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ON THE MICROLOCAL STRUCTURE OF REGULAR
SIMPLE PREHOMOGENEOUS VECTOR SPACE
(GL(1)? x SL(7), A3 + A})

By
Shin-ichi KASal

Abstract. The purpose of this paper is to calculate the b-function
of the regular simple prehomogeneous vector space (GL(1)* x SL(7),
A3+ Af) by the aid of microlocal method using the holonomy
diagram of relative invariants.

1. Main Results

In the present paper, we consider a special reducible prehomogeneous vector
space, namely the regular simple prehomogeneous vector space (GL(1)* x SL(7),
Az + A7) (A(14) of §3 in [5]). Following the ideas of [7], we shall determine the
holonomy diagram and compute the b-function. From the result of Kimura
[5], there are twelve regular simple prehomogeneous vector spaces which have
two algebraically independent relative invariants. The b-functions of four of them
are reduced to the case of irreducible prehomogeneous vector spaces. In [1, 2], we
have studied three of the remaining nontrivial eight cases. We use the same
notations in [1, 4, 7).

By the microlocal calculus on analysis of prehomogeneous vector spaces, we
obtain the holonomy diagram (Figure 1) and the following theorem.

THEOREM. The b-function of (GL(1)* x SL(7), A3 + Ay) is given as follows.
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Figure 1. The holonomy diagram of (GL(1)? x SL(7), As +AJ]).

7
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for 2= 1025 (> 0) where [, = (o4 1)+~ (k= 1),
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2. Preliminary results

In the following, we denote by G the group GL(1)* x SL(7) and by p the
representation Az + A of G. We define an element ¢; of C’ by e; = ' ...,

0, T,O,...,O) for 0<i<7. The representa;tion space is identified with V =

{x=(x,y)x= Dl <icj<k<7 Xijk€i A€ A ek eNC,y= 217:1 yer€ C'}. Then the
action p is given by p(§)x = (ap;(g)x,B'g""y) for § = (a,8;9) € G = GL(1)* x
SL(7) and % = (x,y) e V where p3(g)x = x;(ge;) A (ge;) A (gex).

We define d/de; by 0/0ei(eine;j nex) =0dye;nex for jk#1. Let o(x) =
(p;(x)) be the 7 x 7 symmetric matrix obtained by py(x)er A oo Aep=xA0x/
dej A 0x/0e;(i, j=1,...,7). Then g;(x) is a homogegleous polynomial of degree 3
and ¢(p3(9)x) = gp(x)'g for ge SL(7) and xe \C’. We define f]'k(x) by

KeLA - Nep=xA0x/0e;ne;ne (i,jk=1,...,7). Let p*(x) = (p;(x)) be
the 7 x 7 symmetric matrix where p;(x) = ZZ w1 fu)f S’j(x). Then ¢ (x) is
homogeneous p301ynomial of degree 4 and ¢*(p;(g)x) = ’g‘lfp*(x)g‘1 for ge
SL(7) and xe \ C7 (see [3]).

ProrosiTioN 1([5])). (1) The triplet (G,p,V) is a regular P.V.

(2) The algebraically independent relative invariants are given by f,(X) =
rp(x)e*(x) and fo(X) ="yp(x)y for X = (x,p) e V (See [3]).

(3) Let y; be the caharacter of f;. Then their infinitesimal characters are given
by Sy (A) = Ta and Jy,(A) = 3a+ 28 for A = (a,5; 4) € gl(1)* ® s(7).

Let A be the conormal bundle of an orbit S in ¥ and A* that of an orbit
S*in V*. When A = A", we say that S and S* are the dual orbits of each other.
We identify the dual space F* with V as usual. Since G is reductive, we have
(G,p, V) = (G,p*,V*) and hence (G,p, V) and (G, p*, V*) have the same number
of G-orbits.

Put xo =234+ 567+ 1(25+36447), x; =235+346+ 1(27—45), x4 =
134 + 256 4- 127, x7 =234+ 1(25+ 36 + 47), x9 = 123 + 456, x;9 = 126 — 135 +
234, x14 = 1(254 36 +47), x15 = 1(24 4 35), x» =123 and x35 =0 where ijk
stands for e; Ae; A ey.

PROPOSITION 2([6]). The triplet (G,p, V) has the following thirty-eight orbits.

Representative point  Codim Dual orbit
(1) )21 = (Xo,el) 0 5(33
(2) x2 = (x0,e2) 1 X35
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Codim Dual orbit

Representative point
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3. Holonomy diagram

For a point X of ¥V, let Gz = {g € G; p(g)X = X} be the isotropy subgroup of G
at X, and let J.* be the conormal vector space. Then G; acts on V* by p; =
p*lg,- If the triplet (Gx,ps, V;*) is a P.V., then we denote by y, its generic point,
and if there is one one-codimensional orbit, then y, denotes a point of that orbit.
When there exist several one-codimensional orbits, we denote representative
points of their orbits by y, y{, etc. Let ®; (resp. ®) be the Lie algebra of G;
(resp. G), and dp; the infinitesimal representation of p;. We denote by 4y an
element of G; = {4 € ®;dp(A4)Xx = 0} such that dp*(A4¢)y, = y,- We denote by
A, the conormal bundle T(p(G)%;)" of a orbit p(G)%;.

(1) The case for X;. Since X; is a generic point of (G,p, V), the isotropy
subalgebra ®;, is isomorphic to sl(3) (see A(14) of §3 in [5]). Since A =
V x {0}, we have ordy, f* = 0.

(2) The case for X,. V¥ = C{v;> where v} = (267,e5). yy = v) € p*(G)Xzs,

%
y1 =0€p*(G)Xsg. ordp, f* = —s, — 1/2.

(3) The case for X3. Vi = C{v1) where vy = (567,0). y, = v; € p*(G)X3,
n= 0 G/)*(G))%g. ()i‘d/\sf‘Y = -5 — 1/2.

(4) The case for X4. V] = C{v1,v2) where v; = (567,0) and v, = (136, —e4).
Yo =01+ v2 € p*(G)X31. ¥ = v; € p*(G)X36, Y| = v2 € p*(G)X35. ordp, f° = —s51 —
Sy — 1.

(5) The case for Xs. Vi = C(vy,...,v4) where vy = (357,0), v, = (367,0),
v3 = (457,0) and vs = (467,0). (Gx,,ps,, Vir) = (SL(2) x GL(2),A1 ® A1, V(2) ®
V(2)). yo=v1+v4€p(G)X33. y, =01 €p*(G)X36. ovdp f° = 251 — 2.

(6) The case for X¢. V.= C<vy,...,v5) where v =(567,0), v;=
(=257 — 467,¢1), vy = (157 + 367, ¢3), vs = (267 — 456, ¢3) and vs =
(—167 +356,e4). yy=v3+vs€p*(G)X21, yy =v3+0s€p*(G)X31. ordp S’ =
—2S1 — 2S2 — 7/2

(7) The case for X7. V;; = C<vy,...,vs) where v} = (357,0), vy = (367,0),
v3 = (457,0), vs = (467,0) and vs = (156,e2). (Gx,,ps,, V') = (GL(1) x SO(4) x
GL(]),AI A RI+TI®I ®A1, V(4) + V(l)) Yo =0U1 + 04+ vs Gp*(G))zzg.

Y1 =1+ 04 Gp*(G))~633, y{ =01 + vs € p*(G)X3;. ordAva =251 — 5 — 5/2.

(8) The case for xg. V;7 = C{vy,...,v6) where vy = (567,0), v; = (—256,¢3),
U3 = (156,84), V4 = (—267,81), Vs = (167,62) and vg = (126,87). Yo="0V1 +Vs €
pH(G)x. y =v6 € p*(G)X3s, y| =3+ v4 € p*(G)Xng. ordp, f* = —s1 — 250 — 3.
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(9) The case for X9. V¥ = C{vi,...,v6) where v; = (357,0), vz = (367,0),

= (457,0), vy = (467,0), vs = (—237 + 345,¢€;) and vs = (157 + 356,¢€2). yy =

Vs + vs + 06 € p*(G)Xy9. ¥y = s+ vs € p*(G)Xn1, y] = va+vs € p*(G)Xg and yy
=4+ v6 € p*(G)Xg. orda, f* = =381 — 2855 — 5.

(10) The case for Xpo. V5, = C(0,€:);1 <i < 7). (Gzyp, Pz, Vary) = (GL(1) %
G2, At ® Ay, V(7). yo=(0,e1) € p*(G)X37, y1 = (0,e2) €p*(G)X37. ord, f° =
~2S2 - 7/2

(11) The case for X1. ¥, = C<vy,...,v7) where vy = (567,0), vy = (267,0),
— (456,0), v = (—357,0), vs= (257 —367,0), v = (457 — 356,0) and v; =
(256 + 467,0). Yo=U2+ 03— 14€ p*(G)fQo, yi=0+uv3€ p*(G))~C33. ordA“fs =

—35’1 — 4.

(12) The case for X1;. Vi = Cvy,...,vs) where v = (567,0) and vy4; =
(0,e), 1<i<7. yp=vi+vs€p(G)X. y =v6€p (G)Xs1, yj=vi+v7¢€
p*(G))~637. OrdAlzfx = =85 — 3S2 — 6.

(13) The case for X3. ¥, = C{vy,...,v8) where v| = (357,0), v, = (367,0),

= (457,0), vy = (467,0), vs = (-237,e1), ve = (356,€;), v7=(236,e5) and

vg = (—235,66). Yo =03+ 07 ep*(G)fQ(). Yi=v1+v+v7€ p*(G)le. Ay =

(o, o; diag(—300 — 2,2, 0,0 + 2, —0/2 — 1, —a/2 — 1,20)) € ®,,. Then dy;(Ao) = Ta
and Jy,(A4p) = Sa.

(14) The case for Xi4. Vi, = C<v1,...,v3> where v = (567,0), v = (267,0),
= (256 +467,0), vs = (257 — 367,0), vs = (456,0), ve = (457 — 356 ,0), v7=
(357,0) and vg = (—167 + 236 + 247,2e1). yo=1v6+ Vs €Pp ( >x16. yy=v7tuge

p*(G>)~C19, y{ =0y + Vg € p*(G))~C30. ordAfo = —4s1 — 25, — 7.

(15) The case for Xi5. V), = C<v1,...,v9) where v = (147,0), v, =

( 347,0), v3 = (247,0), vs = (—167,0), vs = (157,0), ve = (257,0), v7 = (267,0),

= (357,0) and vy = (367,0). yo=uvi+vs+v9€p*(G)X32. y =vs+v9€
p*(G)5c33. orda f* = =351 — 52— 9/2.

(16) The case for Xi6. V' = C<v1,...,v10> Where v = (357,0), vz = (367,0),

= (457,0), (P (467, 0), vs = (347, 61), Vg = (567,82), v7 = (—147 + 456, ¢3),

vg = (137 — 356, 84), Ug = (—267 - 346, 65) and V1o = (257 + 345,66). Yo = U4 +
vg + v1p € p*(G)X14. y; = vg + V10 € p*(G)X21. ordp, f* = —3s1 — 352 7.

(17) The case for xi7. Vi = C<vy,... 0107 where v; = (-467,0), vy =

(457,0), v3 = (567,0), vs = (147,0), vs = (—167 — 347,0), vs = (157 + 247,0), v7 =
(=267 — 357,0), vs = (367,0), vo = (257,0) and wvjp = (456,0). yo=vs —v7+
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v10 € p*(G)X22. y; = —v7 + v10 € p*(G)X30, Y| = V4 + Vg + V9 € p*(G)X32. 0rdp,, f* =
—4s) — 59 — 13/2.

(18) The case for Xs. Vet = C{uy,...,v11) where v; = (357,0), v, = (367,0),
vy = (457,0), vs=(467,0) and v4y; = (0,e;), 1<i<7. yy=vy+vg4+0vy €
P (G)X6. 1 =01 +vs+v7+ 09 €p*(G)Xng, ¥ =01+ v11 €p*(G)X3s. ordp,f° =
—2s1 —4sy — 19/2.

(19) The case for X9. Vi, = €<ty ... 011> where v = (567,0), v = (456,0),
v3 = (356 — 457,0), vs = (357,0), vs = (256 +467,0), ve = (257 — 367,0), vy =
(267,0), vg = (—457,e1), vy = (345, €3), v1o = 1/2(156 — 245 + 346, 2¢3) and vy, =
1/2(157 + 235 + 347, 264). Yo=Vs+v7+0v0€E p*(G))?g. Y1 =04+ € p*(G))~614,
y{ =v7 + V1o Gp*(G)fClg. ordAwfs = —4s5) — 35, — 17/2.

(20) The case for X. Vi, = C<o1, ..., 012) where v = (147,0), v, = (157,0),
v3 = (167,0), vs=(247,0), vs = (257,0), vg=(267,0), v;=(347,0), vg=
(357,0), Ug = (367,0), Vo = (156,6’4), U1 = (—146,65) and U1 = (145,86). Yo =
v4 + v3 4+ vjo € p*(G)X13. There is no one-codimensional orbit. Ay € Gy, with
f=-50—4, A=diag(—5x—4,2(ac+1),2(+1),—500 — 3, =50 — 3,9 + 6, 2a).
0y1(Ao) = Ta, dyy(Ao) = =T — 8.

(21) The case for X». Vi, = C<uy,...,v13) where v = (467,0), 0y =
(—457,0), v3 = (567,0), vs = (456,0), vs = (147,0), ve = (—167 —347,0), v; =
(157 4+ 247,0), vg = (367,0), vg = (=267 — 357,0), vi9 = (257,0), vy, = (146, ¢),
v = (—145,63) and ;3= 1/2(—156—246+345,2€1). Yo=10U5+ U9+ Vi3 €
P (G)Xs. y; = vs+vi0+v13 € p*(G)Xo, y| = v9+v13€p*(G)Xi6, and y| = vy +
V1o + U1y Ep*(G))?n. OVdAZIfs = —551 — 35, — 21/2.

(22) The case for X»;. Viyy = C<v1, ..., v14) where v = (567,0), v, = (267,0),
v3 = (456,0), v4=(-357,0), wvs=(257-367,0), uvg= (457 356,0), v;=
(256 + 467,0) and vy = (0, e,-), 1<i<T. yy=v1+0v3—v4+01€p*(G)x17.
y1 =2+ v3+ v13 € p*(G) X, Vi =02 +0v3—va+ v+ V—lv € p* (G
ordp,, f° = —3s1 — 45, — 10.

(23) The case for Xps. Vi, = CCv1,y. .. yv1a)  where vy = (234,0), v =
(567,0), vy =(345,0), vs =(267,0), vs = (246,0), vs = (357,0), v; = (237,0),
vg = (456,0), vg = (236 — 247,0), vip = (356 — 457,0), v1; = (235 + 347,0), vy =
(256 +467,0), v13 = (245 —346,0) and w4 = (257 — 367,0). (Giy, sy Vo) =
(GL(1) x Sp(3), A1 ® A3, V(14)). Yo =01+ 1y € p*(G)Xy, Yy =v7+0v3 €
P (G)Xx30. ordp,, [° = —4s; — 7.
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(24) The case for %. Vi, = C{vy,...,v15) where vy = (147,0), v, = (157,0),
vy = (167,0), vs = (247,0), vs = (257,0), v = (267,0), v7(347,0), vg = (357,0),
v9 = (367,0), wvip=(237,e1), vii = (=137,e2), vi2 = (127,e3), w13 = (567, ¢4),
vig = (—467,e5) and v1s = (457,¢6). (Gryy, P00 Var, = (GL(1) x SL(3) x SL(3),

ARATRAT+ A QA ®T+AI ®LI®ALV(9)+ V(3) + V(3)). Thus the trip-
let (Gzy,ps,,, Vsi,) is @ non P.V.

X24
(25) The case for xps. V) = C{vy,...,v15y where vy = (236 — 247,0), v, =
(234,0), vy =(237,0), vy = (246,0), vs=(267,0), vs = (2354 347,0), v; =
(245 — 346,0), vg = (256 + 467,0), vy = (257 — 367,0), v19 = (356 — 457,0), vy =
(—345,0), Vi = (357,0), Uiz = (456,0), Vg = (—567,0) and Vs = (247,6’1). The

triplet (Gzy, ps,,, V55,) is @ non P.V.

X25

(26) The case for Xp. V;; = C<v1,...,015) where v; = (267,0), v, = (367,0),
vy = (467,0), vy = (567,0), vs = (167,0), vs = (246 — 356,0), v; = (236,0), vg =
(256,0), Vg = (346, 0), Vo = (456, 0), U1 = (247 - 357,0), Vo = (237,0), U3 =
(257,0), vi4 = (347,0) and vjs = (457,0). yy=vs+vg +v13 € p*(G)X13, y1 =
vs + vg + 12 € p*(G)X22, y{ = vy + v13 € p*(G)X7. ordAzsfs =55 — 5, —19/2.

(27) The case for Xy7. Vi = C<vy,...,v16> where {v1,...,v9} = {(i/7,0);
1<i<34<j<6} and wyy; = (0,¢;), 1 <i<7T. yo= (14742574 367,¢7) €
p*(G)%as.  y; = (147+257,e7) € p*(G)Xs,  y| = (1474257 +367,e) +e4) €

p*(G))?25. 07‘61'/\27_/“'Y = —351 - 5S2 — 14.

(28) The case for Xy. Vi = C<vi,...,v16) Where v = (567,0), v, =
(—467,0), vy = (457,0), vs = (456, 0), vs = (147,0), ve = (257,0), v7 = (367,0),
vg = (267 + 357,0), ve = (167 + 347,0), v = (157 + 247,0), vy =
%(267— 357,261), Vi = 1/2(7167%-247,282), U13 :%(157—247,263), V14 =
(237,84), vis = (—137,65) and v = (127,66). Vo ="Us+ s+ V14 € p*(G)fW, V=

V4 + 04014 Gp*(G)ng, y{ =v;+ U5+ 04 € p*(G))Z‘25. OrdAzsfS = —5s51 —4s, — 13.

(29) The case for Xy9. V) = C{v1,...,vi6) Where v; = (267,0), v, = (236,0),
vy = (237,0), s = (256,0), vs=(257,0), ve=(567,0), v;=(—367,0), vs=
(467,0), vy = (167,0), vip = (=247 +357,0), vy = (246 — 356,0), vz = (456,0),
v13 = (457,0), vis = (346,0), vis = (347,0) and vie = (235,€1). yo =vo +v12+
v1s + vig € p*(G)Xs, ¥y = V3 + U9 + V12 + V15 € p*(G)X1s, Y| = U9 + V1o + V14 + V16 €
p*(G)x18. orday, f* = —6s1 — 352 —27/2.

(30) The case for X3. W = C<vi,...,v17) where vy = (567,0), v, =
(—467,0), vy = (457,0), uvs=(147,0), vs=(257,0), uve=(367,0), vy=

(267 + 357,0), vs = (167 + 347,0), vy = (157 + 247,0), v1o = (456,0) and vjos; =
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(0,e)), 1<i<T. yy=v4+uvg+vio+vi7€p*(G)¥11, yy=0v4+08+0v10+v14€
pH(G)xs, yi=uvg+vo+vi7€p (G)Xy7, and y! =wvs+vg+v17 € p*(G)Xn3.
ordp, f° = —4s; — 55, — 29/2.

(31) The case for X31. Vg = C<vi,...,v0) where v = (-467,0), v;=
567,0), 3 = (267,0), ve = (367,0), vs = (167,0), vs = (246 — 356,0), vy =
236,0), vs = (256,0), vo = (346,0), b1 = (456,0), v1y = (247 — 357,0), v
237 0) V13 = (257,0), Vg = (347,0), V15 = (457,0), U1g = (356,81), vy =
146, ez), U1 = (—-156, 63), Vg = (126, 64) and Uy = (136,65). Yo = U8 + v9 +
vy + v1s 4+ 017 € p*(G)Xa, ¥y = vg + v9 + v11 + V19 + v € p*(G)X14, ¥ =v7+ 3+
vig + vis + o € p*(G)X7, and  y{ =g+ +vis+v17 € p*(G)Xy.  ordp, fT =
—6s; —dsy — 15.

(-
(
(
(=

(32) The case for X3. V5, = C<vi,...,v21) where v; = (234,0), v = (567,0),

= (345,0), vs = (267,0), vs = (246,0), vs = (357,0), v7 = (237,0), vs = (456,0),
vy = (236 — 247,0), v10 = (356 — 457,0), v1; = (235 + 347,0), v12 = (256 + 467, 0),
v13 = (245 — 346,0), vig = (257 —367,0) and vjayi = (0,€:), 1 <i<7. yg=01+
V2 + V16 + V19 € p*(G)X15, ¥y =v7+vi3 +vig € p*(G)Xi7, yy =01 +v2+vi6+ 00 €
pH(G)Xis. ordp, f* = —4s) — 4s; — 23/2.

(33) The case for X33. Vi, = C<vy, ..., vn) where v = (267,0), v, = (367,0),
v3 = (467,0), vy = (567,0), vs = (167,0), ve = (246 — 356,0), v7 = (236,0), vs =
(256, O), U9 — (346, 0), D10 = (456, 0), 011 = (247 - 357,0), D12 = (237,0), V13 =
(257,0), via = (347,0), v1s = (457,0) and v154; = (0,e;), 1 <i<T7. yg=vs+vo+
V13 + V21 + U2 Ep*(G)sz Y| = Us + g + 013 + V21 Ep*(G)fﬁ, y{ =vs5+vg+ 012+
vy € p*(G)X11 and y| = vg + vi3 + V21 + v € p*(G)X1s. orda, fP = =551 — 55, —
16.

(34) The case for X3. V¥ = C{vi,...,vn) where v =(567,0), vz =
(—467,0), v3 = (457,0), vs = (—456,0), vs = (145,0), vs = (146,0), v; = (147,0),
vg = (167,0), Vg = (—157,0), Vg = (156,0), v = (245,0), Vg = (246,0), v13 =
(247, 0), Vig = (267,0), V15 = (—257,0), Vi = (256, 0), vy = (345,0), v1g =
(346,0), Uig = (347,0), Uy = (367,0), Dy = (—357,0) and Uy = (356, 0). Yo
vs +vg +vi2 — 021 € pF(G)X12. Yy =g+ v +vi2 — v € pF(G)Xig.  orda, f*
—6S1 — 2S2 - 13.

I

(35) The case for Xx35. WV = C<u1, ...,0sy where v} = (467,0), v
(—457,0), v3 = (456,0), vs = (567,0), vs = (145,0), vs = (146,0), v; = (147,0),
= (245,0), Vg = (246, 0), Vg = (247,0), v = (345,0), V)2 = (346,0), U1

3
(347,0), Vig = (167,0), V15 = (—157,0), Vg = (156, 0), V17 = (267,0), v1g =

—

I
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(——257,0), Vg = (256, 0), U0 = (367,0), U321 = ('357,0), Uy = (356,0), U3 =
(234,¢1), vy = (—134,e7) and vy = (124,e3). yy=vs+via+vig+ v+ €
p*(G)sz. Y1 =Us+ U4+ Ui1g+023€ p*(G)fQ;, y{ =vist+01g+ U+ € p*(G)ng.
ordp, f* = —Ts; — 4s; — 18.

(36) The case for Xs3. Vi =C(vi,...,v9) where v = (567,0), vy =
(—467,0), v3 = (457,0), v4 = (—456,0), vs = (145,0), vs = (146,0), v; = (147,0),
vg = (167,0), vg = (—157,0), vio = (156,0), v1;; = (245,0), vi2 = (246,0), vi3 =
(247,0), V4 = (267,0), Uis = (—257,0), Vi = (256,0), V17 = (345,0), v1g =
(346, 0), vyg = (347,0), U9 = (367,0), vy = (~357,0), Uy = (356,0) and Uy =
(0,€i), 1l <i<7. yy=uvs+uvg+ vy — 2+ 27+ U2 ep*(G)x3. y,=vs+uvg+
V12 — V21 4 V27 € p*(G)Xy, Y| = vg + 011 + V12 — V21 + U2g + V29 € p*(G)Xs. ordp, f°
= —6S1 — 58y — 18.

(37) The case for X3. Vi = C{(ijk,0); 1<i<j<k<T). yo=(125+
136 + 147 + 234 + 567,0) € p*(G)X10- y1 = (125 + 136 + 234 + 567,0) € p*(G)X12,
yi = (145 + 167 + 234 + 256 4 357,0) € p*(G)%12. ordn,,f* = —Ts1 — 35, —35/2.

(38) The case for X35. (Gxyg, Py Vo) = (Gop, V). ¥y = X1, ¥y = %2, y| = X3
OVdAwfs = —T7s1 — 58y — 21.

Hence, we obtain the holonomy diagram (Figure 1) where we denote by
©
the conormal bundle of the orbit p(G)X; which is j-codimensional.
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