of the map to Mk+＼/2(N,Xo) f°rk >2.

To show the assertion, we take some specificmodular forms in Mk+i/2{N,Xo)

which together with cusp forms, span M^+1/2(Ar,/0). Further we construct their

liftingsexplicitly.It proves our main result.It may be expected to have further

application to study of special values of L-series of Hecke eigen cusp forms, as in

Zagier [9],Kohnen-Zagier [3] where the liftingof some particular modular forms

plavs an important role.

1. We denote by N, Z, C, the set of natural numbers, the ring of integers and

the complex number fieldrespectively. For a prime p e N, vp denotes the /?-adic

valuation. For N e N, (Z/N)* denotes the group of Dirichlet characters (modTV").

When N = 1, the group is consisting of a constant 1. The identity element of

(Z/N)* is denoted by 1^. A group consisting of invertible elements in Z/N

is denoted by (Z/N)x. If % e (Z/N) * and e e N, the x^ denotes a character

(modeN) obtained by x{e)(d)= %{d) ({d,e) = l), 0 ((d,e)^l). In case that all

prime factors of e appear as factors of N, then x^ is equal to x- F°r aeZ and

for an odd b e N, (a/b) denotes the Jacobi-Legendre symbol where it is 0 if

(a,b) 7^ 1. If D is a discriminant of a quadratic field, then Xd denote the

Kronecker-Jacobi-Legendre symbol. We put Xd = ^ for D = 1.

Let 9) denote the upper-half plane {z e C ＼Imz > 0}. The group SL2(Z) acts

on § by the usual modular transformation sending z e § to Mz = (az + b)/
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(cz + d),M = I j. For NeN which is not necessarilydivisibleby 4, let

r°(iV):=={(c ^)e^2(Z)|C^0(mod7V)|, ri(JV):=
|^ M

e 5L2(Z) |

a = d = 1,c = 0 (modTV)}. Let k e N and Xo e (Z/N)*. A holomorphic function/

on § is called a modular form for T＼(N) of weight k (resp. a modular form for

T0{N) of weight k with character Xo) if it satisfiesthat (i) (f＼M){z) = f(z) for

MeTi{N) (resp. (f＼MtJ{z) = f{z) for MeT0{N)), and that (ii)/is holo-

morphic also at cusps, where (f＼M){z) = {cz + d)~kf{Mz) (resp. (f＼MlXo)(z)=

X0(d)-1(cz + d)~kf(Mz)) for M =
(°
, |. We denote by M^r^TV)) (resp.

Mk(N,Xo)), the space of such modular forms, and by Sk(T＼(N)) (resp. Sk(N,Xo)),

the space of such cusp forms. The orthogonal complement of Sk(r＼(N)) (resp.

Sk(N,Xo)) in M^(ri(A^)) (resp. Mk(N,Xo)) with respect to the Petersson product,

is called a space of Eisenstein series,and it is denoted by Ek(T＼(N)) (resp.

Ek{N,xo))- We have

Mk(rx(N)) =RMk(N,Xo), EkF^N)) = REk(N,Xo)

Xo Xo

where Xo mns over (Z/N)*.

The number vq(N) (resp. v＼(N)) of inequivalent cusps of Tq(N) (resp. T＼(N))

is equal to £^=^((#1^2)) (resp. 2 (TV = 2), 3 (TV = 4), l/2ZN]Nl=N<p(Ni) ■

(p(N2) {N ^ 3,
t^4))
where (p denotes the Euler function and 7V,'sare positive

divisorsof N. A complete system of representatives of inequivalent cusps of To(TV)

is given by {//7V2IO < N2^Ni＼N, i's being representatives of (Z/＼N＼,A^2))x}. That

of Fi(iV) is given as follows. Let /e (Z/NiYj e (Z/N＼)x. Then for suitable

a,bzZ, a fraction (/ + aA^)/((y + bN＼)N2) ((j + bN＼,N2) = 1) is reduced, one

of which we denote by [i,j,N2;N]. Then a complete system is {[i,j,N2;N]＼

NlN2 = N,(iJ)e(Z/N2)x x (Z/7V1)x/{± 1}}. By abuse of language, the ra-

tional numbers sometimes mean cusps on the corresponding modular curve.

Lemma 1. (1) Via the canonical map of the modular curve ofT＼(N) onto that

ofTo(N), a cusp [i,j,N2',N] is mapped to a cusp ij~l/Ni where j~lis denoting an

inverse of j (modTVi).

(2) Let N = N＼Nj and let Ni＼M,M＼N. If p denotes the natural surjective

map of the modular curve ofT＼(N) onto that ofT＼(M), then p~l([i,j,N2',M}) =

{[i'J',eNr,N] ＼e＼{N/M),vp{{e,Nx)) = 0 for any p with vp(N2) < vp{M),i' = i

(modeN2),j' = j(modN＼/e)}.
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(3) Let e＼N,N2＼{N /e). Let pe be the surjective map of the modular curve

ofT＼{N) onto that ofT＼{N/e) associated with z ― ez. Then p~l([i,j,N2;N/e]) =

{[i',j',e'N2;N}＼e'＼e,{e/e',N2)= l,i'e = i(mode'N2),j'=j(modN/e'N2)}.

The lemma is easy to show, and so we skip the proof.

Now we consider Eisenstein series for V＼(N). The result is an imitation of

Hecke [2], Sect. 1 and 2. So we omit the detail. Let k e N. Let N = N{N2

(N＼,N2e N), and a＼,a2eZ. Then we put

Ek(z,ai,a2/N2,Ni) := ^ (m＼z + m2)~k＼m＼z+ m2＼~s＼S=Q,

m＼=a＼(modN＼)
m-i=02/'Ni(mod1)

where the summation is over the pairs of numbers {m＼,m2) such that m＼ runs

through all the integers satisfying the congruence and m2 runs through all the

rational numbers such that m2 ―02/N2 e Z, and where the notation J2' indicates

as usual, that (mi,m2) = (0,0) is to be omitted. This is an element of Ek(Ti(N))

if k ^ 2. The space Ek(Ti(N)) is zero if k is odd and N = 1,2. We exclude these

cases from out argument. We have a Fourier expansion

Ek(z,aua2/N2,Nl)=Nk ]T "T*M~'Lo {^ e NXZ)

in= 02(modiV)

+
(-2V=ln)k^

where there

^ ^2 sgn(m)e(a2m/N2)mk le(nz)
(k-l)＼ ^ ^
v ' n=＼ n/m = a＼(modN＼)

me Z

is an additional term ― ＼P-Yn Yl' sgn(m)|m| 'v|
0

m =a＼(modiVi)
n/{N＼＼m{z))) if k = 1 (resp. k = 2) and where the firstterm appears

(resp.

if the

condition a＼e N＼Z is satisfied. When k ― 2, the differences of Eisenstein series

are contained in E2(T＼(N)). If e is a common divisor of a＼,N＼, then

Ek(z, a＼,a2/N2, Ni) = Ek(ez, ax/e} a2/N2,Ni/e).

Suppose that (ai,N＼) = {a2,N2) = 1. Put

E^(z,ai,a2/N2,Ni):= JZ' (m^ + m2)~k＼m＼z + m2＼~s＼s=0.

m＼=a＼(modTVi)
mi =a2/Ni (mod 1)
(mi,Nim2)=＼

It is easily shown to be a modular form of weight k for Pi (N) if k ^ 2. If k = 2,

then it satisfies the same transformation law as a modular form of weight 2, but

it is not holomorphic. When k>2, it vanishes at all the cusps of T＼(N) but

[a2,ax,N2;N]. In particular {Ek*{z,ax,a2/N2,Nx)＼NlN2 = N,{auN{) = (a2,N2) =

1} spans Ek{T＼(N)) for k>3. The Eisenstein series Ek(z,a＼,a2/N2,N＼) (resp.
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Ek*(z,a＼,a2/N2,N＼))is written as a linear combination of Ek*(z,tai,ta2/N2,Ni)

(resp. Ek{z:ta＼,ta2/N2,N＼)) with te (Z/N)x. Let us denote by Xk^NuNl, the set

{Ek{z,aua2/N2,Nl)＼(aua2)e(Z/Nl)x x(Z/N2)x/{±l}}, and by XktN, the

union (J Xk)NuNl.

NiN2=N

Proposition 1. Let N,keN. (1) Let k>2. Then Eisenstein series in

Xk,NuN2 separate the cusps [a2,a＼,N2＼N],{aua2) e (Z/Nx)x x (Z/N2)x/{± 1}

a≪6?vanish at all other cusps. Eisenstein seriesin Xk^ separate all the cusps of

r.(JV).

(2) Let k>3. The space Eii{Fi(N)) is spanned by Xk,N- The dimension is

equal to 0 if k is odd and N = 1,2 and to v＼(N) if otherwise.

(3) Let k = 2. Then linear combinations of elements in X2jN which is hol-

omorphic, span E2(Y＼(N)) whose dimension is v＼(N)―1.

(4) Let k=＼ and N>3. Then X＼^ spans Ek(T＼{N)) whose dimension is

vi(N)/2.

2. We introduce Eisensteinserieswhich are suitablefor study of Shimura

liftingin our method. Let N = N＼N2 as above. For a＼,a2eZ, let

Gk(z,aua2,NuN2)

2(k-＼y.
^/ . .. ._k

■= .. r-j ,kAT 2^ e{a2m2)(mlz + m2) ＼mlz + m2＼ ＼s=0

[IV-In) N2 mi=,ai{modNl)

m2ett/N2)Z

2(*-l)!

{2y/^＼n)kN-

^ sgn(ra)|ra

m =≪2(mod N2)

+

+

+

£
m = ai (mod N

1

2nN＼y

aci2＼Ek{z,-aXia/N2,N{)

l^-'Lo (°＼eN^z and 2^k)

＼m.＼k~l~s＼s=0 Oi eNiZ and 2＼k)

(k = 2 and N2 = 1)

m = a＼(modiVi)

CO

+ 2

(sgnm)|m| s＼s=0 (k = 1 and N2 = 1)

E E

n=＼ w = fl2(mod^2)

njm = a＼(modA^i)

meZ

sgn(m)mk xe{nz)
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where the firstand forth terms should be understood to be special values of

partial zeta functions at non-positive integers. Obviously Gk(z,ai,a2,N＼,N2) =

Gk{z,a[,a'2,N＼,N2) for a＼= a[ (modNi),a2 = a'2(mod #2), and Gk(z, ―a＼,-a2,

Nl,N2) = (-l)kGk(z,ai,a2,Nl,N2). For M=(a ,) ero(N), there holds
＼c dj

Gk(z,a＼,a2,Ni,N2)＼M = Gk{z,aai,da2,Ni,N2). If e is a common divisor of a＼,N＼

(resp. a2,N2), then Gk{z,a＼,a.2,N＼,N2)is equal to Gk(ez,a＼/e,a2,N＼/e,N2) (resp.

ek-lGk(ez,al,a2/e,Nl,N2/e)).

Let /' e (Z/N＼)*,x e (Z/N2)*. We define an arithmetic function erf by

setting

^',x(n)=^2x'(n/d)X(d)dk, neN.

0<d＼n

Further we define o{x(n) to be 0 if n 4 NU {0}. If JVi = 1 (resp. N2 = 1), then

we denote it by Ok,x (resp. a＼). Now assume that xx' nas the same parity as k,

namely //'(―I) = (―1) . Then we put

Gix^:=＼ E x'MX(a2)Gk(z,aua2,NhN2)

a{:{Z/Nx)
a2:(Z/N2)

L(l-k,X)(N1 = l) +

1

AnN＼ y

E

a＼:(Z/Nx)

*>i) (k = 2 and N2

+ (v/^Itt)-1L(1,/) (k=l and N2 = l) + 2j2°Xk

n=＼

1)

(n)e(nz)

For k=l,G(x{z) = Glx,(z). If NY = 1 (resp. JV2 = 1), then we denote the

Eisenstein seriesby Gk,x(z) (resp. G＼(z)). If N＼ = Nj = 1, then it is denoted by

Gk(z). We define axk_x (0) to be the half of the constant term of the Fourier

expansion of G＼ (z) at the cusp v^Too. Hence it is 0 if N＼ > 0 and k > 1. Let

us set

Yk,N,,N2 {Gxk(ez)＼e＼N2,X'e(Z/Nl)＼xE(Z/(N2/e)r,xx'(-l) = (-l)k}

The Eisenstein series

it is not in the form

(ez) in Yk,NuN2 is holomorphic if and only if k ^ 2 or

(N2z) with /= 1m.

Lemma 2. Let k > 2. Let N = N＼N2. Then the C-span of YkiNuNl is equal to

the C-span of XktNu m2 's, Mi ＼N2.
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Proof. By definition,the former is obviously contained in the latter. We

must show the converse. Let a＼e{Z/N＼),ae Z. Then

Gk(z,ai,a,Ni,N2)

= (a,N2)k-lGk((a,N2)z,aua/(a,N2),Nl,N2/(a,N2))

2{a,N2)k-x<p{Nx)-X(p{N2yl

X £ x＼a＼)-Xx{a/{a,N2))-x G(x((a, N2)z)

x'e(Z/Ni)*
Xe(Z/(N2/(a,N2)Y

Hence the C-span of Yk)NuNl contains Gk(z,a＼,a,N＼,N2),a＼e (Z,N＼),ae Z. For

≪2e Z we have

Ek(z,-ai,a2/N2,Nl)

This shows our assertion.

(2yTln)k
£

v ' aeZ N2

/ aa2＼

Gk(z,ai,a,N],N2)

q.e.d.

Corollary. Let k > 2. Let N = N＼N2.

(1) An Eisenstein seriesin Yk,NuN2 vanishes at cusps [*,*,A^; TV] for Nj with

N^JfN2.

(2) The elements of F^Ar,,^ separate cusps [a＼,a2,N2]N] (a＼e (Z/N＼),a2 e

(Z/AMX) of FUN).

Proof. Let Mj be a divisor of Ni. An Eisenstein seriesin Xk,Nx,M2 vanishes

at [*,*,Ar2;A^iM2] with N'2X M2 by Proposition 1 (2). Hence by Lemma 1 (2),it

does at f*,*,/^;^] with N^Nj. This shows the firstassertion. The second

assertion follows from Proposition 1 (1). q.e.d.

Lemma 3. Let G£ (ez) e Yk,Nx,N2-Suppose that % is not a primitive character

(mod Ni/e). Then one of the following holds;

(1) G£ (ez) vanishes at cusps [*,*,A^; A7'],or

(2) there is G^Jee'z) e Yk^NuNl with e' > 1, ao e (Z/(N2/ee'))* whose con-

stant multiple takes the same value as G'£.(ez)at each cusp [*,*,A^; A/].

Proof. Let M2 be a conductor of %, which is a proper divisor of N2/e, and

let co be the primitive character (mod M2) associated with /. There are two cases

that (i) Vp(M2) > 0 for any prime factor p of N2/e, and that (ii)there is a prime



On Shimura lifting of modular forms 471

factor p of Ni/e with vp(Mi) = 0. Let us consider the case (i).Then G%x(ez) =

G£w(ez), and it is in Yk,NueM2, or 'm tne linear span of Xk,Nx,cM2- Then by

Proposition 1 (1),it vanishes at cusps [*,*,7V2';A^]with N^JfeMj, in particular at

[*,*,./V2;N]. Now we consider the case (ii).Let {p＼,
■■■
,ps} be all the prime

factors of Nile relatively prime to Mi. Then we have equalities

<M =

for n e N and

<≫ +

E

l<i,j<s

1=1

(PiPjf l (PiPjK[a(n/PiPj)

+ --- + (-iy(pl---ps)k-lco(pr.-ps)4(n/pr..ps)

5
E

1=1

Gijez)= G(jez)- E^^^jCM

+
Y, (PiPj)k~la)(PiPj)G(co(PiPjeZ)

1 </.i<s

-■■■+ {-＼)s+＼pvPs)k'loj{pl---ps)G(co{pl..-Psez)

Except for the last one, Eisenstein series of the right hand side vanish at cusps

[*,*,N2]N] since they are in Y/^N N≫ with proper divisors Nj of N2. If the last

one vanishes, the Gl (ez) does also. The last one does not vanish only when

N2=P＼- ■■pseM2. Since G^ (ez) is equal to G{ (p{ ■■■psez) e YkyNuN up to a

constant multiple, our assertion is proved. q.e.d

Let us set

Zk,NltN2:= {G(x(ez)＼e＼N2,Xfe {Z/Nx)＼

primitive x e (Z/(N2/e))*,(//)(-!) = (-1)"}.

The set ZiCin],n2is a subset of Y/(,Nun2.However as Lemma 3 shows, the

separationsof cusps [*,*,A^;iV] by elements in Z^a^.a^, and by elements in

Yk,NuN2> are tne same.

Here we note thatif ^2(^2/2) = 1, then no charactersin (Z/(A^2/e))* are

primitive.
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Proposition 2. Let k > 2 and let kR>＼. Let S be a set of some divisors of

N. Let feNi (N2 e $,e＼N2) be modular forms for T＼(N) of weight ko such that

feNi takes nonzero values at cusps [*,*,N2;N]. Then {fe_Nl(z)G£x(ez)＼N[N2 = iV,

N2 £S,Gl (ez) e Zk,Nx,N2} separates the cusps [*,*,N2;N] (N2 e S). If S is the

set of all divisors of N, then it separates all the cusps of F＼(N).

Proof. Let r,s be two distinct cusps of T＼(N). At first suppose that they are

in the form r = [*, *, JV2;N],s= [*, *, N^ N] with N2 # N^N2, N[ e S. Replacing

N2 and A7^ if necessary, we may assume that N^Jf N2. Then Corollary to Lemma

2 shows that there is an element of Yk,NuN2 which vanishes at s and does not

vanish at r. By Lemma 3 such an element exists also in Zk,NuN2- Then the

assertion immediately follows in this case. Now suppose that r,s are both in the

form [*,*,N2;N＼. Let e be a maximal divisor of A^2 so that pe(r) ＼=pe(s) (see

Lemma 1 (3)). By Proposition 1 (1), Ek(z, ―a＼,a2/(N2/e),Ni),a＼ e (Z/N＼),a2 e

(Z/(Ar2/e)), separate pe(r) and pe{r). They are written as linear combinations of

G(x{e"z),x' e {Z/Ni)*,e"＼(N2/e),x e {Z/{N2/ee")Y. The maximally of e implies

that each G% (e"z) (e" > 1) takes the same value at pe(r) and at pe(s). By

Lemma 3 G＼. (z) with /e (Z/(A72/e))* not primitive, also takes the same value.

It follows that G£ (z)'s, with primitive / e (Z/(Ar2/e))*, separate these two cusps.

Hence G^(ez)'s, with /' e(Z/N＼)* and primitive / 6 (Z/(N2/e))*, separate r

and j1.Since fe
N■
(z) vanishes at neither r nor 5,/e N {z)Gl (ez)'s separate r and 5.

This shows our assertion. q.e.d.

Take characters /'e (Z/Ni)* and x e (Z/(N2/e))*. Let Xo'=x'x be a

character (modiV). Then obviously Gl (ez) satisfies

G*>*)k*> = GiJeMz^ M e r°W'

namely it is in Mk(N,Xo)- As a corollaryto the above proof, we obtain the

following;

Corollary 1. (1) Suppose that k ^2 or x0 ＼=In- Then {G% (ez)＼N＼N2= N,

e＼N2,xre {Z/N＼)*,primitive x ^ {Z/(N2/e)y ,(x'x){e)= Xo) forms a basis °f

Ek{N,Xo)-

(2) Let k = 2. Then {G^[x(ez)＼NiN2 = N,e＼N2,e ^ N2,x' e {Z/N＼)＼ primi-

tive xe(Z/(N2/e))＼(x'x){e) = lN}U{G2(N2z)-(l/N)2G2(z)＼N2＼N} is a basis

of E2(N, lN).
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Proof. In the proof of Lemma 2 we showed that Ek(z,―ai,a2/N2,N) is

written as a linear combination of G?(ez) in (J YkjNuN2. In the proof of

N1N2=N

Lemma 3, we actually showed that G?(ez) with / not primitive, is written as

a linear combinations of ones with primitive %■The argument is valid also for

k―＼. By Proposition 1, 1J Zk,NuN2 spans Eic(T＼(N)) for k # 2. For k = 2,

NiN2=N
linear combinations of elements in Z2 n2,n2's which are holomorphic, span

E2(Ti(N)). In the former case
u

N{N2=N

Zk n, m forms a basis since the number of

elements equals the dimension, and in the latter, (J [Z2,nun2
~
{G^1 (^2^)}] U

NiN2=N
{G2{N2z)-(l/N2)G2(z)＼N2＼N} forms a basis. The space Ek(N,x0) is the

invariant subspace of Ek(Ti(N)) under the action of / ―>f＼M
Xo,Me

T0(N), and

there is the decomposition Ek(T＼(N)) = ^E/c(N,x0). If k ^ 2, then each element

of (J Zk,NuN2 belongs to some Ek(N,Xo)- This shows our assertion. The case

NlN2=N

k = 2 is similar. q.e.d.

3. In what follows,we always assume that N is divisibleby 4. Let

0(z):=J2e(n2z)

neZ

be a theta series,which is a modular form for To (4) of weight 1/2. We denote by

j(M,z) (MgFo(4)), the automorphy factor of the theta series.Its forth power

j(M,z)4 is equal to (cz + d)2,M =
1°
J. For k e N, Mk+i/2(ri(N)) denotes

＼c a J

the space of modular forms for T＼(N) with an automorphy factor j(M,z)-

(cz + d)k, and Sk+i/2(T＼(N)) denotes the subspace consisting of cusp forms. Let

Xo be a character (mod N). Then Mk+l/2{N,Xo) (resp. 5rA.+1/2(Ar,/0))denotes the

space of modular forms (resp. cusp forms) / such that (f＼Mx )(z) = f(z) for

Mero(7V) where W＼m,x.) = Xo{d)~1J(M,z)-＼cz + d)~kf(Mz)! It should be

noted that our automorphy factor differsfrom Shimura's in [7] by X-4^)k where

X_4 is the Kronecker-Jacobi-Legendre symbol. Let e e N. Then 9{ez) is in

Mi/2 Ue n)j, Indeed we have

y(u d)<e-)-＼＼d＼MC
:
･■)
c

The group F0(4) has three cusps 0,1/2,1/4, and 0(z)
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cusp 1/2. Then 0(ez) vanishes only at the cusps i/2e,(i,2e) = 1, of To(4e), or

equivalently only at cusps [*,*,2e;4e] of T＼(4e).

Let V2{N) = 2. Then cusps in the form [*,*,N2]N] with ^2(^2) = 1 is

irregular for T＼(N) and for an automorphy factor j(M,z)(cz + d)k, M =

f j e ri(A^) (cf. Shimura [61),and so any modular forms for T＼(N) with the
＼c d)

automorphy factor vanishes at those cusps. Then other cusps are all regular. If

V2(N) > 2, then all cusps are regular.

Proposition 3. Let A＼N. Let (j>Adenote an arithmetic function defined by

</>4(e)= e/4(v2(e) >2),e(v2(e) < 1).

i

(1) Let k>2. If v2(N) = 2, then {e(^(e)z)G(x(ez)＼NiN2 = N,v2(N2) # 1,

Gl (ez) e Z/Cjn1,n2}separates all the regular cusps of F＼(N). If v2{N) > 2, then

{O(04(e)z)G£x(ez)＼N＼N2=N,G£x(ez)eZk,Ni,N2} separates all the cusps of

TAN).

(2) Let k = 2. If v2{N) = 2, then {0(^(e)z)Glx(ez)＼NiN2 = N,v2(N2) * I

G(x(ez) e Z2,NuN2,e<N2 or x' * W U {^(^4(iV2)z)(G^1 {N2z)-G＼^ (N2/2)z)) ＼

NlN2 = A^,4|7V2} U {9(N2z){2Gl2(Nl/2)(2N2z) - g＼n'{N2z)) ＼NXN2 = N,2J^N2}

separates the regular cusps of T＼(N). If v2(N) > 2, then {9(<f>4(e)z)G2xiez)＼

NXN2 = N, G((ez) e Z2,Nl,N2,e < N2 or / # 1^,} U {(6(</>4(N2)z)(2G^ (N2z) -

P ((N2/2)z)) |NlN2 = N,4＼N2} U {0{N2z)(2G2lSl/2)(2N2z) - G＼ i(N2z))＼NlN2 =

N,V2(N2) < 1} separates all the cusps of F＼(N). All the elements in the sets are

holomorphic.

Proof. (1) If G£x{ez) e Zk,NuN2, then v2(N2/e) j^ I. So theta series

0(<f>4(e)z)does not vanish at cusps 1/N2 ((i,N2) = 1). Then we can apply

Proposition 2 to our case. Then the assertion follows.

(2) Let v2(N2) > 0. Let b be 1 or 2 according as N＼ is odd or even. Then

Gl2Nl(N2z) and l/2{bG2lffl(N2z) - G2hN[((N2/2)z))} takes the same value at cusps

[*,*,N2;N] because G22N{((N2/2)z)) vanishes there. The latter vanishes at cusps

[*,*,N2iN] with A^/fA^ as well as the former. This shows that we can replace

e{(j)A{N1)z)G＼N＼N2z) by ^4(7V2)z)(/>G2lA'1(iV2z)-G22A'1((A^2/2)z))) in the ar-

gument (1). Let v2(N2) < 1. Then the values at cusps [*,*,N2',N] of G2N[(N2z)

and of 2G2{Nl/2)(2N2z)― G2Nl(N2z) are proportional to each other, indeed they are

modular forms for ro(A^) with trivialcharacter and each of them is a non-zero

constant on those cusps (see Lemma 1 (1)).The modular form G2(Nl/2)(2N2z) does

not vanish at cusps [*,*,2A^2; A7'].However a theta series9{N2z) vanishes at cusps
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[*,*,2N2;N] and so 0(N2z)(2G2{Nl/2) (2N2z) - g＼n'{N2z)) vanishes at cusps

[*,*,N2]N] with N^N2. Since the values at cusps [*,*,N2;N], of d{N2z)

t~LN＼I AT ^＼ ,,A ≪f fU AT _A /^/^'(JVi/2)/'i≫r _＼ y^^jVi/≫r _＼＼ A- iG2Nl(N2z)) and of 0{N2z){2g＼(n'I2)(2N2z)- g＼n'(N2z)) are proportional, we can

replace the former by the latterIn the argument (1) q.e.d.

Let Gic+i/2(T＼(N)) denote the subspace of Mk+i/2(T＼(N)) generated by

modular forms in Proposition 3 (1) if k = 1 or k > 2, and by those in Proposition

3 (2) if k = 2. Proposition 3 implies that

Mk+l/2{rx{N)) = G*+1/2(ri(j＼o) e^+1/2(r1(7v))

for k>2. For k^2, let G^+i n{N, Xo) denote the linear span of

{

d(<f>4(e)z)Gx, (ez) ＼NyN2 = N,e＼N2,X' e (Z/M)*, primitive x e (Z/(N2/e))*

Xo =
(l^l＼x'x

on (Z/N)x
I
where the condition u2(JV2)＼=1 should be added

if v2(N)=2. It is a subspace of Mk+＼/2(N,Xo)- Since the direct sum of

Gk+l/2(N,XoYs with *oe(Z/AO* is equal to Gk+i/2{Fi{N)), we have

Mk+i/2{N,Xo) = Gk+l/2(N,Xo) R Sk+l/2{N,x0) for k > 2. By the similarway we

construct Gk+l/2(N,Xo) also for k = 2 by replacing 9(04(N2)z)G2Nl(N2z) by

9((t>A{N2)z){2G1(̂N2z) - GXp ((N2/2)z)} (v2(N2) > 2),and d(N2z)G1^ (N2z)) by

6{N2z){2Gl{Nl/2)(2N2z)- Gp{N2z)} (v2(N2) < 1) as in the proof of Proposition

3. Then the above equalityholds also for k = 2. We obtain;

Corollary. Let k>2. Then we have

Mk+1/2(N,Xo) = Gk+l/2(N,Xo) R Sk+l/2(N,Xo).

4. Let 4|iV,/0 g (Z/N)*. Let p be prime. A Hecke operator TXo(p) defines a

C-linear endomorphism on Mk(N,Xo) such that for f{z) = J2^=ocne(nz),

(TXo{p)f)(z) = ^=o(cpn+xo(p)pk~1cp/n)e(nz) where cp/n= 0 if p/n is not in-

tegral.If p＼N, then it is denoted also by Up. If vp(N) > 2, then Up(f) is in

Mk{N/p,Xo)- A Hecke operator TXo(p2) on Mk+i/2{N,Xo) is such that for f(z) =

e:ov(≪4 (^o(^2)/)(^) = zr=o(v≪+^o(/≫)(≫//')^-1^+zo(/'2)^2"-1^2)

･e(≪z)(Shimura [7, Prop. 1.7]).For p＼N, the Hecke operator is denoted also by

Up2. For e e N, Be is defined to be an operator of the space of Fourier series

sending f(z) to fiez). We have inclusions Be(Mk(N',/0)) c Mk(eN,Xo ) and
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Be(Mk+i/2(N,x0)) c: Mk+l/2(eN, (e/＼■|)/0) where Xq] is as in the beginning of the

section one.

Let a be a squarefree natural number. Let a* denotes a or 4a according

as a = 1(mod4) or not. We note that a* is a discriminant of a real quadratic

fieldexcept for the case a = a* = 1. Let xa* be as in the beginning of the section

one. Let f(z) = Yl^=o c"e(nz) e ^k+＼/2(^,Xo)- Then we define a Shimura lifting

^JJ) of/to be

^x(f)(z) = C +

00

n=＼

＼Yl^(d)Xo(d)dk-lcanyd2
)

＼0<d＼n J

e(nz)

provided that there is a constant C so that ^a,Xo(f) ls a modular form for some

congruence subgroup. The constant C is obviously unique if it exists.Shimura [7]

and Niwa [4] showed that ya,x0 *s a well-defined linear map of 5^+1/2{N,Xo) to

M2k{N/2,xl), and that Sfa,Xo(f) is a cusp form in S2k{N'/2,xl) for fe

Sk+i/2(N,Xo) an<^ ^"or^^2, in particular C = 0.

The liftingmaps allow us to make formal computations for higher terms of

the Fourier expansions of modular forms. In principle,higher terms determine the

modular form, namely the constant term. In thissense the formal computation of

the liftingmap is possible as well as the Hecke operators and the operator Be. By

simple computations, we obtain the following;

Lemma 4. The Shimura liftingmap ^a,Xo is Hecke equivariant map, namely

there holds

ya,XooTXo(p2) = Txi(p)o^Xo,

<7a,XooUp2 = Upo^XQ (p＼N).

In particular if f e Mk+＼/2(N,Xo) is a common eigen-function of TXo(p2) for allp,

then ^a,/0(/) e M2k(N/2,Xo) is a common eigen-function of Txi(p), provided that

^a,xo(f) *s well-defined.

There is an obvious inclusionMk+i/2{N,Xo) <= Mt+1/2(^5X0 )･So element/

of Mk+＼/2{N,Xo) has another lifting£f w(/)- The relationbetween ^a,Xoan(^

y (f)is obtained by a formal computation as follows;

Lemma 5. Let pY,...,p be all the prime factors of e. Then we have
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Xa*(Pi)Xo(Pi)Pi~lBp,+ J2

l<i,j<s

Xa*(PiPj)Xo(PiPj)(Pi

+ ･ ■■+ {-V'Xa'iPl ■■･Ps)XoiPl ■･･/>,)(/>! ･ ･ -Pst
'BpvPs

provided that ^a,Xo ^ well-defined.

a/e
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Pj)k-XBm

}

°^,/0

Lemma 6. Let 4|7V,x0e (Z/N)*. Let a,eeN where a is square-free.Let

= a^/e},with ao square-free.Then

Sfaj °Be = Be, o Sf w
0 ≪O,Zo

with x'o= Zo(e/I "I)'provided that £f ≪ is well-defined.

Proof. Let f(z) = J2Zoc>>e(nz)EMk+＼/2{N,Xo)- Then Be{f) is in

Mk+i/2{eN,Xo). We have

00 / e ＼
J2J2X≪* (d)Xo(d) TT dk~lcaon2/e2d2e(nz)

n=＼d＼n Vl /

^(Be(f))(z) = C + J2

Since TV is divisibleby 4 and %o is a character (mod TV),Xo(d) and Xo (d) vanish

for d even. It is easy to see that the equality xa*{d)xo{d)(e/＼d＼)= Xa*(d)Xo (d)

holds for d odd. Then

00
SratXi(Be(fMz) = C + Y,y£/X°sWx$)(d)dk-1caon2/d2e{eonz)

n=＼d＼n

Beo{^･>(/))w q.e.d

Corollary. Let {fi}Xo(z)}ieI{Xo)be elements in Mk+l/2(N,x0) far Xo e

(Z/N)*. Let M be the subspace of M]i+＼/2{T＼(N))generated by Si<+＼/2(N) and by

elements in the form fXo{ez)eMk+l/2(Ti{N)) with e＼N,ie I(xo)iXo E (Z/N)*-

Suppose that &a,xo(fi,xo)are well-definedfor all square-free a and for all fXo,Xo E

(Z/N)*. Then all the liftingmaps S^aa are well-defined on MR M/l+i/2(N,Xo)-

Proof. Since M is spanned by S^xjiiN) and by elements ft (ez), it is

enough to show that Be(fiXQ) e Mk+i/2(N,x0(e/＼ ･|)) has liftingsassociated with

all square-free a. Combining Lemma 5 with Lemma 6, we see that they existif
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'%,xo(fi,x
) ex*st ^or a^ a an<^ a^ ^o G C^/^0*> which is our assumption. Then our

assertion follows. q.e.d

5. In our previous paper [8, Prop. 4, Lemma 5, Cor. to Theorem 2], we have

shown the following;

Theorem ([8]). Let keN. Let N = NXN2 e N,xf e {Z/N{)*,x e {Z/N2)＼

Xo := //' e {Z/N)* where N is not necessarily divisibleby 4 and/ is not necessary

primitive. Suppose that a character Xo e (Z/N) * has the same parity as k. Let

aeN be square-free. Put l = 2^^a*^^2K Then

00

n=l 0<d＼n meZ

with a suitable constant C, is a modular form in Mik(N/I

L(＼- k,x)LQ - k,xxa<) (Ni = 1) and C = 0 (Nx > 1).

(n/d)2a*

4~

m2
e(nz)

xl).Ifk>＼, then C =

To construct the modular form in the theorem, we have made use of Hilbert

Eisenstein series of real quadratic fields. We put A.2k,a%x(z) := ^ik
a* x(z)

(^1 = *)'

Lemma 7. Let a,N,Nx,N2,xf e {Z/N＼)*,x e {Z/N2)＼xo e (Z/AT)* ^ ^ w

?Ae above theorem.

(1) Suppose that G? is holomorphic.

(i) Let a = 1(mod 4). Then

^(^)G!>)) = tf2(<a.)Z(z)),

^fl,Zo(^)<,(2z)) = 2*-1/(2)^iflV(z) (V2W) > 0),

^,/o(^)C(^)) = 2*-y(2)4)fl.iZ(z) (r2(7V2) > 0),

w/2/c/iare modular forms in M2k{N,xl) where the first one is in M2k{N/2,Xo) if

v2{N) > 2.

(ii)Let a^ 1(mod 4). r/?en

ya,Xo(0(z)(?k[x(4z))=B2(&a.(z))
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where the former is in M2k{N/l,xl) and the latter in M2k(2N/l,xl) with 1 =

2iK'MM)>2}- suppose that 2＼N＼ and 2＼N2. Then

ya,xMz)G(a{2z)) = 2-k+iX(2)-＼4^Jz) - l£ia.^{z)),

which is in M2k(2N/l,xl) with 1= 1 (v2(Ni) < 1), 2 (otherwise).

(2) If b denotes I or 2 according as Ni is odd or even, then a function

bG^
x(2z)
― G＼x (z) is holomorphic even when k = 2. Let N2 be odd. Then

5^(0(2X^(42) - G(f＼2z)) is equal to

b^atJz) - 2k-lX(2)4{^Jz) (a = 1 (mod4)),

bBi{4k^M - 2'k+lx(2)-＼X^^x{z) - X^a,x(2)(z)) (a # 1 (mod4)),

which is in M2k{2N,xl) [a = ＼(mod4)), or in M2k(4N/b,xl) (a ^ ^ (mod4)).

Let 2＼Ni. Then ^a,Xo(e(z)(2G(x{2z) - G(f＼z)) is equal to

2kx(2)^a,Jz) - U2(^atJz)) (a = 1 (mod4)),

2-k+2X(2)-＼tf2katx(z) - l?;ka%x{2){z)) - Xi^x{z) (a # 1 (mod4)),

which is in M2k(N,xl) {a = 1 (mod4)), or in M2k(2N/l,xl) (a ^ 1 (mod4)) with

l=l(v2(Ni)<l), 2 (otherwise).

Proof. The firstand second equalitiesin (i) of (1) are easily obtained. We

prove the third one. We have

00
■W0OO<C(2*)) = C + £ E *^ko W-W-i,,

Since a = 1(mod4), (a(n/d)2 ―m2)/2 is even

fa(n/d)2 - m2＼

＼ 2
)

whenever it

allx((a(n/d)2 - m2)/2) = 2k^X(2)o{_lx((a(n/d)2 - m2)/4)

equalityfollows.The fourth one is proved similarly.

e(nz)

is integral. Then

and hence the

The firstand second equations in (ii)of (1) is again immediate. We prove the

third one. Note that Xo = x'x ― x'x^- Then

<･･.*(*)-<.･,,<≫(*)

c+4EE^W/o(^"1

n=＼Q<d＼n

a＼_x (a{n/d)2-m2)e{nz)
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= C + 4 ■2*"1x(2)T Y. xUd)Xo(d)dk~l J2 <
n=＼ 0<d＼n meZ

,,
( ain/d)2 -m2

2

= 2^-1X(2)^,,0(^(z)</(2z)).

The equalities in (2) follow from the computations in (1)

e(nz)

q.e.d

Theorem 1. Let k>＼, 4＼N,x$ e (Z/N)*. Let a e N be square-free. Then the

Shimura lifting map ^a,xo ^ a Hecke equivariant linear map of G^+i/2(N,Xo) c

Sk+i/2(N,Xo) to M2k{N/2,xl).

Proof. Let k # 2. By Lemma 7, 6{z)g(x(z) (N = NiN2,e＼N2,4＼Ni or

4＼(N2/e),x>E(Z/Nl)＼X (Z/(N2/e)r) and ^z)G^(4z) (N = N{N2,4＼e＼N2,

X' e(ZINx)＼xe{ZI{Nile)Y) have liftings in M2k(N/2e,(Xx')2) and in

M2k(N/e, {xx')2) respectively for any square-free a. We can take Gk+＼/2{N,Xo) c

^+1/2(^5/0)5 as M in Corollary to Lemma 6. Hence the lifting map is well-

defined on (ja:+1/2(^X0) R Sk+i/2{N,xo)- By Lemma 6, it is easy to see that the

image is in M2k(N/2,xl)- This shows our assertion.

Let k = 2. Then we must take into account modular forms 0(z) x

{bGl2Nl{4z) - Gl22N]{2z)),9{z)(2Gl2{Ni/2)(2z) - g＼Nx{z)) in Proposition 3 (2). To this

case we can apply Lemma 7 (2) and our assertion follows in the same manner as

in the case k ^ 2. q.e.d.

From Corollary to Proposition 3, we obtain the main theorem of the paper.

Theorem 2. Let k > 2. Let a,Xo be as in Theorem

lifting map ^a,Xo is a Hecke equivariant linear map

M2k(N/2,X2o).

1. Then the Shimura

of Mk+l/2{N,Xo) to

Remark. Let k > 2. Let Ek+＼i2(N,Xo) denote the orthogonal complement of

Sk+＼/2(N,Xo) in Mk+＼/2{N,Xo) with respect to the Petersson product. Then the

space Mk+l/2(N,Xo) is decomposed into Ek+l/2(N,Xo) R Sk+i/2{N,x0) as Hecke

modules. An eigen-function of all Hecke operators in Ek+＼/2(N,xo) is mapped to

an eigen-function in M2k(N,xl)- % tne growtn condition of Fourier coefficients,

it is shown that the eigen-function in M2k(N,Xo) is in E2k{N,xl)- Hence the

liftingmap sends Eisenstein series of half-integralweight to Eisenstein series of

integral weight.

The case k = 1 of Theorem 2 will be investigated in our later paper.
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6. We give two applications of our theorem.

(1) Let S be a positive definitesymmetric integral matrix of size 2k + 1. Let

N be a multiple of 4 such that l/(4N)S~l is integral. Let

0s(z):= J2 eCdSgz).

Then 0s(z) e M^+1/2(r0(7V),/^4 ･(det(S)/ )).Let rs(n),n e TV, denote the number

of integral solutions of an equation 'XSX ― n where X is a variable vector with

2k + 1 elements. We have

Os(z) = 1 +

00

E

≪=1

rs{n)e(nz)

By Theorem 2, the liftingof thismodular form is in Mik{N/2, ＼n/i)-We state

thisas a proposition.

Proposition 4. Let S, N be as above with k > 2. Let a be any square-free

natural number. Let a§a＼= (―4) a ･det(S) where ≪ois 1 or the discriminant of a

quadratic field. Then for a suitable constant C,

c +

00

≪=1 ＼0<d＼n

XW(d)dk-lrs(a(n/d)2)

is a modular form in M2k{N/2,lN/2)

)

e{nz)

In case that S has an odd prime determinant, the result was first obtained by

van Asch [1, Theorem 2], where the constant term C is written explicitly in terms

of S and a.

(2) We derive several relations among arithmetic functions or special values

of L-functions.

(i) Since j(M,z)2 = /_4(</)(cz + d) for M = [ ) e Fo(4), we have an
＼c d)

inclusion #(z)M7/2(4,x_4) c M4(4). This shows in particular, that S7/2{4,x_4) ―

{0} because 54(4) = {0}. Thus dimcM7/2(4,/_4) is at most 2, the number of

regular cusps. The modular forms 3W(z)G3a_4{z) - 166{z)G*-4(z), 6>(z)Gf4(z)

spans M7/2(4,/_4). Hence M7/2(4,/_4) = (?7/2(4,/_4), and the space is of di-

mension two. It is easy to see only be applying C/4, that they are common Hecke

eigen-functions. The eigenvalue of ^(z)G^4(z) for £/4is 25. Since G(,(z) ― G(,(2z)

is the unique function in M2O., I2), up to constant factor, such that
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U2(G6(z) - G6(2z)) = 25(G6(z) - G6(2z)),we have

meZ

by comparing the firstFourier

obtain

coefficients.Then comparing higher terms, we

v^(≪-^>52w-E
raeZ 0<d＼n

d-.odd

/(^25>f4((≪A/)2a-m2)
0

for any neN, where x' = X-4a (a ―1,2(mod4)), x_a (otherwise).

(ii)Let k>4. The Shimura lifting^u(d{z)Gk(4z)) {a = 1(mod4)) or

^4aA4{0{z)Gk{z)) {a = 2,3 (mod4)), namely, 4,≪m is in M2k(l). Let k = 4.

Then M8(l) is of dimension one, and hence

fa,a＼l(z)

is equal to

= C(-3)L(-3,*fl.)+4

<h(z)

££*≪-W£
n=＼ 0<d＼n meZ

-

00

up to a constant multiple.Then we have an identity

0<d＼n

for any a e N, square-free.When a 1,

EM

meZ ＼

this

{n/d)2a* -

4

(n/d)2a* -

4

m2
)

m2

0

e(nz)

gives the well-known formula

n

(77(≪) - 120 ^ tf3(w)<73(^ - m) = 0,

m=0

because

£*3

meZ

(

(iii)

L(-3,x

(n/d)2

4

Let us

^12,a*,l(z)

,) = C(-3) = 1/120, <j3(0)= l/2C(-3) = 1/240 and V d3

― m2 n

w=0

0<d＼n

- m) (for example, see [8], the section 3)

consider the case k = 6 in (ii).Two

1

252

modular forms

L(-5,Xa*) +4J2Y, Xa*(d)d5 J2°s

Gn(z)

n=＼ 0<d＼n

691

32760
+ 2

00

E

71=1

meZ

(
{n/d)2a* - m2

4

an(n)e(nz)

)
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are in M＼i{＼). Let x denote the Ramanujan function, namely A(z) =

Xl^i ?{n)e(nz),T(l) = 1, where A(z) denotes the cusp form in Mn(l). Then

-l/252L(-5,/B0G12(2) - 691/32760A12,a.(z) = -l/126{L(-5,^.) +

691/65V
eZa5((fl*-m2)/4)}A(z),

and we have

{

65L(-5,z..) + ≫l$>(flT^

meZ ^

)}
z(n)

= 65L(-5,Xa-)ou{n) + 691 £ Xa^)d'

Q<d＼n
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