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AFFINE INNEE AUTOMORPHISMS OF SU(2)

By

U-Hang Ki and Joon-Sik Park1

Abstract. We show which inner automorphisms of (SU(2),g) with

an arbitrary left invariant metric g into itself are affine transfor-

mations, and obtain affine transformations of (SU(2),g) which

are not harmonic, and study geodesies of■(SU(2),g) with some

conditions.

0. Introduction

It is interesting to show which diffeomorphisms between two Riemannian

manifolds are affine transformations. In this paper, we treat the case (SU(2),g)

with a left invariant Riemannian metric g. It is well known that every inner

automorphism of G a compact connected semisimple Lie group into itselfis both

affine and harmonic with respect to a bi-invariant Riemannian metric go on G.

However, we here deal with an arbitrary left invariant metric g on SU(2),

and show which inner automorphisms of SU(2) are affine transformations of

{SU(2),g) into itself.

On the other hand we study geodesies in (SU(2),g). In case of naturally

reductive homogeneous space, it is well known that geodesies are orbits of 1-

parameter subgroups. R. Dohira (cf.[1]) studied geodesies in reductive homo-

geneous spaces satisfyingcertain conditions. Using Dohira's Theorem, we give a

complete description of geodesies in (SU(2),g) satisfying some conditions.

In §1, we obtain necessary and sufficientconditions for inner automorphisms

Ax, (xe SU(2)), of (SU(2),g), to be affine transformations (cf. Proposition 1.3-

1.5).Moreover, in Theorem 1.7 and 1.8, we show that for any leftinvariant but

not bi-invariant Riemannian metric g on SU(2), there always exist on (SU(2),g)
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both a non-affine inner automorphism, and a non-harmonic but affine inner

automorphism.

In §2, using R. Dohira's Theorem we give a complete description of geo-

desies in (SU(2),g) satisfyingcertain conditions (cf.Theorem 2.1).Finally we get

necessary and sufficientconditions for arbitrary given geodesies in (SU(2),g) with

certain left invariant metric g to be closed (cf. Theorem 2.3).

§1. AffineInner Automorphisms of (SU(2),g)

Let B be the Killing form of the Lie algebra su(2) of SU(2). Then the

Killingform satisfies

(1.1) B{X, 7)=4Trace(lT), (X, Fesu(2)).

We definean inner product <, >0 on su(2) by

(1.2) <,>0:=-i?(X,F), (X,Fesu(2)).

The followinglemma is known (cf.[5, Lemma 1.1,p. 1541):

Lemma 1.1. Let g be a leftinvariant Riemannian metric. Let <(,) be an inner

product on su(2) defined by <X, 7> := ge(Xe, Ye), where X, Y e su(2) and e is

the identity matrix of SU(2). Then there exist an orthonormal basis (X＼,X2,Xt,)

of su(2) with respect to <, >0 such that

(1.3)
[XuX2] = (l/y/2)X3,

[X3,X1} = (l/V2)X2,

[X2,X3] = (1/^)X1

<XhXjy=dtjaf,

where a,-, (l^/^3), are positive real numbers determined by the given left

invariant Riemmannian metric g of SU(2).

Let V be the Riemannian connection on (SU(2),g). Here g is an arbitrary

given leftinvariant Riemannian metric in SU(2). Let (A^A^, A3) be leftinvariant

vector fieldsrelated to B and g which appear in Lemma 1.1.

An inner automorphism Ax :{SU(2),g) -> (SU(2),g), {xeSU(2)), is an

affine transformation if and only if

(1.4) Ad(x)VXiXj = WAd(x)XiAd(x)Xj, (i,j = 1,2,3).

With respect to the Riemannian connection, we have

(1.5) 2 ･ g(VxY,Z) = X-g{Y,Z)+Y- g{X,Z) - Z ■g{X, Y)

+ g{＼X,Y],Z)+g([Z,X], Y)+g(X, [Z, Y})
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for all vector fields X, Y, Z. In this section, for simplicity we put

(1.6)

From (1.3)

(1.7)

We put

(1.8)

Fx :=(2v/2)"1(≪?

F3:=(2y/2)-＼al

and (1.5), we get

f
VxtXt

al)a? F2 (2V2)-1 (al-a23)ai＼

= 0 (/= 1,2,3), VXlX2 = {(2y/2)-l-Fl}X3,

= -{(2V2)"1 + F3}X2, Vx2X2 = {(2V2)"1 - F2}XX

Yi := iVlXi (≫= 1,2,3)

Then, from (1.3)and (1.8)we have

(1.9) [YuY2]=2Y3i [Y2,Yi]=2Yi, [Y3,YA=2Yl.(1.9) [F1,F2]=2F3, [Y2,Yi]=2Yl, [Y3,

In order to prove the following Propositions, we get:

Lemma 1.2. For an inner automorphism Ax, (x e SU(2))

^Ad(x)x,Ad(x)Xj = Ad(x)(yXlXj)

if and only if

VAd(x)XjAd{x)Xt = Ad{x){VXjXi) (U 1,2,3)

487

Proposition 1.3. An inner automorphism Ax, (x = exp(rY＼), r e R), of

(SU(2),g) is an affine transformation if and only if aj = 03 or sin(2r) = 0, that is,

(1.10) ≪2 = a＼ or re {{nn)/2＼n is an integer}.

Proof. Using (1.3),(1.8) and (1.9)

(1.11)

, we have

Ad(x)Xl=Xu

Ad(x)X2 = cos(2r)X2 + sin(2r)X3,

Ad(x)Xi = cos(2r)X3 - sin(2r)X2.

Putting </>:= Ad(x), from (1.6), (1.7) and (1.11) we get
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(V^.^fi) = 0, 4Tliy4x2^2) = -<F＼V*x3<l>Xi) = -F2 an(4r)Jf,

(V^,^2) = -2~＼Fl+F2)sin{4r)X2

+ {{2Viyl + F3 sin2(2r)- Fi cos2(2r)}X3,

4T＼V^X3) = {Fi sin2(2r)- F3cos2(2r)- (2^)"1}X2

+ 2-1(F1+F3)sin(4r)X3,

r＼V<t,x2<t>X,)= {(2V2)"1 - JF2COs(4r)}JTi.

Hence, we find from (1.6),(1.7),(1.12) and Lemma 1.2 that Ax is an afiine

transformationif and only if

(1.13) ai = a-i or sin(2r) = 0. q.e.d.

Proposition 1.4. An inner automorphism Ax, (x = exp(rY2),r e R), of

(SU(2),g) is an affine transformation if and only if

(1.14) a^ = a＼ or r e {(nn)/2＼n is an integer}.

Proof. Using (1.3),(1.8) and (1.9), we have

(1.15)

From (1.6)

(1.16)

{
Ad{x)Xx = cos(2r)X{ - sin(2r)Z3,

Ad(x)X2 = X2, Ad(x)X3 = sin(2r)Xi+ cos(2r)X3

(1.7) and (1.15), we have

^(V^.^Ti) - -4T＼V*xAXi) =F3sin(4r)X2,^-1(V^2^2)

f＼V*xx(l>X2) = 2"1(F1 + F2) sin(4r)Z!

+ {(Iv^)"1 + i^ sin2(2r)- F{ cos2(2r)}X3,

r＼^^m) = -{(2V2)~l +F3cos(4r)}X2,

</>-＼Vtx2<t>X3)= {{ly/iy1 + Fi sin2(2r) - F2cos2(2r)}X1

-2-1(F1+F2)sin(4r)X3,

0

where <f>:= Ad(x). We know from (1.6),(1.7),(1.16) and Lemma 1.2 that Ax is

an affinetransformationif and only if

(1.17) a＼= 03 or sin(2r)= 0. q.e.d.
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Proposition 1.5. An inner automorphism Ax, (x = exp(r73), reR), is an

affinetransformationif and onlyif

(1.18) a＼= ≪2 or r e {(nn)/2＼n is an integer}.

Proof. We get from (1.3),(1.8)and (1.9)

(1.19)

From (1.6), (

(1.20)

Ad{x){Xx) = cos(2r)Xi+ sin(2r)X2,

Ad(x)(X2) = cos(2r)X2- sin(2r)Xi, Ad(x)(X3) = X3.

1.7)and (1.19),we obtain

^OW^i) = -rl(Vtx2<f>X2)= -Fx sin(4r)X3,

r＼y^X3) = 0, ^CW^) = {(2V2)"1 -Ficos(4r)}jr3

r＼y<t>x^) = -2-l(F2 + Fi)sin(4r)Xl

+ {F2sin2(2r)-F3cos2(2r) - (2v/2)"1}X2,

^"'(V^^) = {(2V2)-1 +F3sin2(2r) - F2cos2(2r)}Z1

+ 2-1(F2+F3)sin(4r)Z2,

where <f>:= Ad(x). Using (1.6),(1.7) and Lemma 1.2, we obtain this proposition.

q.e.d.

Since the metric g of (SU(2),g) is bi-invariant iff a＼―ai = ≪3,we obtain

from Proposition 1.3, 1.4 and 1.5:

Theorem 1.6. An inner automorphism Ax of (SU(2),g) for any x e SU(2) is

an affine transformation if and only if the metric g of (SU(2),g) is bi-invariant.

Harmonic maps of a compact Riemannian manifold into another Rie-

mannian manifold are the extrema (cf.[2, 6]).In the case of (SU(2),g), the

following Lemma (cf.[4])is known:

Lemma 1.7. A necessary and sufficientcondition for an inner automorphism

Ax of (SU(2),g) to be harmonic is
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ai = ut, or sin(4r)= 0, in case of x = exp(rFi) and r e R

a＼= ≪3 or sin(4r)= 0, in case of x = exp(rF2) and r e R

a＼= ≪2 or sin(4r)= 0, in case of x = exp(rF3) and r R

From Propositions 1.3-1.5 and Lemma 1.7, we get:

Theorem 1.8. Assume that a leftinvariant metric g of (SU(2),g) is not bi-

invariant. Then, there always existsharmonic inner automorphisms Ax of (SU(2),g)

which are not affine transformations.

Remark. An affinetransformation between two Riemannian manifolds is

harmonic.

Moreover, from (1.11),(1.15),(1.19) and Propositions1.3-1.5,we have

Corollary 1.9. If an inner automorphism Ax for xeSU(2) such that

{ exp(rFi)

exp(rF2)

exp(rF3)

// a2 # a3,

if a3 =£a＼,

if a{ i- a2,

is an affine transformation, then Ax is an isometry.

§2. Geodesies in (SU(2),g)

We retain the notations as in§1. R. Dohira's Theorem and Corollary which

appear in [1] can be stated in our case (SU(2),g) as follows:

Theorem 2.1. Assume ai = a^. Let o(t) be a geodesic in (SU(2),g) such that

Then

(7(0) = e <j(0)
i

kt Yi {each kt e R)

(2.1) <j(t)=exp(t(k2Y2+kiY3+a2la22klYl))exp{t{＼ -afe2)^)

Proof. We put {F2, Yi,}R=: m.＼and {Y＼}R =: nt2.Then

(2.2) [mi,nti]<=m2, [m1,m2] c mi,

(2.3) £([*,F],Z)+^fl-i6f(x,[Z, 7]) =0
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for each X,Y em.＼,Zexui. In view of Dohira's Theorem (cf.[1]),we can get

tViicTlifnrpim

Corollary 2.2. Assume 02=^3- A geodesicin (SU(2),g) which intersects

itselfis a closed aeodesic.

Using Theorem 2.1 and Corollary 2.2, we obtain

Theorem 2.3. Let r e R＼{(nn)/2 ＼n is an integer} and x ―exp(rFi). Assume

Ax is an affine transformation. Then, a geodesic a(t) in (SU(2),g) with condition

cr(O)= e and <r(0)= Ylf=＼k ^ *s closed if and only if there exist a real number

L( e !?＼{0≫ satisfying

(2.4)

where E := (ki

cos(EL) = cos((a2a22 ― ＼)k＼L),

a＼ei22k＼sin(EL) = Esin((a^aj2 ― ＼)k＼L),

kj sin{EL) = 0, and kj sin(EL) = 0,

+ kl + a^k＼)

Proof. In thisproof, we put c:=ala22. Then, from Proposition 1.3 and

Theorem ? 1 we have

(2.5) (7(0 - Qxp(t(k2Y2+k3Y3+ckl 7i))exp((l - c)k＼tYx).

And then, if o{i) is

numbers L( e R＼{0})

(2.6)

closed, by Corollary 2.2 we know that there existreal

satisfying

exp(L(A:2 Y2 + k3Y3 + ckx Y{＼)= exp((c - l^iLFj).

We may assume

appears in (1.8),

(2.7)

(cf.[5, Proof of Lemma 1.1, p. 154]) that (Yu Y2, Y3), which

satisfies

y4n y4n+l
i f ― t, 1 j ―

ii 1 i

for every non-negative integer n, and

(2.8)

e, Y?"+3 = -Yh (1=1,2,3)

YlY2 = -Y2Yl = F3, 72F3 = -Y3Y2=Yl, Y3Y, = - F, F3 = Y2

Using (2.7) and (2.8), we get
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(2.9)

<
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(k2 Y2 + k3Y3 + ckx Yxfn = [k＼+ k2 + c2kj)2ne,

(k2 Y2 + k2Y3 + ckx Yi)4n+l = (k2 + k] + c2k2)2n(k2 Y2 + k3Y3 + ckx Yx),

(k2Y2 + k3Y3 + ckx Yx)4n+2 = -{k＼ + k2 + c2k2)2n+le,

(k2Y2 + k3Y3 + ckx Yx)4n+3 = -(kl+H + c2k2)2n+＼k2Y2 + k3Y3+ckx Yx)

for every non-zero integer n. From (2.7),we have

(2.10) exp((c- VjkiLYi) =cos((c- ＼)kxL)I2+ sin((c- l^iL)^

By the help of (2.9),we obtain

(2.11) exp(L(k2 Y2+k2Y3+cklYl))

= cos(EL)I2 + ckiE~lsin{EL) Yx + k2E-lsin(EL) Y2

+ k3E-lsin(EL)Y3.

Comparing (2.10) with (2.11), we can get this Theorem. q.e.d

From this Theorem, we obtain the following:

Corollary 2.4. Assume that k＼kiki ^ 0 and the metric g in (SU(2),g) with

aj = #3 is not bi-invariant.Then, if kx x{a＼a11― X)J{k＼ + kj + a*a24kf) is not

a rational number, the geodesic a{t) with <r(0)= e and a(0) = J2i=i h ^ ^ not

closed.
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