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ON CHEN INVARIANT OF CR-SUBMANIFOLDS IN A

COMPLEX HYPERBOLIC SPACE

By
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1. Introduction

One of the very basic problems in submanifold theory is to find relations

between extrinsic and intrinsic invariants of submanifolds. Many famous results

in di¤erential geometry, such as isoperimetric inequality, Chern-Lashof ’s theorem

among others, are regarded as results in this respect.

Recently, Bang-Yen Chen has introduced new type of Riemannian curvature

invariants and obtained sharp inequalities involving these invariants and the

square mean curvature for arbitrary submanifolds in real and complex space

forms ([5], [6]). Roughly speaking, an isometric immersion of a Riemannian

manifold into a space form satisfying an equality case of the inequalities is an

immersion which produces the least possible amount of tension from the ambient

space at each point of the submanifold. It is natural and interesting to investigate

such submanifolds, from both geometric and physical point of views.

Let M be an n-dimensional Riemannian manifold. Denote by KðpÞ the

sectional curvature of M associated with a plane section pHTpM, p A M. For

any orthonormal basis e1; . . . ; en of the tangent space TpM, the scalar curvature

t at p is defined to be tðpÞ ¼
P

i<j Kðei5ejÞ. Let L be a subspace of TpM of

dimension rb 2 and fe1; . . . ; erg an orthonormal basis of L. We define the scalar

curvature tðLÞ of the r-plane section L by tðLÞ ¼
P

a<b Kðea5ebÞ, 1a a; ba r.

For an integer kb 0, denote by Sðn; kÞ the finite set consisting of unordered

k-tuples ðn1; . . . ; nkÞ of integersb 2 satisfying n1 < n and n1 þ � � � þ nk a n. De-

note by SðnÞ the set of k-tuples with kb 0 for a fixed n.

For each k-tuple ðn1; . . . ; nkÞ A SðnÞ, Chen’s curvature invariant dðn1; . . . ; nkÞ
introduced in [5, 6] are given by

dðn1; . . . ; nkÞðpÞ ¼ tðpÞ � infftðL1Þ þ � � � þ tðLkÞg; ð1:1Þ
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where L1; . . . ;Lk run over all k mutually orthogonal subspaces of TpM such that

dim Lj ¼ nj, j ¼ 1; . . . ; k.

In [6] Chen proved that, for every n-dimensional submanifold Mn in a real

space form RmðeÞ of constant sectional curvature e, the invariant dðn1; . . . ; nkÞ and

the square mean curvature H 2 of Mn satisfy the following sharp inequality:

dðn1; . . . ; nkÞa cðn1; . . . ; nkÞH 2 þ bðn1; . . . ; nkÞe; ð1:2Þ

where cðn1; . . . ; nkÞ and bðn1; . . . ; nkÞ are positive constants defined by

cðn1; . . . ; nkÞ ¼
n2ðnþ k � 1 �

P
njÞ

2ðnþ k �
P

njÞ
; ð1:3Þ

bðn1; . . . ; nkÞ ¼
1

2
nðn� 1Þ �

Xk
j¼1

njðnj � 1Þ
 !

: ð1:4Þ

It was proved in [6] that the same inequality holds for totally real sub-

manifolds in a complex space form of constant holomorphic sectional curvature

4e, too.

Let M be a submanifold in a Kaehler manifold ~MM. A subspace V HTpM is

called totally real if JV HT?
p M, where T?

p M denote the normal space of M at p.

M is called totally real if each tangent space of M is totally real. A submanifold

M of ~MM is called a CR-submanifold if there exists on M a di¤erentiable holo-

morphic distribution H such that its orthogonal complement H? HTM is a

totally real distribution ([2]).

For a ð2nþ pÞ-dimensional CR-submanifolds with 2n-dimensional maximal

holomorphic tangent subspace (i.e, dim H? ¼ p) in a complex hyperbolic space

CHmð�4Þ of constant holomorphic sectional curvature �4, we have the following

sharp inequality:

dðn1; . . . ; nkÞa cðn1; . . . ; nkÞH 2 � bðn1; . . . ; nkÞ � 3nþ 3

2

Xk
i¼1

ni: ð1:5Þ

Let M be a real 2n-dimensional Kaehler manifold. For a k-tuple

ð2n1; . . . ; 2nkÞ A Sð2nÞ, Chen has also introduced the complex d-invariants

dcð2n1; . . . ; 2nkÞ by

dcð2n1; . . . ; 2nkÞ ¼ t� infftðLc
1Þ þ � � � þ tðLc

kÞg;

where Lc
1; . . . ;L

c
k run over all k mutually orthogonal complex subspaces of TpM,

p A M, with dimensions 2n1; . . . ; 2nk, respectively.
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For dcn :¼ dcð2; . . . ; 2Þ (2 appears n times) of a 2n-dimensional Kaehler sub-

manifold in the complex Euclidean space, we have the following result from [5].

dcn a 0: ð1:6Þ

In [9] the author investigated CR-submanifolds with dim H? ¼ 1 in a com-

plex hyperbolic space satisfying the equality case of (1.5) with dð2; . . . ; 2Þ (2

appears k times) and established the explicit representation of such submanifolds

in an anti-de Sitter space-time via Hopf ’s fibration, in terms of Kaehler sub-

manifolds of the complex Euclidean ðm� 1Þ-space which satisfying the equality

case of (1.6). This result is a generalization of Chen and Vrancken’s result with

n ¼ 1 and k ¼ 1 ([7]).

CR-submanifolds we constructed in [9] have the following properties:

(1) The shape operator Ah with respect to the unit vector field h A H? has two

constant principal curvatures.

(2) The mean curvature vector field is parallel.

A submanifold is said to be linearly full in CHmð�4Þ if it does not lie in

any totally geodesic complex hypersurface of CHmð�4Þ.
The purpose of this paper is to determine linearly full CR-submanifolds with

dim H? ¼ 1 in CHmð�4Þ ðm > nþ 1Þ satisfying the equality case of (1.5) with a

general k-tuple ðn1; . . . ; nkÞ, under the condition that the shape operator Ah with

respect to h A H? has constant principal curvatures.
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2. Preliminaries

For a submanifold Mn of a complex space form ~MMnð4eÞ, we denote by ‘

and ~‘‘ the Levi-Civita connection on M and ~MMnð4eÞ, respectively. The formulas

of Gauss and Weingarten are given respectively by

~‘‘XY ¼ ‘XY þ hðX ;Y Þ; ð2:1Þ

~‘‘Xx ¼ �AxX þDXx; ð2:2Þ

where h;A and D are the second fundamental form, the shape operator and

the normal connection. Denote by R and ~RR the Riemann curvature tensors of

Mn and ~MMnð4eÞ. Then the equations of Gauss, Codazzi and Ricci are given
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respectively by

hRðX ;YÞZ;Wi ¼ hAhðY ;ZÞX ;Wi� hAhðX ;ZÞY ;Wi

þ efhY ;ZiX � hX ;ZiY þ hJY ;ZiJX � hJX ;ZiJY þ 2hX ; JYiJZg; ð2:3Þ

ð ~RRðX ;YÞZÞ? ¼ ð‘XhÞðY ;ZÞ � ð‘YhÞðX ;ZÞ; ð2:4Þ

RDðX ;Y ; x; hÞ ¼ ~RRðX ;Y ; x; hÞ þ h½Ax;Ah�ðX Þ;Yi; ð2:5Þ

where X ;Y ;Z;W (respectively, h and x) are vector tangent (respectively, normal)

to M, RDðX ;YÞ ¼ ½DX ;DY � �D½X ;Y �, and ‘h is defined by

ð‘XhÞðY ;ZÞ ¼ DXhðY ;ZÞ � hð‘XY ;ZÞ � hðY ;‘XZÞ: ð2:6Þ

Let M be a CR-submanifold. Denote by T?M ¼ JH? l n the orthogonal

decomposition of the normal bundle, where H? is the totally real distribution

and n a complex subbundle of T?M. We have from [4]

AJZW ¼ AJWZ; AJxX ¼ �AxJX ; ð2:7Þ

for vector fields Z;W in H?, x in n, U in TM and vector field X in the hol-

omorphic distribution H.

3. Main Results

Consider the complex number ðmþ 1Þ-space C mþ1
1 endowed with the pseudo-

Euclidean metricg0 given by (for the details, cf. [8])g0 ¼ �dz0dz0 þ
Pm

j¼1 dzjdzj, where

zk denotes the complex conjugate of zk. On C mþ1
1 we define ðz;wÞ ¼

�z0w0 þ
Pm

k¼1 zkwk. Put H 2mþ1
1 ð�1Þ ¼ fz ¼ ðz0:z1: . . . :zmÞ A C mþ1

1 : ðz; zÞ ¼ �1g.

Then H 2mþ1
1 ð�1Þ is a real hypersurface of C mþ1

1 whose tangent space at z A

H 2mþ1
1 ð�1Þ is given by TzH

2mþ1
1 ð�1Þ ¼ fw A C mþ1

1 : Reðz;wÞ ¼ 0g. It is known

that H 2mþ1
1 ð�1Þ together with the induced metric g is a pseudo-Riemannian mani-

fold of constant sectional curvature �1, which is known as an anti-de Sitter space

time.

We put H 1
1 ¼ fl A C : ll ¼ 1g. Then we have an H 1

1 -action on H 2mþ1
1 ð�1Þ

given by z 7! lz. At each point z in H 2mþ1
1 ð�1Þ, the vector iz is tangent to

the flow of the action. Since ð ; Þ is Hermitian, we have ðiz; izÞ ¼ �1. Note that

the orbit is given by xðtÞ ¼ eitz and dxðtÞ=dt ¼ ixðtÞ. Thus the orbit lies in the

negative definite plane spanned by z and iz. The quotient space H 2mþ1
1 ð�1Þ=@,

under the identification induced from the action, is the complex hyperbolic

space CHmð�4Þ with constant holomorphic sectional curvature �4. The almost

complex structure J on CHmð�4Þ is induced from the canonical almost com-
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plex structure J on C mþ1
1 , the multiplication by i, via the totally geodesic fibration:

p : H 2mþ1
1 ð�1Þ ! CHmð�4Þ.

The main result is the following.

Theorem 1. Let M be a linearly full ð2nþ 1Þ-dimensional CR-submanifolds

with dim H? ¼ 1 in CHmð�4Þ ðm > nþ 1Þ satisfying the equality case of (1.5).

Then the shape operator Ah with respect to the unit vector field h A H? has con-

stant principal curvatures if and only if up to rigid motions, the immersion is the

composition p � z, where z is locally, one of the following.

(1) z : M̂M ¼ R2 �U ! C mþ1
1 is given by

zðu; t;w1; . . . ;wnÞ ¼ eit �1 � 1

2
jCj2 þ iu;� 1

2
jCj2 þ iu;C

� �
; ð3:1Þ

where U is a domain of C n and C : U ! C m�1 is a holomorphic isometric im-

mersion in C m�1 satisfying the equality case of (1.6).

(2) z : R2nþ2 IU ! C mþ1
1 is given by

zðs; t; x1; x2; . . . ; y1; y2Þ

¼ gðx; yÞe�ð1�a2Þis;
a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 � a2Þ

p
1 � a2

eðð1�a2Þ=aÞit; fðx; yÞe�ð1�a2Þis

 !
; ð3:2Þ

where a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k=ð2n� kÞ

p
, �jgj2 þ jfj2 ¼ �1=ð1 � a2Þ and z1 ¼ ðgðx; yÞe�ð1�a2Þis;

0; fðx; yÞe�ð1�a2ÞisÞ is a CR-submanifold with pseudo-Riemannian metric in C m
1

which satisfies the following conditions:

There exists an orthonormal basis fE1; . . . ;E2n; ~EE2nþ1g such that E2l ¼ iE2l�1

ðl ¼ 1; . . . ; nÞ, ~EE2nþ1 ¼ ð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � a2

p
Þq=qs and the second fundamental form ~hh takes

the following form.

~hhðE2r�1;E2r�1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � a2

p
i ~EE2nþ1 þ fr

~xxr; ð3:3Þ

~hhðE2r;E2rÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � a2

p
i ~EE2nþ1 � fr

~xxr; ð3:4Þ

~hhðE2r�1;E2rÞ ¼ if~xxr; ~hhðXi;XjÞ ¼ ~hhðXi; ~EE2nþ1Þ ¼ 0; ði0 jÞ ð3:5Þ

~hhð ~EE2nþ1; ~EE2nþ1Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � a2

p
i ~EE2nþ1 ð3:6Þ

where Xj A ~LLj :¼ SpanfEn1þ���þnj�1þ1; . . . ;En1þ���þnjg ð j ¼ 1; . . . ; nÞ, n1 ¼ � � � ¼ nn ¼
2n=k, fr are functions and ~xxr are unit normal vector fields perpendicular to i ~EE2nþ1.

Another purpose is to prove the following general property.
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Theorem 2. Let M be a ð2nþ pÞ-dimensional CR-submanifolds with

dim H? ¼ p in CHmð�4Þ satisfying the equality case of (1.5). Then M has

parallel mean curvature vector fields ~HH i.e., D~HH ¼ 0 and, moreover, M is foliated

by geodesics or circles of CHmð�4Þ. In particular, if m > nþ 1, p ¼ 1 and M is

linearly full, then M is non-minimal and foliated by circles of CHmð�4Þ. If

p > 1, then M is minimal and foliated by geodesics of CHmð�4Þ.

4. Proof of Theorem 1

For a subspace L A TpM of dimension r we put CðLÞ ¼
P

i<j hJvi; vji
2,

1a i; ja r, where fv1; . . . ; vrg is an orthonormal basis of L.

We have the following general inequalities from [6].

Lemma 3. Let x : M ! CHmð�4Þ be a ð2nþ pÞ-dimensional CR-submanifold

with dim H? ¼ p. Then

dðn1; . . . ; nkÞa cðn1; . . . ; nkÞH 2 � bðn1; . . . ; nkÞ � 3nþ 3

2

Xk
i¼1

ni ð4:1Þ

Equality sign of (4.1) holds for some ðn1; . . . ; nkÞ A Sð2nþ pÞ if and only if, there

exists an orthonormal basis e1; . . . ; e2m at p, such that

(a) Lj :¼ Spanfen1þ���þnj�1þ1; . . . ; en1þ���þnjg satisfy CðLjÞ ¼ nj=2,

(b) the shape operators of M in CHmð�4Þ at p take the following forms:

Ar ¼

Ar
1 � � � 0 0 � � � 0

..

. . .
. ..

. ..
. . .

. ..
.

0 � � � Ar
k 0 � � � 0

0 � � � 0 mr � � � 0

..

. . .
. ..

. ..
. . .

. ..
.

0 � � � 0 0 � � � mr

0
BBBBBBBBBB@

1
CCCCCCCCCCA
;

r ¼ 2nþ 2; . . . ; 2m;

where Ar :¼ Aer and each Ar
j is a symmetric nj � nj submatrix such that

traceðAr
1Þ ¼ � � � ¼ traceðAr

kÞ ¼ mr: ð4:2Þ

In the rest of this paper we shall assume that M is a ð2nþ 1Þ-dimensional

CR-submanifolds with dim H? ¼ 1 in a complex hyperbolic space satisfying the

equality case of (4.1). Under the hypothesis, we have ~HH A JD? in the same way

as [9]. Let fe1; . . . ; e2mg be an orthonormal frame field on M mentioned in
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Lemma 3 such that e2nþ2 is parallel to the mean curvature vector field and

fe1; . . . ; e2nþ1g diagonalize the shape operator A2nþ2. Without loss of generality

we may assume that Je2nþ1 ¼ e2nþ2. In the same way as [9] we have Je2nþ1 is a

parallel normal vector field, i.e., DðJe2nþ1Þ ¼ 0. Then we get

2hPX ;Yiþ 2hA2nþ2PA2nþ2X ;Yi ¼ ðXm2nþ2Þhe2nþ1;Yi

� ðYm2nþ2Þhe2nþ1;Xiþ m2nþ2hPA2nþ2X ;Yi� m2nþ2hPA2nþ2Y ;Xi; ð4:3Þ

where PX is tangential components of JX.

From now on we shall assume that all principal curvatures of A2nþ2 are

constant. Then we have the following lemmas.

Lemma 4. Let fe1; . . . ; e2ng be an orthonormal frame field of H with

A2nþ2ei ¼ liei as above. Then for any i A f1; . . . ; 2ng we get,

X2n
j¼1;lj0li

�1 þ lilj

li � lj
ð1 þ 2hPei; ejiÞ2 þ 1

li � lj

Xm
2nþ3

ðhr
iih

r
jj � ðhr

ijÞ
2Þ

 !
¼ 0: ð4:4Þ

where hr
ij ¼ hArei; eji.

Proof. The proof is given in the same way as the proof of lemma 2 in

[3]. r

Lemma 5. If m2
2nþ2 ¼ 4, then A2nþ2 has exactly two distinct principal curvatures.

Proof. Let sðHÞ be the spectrum of A2nþ2jH. For l A sðHÞ we denote by

Tl the sub-bundle of H formed by the eigenspaces corresponding to the

eigenvalue l. By using (4.3) for l A sðHÞ, X A Tl we have

ð2l� m2nþ2ÞA2nþ2PX ¼ ð�2 þ lm2nþ2ÞPX : ð4:5Þ

Assume that there exists l A sðHÞ with l0 a=2. We obtain from (4.5) that

A2nþ2PX ¼ ða=2ÞPX for X A Tl. Hence a=2 is an eigenvalue. Let Ej be the

eigenvectors corresponding to lj 0 a=2.

By the way, we have ~RRðX ;Y ; Je2nþ1; xÞ ¼ RDðX ;Y ; Je2nþ1; xÞ ¼ 0 for any

x A n by virtue of DðJe2nþ2Þ ¼ 0. Hence, Ricci equation implies

½A2nþ2;Ax� ¼ 0: ð4:6Þ

It follows from (2.7) and (4.6) that hArEj;EjihArX ;Xi� hArEj;Xi2 ¼ 0, for

eigenvector X A Ta=2. Hence we have
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X2n
j¼1;lj0a=2

�1 þ ða=2Þlj
a=2 � lj

ð1 þ 2hPX ;Eji
2Þ ¼ � a

2

X2n
j¼1;lj0a=2

ð1 þ 2hPX ;Eji
2Þ0 0;

ð4:7Þ

which contradicts (4.4). Therefore we obtain that sðHÞ ¼ fa=2g. r

Lemma 6. If m2
2nþ2 0 4, A2nþ2 has at most three distinct principal curvatures.

Proof. If ]sðHÞb 2, then we have the following orthogonal decomposition:

H ¼ Ta1
l JTa1

l � � �Tas l JTas lTl lTm2nþ2�l; ð4:8Þ

where l ¼ mnþ2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
nþ2 � 4

q
=2

� �
, Tl and Tm2nþ2�l are J-invariant, and l0 aj

from (4.5). We may assume that we can choose the eigenvalue b A sðHÞ with

b > 0 and that there are no further eigenvalues between b and 1=b. Hence, for all

eigenvalues g A sðHÞ, we have

�1 þ bg

b � g
a 0: ð4:9Þ

On the other hand by virtue of (2.7) and (4.6), we have hArei; eji ¼ 0 for

rb 2nþ 2 and ðei; ejÞ B Tl lTm2nþ2�l � Tl lTm2nþ2�l. Hence we obtain

X2n
j¼1;lj0al

Xm
r¼2nþ3

1

al � lj
ðhArX ;XihArej; eji� hArej;Xi2Þ ¼ 0 ð4:10Þ

for each eigenvector X corresponding to al ðl ¼ 1; . . . ; sÞ. Further, for each eigen-

vector Y corresponding to l, we have

X2n
j¼1;lj0l

Xm
r¼2nþ3

1

l� lj
ðhArY ;YihArej; eji� hArY ; eji

2Þ

¼
Xm

r¼2nþ3

1

2l� m2nþ2

hArY ;Yi
Xt

j¼1;lj0l

hAr
~EEj; ~EEji

0
@

1
A¼ 0; ð4:11Þ

where ~EEj are eigenvectors corresponding to m2nþ2 � l and t ¼ dim Tm2nþ2�l. It

follows from (4.4), (4.9), (4.10) and (4.11) that �1 þ bg ¼ 0. Hence we obtain

that Tl ¼ f, Tm2nþ2�l ¼ f and s ¼ 2. Therefore ]sðHÞ ¼ 2. r

Lemma 7. If m > nþ 1 and M is linearly full, then n1 ¼ � � � ¼ nk, n1 þ � � � þ
nk ¼ 2n and, moreover, with respect to some suitable orthonormal frame field
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fe1; . . . ; e2mg, the second fundamental form of M in CHmð�4Þ satisfies

hðe2r�1; e2r�1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k

2n� k

r
Je2nþ1 þ frxr; ð4:12Þ

hðe2r; e2rÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k

2n� k

r
Je2nþ1 � frxr; ð4:13Þ

hðe2r�1; e2rÞ ¼ frJxr; hðe2nþ1; e2nþ1Þ ¼
2nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kð2n� kÞ
p Je2nþ1 ð4:14Þ

hð fi; fjÞ ¼ hð fi; e2nþ1Þ ¼ 0 ði0 jÞ; ð4:15Þ

where r ¼ 1; . . . ; n; fr are functions, xr A n and fj A Lj :¼ Spanfen1þ���þnj�1þ1; . . . ;

en1þ���þnjg.

Proof. If n1 þ � � � þ nk < 2n, then we have A2nþ2e2n�1 ¼ m2nþ2e2n�1,

A2nþ2Je2n�1 ¼ m2nþ2Je2n�1. We obtain from (4.3) that 2 þ 2m2
2nþ2 ¼ 2m2

2nþ2. It is a

contradiction. Therefore n1 þ � � � þ nk ¼ 2n.

Suppose that A2nþ2 has exactly three distinct principal curvatures, m2nþ2,

mnþ2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
nþ2 � 4

q� �
=2 and mnþ2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
nþ2 � 4

q� �
=2. If each submatrix Ai

2nþ2 has

only one eigenvalue li, then we have nili ¼ ni=
ffiffiffiffiffiffiffiffiffiffiffiffi
ni � 1

p
¼ m2nþ2 for any i. Hence

]sðHÞ ¼ 1. But it is a contradiction. If there exists a submatrix A
j
2nþ2 which has

two eigenvalues mnþ2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
nþ2 � 4

q� �
=2 and mnþ2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
nþ2 � 4

q� �
=2 whose multi-

plicities are l and m ðl > mÞ respectively. Then we get ðl �mÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

2nþ2 � 4
q

¼
ð2 � l �mÞm2nþ2. But it does not hold, since l;m > 2. If H ¼ Ta1

l JTa1
, where

a1 0 m2nþ2, mnþ2 G
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
nþ2 � 4

q� �
=2, then it follows from (2.7) and (4.6) that M is

contained in a totally geodesic complex hyperbolic space CHnþ1ð�4Þ, since

Je2nþ1 is parallel. This is a contradiction. Therefore, A2nþ2 has exactly two

distinct eigenvalues.

Let X be the eigenvector corresponding to the second eigenvalue a0 m2nþ2.

From (4.5) we obtain that PX is also an eigenvector corresponding to the

eigenvalue b ¼ ð�2 þ am2nþ2Þ=ð2a� m2nþ2Þ. Since A2nþ2 has exactly two distinct

eigenvalues, we have b ¼ m2nþ2 or b ¼ a.

Suppose that A2nþ2 has two distinct eigenvalues m2nþ2 and ð�2 þ m2
2nþ2Þ=

m2nþ2, i.e. m2nþ2 ¼ b. Then, using (2.7) and (4.6), we obtain that M is contained in

a totally geodesic complex hyperbolic space CHnþ1ð�4Þ. This is a contradiction.

Hence A2nþ2 has two distinct eigenvalues m2nþ2 and a ¼ b. Then from (4.3)

we obtain that a2 � m2nþ2a ¼ �1. Moreover, using (4.5), we obtain that Ta is
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J-invariant. Further, let us suppose that the multiplicity of m2nþ2 is greater

than one. Let X A Tm2nþ2
and hX ; e2nþ1i ¼ 0. Then it follows from (4.5) that

A2nþ2PX ¼ ðð�2 þ m2
2nþ2Þ=m2nþ2ÞPX ¼ aPX . Hence, PX A Ta. Therefore we ob-

tain that A2nþ2P
2X ¼ aP2X , i.e. A2nþ2X ¼ aX . But it is a contradiction, since

m2nþ2 0 a. Therefore, the multiplicity of m2nþ2 is one. Moreover n1 ¼ � � � ¼ nk by

virtue of lemma 3.

Consequently, from lemma 3, replace e2nþ1 by �e2nþ1 if necessary, we obtain

that a ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
n1 � 1

p
and m2nþ2 ¼ n1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
n1 � 1

p
. r

Let M̂M ¼ p�1ðMÞ denote the inverse image of M via the Hopf fibration

p : H 2mþ1
1 ! CHmð�4Þ. Then M̂M is a principal circle bundle over M with time-

like totally geodesic fibers. Let z : M̂M ! H 2mþ1
1 ð�1ÞHC mþ1

1 denote the immer-

sion of M̂M in C mþ1
1 . Let ~‘‘ and ‘̂‘ denote the metric connections of C mþ1

1 and M̂M,

respectively. We denote by X � the horizontal lift of a tangent vector X of

CHmð�4Þ. Then we have (cf. [8])

~‘‘X �Y � ¼ ð‘XYÞ� þ ðhðX ;YÞÞ� þ hJX ;YiV þ hX ;Yiz; ð4:16Þ

~‘‘X �V ¼ ~‘‘VX
� ¼ ðJX Þ�; (4.17)

~‘‘VV ¼ �z; ð4:18Þ

for vector fields X ;Y tangent to M, where z is the position vector of M̂M in C 2mþ1
1

and V ¼ iz A TzH
2mþ1
1 ð�1Þ.

Let E1; . . . ;E2nþ1; x
�
r be the horizontal lifts of e1; . . . ; e2nþ1; xr, respectively and

let E2nþ2 ¼ iz, and let fo j
i g be connection forms of M̂M. Then, in the same way as

[7, 9], from lemma 7, (4.16), (4.17) and (4.18), we obtain

~‘‘E2r�1
E2r�1 ¼

X2n
j¼1

o
j
2r�1ðE2r�1ÞEj þ aiE2nþ1 þ frx

�
r � iE2nþ2; ð4:19Þ

~‘‘E2r�1
E2r ¼

X2n
j¼1

o
j
2rðE2r�1ÞEj � aE2nþ1 þ ifrx

�
r þ E2nþ2; ð4:20Þ

~‘‘E2r
E2r�1 ¼

X2n
j¼1

o
j
2r�1ðE2rÞEj þ aE2nþ1 þ ifrx

�
r � E2nþ2; ð4:21Þ

~‘‘E2r
E2r ¼

X2n
j¼1

o
j
2rðE2rÞEj þ iaE2nþ1 � frx

�
r � iE2nþ2; ð4:22Þ
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~‘‘E2r�1
E2nþ1 ¼ aE2r; ð4:23Þ

~‘‘E2r
E2nþ1 ¼ �aE2r�1; ð4:24Þ

~‘‘E2nþ1
E2nþ1 ¼ 2n

k
aiE2nþ1 � iE2nþ2; ð4:25Þ

~‘‘E2r�1
E2nþ2 ¼ ~‘‘E2nþ2

E2r�1 ¼ E2r; ð4:26Þ

~‘‘E2r
E2nþ2 ¼ ~‘‘E2nþ2

E2r ¼ �E2r�1; ð4:27Þ

~‘‘E2nþ1
E2nþ2 ¼ ~‘‘E2nþ2

E2nþ1 ¼ iE2nþ1; ð4:28Þ

~‘‘E2nþ2
E2nþ2 ¼ iE2nþ2; ð4:29Þ

~‘‘Xi
Xj A SpanfE1; . . . ;E2ng ði0 jÞ; ð4:30Þ

where r ¼ 1; . . . ; n, a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k=ð2n� kÞ

p
and Xj A Lj :¼ SpanfEn1þ���þnj�1þ1; . . . ;

En1þ���þnjg.

By using the above equations, we obtain the following lemmas.

Lemma 8. ‘̂‘E2nþ1�aE2nþ2
ðE2nþ1 � aE2nþ2Þ ¼ 0, ‘̂‘X 0Y 0 A D1 for X 0;Y 0 A D1,

where D1 :¼ SpanfE1;E2; . . . ;E2n; aE2nþ1 � E2nþ2g.

Lemma 9. Let X 0 A D1. Then ‘̂‘E2nþ1�aE2nþ2
X 0 A D1, ‘̂‘X 0 ðE2nþ1 � aE2nþ2Þ ¼ 0.

Lemma 10. Z :¼ E2nþ1 � aE2nþ2 is a constant vector in C mþ1
1 along each

integral manifold of D1.

Proof. If follows from (4.23), (4.24), (4.26) and (4.27) that
~‘‘E2r�1

ðE2nþ1 � aE2nþ2Þ ¼ ~‘‘E2r
ðE2nþ1 � aE2nþ2Þ ¼ 0. Using (4.25), (4.28) and (4.29),

we get ~‘‘aE2nþ1�E2nþ2
ðE2nþ1 � aE2nþ2Þ ¼ ðð2n=kÞa2 � a2 � 1ÞiE2nþ1 ¼ 0. r

If a ¼ 1, we have k ¼ n and n1 ¼ � � � ¼ nn ¼ 2. In this case, M̂M is represented

by (1) of Theorem 1 by virtue of main theorem in [9].

Suppose that a0 1. Then from lemma 8, 9, there exist coordinates

fs; t; x1; y1; . . . ; xn; yng such that q=qs; q=qx1; . . . ; q=qyn are tangent to integral

manifolds of D1, q=qs ¼ aE2nþ1 � E2nþ2 and q=qt ¼ E2nþ1 � aE2nþ2. Then M̂M is

locally a Riemannian product M̂M1 � M̂M2, where M̂M1 is a integral manifold of D1

and M̂M2 is a integral curve of E2nþ1 � aE2nþ2. Moreover, z : M̂M ! C mþ1
1 is a prod-

uct immersion. We put Z0 :¼ Zjt¼0.

We may assume Z0 ¼ ð0;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � a2

p
; 0; . . . ; 0Þ, up to rigid motions. In the same
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way as [7, 9], since ðz;Z0Þ is constant, we have

zðs; 0; x1; y1; . . . ; xn; ynÞ ¼ ð f ; c;C1; . . . ;Cm�1Þ; ð4:31Þ

where c is a constant determined by the initial conditions and f ;C1; . . . ;Cm�1

are functions.

Since zs þ ð1 � a2Þiz ¼ aE2nþ1 � E2nþ2 þ ð1 � a2ÞE2nþ2 ¼ aðE2nþ1 � aE2nþ2Þ ¼
aZ, we have

qf

qs
þ ð1 � a2Þif ¼ 0;

qCj

qs
þ ð1 � a2ÞiCj ¼ 0; ð4:32Þ

cð1 � a2Þi ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � a2

p
; ð1 � a2Þiz2 ¼ a

qz2

qt
; ð4:33Þ

where, z2 is a position vector of M̂M2 in C mþ1
1 . By solving di¤erential equations

(4.32) and (4.33), we have

zðs; t; x1; . . . ; ynÞ

¼ gðx1; . . . ; ynÞe�ð1�a2Þis;
a
ffiffiffiffiffiffiffiffiffiffiffiffi
1�a2

p

a2 � 1
ieðð1�a2Þ=aÞit; fðx1; . . . ; ynÞe�ð1�a2Þis

 !
: ð4:34Þ

Since ðz; zÞ ¼ �1, we have

�jgj2 þ a2

1 � a2
þ jfj2 ¼ �1: ð4:35Þ

We put ~EE2nþ1 ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � a2

p
ðaE2nþ1 � E2nþ2Þ and ~EE2nþ2 ¼ ð1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � a2

p
Þ �

ðE2nþ1 � aE2nþ2Þ. It follows from (4.19)–(4.29) that the second fundamental

form of M̂M1 in C m
1 satisfies (3.3)–(3.6).

Conversely, suppose that M̂M satisfies the conditions in (2) of Theorem 1.

Let ~EE2nþ2 be a unit vector field of M̂M2. We put E2nþ1 ¼ ða
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � a2

p
=ða2 � 1ÞÞ �

~EE2nþ1 � ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � a2

p
=ða2 � 1ÞÞ ~EE2nþ2 and E2nþ2 ¼ ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � a2

p
=ða2 � 1ÞÞ ~EE2nþ1 �

ða
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � a2

p
=ða2 � 1ÞÞ ~EE2nþ2. Then, fE1; . . . ;E2n;E2nþ1;E2nþ2g is an orthonormal

basis M̂M and the second fundamental form of M̂M in C mþ1
1 satisfies

~hhðE2r�1;E2r�1Þ ¼ aiE2nþ1 � iE2nþ2 þ fr
~xxr; ð4:36Þ

~hhðE2r;E2rÞ ¼ aiE2nþ1 � iE2nþ2 � fr
~xxr; ð4:37Þ

~hhðE2r�1;E2rÞ ¼ ifr
~xxr; ~hhðXi;XjÞ ¼ hðXi;E2nþ1Þ ¼ 0; ði0 jÞ; ð4:38Þ

~hhðE2nþ1;E2nþ1Þ ¼
2n

k
aiE2nþ1 � iE2nþ2; ð4:39Þ
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Xi A Li, fr are functions and ~xxr are unit normal vector fields perpendicular to

iE2nþ1; iE2nþ2. Therefore, we obtain that e1 ¼ p�ðE1Þ; . . . ; en ¼ 2p�ðE2nÞ, e2nþ1 ¼
p�ðE2nþ1Þ satisfy (4.12)–(4.15). This completes the proof of Theorem 1.

In the rest of this section we shall determine normal CR-submanifolds with

dim H? ¼ 1 in a complex hyperbolic space satisfying the equality case of (1.7).

ðP; e2nþ1;o
1; gÞ defines an almost contact metric structure on ðM; gÞ, where

o1ðXÞ :¼ he2nþ1;Xi and g is an induced metric ([10]). M is said to be normal

if the tensor field S defined by

SðX ;YÞ ¼ ½PX ;PY � þ P2½X ;Y � � P½X ;PY �

� P½PX ;Y � þ 2 do1ðX ;YÞe2nþ1 ð4:40Þ
vanishes ([1]).

Theorem 11. Let M be a linearly full ð2nþ 1Þ-dimensional CR-submanifolds

with dim H? ¼ 1 in CHmð�4Þ ðm > nþ 1Þ satisfying the equality case of (15).

Then M is normal if and only if M̂M is represented by (1) or (2) of Theorem 1.

Proof. It is known that M is normal if and only if PA2nþ2 ¼ A2nþ2P ð½10�Þ.
From (4.3) we obtain that the shape operator A2nþ2 has at most three distinct

constant eigenvalues m2nþ2, mnþ2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
nþ2 � 4

q� �
=2 and mnþ2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
nþ2 � 4

q� �
=2.

The assertion follows immediately from Theorem 1. r

5. Proof of Theorem 2

Case 1. p ¼ 1. In this case, in the same way as [9] we obtain that Je2nþ1 is

a parallel normal vector field, i.e., DðJe2nþ1Þ ¼ 0. Putting Y ¼ e2nþ1 in (4.3), we

get Xm2nþ1 ¼ o1ðXÞe2nþ1m2nþ2:

Di¤erentiating this relation covariantly and using relation ð‘Yo
1ÞðX Þ ¼

hPA2nþ2Y ;Xi, we obtain

Y ðe2nþ1m2nþ2Þo1ðXÞ � Xðe2nþ1m2nþ2Þo1ðYÞ

þ e2nþ1m2nþ2hðPA2nþ2 þ A2nþ2PÞY ;Xi ¼ 0: ð5:1Þ

Putting Y ¼ e2nþ1 in (5.1), we get X ðe2nþ1m2nþ2Þ ¼ e2nþ1ðe2nþ1m2nþ2Þo1ðXÞ. Com-

bining this and (5.2) yields ðe2nþ1m2nþ2ÞhðPA2nþ2 þ A2nþ2PÞY ;Xi ¼ 0:

Putting X ¼
P l¼n1=2

l¼1 Je2l�1 and Y ¼
P l¼n1=2

l¼1 e2l�1 in this relation, we have

e2nþ1m2nþ1 traceðA2nþ1
1 Þ ¼ 0. If M is nonminimal, then e2nþ1m2nþ2 ¼ 0, since

traceðA2nþ1
1 Þ0 0 from Lemma 3. Since Xm2nþ1 ¼ 0 for any vector X perpen-
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dicular to e2nþ1, we obtain that m2nþ2 is constant and hence D~HH ¼ 0. If M is

minimal, then M is is contained in a totally geodesic complex hyperbolic space

CHnþ1ð�4Þ by (2.7), (4.3) and (4.6).

Case 2. pb 2. In this case, by applying (2.7) we have m2nþ2e2nþ2 ¼
AJe2nþ1

e2nþ2 ¼ AJe2nþ2
e2nþ1 ¼ 0. Therefore, in this case M is minimal.

Finally, we obtain from (2.1) and (2.2) that

~‘‘e2nþ1
e2nþ1 ¼ m2nþ2Je2nþ1; ~‘‘e2nþ1

Je2nþ1 ¼ �m2nþ2e2nþ1: ð5:2Þ

Hence the integral curve of H? are geodesic or circle of CHmð�4Þ. This com-

pletes the proof of Theorem 2. r
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